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Abstract: Asymptotic properties of the known SAIRP epidemic model are studied under stochastic
perturbations. It is assumed that the stochastic perturbations, given by a combination of the white
noise and Poisson’s jumps, are proportional to the deviation of a current state of the system under
consideration from one of the system equilibria. Sufficient conditions of stability in probability for two
different equilibria of the considered system are formulated via a simple linear matrix inequality (LMI),
that can be easily studied via MATLAB. Two demonstrative examples illustrate the obtained results
via numerical simulation of solutions of the considered system of five nonlinear stochastic differential
equations. The research method used here can be applied to a lot of other more complicated models in
various applications.
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1. Introduction

The so-called SAIRP epidemic model is very popular in research (see, for instance, [1-4] and
the references therein). This epidemic model is described by the following system of five ordinary
differential equations:

30 = A= |1 = p(t - ) “HGE g1 =) 500 + o)

A) = g1 - p(a - w) 2O E sy - 0+ ),
I(t) = vA(t) — (6 + u)I(1),
R(t) = 81(t) — uR(®)

P(t) =yp(1—u)S(t) — (w + u)P(t).

Here it is supposed that the total population
N(t) = S(t) + A(t) + I(t) + R(t) + P(t),

is subdivided into five distinct classes:

- susceptible individuals (S(t));

- asymptomatic infected individuals (A(t));

- active infected individuals (I(t));

- removed (including recovered and deceased) individuals (R(t));
- protected individuals (P(t)).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The total population N(t) has a variable size, the recruitment rate A and the natural death rate u
in (1) are assumed to be constant. The susceptible individuals S(t) become infected by contact with
active infected I(t) and asymptomatic infected individuals A(t), at a rate of infection

OA(t) + I(t)
p N(t)

where 6 represents a modification parameter for the infectiousness of the asymptomatic infected
individuals A(f). It is supposed also that all parameters of the system (1) are positive and, besides,
p<lu<l

In [1-3] some properties of the system (1) are studied in the deterministic case. In [4] stability in
probability of two equilibria of the system (1) is investigated by the assumption that the considered
system is exposed to stochastic perturbations of the white noise type [5,6].

In particular, in [4] it is shown that the equilibria of the system (1) are defined by the system of
five algebraic equations

A |p(1—p(1—upPAt]

+yp(1—u)+pu|S+wP =0,

A+ 1
PL—p(l—u)) =S~ (v+mA=0, o
vA—(0+u)l =0,
6l —uR =0,
Pp(1 —u)S — (w+u)P =0,
with the two solutions:
1) disease-free equilibrium
Ey = (S0, Ao, 15, R, )
with
v _ (w+puA
O plot+u+yp(-w)]’
Ay=1y=R;=0, 3)
Pg _ l[JP(l — u)A
plw +p+9p(l—u)]
and
2) endemic equilibrium
El = (8%, A}, 1L, R, PY)
with
Toplwtprpp(1—uw)] 0
* A _ p-1
+ v+ 7 (1 Ro )r
vA
I, =—F—— (1—-R7YH, 4
VA -1
R =— " _(1-R3Y,
et TR

4

T plw+p+yp(l—u)] 0
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where the basic reproduction number

B —p(Q—u)(0(0+p)+v)(w+n)
R = G @ prpp(i—w) ~ © ©

A
Note also that, summing all equations of the system (2), we obtain N* = W for the both equilibria

(3) and (4).

Below, stability of the both equilibria is studied by the assumption that the system (1) is exposed
to stochastic perturbations, given by a combination of the white noise and Poisson’s jumps, which are
directly proportional to the deviation of the state of the system (1) from one of the equilibrium.

2. Stochastic Perturbations

Let {Q), §, P} be a complete probability space, {§:,t > 0} be a nondecreasing family of sub-c-
algebras of §, i.e., §;, C &1, C § for t; < t, E be the mathematical expectation with respect to the
measure P.

Let us suppose that the system (1) is exposed to stochastic perturbations of the type of

Gi(t) = qyw;i(t) +viwi(t), i=1,..,5, (6)

where o; and +; are arbitrary constants,

w;(t) and v;(t) are respectively §¢-measurable and mutually independent the Wiener and the Poisson
processes, Ev;(t) = A;t, A; > 0 [5-8].

Remark 1. Note that the Wiener processes describe continuous stochastic perturbations of the Brownian motion
type, while the Poisson processes describe stochastic perturbations of the jumps type. In [4] in the similar problem
stochastic perturbations are considered in the form (6) with «yv; = 0, i.e., without the Poisson jumps.

Let us suppose also that the stochastic perturbations (6) are directly proportional to the deviation
of the system state (S(t), A(t), I(t),R(t), P(t)) from one of the equilibria (S*, A*, I*, R*, P*). As a result
we obtain the system of stochastic differential equations [5,6]

ds(0) = [a - (pa - pa - up P20 L
+(5(1) - 5z (1),

140 = [p - pa - ) 20 E 500 - (4o |

+ (A(t) — A™)dS(8),
dI(t) = [vA(t) = (6 + p)I(1)]dt + (I(t) — I")ds(t),
dR(t) = [01(t) — pR(£)]dt + (R() — R*)dSa(t),
dP(t) = [pp(1 —u)S(t) — (w + u)P(t)ldt + (P(t) — P*)dgs(t).

Note that the equilibrium (5%, A*, I*, R*, P*) of the deterministic system (1) is also the solution

pp(l—u) + V) S(t) + wP(t)} dt

(7)

of the system of stochastic differential equations (7). Stochastic perturbations of this type were first
proposed in [9] for SIR epidemic model and later also for some other mathematical models in various
applications (see, for instance, [10-14] and the references therein).
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3. Linear Approximation

Consider the nonlinear differential equation

(t) = F(x(t)), ®)

where x(t) € R" and the equation F(x) = 0 has a solution x* that is an equilibrium of the differential
Equation (8). Using the new variable y(t) = x(t) — x*, represent the Equation (8) in the form

y(t) = F(x* +y(t)). ©)

Itis clear that stability of the zero solution of the Equation (9) is equivalent to stability of the equilibrium
x* of the Equation (8).

oF;
Let Jr = a—xl ,i,j = 1,..,n, be the Jacobian matrix of the function F = {F,..,F,} and
]
lim, o lo)] = 0, where |y| is the Euclidean norm in R". Using Taylor’s expansion in the form
WI=0 Ty

F(x*+y) = F(x") + Jr(x")y +o(y)

and the equality F(x*) = 0, we obtain the linear approximation

2(t) = Jp(x")z(t) (10)

of the nonlinear differential Equation (9). So, a condition for the asymptotic stability of the zero
solution of the linear Equation (10) is also a condition for the local stability of the equilibrium x* of the
initial nonlinear Equation (8).

To construct the linear approximation of the system (7) let us put

x(t) = (S(t), A(t), I(t), R(t), P(t))',
x* — (S*,A*, I*,R*,P*),,

y(t) = x(t) — x%,

N* =S54+ A*+ 1"+ R* + P*.

(11)

Here and everywhere below ' is the sign of transpose.
Representing the system (1) in the form (8) and calculating the Jacobian matrix, we obtain the
linear part of the system (7) in the form

dz(t) =Az(t)dt + i Biz(t)dw;(t) + i Ciz(t)dv;(t), (12)
i= i=1

i=1

where z(t) € R, B; and C; are the 5 x 5-matrices with all zero elements besides of respectively b;; = o;
andc¢;; =v;,i=1,..,5.
Note that for C; = 0,i =1, ..., 5, the linear Equation (12) was obtained in [4] with

an a2 a3 a14 a5
az1 a az3 a4 azs
A= 0 v —(@+u) 0 0 , (13)
0 0 ) —u 0
pp(l—u) 0 0 0 —(w+p)

d0i:10.20944/preprints202504.2254.v1
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where oAr o [ .
== B p - ) T (1= ) -
S* OA* + I*
2 == B - pl1—w) 3 (0 - 240D,
S* 0A* + I*
m == B - pl - ) (1- 2A0ED), s
S*(0A* + I*
s = p(1 = p(1 =) L,
a5 = a4 +w,
and PA* —|—I*
ay =p(l—p(l—u))—F— ( )
i = 1~ p(1— ) f;i( “*“*) (vt )
* * * (15)
= g1 - p1 - ) g (1- 4D,

fx = a5 = —P(1—p(1—u)) (6(;\1;) 1)

In particular, for the equilibrium Ej the elements (14) and (15) of the matrix (13) are respectively

a; = — (pp(1 —u) +u),

*

a2 =~ 0801~ p(1 - ) >,

g* (16)
a3 =~ B(1— p(1 —u)) o,
a4 =0, a5 = w,
and
g1 = ap = a5 =0,
S*
ap =0B(1—p(l—u)) — (v+p), (17)

N*

*

a5 = B(1— p(1— ) o

Remark 2. Let the function V(z), z € R®, has two derivatives VV (z) and V2V (z). The generator L of the
Equation (12) has the form [5,6,10]

5
LV(2) =(VV(2)) Az + 5 ) #BV?V () Bz
S i=1 (18)
+ Y _AilV(z+Ciz) — V(2) — (VV(z))'Ciz].
i=1
4. Stability
Definition 1. Put

y(t) = (S(), A(t), I(t), R(t), P(t)) — (5%, A", I", R*, P*)
= (S(t) — S*, A(t) — A%, I(t) — I*, R(t) — R*, P(t) — P*).

The solution (S*, A*, I*, R*, P*) of the system (7) is called stable in probability if for any e1 > 0 and e; > 0
there exists & > 0 such that y(t) satisfies the condition P{sup |y(t)| > €1} < &, for any y(0), such that
>0

P{ly(0)| <é} =1.
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Definition 2. The zero solution of the Equation (12) is called:
- mean square stable if for each & > O there exists a & > 0 such that E|z(t)|? < ¢, t > 0, provided that
Elz(0)]? < &;
- asymptotically mean square stable if it is mean square stable and for each initial value z(0), such that
E|z(0)|? < oo, the solution z(t) of the Equation (12) satisfies the condition tlim Elz(t)|> = 0.
—00

Remark 3. It is known [10] that sufficient conditions for asymptotic mean square stability of the zero solution
of the linear part of a stochastic nonlinear system with the order of nonlinearity higher than one at the same
time are sufficient conditions for stability in probability of the solution of the initial nonlinear system. So, for
investigation of stability in probability of the equilibrium (S*, A*,I*, R*, P*) of the nonlinear system (7) it is
enough to get conditions for asymptotic mean square stability of the zero solution of the linear Equation (12).

Theorem 1 ([10]). Let there exist a function V(z) and positive constants c1, c3, c3, such that the following

conditions hold:
EV(z(t) > ciElz(t)[>, EV(2(0)) < c[z(0)[%,

ELV(z(t)) < —c3E|z(1)]?.

Then the zero solution of the Equation (12) is asymptotically mean square stable.

Theorem 2. Let for the matrices A, Bj and C;, i =1, ...,5, of the Equation (12) there exists a positive definite
matrix Q, such that the following LMI

5
QA+ A'Q+ Y (BjQB; +A,C/QC;) <0 (19)
i=1

holds. Then the equilibrium (S*, A*, I*, R*, P*) of the system (7) is stable in probability.

Proof. Using the generator (18) for the Lyapunov function V(z) = z’Qz, Q > 0, we have

5 5
LV(z) =22'QAz + ) z'B]QBiz+ )  A;z'C;QCiz
i=1 . i=1 (20)
=z |QA+ A'Q+ ) (B/QB; + A;C;QC;) | z.
i=1
So, if the LMI (19) holds then via (20)
LV(z) < —clz|?

for some ¢ > 0 and, therefore, via Theorem 1 the zero solution of the linear stochastic differential
Equation (12) is asymptotically mean square stable.

Via Remark 3 it means that the appropriate equilibrium (S*, A*, I*, R*, P*) of the nonlinear system
(7) is stable in probability. The proof is completed. [

5. Numerical Simulations
5.1. Difference Analogue

For numerical simulation of solutions of the system (7) let us construct the difference analogue of
this system. Put

tj = Aj, A>0,
Si=5S(t), Aj=A({), L=I1t), Rj=R(t), P=P{) (21)
wij = wi(tj), Vi = Vi(tj), i=1,..5, ] =0,12,...

d0i:10.20944/preprints202504.2254.v1
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Via (21) the difference analogue of the system (7) takes the form

0A; + I;
Sit1=S5j+ |A— ﬁ(lfp(lfu))Tjth,bp(lfu)er Si+wP;|A
+(S; = SM)[o1(wyjy1 — wij) + 71(vjp1 — v, — MA)],
0A: + I
Aj+l = A] + |:,8(1 - p(] - u)>;\]7115] - (1/ + ]/I)A]:| A
+ (Aj — A%)[oa(wa i1 — waj) + Y2(vajy1 — V2, — A2,
i1 =1+ [vAj — (0 +p)[]A 22)
+ (Ij = I')[oa (w3 j11 — ws;) +73(v3,j41 — v3,; — A3A)],
Rj+1 = R]' + [51]‘ — ;liRj]A
+ (Rj — R)[og(wy 11 — waj) + vavajr1 —v3, — Ad)],
Pip1 =P+ [pp(1 —u)S; — (w+ u)PJA
+ (Pj — P*)[os(ws,j1 — ws,;) + 15(vs,41 — V57 — AsA)],
i=012,.. .

5.2. Examples

Here two demonstrative numerical examples are considered.
Example 1. Putting

A=15 u=1, 6=1, =04, v=015

(23)
6=0.033, w=00013, p=07 u=03 p=15
. A
from (3) we obtain Nj = ; =15and
(Sp, Ag, Iy, Ry, Py) = (12.5445,0,0,0,2.4555). (24)
Via MATLAB it was shown that for the values of the parameters
op=14, 0b,=093, 035=12, o04=14, o05=14,
1 2 3 4 5 (25)

’)/i:/\l'zl, izl,...,5,

the LMI (19) holds and, therefore, the equilibrium (24) is stable in probability.
In Figure 1 50 trajectories of the solution of the system (7), obtained via the difference analogue (22) with
the parameters (23), (25) and A = 0.06, are shown with the initial values

S(0) =22, A(0)=11, I(0)=4, R(0)=8, P(0)=17. (26)

All trajectories (S(t)-brown, A(t)-violet, I(t)-blue, R(t)-red, P(t)-green) converge to the stable in probability
equilibrium (24).
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Figure 1. 50 trajectories of the solution of the system (7) with the parameters (23), (25), (26) converge to the stable
equilibrium (24).

Example 2. Putting

A=15 pu=1, 6=1, $ =008 v=018,

(27)
0=033 w=00013, p=04, u=03 p=2
from (5) and (4) we obtain Ry = 1.3541 > 1, Nj = % = 15and
(S%,A%, I, R, PY) = (10.8264,3.3317,0.4509, 0.1488,0.2422). (28)

Via MATLAB it was shown that for the values of the parameters

=15 0,=079, o03=12, 04=13, 05=13,
Y1 = 1.1, Y2 = 0.95, Y3 = ]..1, Y4 = 0.5, Y5 = 1, (29)
M=11, A =159, A3=11, Ays=1 As=11,

the LMI (19) holds and, therefore, the equilibrium (28) is stable in probability.
In Figure 2 50 trajectories of the solution of the system (7), obtained via the difference analogue (22) with
the parameters (27), (29) and A = 0.06, are shown with the initial values are shown with the initial values

S(0)=7, A(0)=45 1(0)=9, R(0)=55 P(0)=27. (30)

All trajectories (S(t)-brown, A(t)-violet, I(t)-blue, R(t)-red, P(t)-green) converge to the stable in probability
equilibrium (28).
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3 T =
is8 =1 E

Figure 2. 50 trajectories of the solution of the system (7) with the parameters (27), (29), (30) converge to the stable
equilibrium (28).

Remark 4. Note that for the numerical simulation of trajectories of the Wiener processes w;(t), i =1,...,5, in
Examples 1 and 2 the special algorithm has been used, described in detail in [10] (p.29-31).

Remark 5. For the numerical simulation of the Poisson processes vi(t), i = 1,...,5, similarly to [7,8] the
continuous random variable {; is used, uniformly distributed on the interval (0,1): Vijr1 —Vij = 1if i < AA
and v 1 — v;j = 0 in the contrary case.

One can see that in difference from the similar pictures in [4], where only stochastic perturbations
of the white noise type are considered, here in Figures 1 and 2 the trajectories of all processes have
discontinuities, that is a consequence of jumps in Poisson’s processes.

6. Conclusions

Asymptotic properties of the known SAIRP epidemic model, described by a system of five
nonlinear differential equations, are studied under stochastic perturbations, given by a combination of
the white noise and Poisson’s jumps. It is shown that a sufficient condition of stability in probability for
two equilibria of the considered system is formulated in the form of a simple linear matrix inequality
(LMI) that can be easily studied via MATLAB. Two demonstrative examples illustrate the obtained
results via numerical simulation of solutions of the considered system. The research method used here
can be applied to a lot of other more complicated models in different applications.
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