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Abstract

The Gielis superformula is a powerful parametric tool that generates an infinite variety of natural
and organic curves and surfaces through a compact set of parameters. However, classical differential
geometry has lacked a unified framework for analyzing their curvature, torsion, and intrinsic geometric
properties. This study addresses this gap by developing a novel superelliptic geometric framework
that integrates the superformula with the differential geometry of curves and surfaces. We define the
superelliptic inner and cross products, the star derivative, and the superelliptic Frenet frame to extend
Euclidean and Riemannian interpretations of curvature and torsion to a more flexible parametric
structure. The framework provides a uniform geometric characterization of all Gielis curves and
surfaces, independent of their classical parametric expressions; even singular cases are regularized so
that their curvature and torsion reduce exactly to those of a circle. This unifies the entire family under
a common, robust foundation while preserving orthonormality and differentiability. This superelliptic
approach offers a consistent and computationally tractable model that bridges mathematical abstraction
with real-world morphology, with the superformula serving as a representative example of the
framework’s broad generality for diverse geometric structures.

Keywords: superelliptic geometry; superformula; Frenet frame; differential geometry

1. Introduction

One of the most traditional and basic areas of differential geometry is the theory of curves, which
focuses on the local and global characteristics of smooth curves in Euclidean spaces [1,9]. The formal
definition of a curve is a smooth mapping

yICR= R, () = (x(1),y(1), (1)),

where t is either a differentiable reparameterization of the arc-length or a real parameter that represents
it. The derivatives of such a curve, which provide details about its velocity, curvature, and torsion, are
used to examine its geometric behavior. The Frenet-Serret frame is an orthonormal moving trihedron
made up of the tangent vector T(t), the normal vector N(t), and the binormal vector B(t). The
definition of this frame is as follows:

doy/dt dT/dt

IT=7w——F+7, N=-———, B=TXxN.
||y /dt| || T /dt||

The Frenet-Serret equations control how this frame changes along the curve:

dT 0 x O[T
EN:—KOTN,
B 0 -t O0||B
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where x(t) and 7(t) represent the curve’s curvature and torsion, respectively. Up to rigid motion, these
numbers fully characterize the curve [7].

Simple yet fundamental examples of curves, like circles and circular helices, illustrate the geomet-
ric meaning of these invariants. A circle has zero torsion T = 0 and constant curvature x = 1/r, but
a helix has both constant curvature and constant torsion and maintains a constant ratio 7/x. These
canonical forms serve as reference models for understanding more complex curves in physics, biology,
and computer-aided design [5].

Curve theory’s current advancement uses parametric and computational modeling to expand
on traditional concepts. Specifically, the introduction of the Superformula, which is a generalization of
supercircle and superellipses [3,14], offers a potent parametric generalization that can describe a variety
of closed and open curves seen in nature. The names superformula and supershapes originate from
the names superellipses and superquadrics. The name superformula was changed by mathematicians
to the Gielis Formula [16,18,19], and supershapes to Gielis” curves and surfaces [15,17]. It has the
following definition in polar coordinates:

cos 1t sin2t 1
r(t) =[S 4 |2 g
The superformula introduces the parameters m, a, b, n1, ny, and n3, which govern the symmetry,
curvature variation, and geometric complexity of the curve, where a, b, and n; are assumed to be
nonzero. It generalizes Lamé’s superellipse [8] and Piet Hein’s superellipse [6]. This formula can
produce smooth transitions between circular, polygonal, star-like, and biomorphic shapes when the
right parameters are used [3,13-15]. Gielis transformations denote the superformula applied as a
transformation on other functions. The name "Universal natural shapes" was introduced by Leopold
Verstraelen to denote that the formula can be used to describe/model shapes and forms at any level
[15,20]. The way back to Cartesian via Chebyshev polynomials is first used in [34]. This includes a
wide range of possibilities, including trigonometric and exponential functions, as well as polynomials.
The cosine and sine functions in the superformula can also be other functions, like cosh/sinh or even
many other functions. One could set math requirements for this (closed curves, going through the
origin,....), see [21]. It has been widely used in computer-aided geometric design, biological modeling,
and form optimization [22-33].

Recent advances by Ozdemir and Parlak [10,11] extend the Superformula by integrating superel-
liptic and quaternionic algebraic structures, thereby enabling the unified treatment of superelliptic
rotational forms and spatial transformations within a single analytical framework. These methods
enable the study of curvature-driven morphologies and symmetric deformations in higher dimensions
by fusing traditional Frenet-Serret theory with contemporary parametric geometry.

In this study, the differential geometric properties of the curves generated by the superformula
are investigated. Using the Frenet-Serret formalism, we aim to determine the curvatures, torsions,
and frame evolutions of these parametrically defined curves both analytically and numerically. Fur-
thermore, the theoretical framework is supported by illustrative examples and visualizations. This
approach enables a clearer, visually intuitive understanding of the geometric behavior and kinematic
evolution of the curves. In this study, the intrinsic geometry of superformula-based curves is eluci-
dated, and the interaction between geometric invariants and parameter management is emphasized.
As a result, integrating parametric models such as the superformula with classical curve theory cre-
ates new opportunities for the precise differential geometric definition and construction of complex,
nature-inspired structures.

Although Gielis curves are capable of modeling a wide variety of natural and synthetic shapes
within a large parametric family, they exhibit singularities and sharp corner behavior, particularly for
certain specific parameter choices, such as asteroids. This complicates the definition of differential
geometric quantities such as curvature, torsion, and differentiability at every point.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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In this study, we demonstrate that all Gielis shapes can be reduced to a common geometric class by
using a new Frenet-frame structure defined for Gielis curves. This structure provides a transformation
that allows each Gielis curve to be reinterpreted within a framework equivalent to a circle with constant
curvature and zero torsion. Thus, the Gielis family is given a globally regular structure despite its local
singularities, providing a holistic basis for differential-geometric investigations.

2. Basic Concepts and Notions

The most essential part of this paper is the definition and some properties of the Gielis formula.
Gabriel Lamé expanded the formulas for circles and ellipses to encompass squares, rectangles, parallel-
ograms, astroids, and all conic sections. Subsequently, he formulated a singular equation expressed as
follows: where 4, b, n are positive constants.

X Yo
[ E =t

As a result, the notion of Lamé curves is incorporated into geometry [36,37]. This study [3] demon-
strates the influence of parameter values in the Lamé curve equation on the geometric forms of ellipses
and rectangles. An expression for Lamé’s extended equation in polar coordinates is described below:

-1
cosf ., sinf ,| "
r(0) = {10 0

In the 1990s, superellipses were generalized for any symmetry [3].

For the Lamé equation, when t € [—, 7], this formulation is referred to as the superformula. The
parameters m, a, and b are real-valued, while 11, 15, and n3 are typically taken as positive real constants,
although negative values have also been considered in the literature [38]. By varying the parameters
in a novel, straightforward, and unifying equation that transcends the limitations of Euclidean and
Pythagorean measurements. In the literature, "superformula” and "supershapes" are also referred to as
"Superellipse," "Gielis formula," and "Gielis curve".

We introduced the following three-dimensional form, which is symmetric and positive definite
bilinear, which was utilized in our research: for any two vectors u = (uq, up, u3),v = (v1,v2,v3) € R3

1 1 1
<,>S€ . R3 X RB — R, <u,V>Sg == wo—lulvl + wo’zuzvz + w03u303
mt nm =1
where r(t) = [| 54 |" + |54 "] and 0; € RT, i = {1,2,3}. The vectors u, v will be defined as

superelliptic vectors in this context. A superelliptic inner product describes this type of multiplication.
The space R3 equipped with the superelliptic inner product is referred to as the superelliptic 3-
space, denoted as Ré’g = (R3,(,)s,). The superelliptic inner product (, )s, can also be written as
(u,v)s, = u'Gv, where the associated matrix is

The superelliptic inner product’s length is supplied by the superelliptic vector u € ]st’g

[ullg, =/ (w,u)s,.
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A pair of superelliptic vectors u and v are considered superelliptic orthogonal in Rés if and only
if (u,v)s, = 0. If the superelliptic norm of a superelliptic vector equals 1, the vector is termed a
superelliptic orthonormal vector. We will refer to the conventional basis of Euclidean 3-space as
{e1,e2,e3}. Based on this, we can represent the base vectors of Rés as {€), ¢, ¢}, and they meet the

condition
(e r(t) () r(t) () r(t)
el - 0,1 6]_ - ( 0_1/0/ 0)162 - \/0362 - (0/ ,70'2/0),6 - ;—0_3 e3 - (O/O/ /—0_3)/

and this form can be used to express any vector u = (uy, up, u3) € R‘%g.

u = u1€] + uxér + uzes
r(t) r(t) r(t)

= U1——=61 + Up——=¢€p + Uz——=¢€3.

VAl TR T e

Given two non-zero superelliptic vectors u and v, find the cosine function of the angle between them.

(w,v)s,

CoS¢p = ————1—.
[ulls, Ivlls,

Here ¢ agrees with the angular parametric equations of a superellipse or a superellipsoid. In R? o the
superelliptic cross product of two vectors {u, v} is computed as

r(Per  r(H)’er  r(t)%es

01 (% 03
*
u Xs, V= A ui Up us ’
U1 (%) U3

where A* = ﬁ,/alaza , 01,092,053 € RT (See [11], for details).
Before developing the superelliptic geometric framework, let us define the following function

that will be used in establishing this structure.

Definition 1. Consider a vector function F = (f1, f2, f3, ..., fu) such that the function F: I C R — R" isa
smooth function. Then, we can define the function | as

F:R"— ]Rgg
_ r(t) r(t) r(t)
E(t) — F (F(t)) = (fl(f)ﬁ, z(t)ﬁ, 3(f)w--,fn(f)\/7»n)/

where r(t) is the Gielis’ superformula and 0;, i € {1,2,...,n}, positive real number. This function is referred to
as the Gielis radial scaling transformation.

The Gielis radial scaling transformation satisfies the following conditions:

1. Since each component function f;(t) %, i€ {1,2,..,n},isof class C*, the mapping F isalsoa
smooth.
2. Since r(t) # 0, the function F is one-to-one and its inverse can be expressed as:

fi<t>:ﬂ<t>-;f;, i=1...n

3. The Gielis transformation can be written in matrix form:
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where D(t) is a time-dependent diagonal matrix:

o () () r(t)
D(t)-dmg(\/(?l,\/ﬁ,...,\/a).

Under this transformation, the inner product changes to:

(F(E(1)), F (H(t)))s, = éfi(t)hi(t) = (F(t), H(t)).

which shows that f preserves the inner product, i.e., it preserves both angles and lengths. That
is, in R"g,, the Gielis radial scaling transformation £ is an isometry.

Therefore, the Gielis radial scaling transformation f defines an isometric diffeomorphism on R"g .

3. Superelliptic Curve

In this section, we examine the properties of superelliptic curves from the perspective of differen-
tial geometry.

Definition 2. Let I be an interval in space Rand o : I C R — R™";t — a(t) = (a1(t), az(t), ..., an(t)) be
a curve. In R"s,, the superelliptic curve defined via the following Gielis radial scaling transformation [ as
follows:

F:R"—>R§g

r(t) r(t) r(t)
a = Fla(t) = ase = (a1 (t) 7=, a2(t) ==, .. .an(t) =)
‘ Vo Vo'
where r(t) is the Gielis” super formula and o, i € {1,2, ...,n} positive real number.
Example 1. In R?, the unit circle can be expressed as a(t) = (cost,sint), then the corresponding superelliptic
circle (superellipse) can be obtained as | (a(t)) = as, = (cost:/(—éf),sint:%) Similarly, a right helix
can be given as a(t) = (cos f,sm \f \[) then the corresponding superelliptic helix can be obtained as

F(a(t)) = as, = (cos 7:/(—7),sin \tf :/(Q, \”#) Figures 1-2 illustrate the superellipses and superelliptic
helices for some values of the Gielis formula r(t).

O 0O & C

(a) m=3, n1=10, n2=10, n3=4.5 (b) m=4, n1=15, n2=15, n3=12 (c) m=7, n1=6, n2=6, n3=10 (d) m=5, n1=4, n2=4, n3=4 (e) m=5, n1=7, n2=7, n3=2
(f) m=5, n1=13, n2=13, n3=2 (g) m=4, n1=1, n2=1, n3=1 (h) m=6, n1=7, n2=8, n3=1 (i) m=8, n1=0.5, n2=8, n3=0.5 (j) m=2, n1=2, n2=2, n3=2

Figure 1. (a)-(j) Superelliptic circle models for some values of r.
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(a) m=3, n1=10, n2=10, n3=4.5, p=0.18 (b) m=4, n1=15, n2=15, n3=12, p=0.14 (¢) m=7, n1=6, n2=6, n3=10, p=0.2 (d) m=5, n1=4, n2=4, n3=4, p=0.22 (e) m=5, n1=7, n2=7, n3=2, p=0.16

3
2 n
15 0 2
4
. ., . s
1 .
05 1 2
1
0 Lo ) .
. 0 N 0 -+ 0
0 0 0 i
4 gt 4,
. 1 . 1 v . 1 .

x x x
y .
(f) m=5, n1=13, n2=13, n3=2, p=0.12 (g) m=4, n1=1, n2=1, n3=1, p=0.25 (h) m=6, n1=7, n2=8, n3=1, p=0.15 (i) m=8, n1=0.5, n2=8, n3=0.5, p=0.21 () m=2, n1=2, n2=2, n3=2, p=0.19

1 = 1
x

0

1A

Figure 2. (a)-(j) Superelliptic helix models for some values of r.

In order to remain compatible with the metric (-, -)s,, the direct use of the classical derivative
is no longer sufficient, since it does not incorporate the scaling effects induced by the superelliptic
structure. For this reason, we introduce a modified differentiation operator that reflects the intrinsic
geometry of the space Rg .

Via the transformation /-, the classical derivative of a curve is mapped into the superelliptic space,
giving rise to a new derivative operator, which we call the star derivative (or *-derivative). This operator
simultaneously encodes the directional behavior of the curve and the metric-dependent scaling factor.

Definition 3. The star derivative operator, denoted by D*, is defined as the composition of the radial scaling I
with the classical differential operator D = %:

D*:=[F oD.

Definition 4. The tangent vector at point t on the curve & : I C R — R" is denoted by o' (t) =
(ay(t),ap(t), ..., ap(t)). In this case, under | transformation, the tangent vector Ts, of the superelliptic
curve as, is determined as follows:

doaq(t) r(t) dag(t) r(t) doy(t) r(t)
dt o' dt Joo'T dt \Jo,

Thus, the k-th order star derivative of the curve  is given by the pushforward of the k-th order classical derivative

al* (1) = F (aP()) = (r(t)“gk)(t),...,r(t)"‘slk)(t)>

a5, = F (o) =T, = (

).

under the map [ :

Vo VoA

The star derivative is a direct transfer of the classical derivative to superelliptic space. This allows
quantities such as the velocity and acceleration of the curve to be expressed under the new metric.
Since the transformation /- preserves angles, the vectors obtained with the star derivative also preserve
angular relationships. Since derivatives are taken component-wise, all the properties of the classical
derivative and the chain rule apply to the star derivative.

The star derivative represents the tangent vector field measured with respect to the Gielis-type
metric rather than the standard Euclidean one. It accounts for the local stretching and compression of
the ambient space.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Since F is a radial transformation, the star derivative preserves the angular orientation of the
classical derivative while rescaling its magnitude. It describes the curve’s evolution within a deformed
geometry where distances are governed by the superelliptic scaling factor.

This construction ensures that local geometric properties, such as curvature and torsion, are
consistently defined within the superelliptic framework. The resulting Frenet-Serret frame in Rgs
corresponds to a scaled version of the Euclidean frame, maintaining compatibility with the induced
inner product of the space.

In Figure 3, The transformation of a fundamental Euclidean unit circle into a superelliptic geome-
try, and the subsequent modification of its associated tangent vector fields, is depicted. This visual
representation elucidates the operational impact of the Gielis radial scaling on the curve’s differential
characteristics. Consequently, Figure 3 demonstrates that the star derivative is the natural velocity
vector of the curve when the ambient space itself is deformed. This approach provides a more robust
framework for analyzing organic morphologies where growth rates and surface tangents are dictated
by non-Euclidean radial constraints.

d—1.uu, U= I.UL

Superelliptic Curve (Red) with Star Derivative Téget Vectors (S m=8, n1=2.00,
1

e
08| - \

06

04

02

021

04

-06

-08

Figure 3. Superelliptic curve (red) with Star derivative tangent vectors (m =8,n; =ny =nz =4,a=>b =1) vs.
standard derivative

Definition 5. Let ag, : I C R — Rg, be a superelliptic curve at each point t € 1. Then ag, is called a
unit-speed superelliptic curve if and only if it satisfies || ag, () |ls,= 1.

Example 2. Consider that the superelliptic curve as, = (cos thT)l, sin t%) in Rés then we compute that it is
.. . r(t r(t :
a superelliptic tangent vector as the form ag = (— sin t\/(—a%,cos t\/(—a%) and since || ag_(t) ||s,= 1. Therefore,

the curve is of unit-speed in the superelliptic sense.

Proposition 1. Let « : I C R — R" be a unit-speed curve, that is, | «'(t) ||= 1. Then, at each point
t € I, the related superelliptic curve I (a(t)) = as, (t) also satisfies || ag_(t) ||s,= 1, which confirms that the
corresponding superelliptic curve is of unit-speed.

Definition 6. A superelliptic curve as, : I C R — Rgs is called a regular superelliptic curve if and only if, at
each point t € I, it satisfies ag_(t)s, # 0.

Proposition 2. Let o : I C R — R" be a reqular curve such that o' (t) # 0. Then at each point t € I, the
related superelliptic curve | (a(t)) = s, (t) is also a superelliptic regular curoe.

4. An Orthonormal Frame of a Superelliptic Curve in Rés

r(

In this section, we explain how to construct an orthonormal frame at anef point on the reg-
ular superelliptic curve ag,. For a unit-speed curve ag, = (al(t)%,az(t)%), we know that

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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a*(t) = Ts,(t) such that (Ts,, Ts,)s, = 1. This gives <T§5,TS5>SS = 0. Thus, we can write
ng = <T§51N85>S5NS5 = Kg, Ns, . Finally, we compute Ngg = —<T§5/NSE>85 Ts, = —«s, Ts,. Accord-
ingly, we can write the following matrix equations;

T§5 — 0 Kse Ts ]
N, §£ —KSg 0 NS <

Theorem 1. Assume « is a unit-speed curve with the Frenet frame {T,N,«}. Then, for the unit-speed
superelliptic curve | («) = g, , we have || ag, |s = 1. Thus, the superelliptic Frenet frame {Ts,, Ns,, ks }
along the superelliptic curve | («) = g, is obtained as {I (T) = Ts,, F (N) = Ns,, ks, }.

Proof. Let a be a unit-speed curve with the Frenet frame apparatus {T, N, «}. Then, we compute that
I («) = ag, is a unit superelliptic curve, and we obtain:

F(T(8) = F(a'(t)) = ag, (1) = Ts, (t),

and since x =|| &" ||=|| F (¢") ||s, = Ks,, we reach
T T3
N)=F (=)= 5 = Ng.(b).
PN = F () = 25 = Ny ()
O

Theorem 2. Let {T, N} be the orthonormal frame of any reqular curve a in R? such that v =|| & || and x, T are
the curvature function and the torsion function, respectively. Then the related superelliptic regular curve as, with
the superelliptic orthonormal frame {F (T') = Ts,, I (N') = Ns, } such that vs, = F (') ||s,=|| &g, Is;
has the following superelliptic frame equation
0 VSgKSg 1 [ Tgs ‘|
—l/gg KSg 0 NSg '

l I, 1 _
Ngg

Proof. First, since wehave T’ L T, N’ 1 N,and N L T, it is clear that under the / transformation,
it will be F(T") L F(T), F(N') L F(N), and F(T) L F(N). Since F (T) L F(N), we have
F(T') = af (N) and F (N') = bF (T). Then the derivative of the equation (f (N),F (T)) = 0 is
calculated as (F (N'),F (T)) = —(F (N),F (T")) = b = —a. If we take vs, =|| F () [ls. = ag, |s;

for the curve ag, = (al(t)ﬂzxz(t)m), then we can take the superelliptic unit tangent vector as

: Vo NG
F(T) = %. Then the vector F (N) is obtained by rotating counterclockwise to the vector F (T) as
¢
follows;
1 r(t r(t
FON) = - (o), () L)

Vse 1/(72l (%

1
Accordingly, if the derivative of the equation F (#'(t)) = vs, F (T) is taken, we reach

F"(t) = v'SgF(T) + s, F (T') = vg F (T) +vs.aF (N).

£

If the inner product of this equation with / (N) is taken and using the equality xg,, it becomes
(F(a”(t)),F (N)) = vs, and thus we obtain Tg, = F(T') = vs ks, Ns,, Ng, = F(N') = —vs,xs, Ts,,
where curvature satisfies

det(ag, (), ag; (1))

oz, (13,

Kgo (£) = A7

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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5. An Orthonormal Frame of a Superelliptic Curve in ]R%g

Consider a unit-speed superelliptic curve as, with tangent vector f (a') = ucgg = Ts,. Then we
have
(Tse, Tse)se = 1.

If we take the derivative of the last equation, we reach
<T§5’TSg>Sg + <TS57 T§£>Sg = 0 = <T§g’ TSg>Sg = O
Therefore, if we normalize the vector Tg  and represent it by N, we get
Ts, ag;

NS = —=
S N P

s,

Hence, two mutually orthogonal unit vectors are obtained along the related superelliptic curve. By
easily obtaining the third vector, which is perpendicular to these two vectors, through the vector cross
product, we have three mutually perpendicular unit vectors on the curve ag,.. We denote the third
vector obtained by the cross product of the two vectors Ts, and Ns,, as Bs,. Accordingly, we have

BSS = TSE XSS Ngg.

Consequently, the superelliptic Frenet frame fields are given by {Ts,, Ns,, Bs, }. For a unit-speed curve
« and a related superelliptic curve f («) = ag,, we can express the following relationship under the
transformation f,

T— F(T)=Ts,
N—)F(N)=N§5
B—)f(B):ng

where {Ts,, Ns,, Bs, } is an orthonormal frame for a unit-speed superelliptic curve and satisfies
ng XSg Ngg = BSE, Ngg XSg ng = ng, ng X TSg = Ngg.

Example 3. In R?ég, as, () = (% cos t\r/(—%, % sin t\r/(—%, ?t%) is a superelliptic curve, the orthonormal
frame {Ts,, Ns,, Bs, } satisfies the equations

Tse (1) = ag, (t) = (—;sintr(;)l, ;Cost:/(%, \2@:/(%>

and

Se r(t) o r(t) )
— = | —cost—=, —sint—=, 0|,
T T, (eost g —sine )

then using the superelliptic vector product with Ts, (t) and Ns, (t) the superelliptic binormal vector Bs, (t) is

found as
B (VB () VB () 1r(b)
BSg<t) = TSg(t) XSe NSg(t) - (2 Slnt\/T—l, B Cost\/?, 573 .
Similarly,

N () = Bs, (t) x5, Ts, (1) = (COSti/(% sintr(f,)zr 0)
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and
1 . r(t) 1 r(t \@rt
Ts, (t) = Ns, (t) s, BSg(t) = <_2 sn’”g_)l/ ZCOSt\/(%, 2%)

can be calculated.

Figure 4 shows the motion of the Frenet frame vectors along a helical curve and the motion of
superelliptic Frenet vector fields along the superelliptic curve associated with this curve. The first
figure (Figure 4(a)) shows the motion of the standard Frenet frame along the helical curve, and as can
be seen, the frame is an orthonormal frame in its motion along the curve. The second figure (Figure
4(b)) shows the motion of the superelliptic Frenet frame for different values of the Gielis formula. It
can be observed that the length of the frame vectors along the superelliptic curve is scaled by the Gielis
radial scaling function. However, according to the superelliptic inner product defined in the article,
the superelliptic frame is still an orthonormal frame along the superelliptic curve.

Superelliptic curve
Curve Tis
7,-,5 > Ng,
e — B,
Top view

Top view

Figure 4. Moving frames along a helix « and a related superelliptic curve «g,, for some values of m = 12,1n; =
2,ny=7,n3=1a=b=1.

Definition 7. Let ag, be a unit-speed curve with the Frenet frame apparatus {Te¢, N¢, Bg, k¢, Te }. Then the
superelliptic curvature kg and torsion Tg of superelliptic curve can be calculated as

KSg = <T§’ NSg)Sg

and
TSg = <Ng’ B§5>Sg‘
Additionally, since
T*
S
Ns; = 71 = T8, =l Ts, llse N
T72, T,

it is also defined as

Kse (1) = (T, (8), Ns,g (£))s, = (Il Ts, (8) [lse Nsg (£), Ns (£))s, =l Ts, (£) llse=Il a5 (£) lls; -
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Theorem 3. Let as, be a unit-speed superelliptic curve with the superelliptic frame apparatus {Ts,, Ns,, Bs,,
Kse, Ts, } Then the superelliptic frame derivative formulas are computed by

ng 0 KSge 0 TSS

N§5 = —Ks¢ 0 TSe NSg

B§8 0 — TS 0 BSS
Proof. According to the definition of the curvature function, we have Tg_ = s, Ns,, T, =| Tg, |
Ns,, and xs, () =|| Tg, (t) lls; = ag;(t) lls; Let us write the vector Ng_ in terms of the vectors

{Ts, = F(T),Ns, = F(N),Bs, = F(B)} as N5, = ufF (T) + of (N) + wF (B). If the derivative
of the expression (f (N),F (N))s, = 1 is taken, it is clear that v = 0 which means that it is in the
form of Ng, = ul (T) + wF (B). If we take the inner product of this equation with f (T) and since
F(T) L F(B)and (F (T),F (T))s, = 1, we get

(F(N"), F(T))se = u.
Conversely
(F(N),F(T))s, =0—= F(N'),F(T))s, = —(F (N),F (T'))s,

and if we use the equation f (T') = ks, f (N) = T, = x5, Ng,, we obtain
u=(F(N"),F(T))s, = (F(T'),F (N))g, = —¥s,-

If similar operations are performed to find w, the result willbe w = (f (N'), F (B)) = Ts,. In this case,
we compute
Ngg = —Ks, ng + TSgBSg-

Finally, using similar calculations, and using the definition of 75,, we reach By, = — 15, Ns,. [

Theorem 4. Let us take the superelliptic curve as, with the superelliptic frame apparatus {Ts,, Ns,, Bs,, ks,,
Ts, } such that vs, =|| F (a’) ||s,=|| ag, lls¢- Then the superelliptic frame fields derivative formulas are given

by
*
ng 0 VSgKSg 0 ng
* —
NSg = —VscKSg 0 VS TSe NSg
*
BSg 0 —USe TSe 0 BSg

Theorem 5. Consider the superelliptic curve as, with curvature ks, and torsion Ts,. Then the following
equations are satisfied

ok HE  Xge K&
S S S¢ %s
TS = —%_ BS = £ £ Ng :BS Xs Tg
T Tag, Ise' 2 Tag, xop ofs s, e o e S
Clag, xsoagh llse (g, xse agh, a8 )s,
K§g - 4 TSS -

a5, 12, a5, x5 oz I,

Proof. Since vs, =|| a3, || and ag, = vs,F (T), we compute:

0

=T 0 s

Furthermore, considering the following relations:

(@) =vF(T) —I—VZKSSF(N), F(T) XSg F(T)y=0, F(7) Xe F(N) = F (B)
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it follows that:
F o) xs, F (") = VggKSgBSg

By taking the norm of both sides and observing that || Bs, ||s,= 1, we obtain:

I F@) xs, o |l
ECE

| F (&) xs, & ||s;=1vks, = Ks,

On the other hand, given that Vg,g ks, =|| F (&) xs, a” ||s,, the binormal vector is defined as:

* ok
‘XSg XS¢ D‘Sg

= T, <50 %5 Ts;

Bs,

The principal normal vector Ng, is then derived via the vector product:
Ngg = BSE XS¢ TSg

If the third-order star derivative ag " is expanded with respect to the superelliptic Frenet basis, we
have:
ag:* = <DC§:*, TSg >Sg TSg + <‘X§:*’ NSg >Sg NSg + <‘X§:*/ BSg >Sg BSg

According to the Frenet formulas, we obtain:

3 Foxk

Kokok o 2 .3 Kokok _ .3
<“Sg /TS5>Sg - _ngKSg’ <a85 /NSg>Sg - VSgKSg' <“Sg /BSg>Sg - VSgKSgTSg
Thus, the third-order derivative is computed as:
3.2 3./ 3
ag." = (—v’x°)Ts, + (v’ )Ns, + (v’x7)Bs,

From this result, the superelliptic torsion 7, is derived as:

* X% kkok
<DCS5 XSS D‘Sg’leg >S8

a3, x5, oz |15,

TSg =

O

5.1. Some Geometric Meaning of the Superelliptic Curvatures

Theorem 6. A superelliptic curve as, is a superelliptic line; the necessary and sufficient condition is that it is
KSe = 0.

Proof._) (=) If the superelliptic curve is a superelliptic line, it can be written in the form ag, (t) =

p+tt,where t isa constant superelliptic unit vector. Consequently, Consequently, since the vector
t' is constant, we compute Tg = 0 and thus we get ks, =|| T3, [|=0.

(<) Let the curvature xg, of the unit-speed superelliptic curve ag, be zero, ie., ks, = 0. According to

the orthonormal frame equations, we obtain

T§S = KggNgg =0.

Therefore, the superelliptic tangent vector Ts, is a constant superelliptic unit vector. Since ag, = T, is
constant, we reach
as, (t) = tTs, +a

and this is the equation of the superelliptic line whose direction is Ts, and which passes through the
point a. So, ag, is a superelliptic line. [J
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Next, we introduce the following definition, which will be used to prove Theorem 7.

Definition 8. Assume that as, is a superelliptic curve in ]R%g such that all the points on this superelliptic
curve have a constant distance rs, from the constant point ms,. Then, this curve is called a superelliptic circle
with the center ms, and the radius rs,, satisfying as follows:

1 1
@ng(t) r'se (t) = g

Theorem 7. A superelliptic curve ag, is a superelliptic circle if and only if ks, is constant and t5, = 0.

msg () = as, (£) +

Proof. (=)Let as, be a unit-speed superelliptic circle with center mg, and radius rg,. Then, we know
that ag, is a superelliptic planar curve and so s, = 0. Therefore, we must show that g, is a positive
constant. A circle with radius rs, and center point mg, can be written as

|| “Sg (t) - mSg HSg: rSg
and from here we have
<D‘Sg (t) — Mg, &S, (t) - mSg>Sg = 1’%8
If we take the star derivative of both sides of the equation, we get
2ag, (1), s, (t) —ms,)s, = 0= (Ts,, as, () — ms,)s, = 0.
If we take the star derivative again, we find
(Ts, s (1) — msg)se + (Tses Tse )se = Kse (Nsg, s, (1) — ms,)s, +1=10
According to the last equation, we obtain
Kse > 0 and <Ngg,w§8(t) - mgg>sg #0

Taking the star derivative of the last equation, we compute

ks (Nsg, asg (F) — ms, )sg +Ksg (Ns,, as, (F) — ms, )se + xsg (Nsg, Tsg)s, =0

Then, since (NSE, Ts,)s, = 0and Ngg = —ks, I's, + Ts, Bs,, we reach

2
ks, (Nsg, ase (1) — ms, s — x5, (Tsg, as. (8) — msg)s, + ks, Tsg (Bs,, s, (1) — ms,)s, =0

Since (Ts,, as, () — ms,)s, = 0 and ag, (t) is planar, then we have 75, = 0. Thus, we obtain

ks, (Nsg, ase () — ms, )s, = 0.

Since
(Nsg, as, (t) —ms,)s, #0

it becomes K§£ = 0. So, we calculate that xg, is constant.

(«<) Let ks, be constant and 75, =0. To show that the superelliptic curve ag, is a unit-speed circle,
we must show that the distance from the point ag, (t) to a fixed point mg, is equal to a constant number
rs,- First, let us see that the center mg, is fixed. In equation

ms, (1) = s, (£) + ——Na, () rs,(t) = —,
Ksg (1) Kse
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since T, = 0, kg, is a constant and NS —Ks Tse + Tsg Bs,, we find that mS = 0. Therefore, msg, is
a constant. On the other hand, let us show that the distance from every point on the curve to the point
ms, is rs, (t) = %. Indeed,
£
asg — Mg, = —Ns
¢ ke,

£ &

is found to be || ag, —ms, [|s,= K;g Ns, = rs,. Therefore, as, is a circle. [

Example 4. Let us see as, = ((1 — cost) \ﬁ (24 cost) \p ﬁsmtﬁ)) is a superelliptic circle by
finding ks, and Ts,. If we take the following star derivatives

., r(b) ., r(b) r(t)
ad . = (sint —sint V2 co ,
s, = Gaint 7 —sint T Vacost "))
ag, = (cost:/(;l,—cost:’/(;),—\/ia t:/((;)))
1 2 3
then we compute the cross product as
r(t)%er r(t)%e ()%es
(%] (%) 03
ag, Xsg ag, = A" sint:/(—ffl1 smt:/(% ﬁcost:/(%
cost™ ) _ cos ) 2sin ¢
Jor NG e

= (v2,V2,0)

Thus we calculate || ag, lse= V2 and | ag, Xsg 05 |se = 2 and we reach

I ag, ¥se a5; llse 1

o3, B, V2

KSg =

If we take the third star derivative

L r(E) () r(t)
a* = (—sint——=,sint—=%, —v/2 cost —~
s, = ( o % 73)

we calculate

<“S5 Xse O,/ “§Z*>S

|| ‘XSS XSE S: ”Sg

. =

Ts =0.

Definition 9. In R?ég' a superelliptic curve as, is a helix such that ks, # 0 if and only if the superelliptic

tangent vector Ts, makes a constant angle with a constant vector Us,. Accordingly, a superelliptic helix is
defined by

L] u§5 = 0
J <T§5,u§g>§£ = cos ¢.

Theorem 8. Consider the superelliptic curve as, with curvature ks, and torsion Ts,. Then as, is a superelliptic
helix if and only if the mtzo is constant.

Proof. (=)According to the definition above, if « is a helix, there exists a Us, vector that satisfies
the conditions Ug, = 0 and we know that (Tse (1), Us, )s, = cosp and (T*(t), U)s, = 0. Then we get
(ks Ns,, Us,)s, = 0, which gives Ns, L Us, . In this case, since the vector Us, is in the plane formed
by Ts, and Bs,, it is written as

Us, = cos ¢Ts, + sin¢Bs,.
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If the star derivative of both sides of the equation is taken and since Ug, = 0, we compute
cos pxs, Ns, — sin¢ts, Ng, = 0.

Thus, it is found that the ratio "¢ s constant.
Kse

(<) Now assume that the ratio % is constant. We claim that Us, is a constant vector and the

superelliptic curve ag, makes a constant angle with the superelliptic tangent vector Ts,. Then we have
Ugg = cos ¢xs, Ns, — sin ¢Ts, N, .
If 75, = ks, cot¢ is written, then Ug = = 0 is obtained. Therefore, the vector Us, is constant. [J
& &

Theorem 9. Let a be a helix in R3 and as, be a related superelliptic curve. Then the superelliptic curve ag, is a
superelliptic helix. The converse of this theorem is also true.

Proof. (=)According to the definition above, if a is a helix, there exists a U vector that satisfies
condition U" = 0 and we know that (T(t), U) = cos¢ and (T'(t),U) = 0. If U’ = 0, then we have
F (U') = Ug, = 0. On the other hand, since / is an isometry, we have

(Tg, (), Us, )s, = (F (T'(£)), Us, )s, = (T'(£), U) =0.

In this case, we obtain <T§g (t),Us,)s, = constant. Therefore, ag, is a superelliptic helix. Similarly, we
can prove that the converse holds as well. [

Example 5. Let us construct the superelliptic frame apparatus {Ts,, Ns,, Bs,, ks, Ts } structure for the
t r(t)

unit-speed superelliptic helix ag, = (cos 75 v sin L\[ \r/(—%, \trﬁ) If we take the star derivative, we get
. . tor(t) 1 tor(t) r(t)
ag, = ( 7 sin NNV cos 5 U5y 203)

such that || a5, ||s,= 1. Thus, we compute

1 .t 1 tor(t) r(t)
T, = a8 = (——=sin — —=%, — C0S —= ———=, ’
5 =05 = 0 5 27 V2 2% \/203)
ag tor(t tor(t
Ns, = % (—cos—ﬂ,—sin—r(—),O),
|| “S ||§g 24/01 2402
and
B —TS£ XS¢ Ngg
r(t)%er r(t)%e r(t)%es
T ORI O ()
— A*| L o) 1 _t i)
=A \/Esm\/i\/ﬁ \/Ecos 500 Vi
Lﬂ —siniﬂ 0
fﬁ 2 /02
( sin tor(t) tor(t) r(t))

ffff VAN

Next, we calculate ks, and Ts, for the superelliptic helix as,. For these, we compute

TS, = (—4 cos 7\/(—(7), —Jsin \if:/(—?), ) and Ng, = (— cos \;i :/(% —sin \tf :p, 0). Then the superelliptic

curvature is calculated as 1

KSg = <T§5’NS5>S(§‘ = ﬁ
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If we use
«_(Lgn )
N = (N Gy T v
and
B _(7 7& 1 . tor(t) r(t)
£OW2 V2T V2 2+/02" /203

the superelliptic torsion is obtained as

TSg = <N§g’ BSg>Sg

5.2. The Superelliptic Darboux Vector of the Superelliptic Orthonormal Frame

Definition 10. The rate at which a point rotates about a center, that is, the rate of change of its angular position,
is briefly called angular speed, and during this rotation, there is also a rotation axis. This axis of rotation is
called the angular velocity vector. This vector is denoted by W. The angular velocity vector of the superelliptic
orthonormal frame of a space curve is called the superelliptic Darboux vector. Accordingly, the vector W that
satisfies the equation

T§g = E) XSe TSg
NSE = 3 XSe ng
ng = ﬁ ng BSE

for the Ts,, Ns,, Bs, orthogonal vector fields of an as, curve is called the superelliptic Darboux vector of the
superelliptic orthonormal frame. This vector is usually denoted by the letter Dsg, .

Theorem 10. Let Ds, be the superelliptic Darboux vector of the Ts,, Ns,, Bs, orthonormal frame of any
unit-speed superelliptic curve ag,. It is determined by

Ds, = 15, Ts, + ks, Bs,,
Proof. Assume that Ds, = uTs, + vNg, + wBs,.
T3, = Ds, xs, Ts, = &s,Ns, = (uTs, + 0Ns, + wBs,) xs, Ts,

= KggNgg = —ZJBSE + ZUNSE

from the equality, v = 0 and w = «g, are found. Therefore, it has to be structured as Ds, =
us, Ts, + Ks, Bs,. On the other hand

ng = DSg XS¢ BSg = _TNSg = (uSgTSg +KSgBSg) XSe BSg
= —TNgg = —MNS‘E
in the equation, u = Tg, is obtained. Consequently, Ds, = 15, Ts, + s, Bs, is acquired. []

6. Superelliptic Surface

As is well known, in this study a conformal elliptic metric defined on the space R" in the following
form is used:

1 n
<u/V>Sg = T’(t)z Z;o—i u;v;,
=
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where 0; > 0 are positive constant coefficients and r(t) is a direction-dependent radial function. This
metric can be interpreted as a conformal scaling of the elliptic inner product.

In the previous section, a curve on the elliptic sphere, a(t) = (a1(t), ..., an(t)), was defined with
respect to the superelliptic metric in the following form:

Ase (t) = (le(t) r/(%/ “2(t):/(‘%, . ,Dln(t)i‘/(%) .

This definition expresses the normalization of the curve under the superelliptic metric and its mapping
onto the superelliptic sphere. Using the superelliptic metric and the mapping;

F:R" —)Rgg,

by
Fa(t)) = as, = (“1(t):/(%/0¢2(f)i/(%,...,an(t)\r/(%)

We can give the following definition.

Definition 11. Let S : U C R? — R3; (t,0) — S(t,v) = (f1(t,0), f2(t,v), f(t,v)) be a smooth surface.
In R3§£, the superelliptic surface is defined via the following Gielis radial scaling transformation F as follows:

FiR® =R

S(t,0) = F(S(t,0)) = X(t,0) = (fl(t,v)r/(%,fz(t,v):’/(%,fB(t,v)”(2)

where r(t) is the Gielis” super formula and o, i € {1,2,3} are positive real numbers.

Next, we introduce distinguished surfaces within superelliptic three-dimensional space, charac-
terized by their specific geometric and algebraic properties. These surfaces play a significant role in
understanding the structural behavior and symmetry conditions inherent to superelliptic geometries

6.1. Superelliptic Sphere

In space, under the superelliptic metric, the geometric locus consisting of all points whose distance
to a fixed point is constant is called a superelliptic sphere. This fixed point is referred to as the center of the
superelliptic sphere, and the constant distance is called the superelliptic radius. Since the superelliptic
metric defines a direction-dependent and scaled notion of distance, the resulting superelliptic sphere
exhibits anisotropic geometric properties when compared to the classical sphere. For appropriate
choices of the metric and parameters, this definition reduces to the classical sphere, whereas in the
general case, the superelliptic sphere represents a broader class of spherical surfaces characterized by
superelliptic structures.

The superelliptic sphere (superellipsoid) is obtained as

X(t,0) = <r(t)r(v) costsinv r(t)r(v)sintsinv r(t)r(v) cosv).

o Vm s

The superellipsoids obtained for various values of the Gielis formula with r(t), r(v) are illustrated in
Figure 5.
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a=1.00, b=1.00, m=4, n_=3.80, n_=3.80, n,=3.80, - o - - - =
4 2 3 a=1.00, b=1.00, m=4,n,= 1.5 n,=15,n,=15 2=1.00, b=1.00, m=6, n, =0.90, n,=0.90, n,=0.90

Figure 5. Superellipsoid models for some values of superformula r.

6.2. Superelliptic Cylindrical Surface

In superelliptic space, the surface generated by straight lines that move along a fixed superelliptic
curve and remain parallel to a fixed direction is called a superelliptic cylindrical surface. In this definition,
the fixed superelliptic curve is called the directrix, and the fixed direction is referred to as the director of
the superelliptic cylinder.

According to this definition, let the superelliptic directrix be

2

r

—~

as, = (a1 (t) o

w7 3<t>i/@>

E\

and the director be

B (@l ) rh))
NN
Then, the parametric equation of the corresponding superelliptic cylindrical is obtained as

X(t,0) = ((Oél(t)-l-va)L\/;_)l (a ()H,b)\/(__) (« 3<t>+vc):/(_;_)3>.

Here, a, b, c are real constants. Examples of superelliptic cylinders for some values of r are given
in Figure 6.

2=1.00, b=1.00, m=3, n1=0.80, n2=0.80, n3=0.80 a=1.00, b=1.00, m='6 n1=0.90, n2=0.90, n3=0.90 a=1.00, b=1.00, m=10, n1=0.50, n2= 10, n3=0.50

Figure 6. superelliptic cylinder surface for some values of superformula r.
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Example 6. Let us determine the parametric equation of the superelliptic cylinder with the base curve as, (t) =

(cos t:/(—%, sint:/(—%,O) and the direction vector @ = (0, 0, \P) The parametric equation for v — r(v) =

(| cos(6v/4)|0%8 + | sin(6v/4)[0-28)1/0-28 5,

X(t,v) = ag, (t) +r(v)d = (Cost:/(;_)l, sint:’/(;_)z, r(v):;%), (t,v) € [0,27t] x [0,271].

and it is given in Figure 7

Figure 7. Twisted superelliptic cylinder surface .

6.3. Superelliptic Conical Surface

In space, the surface generated by a superelliptic line passing through a fixed point and moving
along a superelliptic curve is called a superelliptic conical surface. The curve lying on the superelliptic
curve and forming the base of the surface is called the base curve, and the fixed point of the cone is
called the vertex. The moving line is referred to as the generatrix of the superelliptic cone.

Let the base curve be

age = (oq(t)\/(—_) wy(t )\/(__) az(t )\V/(_t_)>

and let the vertex point on the curve ag, be

P = (ar/(%,b:/(;_)z,c:/(%).

Then, the equation of the superelliptic conical surface is given by

<
—~
Sz
N———

(1) ) ) 0 0
X(wt)—( ) f)+v(< 1(6) =0 5, o) =0) 5 (sa(6) 0

Example 7. Let us take the base curve

(b r(t) .
as, = (\/_17_1 cos t, \/—0_2511115, 0)

and the vertex point
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Then, we obtain the superelliptic conical surface as

_ () () . r(t)
XS, = <\/_0‘_10C05t’ \/—U_zvsmt, v\/—0_3>.

Some superelliptic conical surfaces corresponding to different values of the superformula are presented in Figure 8.

3.5 a=1.00, b=1.00, m=6, n1=0.90, n2=0.90, n3=0.90 ‘ 2=1.00, b=1.00, m=4, n1=0.80, n2=0.80, n3=0.80 a=1.00, b=1.00, m=1.00, n1=0.80, n2=0.80, n3=0.80

Figure 8. superelliptic cone surface for some values of superformula r.

6.4. Superelliptic Surfaces of Revolution

Surfaces obtained by rotating a superelliptic curve about a specified axis are called superelliptic
surfaces of revolution. For example, a superellipsoid can be regarded as a surface of revolution obtained
by rotating a superellipse. A curve given in the xz-plane by

a(v) = (r(v)f(0),0,r(v)g(v))

when rotated superelliptically (see [11]) about the z-axis, yields a surface of revolution whose paramet-
ric representation is

X(t,v) = (r(v)f(v) cost:;—;_)l, r(v)f(v) sint:/(—;_)z, r(v)g(v):;—(%), v € [0,2m).

Example 8. Consider a superelliptic circle of radius a whose center is located at (R, 0) in the xz-plane.

x(v) = (R+acosv)r(v),

z(v) = asinovr(v),

Under the superelliptic rotation, a point (x(v),0,z(v)) about the angle t € [0,27) is mapped to

X(t,v) = x(v) costi/(—;_)l,
y(t,v) = x(v) Sinti/(_:f_)z'
z(t,v) = z(v):/(—;_l.
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Substituting the expressions of x(v) and z(v) yields

X(t,v) =r(v)(R + acosv) cos t:/(—(tf_)l,
y(t,v) = r(v)(R+ acosv) sin t:}—%,

r(t)r(v)
o

z(t,v) = asinv

r(t) r(t) . r(t)r(v)

X(t,v) = (r(v)(R +acosv) cost—=, r(v)(R +acosv)sint——=, asinv———->).

Vo V! Vo3
For different choices of the parameters in r, the corresponding superelliptic tori are illustrated in Figure 9.

a=1.00, b=1.00, m=4, n1=0.80, n2=0.80, n3=0.80 a=1.00, b=1.00, m=8, n1=0.90, n2=0.90, n3=0.90 a=1.00, b=1.00, m=8, n1=0.50, n2=8.00, n3=0.50

Figure 9. superelliptic tori surface for some values of superformula r.
Example 9. Let us consider the curve in the xz-plane given by
as, (v) = (a cosh(2), 0, v)

and rotate this curve superelliptically about the z-axis by an angle v. As a result of this rotation, the parametric
representation of the resulting superelliptic surface of revolution is given by

X(t,0) = (a :/(—;_)1 cosh(2) cost, a t/(_(tT_)z cosh(2) sint, i/(—:% v).

This surface is referred to as the superelliptic catenoid and is illustrated in Figure 10. Superelliptic catenoids
are also Constant Anisotropic Mean Curvature Surfaces [16].

a=1.00, b=1.00, m=4, n1=0.80, n2=0.80, n3=0.80 a=1.00, b=1.00, m=6, n1=0.90, n2=0.90, n3=0.90 a=1.00, b=1.00, m=8, n1=0.60, n2=0.60, n3=0.60

Figure 10. superelliptic catenoid surface for some values of superformula r.
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6.5. Superelliptic Ruled Surface

These surfaces are called superelliptic ruled surfaces. In other words, the surfaces obtained by
sweeping superelliptic lines that move along a superelliptic curve and whose directions may vary
depending on the parameter are superelliptic ruled surfaces.

For any differentiable superelliptic curve, let as, be the base curve and 1ys, be the director curve.
Then, the ruled surface is given by

X(t,v) = ag, (t) +v s, ().

Example 10. The superelliptic helicoid surface given by the parametrization

_ rt) o) ()
X(t,v) = <vcost\/—a_1, vsmt\/—a_z, t—03>

can be written as

X(t,0) = (0, 0, ti/(—(%) —l—v(cost\r/(—;_)l, sint%, 0).

This surface is a ruled surface and is illustrated in Figure 11.

a=1.00, b=1.00, m=4, n1=0.80, n2=0.80, n3=0.80 a=1.00, b=1.00, m=6, n1=0.90, n2=0.90, n3=0.90 a=1.00, b=1.00, m=8, n1=0.50, n2=8.00, n3=0.50

Top view .
= Top view Top view

Figure 11. superelliptic helicoid surfaces for some values of superformula r.

Example 11. Let the superelliptic Mobius strip be defined by the parametrization

t) r(t) r(t)

, (sint +vcos(§)sint)—=, vsin(}) —)

V2 o3

r

—~

X(t,v) = ((Cost + vcos(4)cost)

5

This expression can be written in the affine form
t t
X(tv) = (costﬂ, sin t Q, 0>
V0 02

+v<cos(%)cost%, cos(%)sint:/(—‘%, sin(%) :/(—‘%>
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Therefore, X is a ruled surface: for each fixed t, the map is linear in v and parametrizes a straight ruling in R3.
The corresponding superelliptic Mobius strip is depicted in Figure 12.

[2=1.00, b=1.00, m=8, n1=0.85, n2=0.85, n3=0.85]

[a=1.00, b=1.00, m=3, n1=0.40, n2=0.40, n3=0.40] [2=0.85, b=1.15, m=1, n1=0.55, n2=0.70, n3=1.10]

Figure 12. superelliptic Mobius strip for some values of superformula r.

6.6. Superelliptic Gauss and Mean Curvatures

The surface normal is a vector perpendicular to the surface’s tangent plane spanned by the vectors
{X}, X3} at a given point, in a superelliptic sense. For a parametrized surface X(t,v), the normal
vector is given by

N = X} XSe X3,

and the unit normal is . .
n— Xt XSg Xv

X5 xse X3¢

For a parametrized surface X(t,v), the first fundamental form describes the metric properties (lengths
and angles) on the surface:
Is, = Es, dt* + 2Fs, dtdv + Gg, dv?,

where
ESg = <X2</XZ<>Sg/ FSg = <XZ</X;>Sg/ GSg = <X;’XZ>S5

The second fundamental form
Ils, = L, dt* + 2Ms, dt dv + Ns, do*.
describes how the surface bends in space, where
Ls, = (X, n)s., Ms, = (Xj,, n)s,, Ns, = (X5, 0)s, -
Gaussian curvature can be expressed using the fundamental form coefficients as

L, Ns, — M%g
KSE = ﬁ
Es,Gs, FSg

It indicates whether the superelliptic surface is locally shaped like a superelliptic sphere (Ks, > 0), a
superelliptic saddle (Ks, < 0), or a superelliptic plane (Ks, = 0). The mean curvature describes how
the surface bends on average and appears in many geometric and physical problems such as minimal
surfaces, which is given by

_ EsNs, — 2Fs, Mg, + Gs, Ls,
¢ 2(Es,Gs, — F3,) '

Hg
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Here, the coefficients Es,, Fs,, Gs, represent the intrinsic metric properties of the superelliptic surface
Sg, characterizing the first fundamental form. In contrast, the coefficients Ls,, Ms,, Ns, correspond to
the second fundamental form and describe how the surface bends within the ambient space R%g.

A surface is said to be minimal if its mean curvature satisfies Hs, = 0 at every point. As a
canonical example, the superelliptic catenoid constitutes a minimal surface, since its mean curvature
vanishes identically across the entire surface.

6.7. Superelliptic Darboux Frame Apparatus in ]R?é‘g

A natural moving frame constructed on a surface is known as a Darboux frame. Let X be a
superelliptic surface in R%E and ag, : I C R — R3_be a superelliptic curve on the superelliptic surface.
We denote the superelliptic normal vector field with ng, and the superelliptic tangent vector with Ts,,
then since they are perpendicular to each other, the ng, xs, Ts, vector is perpendicular to both the
vectors ng, and Tg,.. If we say ng, Xs, Ts, = gs,, we obtain a superelliptic orthonormal basis on the
surface consisting of the vectors {Ts,, 15, &s, } along the curve ag, . Moreover, for a unit-speed curve
« and a related superelliptic curve / (a) = ag,, we can express the following relationship under the
transformation f,

T—>F(T)=T§g

§— F(8) = gs;

where {Ts,, n1s,, gs, } is a Darboux frame for a unit-speed superelliptic curve and satisfies

Ts, Xs, N5, = 8s¢r Mse Xs¢ Ty = —8s;s 85 X Tsp = s, 1, Xs, bs, = Ts,-

Additionally, the function that measures how much a superelliptic curve bends toward its surface
normal is called the superelliptic normal curvature «,;_ and can be calculated as follows:

<“§: ’ nSg >

e T g TP

The function that measures the deviation of a superelliptic curve from being a straight line on the
surface is called the superelliptic geodesic curvature Kgs, and can be calculated as follows:

* *k
<IXSS XSe “Sg’ nsg >Sg

Kgsg -

las, 12,

The function showing how the direction of a superelliptic curve on a surface rotates with respect to the
curvature direction of the surface is called the superelliptic geodesic torsion Tgse and can be calculated

as follows: . .
<nSg XSg nSg/aSE>S5

Tgsg -

2
laz, 2,
On the other hand, if ag, :  C R — Rgs is a unit-speed superelliptic curve, then we compute the

superelliptic normal curvature, superelliptic geodesic curvature, and superelliptic geodesic torsion,
respectively, as follows:

KnSg = <T§g’nSg>Sg
Kese = <T§g'gSg>Sg

Tgse = (s, 8s¢ )se-
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Next, we give the formulas for the star derivatives of the moving frame {Ts,, ns,, gs, }-

Theorem 11. Let ag, be a unit-speed superelliptic curve on the superelliptic surface X, and {Ts,, ns,, gs,,
Kng, s Kgs, s Tgs, } be the Darboux frame apparatus. Then, the superelliptic Darboux frame derivative formulas
are computed by

*

TSg 0 K”Sg KgSg TSg
* —_ J—

ng, | = Kns, 0 Tgs, ns,
*

8se —Kgs, ~Tgs, 0 8Se

Proof. We can write Tg . = x1Ts, + xans, + x38s,. If the superelliptic inner product of this equation
with Ts,, ns,, gs, is taken, respectively, it becomes

x1 = (Tg,, Ts;)sy = 0, x2 = (Tg, s, )sy = Kng,, X3 = (T5,, 8¢ )sp = K, -

Thus we can write
* J—
Tse = Kng, Mg + Kgs, 8-

Similarly, if we write ng, = x1Ts, + x215, + x38s, and if the superelliptic inner product of this
equation with Tg,, g, gs, is taken, respectively, it becomes

v2 = (g, ms.)s, = 0, y1 = (Tsg, g, )s, = —(Ts, s )sy = —Kng,, X3 = (855,115, )5 = Tgs s

then we compute
* —_—
g, = —Kng, Tsg + Tgs, 85,

Finally, the calculation is done in a similar way for gs,., we obtain
ggg = KgSg TS(‘: o ngg nSE'
These completes the proof. [

Example 12. Let us take the superelliptic cyclinder is

X(t,v) = (\/(_)cost \/(_)smt U\/(_))

In this case, the superelliptic moving frame along the superelliptic cyclinder are computed as follows: For
X; = (—\r/(—% sint, :/(—% cost,0) and X = (0,0 (—)) we compute the superelliptic unit normal vector

e
_ e o _ 1) r(t)
ns, = Xj XSng—(\/aCOSt \/Esmt ,0),
superelliptic tangent vector
g —
UL, S O PG NG

Voo o

|| “Sg ||Sg
and superelliptic vector

r(t) 1

( rt) int,

\/20’1 s

8se = Ts, Xsg 15, =
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Then, the superelliptic normal curvature, superelliptic geodesic curvature, and superelliptic geodesic torsion are
calculated as follows:

o lasinse)se 1

ng. = 7T = 5 ——

e |lag, 3,

P (ag, s 08y msg)sy 1

8 - - 7
e I g, [I3, 2V2
o (ng, Xse nse ag.)se -1
5% I ag, 13, -

7. Conclusion

In this study, we introduced a novel geometric framework that integrates Gielis” superformula
with the classical differential geometry of curves and surfaces. By defining the superelliptic inner
and cross products, as well as the star derivative and the superelliptic Frenet frame, we extended the
Euclidean and Riemannian interpretations of curvature and torsion to a more parametric and flexible
geometric structure.

The proposed superelliptic geometry provides a new perspective in modeling natural and organic
forms, where symmetry, scaling, and deformation can be controlled through a small set of parameters.
This structure preserves essential geometric properties such as orthonormality and differentiability
while allowing an infinite family of curves and surfaces to be generated from the same analytical
foundation.

The framework definition presented in this study demonstrates that Gielis curves can be treated
within the same formal and geometric characterization, independent of their classical parametric
expressions. The resulting framework reduces even singular Gielis curves to the curvature and torsion
properties of a circle, thus providing a "regulatory" layer that eliminates the geometric effects of
singularities. This approach unifies all members of the Gielis family, including generalized Mobius-
Listing surfaces [35], within a common framework, providing a more robust foundation for both
computational geometry and natural shape modeling.

Finally, it is worth emphasizing that the proposed framework is highly general. In particular,
when the superformula is considered as an illustrative example, it can be shown that, through the use
of the star derivative, a wide variety of geometric structures and families of curves can be represented
within the same formalism. This observation indicates that the proposed approach is not restricted to
a specific special case; rather, it possesses the flexibility to encompass a broad class of functions and
shapes. Hence, the superformula, analyzed via the star derivative, provides a representative example
that highlights the generality and potential applicability of the developed framework. The results
show that the superelliptic framework offers a consistent and computationally tractable model for
analyzing complex geometries, bridging the gap between mathematical abstraction and real-world
morphology.

Future work may include the extension of this framework to non-Euclidean manifolds and
applications in physics, architecture, and biological modeling. Furthermore, this framework paves the
way for the development of new differential-geometric methods that can be applied to Gielis surfaces,
growth models, and minimal surfaces in the future.
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