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Abstract

In this paper, we study the behavior of the m — th derivatives of general algebraic polynomials in
weighted Bergman spaces defined in domains of the complex plane bounded by piecewise smooth
curves with nonzero exterior angles and zero interior angles. Our approach involves establishing
upper bounds on the growth of these derivatives not only interior of the unbounded domain but also
on the closure of given domain. Through this analysis, we reveal detailed patterns in the growth of
the m — th derivatives of algebraic polynomials throughout the complex plane, depending on the
properties of the weighted function and the domain.

Keywords: algebraic polynomial; quasiconformal mapping; smooth curve; Bernstein-Walsh-Markov
inequality; polynomial estimates

1. Introduction and Preliminaries

Let C denote the complex plane, C := CU {oo}; G C C be a bounded Jordan region (without loss
of generality, we will assume that 0 € G) and L := 9G ; ) := C \G = extL. Forw € C and 6 > 0, we
set: A(w,d) :={t € C: |t —w| > }; A:=A(0,1). Let w = P(z) be the univalent conformal mapping
of Q) onto A such that ®(c0) = oo and lim;_,e0 %Z) >0;¥:=® ! For p > 1, let L, denote the exterior
level curve of L, GP denote the inner region of Lp, and Qp denote the outer region of Lp.

Let us denote by

n
©n = {Pn(z) = Zakzk tag € C, degP, < n}
k=0

the set of all complex-coefficient algebraic polynomials of degree at most #, where n € N.
The distance from a point z € C to a set A C C, denoted by d(z, A), is defined as

d(z,A) :=inf{|z— | : ¢ € A}

Let ~{z]-}§:1 C L be a fixed sequence of distinct points ordered in the positive direction along
L, without loss of generality. Let Rg be a fixed constant such that 1 < Ry < co. Assume that the
parameters 7y; satisfy 7; > —2forall j = 1,...,1. Let hyp be a measurable function satisfying the
inequality ho(z) > co(G,h) > 0, z € Gg,, for some constant c(G, 1) depending only on G and h.
Under these assumptions, we define the generalized Jacobi weight function by
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Let o denote the two-dimensional Lebesgue measure. Given an arbitrary Jordan domain G and a
real number p > 0, we present:

1/p
IPally & = IPallaycy = ( I/ h<z>|Pn<z>|”doz) 0 <p<oo, @l
G
[ Pa | oo = [1Pall a1,6) == né%(|Pn(z)|, p =00 Ap(1,G) = Ay(G),
z

and, when L is rectifiable:

1/p
1Pl —(/ h<z>|Pn<z>|”|dz|) 0<p<o, ®
L
IPulesyy = max|Pu(z)l, p=oo; £,(1,1) = £,(L)

For any P, € o, the Bernstein-Walsh Lemma [49] states that the following inequality holds:
|Pu(2)] < 1@(2)["[|Pullcg), z € Q- 4

Also, in [36], similar inequality of (4) is obtained for the space £,(L), as following:

1
||Pn||£P(LR) < R™ HP”HLV(L)I p > 0. (5)

Assuming (z) # 1is defined by parameters y; > —1 for j = 1,2,...,] as specified in (1), the weighted
version of inequality (5) follows from [12, Lemma 2.4]:

1+ymax

P ||P”||[:p(h,L)/ Ymax = maX{O, Vi = 1,2,...,1}. (6)

n—+
1Pl np) < R

In order to recall an estimate analogous to (5) for the space Ay (h, G), we begin by introducing the
following definition.

Definition 1. [37, p.97] (see also [45]) The Jordan curve (or arc) L is called K—quasiconformal (K > 1), if
there is a K—quasiconformal mapping f of the region D D L such that f(L) is a circle (or line segment).

Let F(L) denote the set of all sense preserving plane homeomorphisms f of the region D O L such that
f(L) is a circle (a line segment) and let

Ky :=inf{K(f): f € F(L)},

where K(f) is the maximal dilatation of f. Then L is a quasiconformal curve, if K < oo, and L is a
K—quasiconformal curve, if K < K.

A curve L is called a quasiconformal, if it is a K—quasiconformal for some K > 1.

An analogue of the estimates (4) and (6) for regions bounded by quasiconformal curve with the
weight function /(z) defined as in (1) for all p > 0 was found in [8] (see, also [6]) and has the following
form:

nt+d
P
||PnHAP(hVGR) <c R ||Pn||A,,<h,c>' 7)

where R* := 14 ¢3(R—1), ¢ > 0and ¢; := ¢1(G, p, c2) > 0 are constants independent of n and R. As
shown in previous studies, not all quasiconformal curves are rectifiable (cf. [25], [37, p.104]).
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In [9, Th.1.1], an analogous estimate was studied for the A, (1, G)-norm, p > 0, for an arbitrary
Jordan region and it was obtained that, for any P, € p,, Ry =1+ % and arbitrary R, R > Ry, the

following estimate
2

P <R"7|P
I n||Ap<GR> = [ nHAP(GRl

) 4
1
is true, where ¢ = (ﬁ) P [1 + O(%)} as n — oo and c is an asymptotically sharp constant.
In [46] the case was considered where the norm || P, || c(c) on the right-hand side (4) is replaced by
| Py ]| A5(G) which leads to new version of the Bernstein-Walsh lemma as follows: If the curve L = 9G is
quasiconformal and rectifiable, then there exists a constant ¢ = ¢(L) > 0 depending only on L such

that
f

|Pa(z)] < Cd(zi,nL)

1Pull gy )| @)™, z € Q, 8)

holds for every P, € gy.
On the other hand, using the mean value theorem, for an arbitrary Jordan region G, any polyno-
mial P, € p, and any p > 0, we can find that:

1 ,
[Pu(z)] < (JEd(z,L)) IPalla, ) z€G. ©)
In particular, estimates of the form (9) for orthonormal polynomials K, (z) := Ky(z,h,G), degK, = n,
n € N, over aregion G and a specific weight function h, were investigated in [47, Th.2.1], [33, Th.5,
h(z) = 11, [1, Th.6, h(z) # 1], [2, Th.1, h(z) # 1] and others. Similar estimates to (9) were studied,

estimates in the space A, (h, G) were obtained for any point z € G in the following form:

nfﬁ
|Ku(z)] < c6m, z €G,
where ¢ = ¢6(G) > 0, &« = a(G,h) > 0and B = B(G,h) > 0, are constants independent of 1, z and
depending on the properties of the region G and the behaviour of the weight function h. Combining
(8) and (9), we obtain an estimation on the growth of | P, (z)| in C\L.

Thus, as can be seen from (8) and (9), to study the behavior of the derivatives of polynomials
P (2)
of L. This means that we need to show that the whole plane can be represented as the union of a finite

,m > 0,in whole C it is also necessary to know the behavior of these derivatives at the points

closed region and its complement—an infinite region—(for example, C = GrUQgR, R > 1) and then
Py (2)
break down CintoC = GRUQg, R =1+ %0 for some 0 < g9 < 1 and investigate the behaviour of
‘P,gm) (Z)L, m > 0, in each of the specified regions of Qr and Gg.

Int
estimates for higher order derivatives of modulus of P, (z) within certain unbounded regions charac-

study the behaviour of ,m > 0, in each of these regions separately. Based on this idea, we can

e present study, we extend previous investigations on the problem of obtaining pointwise

terized by interior zero and exterior non-zero angles. Our goal is to derive estimates in the following
form:
zeQ,m=1,2,... (10)

P (@) < Pl

where 1, := 11,(G, h, p,m,z), 1,(-) — o0 as n — oo, depends on the properties of G and h. Analogous
results of the (10)-type for some norms and different unbounded regions were obtained by N.A.
Lebedev, PM. Tamrazov and V.K. Dzjadyk (see, for example, [31, pp. 418-428], [32, p. 383]). Also
several studies have addressed the case m = 0 with various p > 1 values and region types. For
instance, estimates have been obtained for regions with piecewise Dini-smooth boundaries and p > 1
in [11], for piecewise smooth boundaries without cusps with p > 1 in [10], for x-quasidisks with p > 0
in [13,15], for regions bounded by asymptotically conformal curves with p > 0 in [14], for regions with
piecewise smooth boundaries featuring interior angles and p > 0 in [40], and for regions bounded by
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piecewise asymptotically conformal curves and p > 0 in [16], among others. For derivatives of order
m > 1, estimates akin to those in (10) have been explored in various works. Notably, [19] investigates
the case m = 1, p > 1 for regions with piecewise smooth boundaries without cusps; [41] considers
m > 1, p > 1 for quasidisks under additional functional assumptions; [34] studies m =1, p > 1
for regions with piecewise smooth boundaries having both zero and nonzero interior angles; [43]
addresses m > 1, p > 1 for regions bounded by piecewise Dini-smooth curves with corners; [17]
focuses on quasidisks with m > 1, p > 1; and [28] studies regions with quasismooth boundaries
and similar parameter ranges. These results often rely on a recurrence formula approach, where
the estimate for each derivative order is derived from those of lower orders, a method that involves
extensive calculations. However, [20] and [29]a€”which both consider m > 1, p > 1 for regions
bounded by asymptotically conformal curvesa€”as well as our current work, employ a direct method
to establish (10)-type estimates, without relying on recursive arguments.

Secondly, to finalize the analysis of the growth of ‘P,S’”) (z)‘ in the entire complex plane, it is
necessary to establish an inequality analogous to the Bernstein-Markov-Nikol’skii type within the
regions under consideration, as demonstrated below: :

1P s < pallPally, m = 0,1,2, .., a1
where yy := un(G,h, p,m) >0, iy — 00, 1 — 00, is a constant that depends on the properties of G and
the weight function h, in general.

The investigation of inequalities of the type (11) began with the foundational works in [26], [27]
and [48]. Subsequently, similar research has been explored in numerous other studies. Numerous
studies have addressed these inequalities for m > 0 within a range of function spaces, including those
by [31, pp. 257-263], [38]-[39, pp.122-133], [44], [22], [30] and [35]. Further references can be found in
the cited works. A more detailed study on this topic has been made by [3]-[10], [15] (for m =0, p > 0
and « -quasidisks), [18] (for m > 1, p > 0 and « -quasidisks), [24] (for m = 0, p > 0 and regions with
piecewise smooth boundary with interior cusps), [40] (for m = 0, p > 0 and regions with piecewise
smooth boundaries containing interior angles), [42] (for m > 1, p > 1 and regions with piecewise
Dini-smooth boundaries having interior zero angles), [43] (for m > 1, p > 1 and regions bounded by
piecewise Dini-smooth curve with interior nonzero angles) and others.

Therefore, from the estimates (10) and (11), we find the growth of the m — th derivatives P,Em) (2)|,
m =0,1,2, ..., on the whole complex plane as follows:
G
P ()] < cr|IP Pns 2 € LR, 12
2 ()] < o nnp{ o (12)

whereR=1+cnL¢c, 0<c<1, ¢; = c7(G, p) > 0 are constants that do not depend on 1 or P,, but
depend on the properties of G and .

2. Definitions and Notations

Throughout this paper, c, ¢y, c1, ¢2, ... are positive constants and €, €1, €2, ... are sufficiently small
positive constants (generally, they are different in different relations). These constants generally depend
on G and inessential parameters for the argument. Otherwise, the dependence will be explicitly stated.

For any k > 0 and m > k, the notation i = k,m meansi =k, k+1, ..., m.
Let z = z(s), s € [0, mesL] denote the natural representation of L .

Definition 2. We say that a Jordan curve or arc L is smooth, if L has a continuous tangent 6(z) := 6(z(s))
at every point z(s). The class of such smooth curves or arcs is denoted by Cy. Then we write G € Cy to mean
that 9G € Cy.
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According to the "three-point” criterion [23, p.100], every piecewise smooth curve (without any
cusps) or arc is quasiconformal. Moreover, according to [45], we have the following:

Corollary 1. If L € Cy, then L is (1 + €)—quasiconformal for arbitrary small € > 0.

We say that a bounded Jordan curve (or arc) L is locally smooth at the point z € L, if there exists a
closed subarc ¢ C L containing z such that every open subarc of ¢ containing z is smooth.

In what follows, we introduce a certain category of regions enclosed by a piecewise smooth
boundary curve, where the connecting arcs form interior angles of zero or non-zero exterior angles.

For a Jordan region G with boundary L = 9G, let {{; 5.:0 C L denote a finite, ordered set of
distinct points placed along L, which, without loss of generality, are assumed to follow the positive
orientation. We define each arc L; as the segment of the boundary connecting the consecutive points ;
and j, 1, where the indexing is taken modulo ! + 1, i.e., ;11 = Co-

Definition 3 ([10]). We say that a Jordan region G € PCy(1;A1,..., A7), 0 < A <2, )= 1,1 ifL=0Gis
the union of finitely many smooth arcs {L]'};:O connected at points {{ f};‘:o € L such that L has exterior (with

respect to G) angles )tjn, 0< )\]- < 2, at the corner points {éj} 1 € L where two arcs Li4 and L, i=11,

1
j
intersect, and L is locally smooth at (.

Without loss of generality, we assume that these points on the curve L = dG are located in the
positive direction such that G has exterior )tj7r, 0< )tj < 2,j =1,1I;, angles at the points {gj }jlzl,
l
j=h+1"

It is clear from Definition 3, each region G € PCy(1;A4,..., A1), 0 < A <2, j = 1,1, may have

I; <1, and interior zero angles (i.e. Aj = 2—interior cusps) at the points {{;}

exterior nonzero )L]'TL', 0< /\j < 2, angles at the points {zj };1:1 € L, and interior zero angles (/\]- =2

) at the the points {z;} € L. If I} =1 = 0, then the region G doesn’t have such angles, in this

1
j=h+1 o
case we will write: G € PCy(1) = Cy;ifl; =1 > 1, then G hasonly A;7r, 0 < A; < 2, i = 1,14, exterior
nonzero angles, in this case we will write G € PCy(1;7Aq,...,A;), 0 < A <2 )= 1,1,;ifl; = 0and
I > 1, then G has only interior zero angles, in this case we will write G € PCy(1;2,...,2).

Moreover, throughout the paper, we will assume that the {z;} € L points defined in (1)

j=1
coincide with the {{; };:1 € L points specified in Definition 3.

To simplify the exposition and avoid cumbersome calculations, we will take I; = 1, | = 2 without
loss of generality. After this assumption, we have the G € PCy(1;A1,2), 0 < A1 < 2, region which has
exterior nonzero angle A17t, 0 < A < 2, at the point z; € L and interior zero angle at the point z, € L.
Note that, the notation "G € PCy(1;11,A2), 0 < A1, Ay < 2" means that the region G has two exterior
nonzero /\]-7'[, 0< /\]- < 2, angles at the point zj € Lj=12

For 0 < §; < & := jmin{|z; —z|:j=1,2}, let us § := 1r£1]i£12(5j, Q(z;, &) == QN

{z:]z—2zj| <6} Q) := j@la(zj, 5), O:=0\ 0>).

Let w; := ®(z;), ¢; := argw;. Without loss of generality, we will assume that ¢, < 27. For

= tea‘bf?)i(l;j/ 5;))|t —wj| > 0and 7 := min{y;, j = 1,2} let us set:

Ai(j) = {t:[t—wj| <} C ©(Q(z;, 6)), Any) = ]L_leAj(U)f Ai = A\A(n); Aly) =

B\A(); Ay = A (1), A (p) = {t =Rl :R>p >1, B39 << 3024 A = A1),
Alz(p) = {t: R-¢éf-R >p>1, 4’1;4’2 <0< 4’2J2r¢0 }’ where ¢y = 27 — ¢p; Q% .= ‘I’(A}(R),

) . 2
Ly :=LgNOg, R>1,0= | Q.
j=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Main Results

We begin by setting up the notational framework required for both the formulation of the main
results and the subsequent analysis.

T = max{1,A}+¢ 0<A<2, (13)
2, A=2;
)N\j = max{l,Aj} +¢ 0<A; <2, A" = max{zl,xz}, Ve > 0;
, f0<A<2, _ .
T o= { :2 ifr—o i ma{0yhi=12
- ) m, if0<A<?,
T e iA=2;
v =max{0,7,72 }; 7:= ), forz € Q%, j=1,2; ¥ := max{0;7}.

In all theorems and corollaries throughout this section, the weight function #(z) is defined by (1)
for the case | = 2. Also we assume that n € N and n > m, where m € N is specified individually in
each result. Now let’s start formulating the new results.

Theorem 1. Let p > 1and G € PCy(1;A4,2) for some 0 < Ay < 2. Suppose the weight function h is defined
by (1) with v > —2. Then, for every polynomial P, € oy, allm = 0,1,2,..n, and z € Qg,, the following

estimate holds:
|q)n7m+1 (Z) |

d(Z,L) ]rll,p(m)“Pn”p’ (14)

P;Sm) (Z)‘ <0

where c1 = ¢1(G, p, v, A, m, &) > 0, is a constant independent of n and z, and

F+2 3 T
(L2 +m-1)2 AT +2)+1
P < AY o)
il 1 ' 1 1=y f A1
1 o 1-1 1-1 7
]n,p(m) — nm)x-i— v (11'171) v, p= M%Jrzl)“’
mA+1-1 AT +2)+1
P —_r
" ’ = A+1

As a consequence, we can consider cases in which the region has either zero or non-zero angles at
both points.

Corollary 2. Let p > 1 and G € PCy(1; A1, A2) for some parameters 0 < Ay,Ay < 2. Then, for every
polynomial P, € @, allm =0,1,2,...nandz € Q%, we have:

‘q)n—m+1(z)|
d(z,L)

P ()| <o J2p(m)Pall, (15)

where ¢ = ¢c2(G, p, 7y, A, m, &) > 0, is a constant independent of n and z;

742 5 ~
—+m71))\- Aj(7+2)+1
n( Z ] 1< AN
7 P f A1 7
2 — A1—1 -1 Ai(F+2)+1
J2,(m) =3 W™ (i)', — A2+
A 1 A ZLJrzl 1
nmAj+1—?, j(7~+ )+
A+1

Corollary 3. Letp > 1and G € PCy(1;2,2) Then, for every polynomial P, € p,, allm =0,1,2,...nand

ze ) , have:

‘q)nfrrwl (Z) |
d(z,L)

P (z)] < s By (Pl (16)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where c3 = c3(G, p, v, A, m, &) > 0, is a constant independent of n and z;

(42 4 -
2T m=1) 1< p < AR
3 — 2m+1—1 1-1 2(57*42)+1
In,p(m) = n mt 7"(11’11’1) P, = %,
2m4+1-1 2(7*+2)+1
P Ay Te)Tl
n / P A+1

Now, we can state uniformly estimate of P,Em) (z)|, m >0,forz € G.

Theorem 2. Let p > 0and G € PCy(1;A,2) for some parameter 0 < A < 2. Then, for every polynomial
Py € py,allm=0,1,2,...n and arbitrarily small € > 0, the following estimate holds:

where ¢y = c4(G, 7y, A, p,m,€) > 0is a constant, independent of z and n, the numbers 7, A are defined as in
(13) and

Pull,, (17)

Pr(lm) H < caftnm
o0

N N TN St

p
a1 1
"M (Inn)r, if 2+7)-A=1,
1 ~
"M, i 247) A< L

We can consider separately the cases where the L curve has the same type of angles at both points:
exterior nonzero or interior zero angles. In this case, from Theorem 2, we obtain the follows:

Corollary 4. Under the conditions of Theorem 2, the relation (17) is satisfied for G € PCq(1; A1, Ap) for
nm = Hnm,1, where
27t *
n( P +m>)\ ;i 249%)-AF>1,
~ * 1 1
Hnma = nm/\ +f(]nn)?, if (2 + r)/*) SAF =1, (18)
mA*+ 1 . % %
n v, if (249 A" <1,

and y*, A* are defined as in (13 ).

Corollary 5. Under the conditions of Theorem 2, the relation (17) is satisfied for G € PCy(1;2,2) for
Ham = Wn,m,2, Where

~ 2( 3
Unm2 =N ( P ’ (19)
and «* is defined as in (13).

According to (4) (applied to the polynomial Q,—(z) := P,Sm) (2)), the estimate (17) and their
corollaries (18) and (19) are also valid for z € Gy with a different constant. Therefore, when the
estimate (7) (for the z € Gp) is combined with the estimates (2)-(3), the estimate of the growth of
|Py(,m) (z)| in the whole complex plane is obtained. Now, let us present the corresponding statements.
Combined Theorem 1 with Theorem 2, we find the following:

Theorem 3. Let p > 1 and G € PCy(1; A, 2) for some parameter 0 < A < 2. Then, for every polynomial
Py € py,allm =0,1,2,...n and arbitrarily small € > O, the following estimate holds:

q;.n—m+1 z 1 Q

T Az L) m zZ €
[0 <cslpall,d @D a2 €Oy
o ,ui’l,HI/ z e G1+%,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where c5 = ¢5(G, v, A, p,m,e) > 0 is a constant, independent of z and n; ]%,p(m) and Yy, are defined as in
(14) and (17), respectively.

By combining Corollaries 2 and 3 with Corollaries 4 and 5, respectively, we obtain the following:

Corollary 6. Let p > 1 and G € PCy(1; A1, Ay) for some parameters 0 < Ay, Ay < 2. Then, for every
polynomial Py, € oy, allm =1,2,... and arbitrarily small € > 0, the following estimate holds:

where cg = c6(G, 7y, A, p,m,e) > 0is a constant, independent of z and n; ],%,p(m) and Jly, 1 are defined as in
(15) and (18), respectively.

q>n—m+l(z) 5
— m S (@)
P}Sm)H < C6||Pn||p d(z,Q ]n,p( ), 714»%/
e ,un,m,ll VS Gl—l—%’

Corollary 7. Let p > 1and G € PCy(1;2,2). Then, for every polynomial P, € @y, allm =0,1,2,...nand

z € O, have:
q;nfm+1(z)| 3
[ T TR
«© ]’ln,m,Z/ z e Gl—l—%’

where c; = c7(G,y, A, p,m, &) > 0is a constant, independent of z and n; ];:’,p(m) and Jy, 2 are defined as in
(16) and (19), respectively.

4. Some Auxiliary Results

Lemma 1 ([1]). Let L = 9G be a K—quasiconformal curve, z; € L, zp,23 € QN {z: |z —z1| 2 d(z1,Lg,)};
wj = ®(zj),j =1,2,3. Then

a)  The statements |zq1 —zp| =< |z1 —z3| and |wy —wy| X |wy — ws| are equivalent. So |zq —zp| =<
|z1 — z3| and |wy — wo| < |wy — ws| are also equivalent.
b)  If|z1 —zp| = |z1 — z3], then
-2 K2
L|a-= ‘wl — w3
R4 %) Wy — w2

PN

w1 — W3 K
[£% i %)

where Ry > 1 is a constant, depending on G.
Corollary 8. Under the assumptions of Lemma 1, if z3 € Lg,, then
K2 K2
w1 —wa|™ = |z1 — 2o = |wy —wa|” .
Corollary 9. If L € Cy, then
1+e 1-¢
[wr — w2 = z1 = zo| = |wy —wa|
foralle > 0.

We will also use the following estimate for “Y, ‘ (see, for example, [21, Th.2.8]):

_ 4(¥(0),L)

Y] = Sy (20)

The following lemma is a consequence of the results given in [50] and [33].
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Lemma 2. Let G € PCy(1; A, ..., Ap), 0 < A <2,j=12,.., 1. Then

D for any w € M), fw - w2 [¥w) — Fap)] 2 o -y o - a2 ¥ ()] <
Ai—1—¢,

|w —w;| ™ ;

ii) for any w € A(y), (lw] — 1)1 2 d(¥(w),L)| = (Jw| - D, (jw| = 1)° 2 ¥ (w)| 2 (Jw] 1)

Let {z; };:1 be a fixed system of distinct points on curve L ordered in the positive direction and
the weight function /1(z) be defined as in (1).

Lemma 3 ([11]). Let L = oG is a K—quasiconformal curve; R = 1+ <. Then, for any fixed e € (0,1) there
exist a level curve Ly o (r_1) such that the following holds for any polynomial Py(z) € pn ,n € N:

p>0. (1)

1
>5nwmmw

([Pl
! Ly (ﬁ Liter-1)

Lemma 4 ([8]). Let L = 0G be a K—quasiconformal curve; h(z) be defined as in (1). Then, for arbitrary
Py(z) € pp,any R > land n = 1,2, ..., we have:

~pal
1Palla,h,Gr) = R 7 1IPull Gy P> O (22)
where R = 14 c¢(R — 1) and c is independent of n and R.

5. Proofs

Proof of Theorem 1. The proof of Theorems 1 will be carried separating the cases p > 2and 1 < p < 2.
Let G € Cp(1;A1,2) with0 < Ay <2, R =1+, Ry := 1+ Bl and Ry := 1+ 22U Forz € Qand
0 < m < n, let us define
P (2)
Hum(2) = Gy

Noting that Hy, » (z) is analytic in the region Q and continuous on its closure (), also taking account
that Hy, ;,(00) = 0, we can apply the Cauchy integral representation for unbounded regions to obtain:

Hn,m(z) = T 5= / Hn,m(C)gd_gz, zZ e QRl-

Ly,
Taking the modulus of both parts and considering that [®"~"+1(7)| = Rf~"*! > 1,for { € Lg,, we

obtain:
=/
< N
- 2

LR1

(rm)
S WL N

P (2)
ormil(0) |7 — 2] ~ 2md(z, LRl)L

Ppn—m+1 (Z)

Py (2)]dg].

Therefore,

Py (0)]dg). 23)

(m) [@" =) /
ZROIE 27d(z, Ly,
LRl

Let us express the Cauchy m — th derivative formula for P, ({) within the integral

(m) _m! dt
Pa(8) = 5= / Pn(f)mr ¢ € Gr,,

LRz
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and taking ¢ € Lg, we find:
i< G /(i
P (Z)’ - d(Z LRI | n €|m+1 |d§|
|q)n—m+1(z)| |d§‘
<X +—— su / / Py (t)||dt 24
i) o\ ) g | ) POl (24)
Denote by
d
/ | g'LH—l = ]1<LR1); /|P”(t)||dt| = ]2(LR2)/ (25)
t—{]
LRl LRZ

and estimate these integrals separately.
A) Estimation of ] (Lg, ). Replacing the variable T = ®({),{ € Lg,,w = ®(t),t € L, and taking into
account (20), we have:

¥’ (0)]]d|
Ji(Lg,) = — (26)
e EO ¥ (@)
To estimate the integral, for p > 1 we introduce the following notations:
E1 ={T:Ted(L)), (p—1)}, E;,l]- = {‘L’ € E;,j Hr—wi| > T~ w|},
12 _rl
EN: = E} \ElL;
E2 ={r:Te®(L)),ci(p—1) < |t —wj| <y}, Ef,,lj = {T € Eﬁ,j T —wi| > |T—w|},
22 _r2
Ejj=E ]\EP]’
3. . (. 1 2 5
Em = {T:Te O\ (B} UE), =12
and perform for p = R; the estimates J; (Lg, ) for the specified sets separately:
Ji(Lg,) = 2 J1(Ek, ;) + i (Eg, j)- (27)

ij=1

Applying Lemma 1, Lemma 2 and (20), we obtain the following estimates, respectively:
1.1.

¥ (7)]|d7] [T —wy M
J(Ek ;) = / = / dt|.
Eot= ] e @ ) e
Rqy,1 ERl,l
111 For1< Ay <2:
(El ) _ |T— w1|/\1 —1—¢ 1 /\17178 |dT|
J1 Ry,1) — / |T—w|(m+1) A1te) | |— / |T_w|(m+1)(/\1+s)
Ellzl,l llil,l

1 /\1—1—8
=< (_) n(m+1)(/\1+€)71 — nm/\1+€'
- n
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112For0< Ay <1:

)Ll—].—S

1 - |T - ZU1| o / |dT|
J1(ER, 1) =< 1/ |T_w|(m+1)(/\1+s) ] _El |T_w|1—/\1+(m+1)(/\1+8)
Ryl Ryd

j nl*/\1+(m+l)()\1+8)mes(ER ) < nl M+ (m+1)()\1+£)71 — nm)\1+e)‘

1.2.

)Ll—l—S

2 [¥'(0)ldz| [T —w|
]1(ER1,1)_ / |‘I’(T)—‘I’( )|m+1’\ / w|(m+1)(A1+s)|dT|

2
ERl,l erl

/\1—1—8

_ ¥’ (0)]ld7] [T —w|
a / ¥ (7) — ¥ (w)|" 9]+ / T — | DMt 7]

21 22
ERyq ER

121.For1 < Ay < 2:

0oy [ Y@l az]
h(ER“l)_En/ O T

21
RiA ¥ (ER1,1)

c
42| 1 mAy+e
= / = <n"TE
— |C—t|m+1 — dm(g,LRz) —
d(g/LRz)

/\118

2 N _ [T —w] 7| mAi+e
]1(ER1,1) B / IT— |(m+1 (AM+e) | 7| = / T — w| (m+1)A1—A1+1+e S
2. .

1.22. For0 < Ay < 1:

Y'(1)||dT T—wy|ME
hha = [ et = | gl
E2 E2

|T(T) - \I;(w)|m+1 B w|(m+1)(/\1+€)

Ry

_ | 1] L f g
o T — wll—A1+(m+1)(A1+s) IT—w |1—A1+(m+1)(A1+£)
E E2

=< nm)\l-i-s + nmAﬁ-E ~ nm)q-i—f.

2.1. Applying (20) and Corollary 9, we get:

Ji(Ef, 2) = / dmf)’f]) jdt| 2 n / —|dT|2 <™, k=12
v ¥ () = ¥(w)|"" (7] = 1) T —w|™
E} EK
Ry2 Ry2

d(¥(v),L) jd| 2A1ve)
R(ER, ;) = dt| < n . =<n ,i=12,
v / ¥ (v) = ¥ (w)" (7] - 1) E/ [T ="+
Rqj Ry2

and then, combining estimates obtained in cases 1.1-2.1, for all 0 < A; < 2, we obtain:

Ji(Lg,) < n™. (28)
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B) Estimation of J»(Lg, ).

Let us first assume that p > 1. Replacing the variable t = ¥ (w), multiplying the integrands numerator
1
and denominator by 17 (t) and using Holder inequality, we have

J2(LR,)

» (¥ (w w H(w) 18 ¥ (w)| 7
Ly, |w|=R, hv (¥ (w))

<=

|w|=Ry

1 1) 10-3)
< [ (rorpIm @) @) Fael) x| [ T
=t Ja1(Lg,) X J22(Lg,), % (29)
By Lemma 3, we have:

1
J21(Lg,) X 1P [Pyl (30)
Now, it remains to estimate the following integral

’ 2—
[J22(Lg,)]" := / )

5 : 1)|clw|. (31)
Lk, Hl|11f(w) — ¥ (wj) |1
]:
To estimate this integral, we set:
Bl ={w: we a(L},), (Ra = 1));
Eg,; i ={w:we (L), ¢i(Ra 1) < |w —w;| < 7}
E3 .

R,
Ry, =10 W € D( % ), < |w—wj| < diamG},

where 0 < ¢; < 1 is chosen so that {w : |w — wj| < ¢j(Ry —1)} NA # @ and ®(Lg,) =
2

2
o(U Lp) =
j=1
. 2 3 .
U CID(L]RZ) =U U Ekz Taking these notations into account, from (31), we get
j=1 j=1li=1 §
2 / 2—q
T(
[J22(Lg,)]’ Z / | (®) D) |dw|
P H [¥ () =¥ ()|
2 ’ 2—q 2
Y (w
E / | ( )I R Z na(w;), (32)
=1 i w; ‘ j=1
R
since the points z; and z; are isolated. Therefore, we need to estimate B, z(wj) forj=1,2:
w; i / [ (@) |dw] iBi (w;) (33)
n2 = T = 2 i).
/) ¥ (w) ‘Y(w]-)|7f([’ D e
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Casel.Letl <q<2(p>2).
1.1. For 1,72 > 0, we have:
1 () — [ ()" 7 M
Bualwn) = / ¥ (w) —‘Y(w1)|71(q_1) jdw] = lw — wl|71('i—1)(/\1+€) dw] (34)
E11z2,1 Elliz,l
< pn@-1)Ar+e)= (A —1-e)(2—q) / |dw| < n[“”(‘7_1)_(2_‘7)]/\1+(2_‘7)+€mes(E}{2 1)
Elliz,l
< nM@-D)=Q2=q)A1+(1-g)+e,
/ 2—q 2—q
Bate) = [ o el < (d(I\P(Iw—)HL)) o 69
(@)~ ¥ ()| J O\ fw ¥ (w) — ¥(w)|
Ry 1 Ry,1
2—q |dw| | / |dw|
= / |w — wy |-l (ate) = " lw — wy |- 2=l te
E2 E2
Ryl Ry 1
nm@-D-2-0lhi-Tte - [ (3—1) - (2—¢q)]\1 +e> 1,
< n?1 Inn, rig—1)—2—-g@lM+e=1,
1 Mm@g=1)-Q2-glh+e<T;

N ¥ (w) > _ d(¥(w), L)\ > |dw|
Blatws) = [ ol = [ ) s

)~ ¥ (w20 g N el=1 ¥ ()20
Rp,2 Rp2
- |dw| 2 |dw]
= 1/ ¥ (w) — ¥ (w,)| 20D~ (270) = 1/ | — w,| 27201~ (2-4)]
Ek,» Ek,2
< n27q+2[72(q71)7(27q)]mes(E}h,Z) < n212(0-1)~(2-9)-1, (36)
_ dw| _ |dw|
B2, (w,) < n271 | =< n*1
n,z( 2) = EZ/ ¥ (w) _T(w2)|(72+1)(q—1)—1 EZ/ lw — w2|2[72(‘1—1)—(2—‘1)]
Ry2 Rp2
n22@=D)=2=01-1 " o[y (g—1) = (2—¢q)] > 1,
< n* Inn, 2r@-1)—-@2-9)]=1,
1, (-1 -2-9] <1,
n212@-1-@2=0-1" 2y, (3 —1) - (2—¢)] > 1,
= n*~nn, 2[rn@-1)-2-q]=1, (37)
n*1, 2n@-1)-2-9] <L

1.2. Letusnow 71,72 < 0. Since (M —1)2—¢q) + (—y1)(g—DA+1 = M2 —q) + (—711) (9 —

DM +1—-(2—g)and A(2—gq) + (—71)(g —1)A; > 0forall0 < A < 2,1 < g <2and y; <0, then
we get:

(M—1-¢)(2—q) (M=1)@2=g)+(=711)(g—1)A1+e
w—w 1
B}l'Z(HH) : ||w—w1 ||71(¢1—1)(A1+6) dw] = (E) mes(E}zzll)
Eky1 '
1\ M=DC=)+(=1)(g-DAr+1+e
=< (E) =< n*7; (38)
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_ o (M —1=e)(2—q)
Bjo(w1) < / [w =@ -~ |dw| = / |w — wy| MDD - 2=) e g
|w_w1|’rl('1 1)(A+e)
E2 E2
Ryl Ryl
= [ O] <20 [ o] <02 (39)
E1222,1 512{2,1

Bla(wn) + Ba(wa) =n2 0 [ [¥(w) = (o) "0

Ek,2YER, 2
1
=< nzf’imes(E}ﬁrz U E%{zl) = nzf’](z +1) < n?. (40)

For the w € E?Q,l' we have [¥(w) — ‘I"(w])| > 1, then for j = 1,2, we get:

2—q
Bia(w) < [ (%) w2 [ (el 1) ] < )
3 . v E3 .
Ryj Ry,j
Combining estimates (29)-(41), in this case, we have:
1
J2(Lgy) X n? || Pall,,
1
nm@—1)—2-q)]A+(1—q)+e 1
nn@-D=@=Phi+Q2-q)=1+e [ (7-1) = 2—q)]A +e>1,
+ n>~1nn, rmig—1)—2—g)]M+e=1,
21, M@g-1)-2-plh+e<,
X
n2 =21 o[y (g-1) - (2-¢)] > 1,
+ [n212(a-D)-(2-9)-1 4 n2=11nn, 2[n(g—1)—@2-q) =1,
n=1, 2r@-1)—-@2-9)] <1,
+nt
nt2
1’[( r 1)/\1"1‘8, P < % + g, 71 > 1/\_718’
_1
n<71—+2—1))x1+s (nlnn)1 P, op= % +e, 11 > 1A—‘1€,
_1
n', p>%+s, 71>1A;1£,
1
n17;/ P22/ _2<’)/1 S 1)»_716/
<P 2242
=1 0P, pepcmn
1
N R R A
1-1 2(12+2)+1 1
n v, P > - 3 7 Y2 > 27/
1
n'"7, p>2, —2<1 <3,
+n®
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URESE )P} A (1 +2)+1 -
n< Z ) L op< 1(771“) , 1> 1)\15’
1-1 M(n1+2)+1 _
<p, | T p = 2R >
mip 1-1 A (11+2)+1 _
nov, p> 1(7)1“) , 71>1A—1€/
_1
nor, p=>2, —2<m <4
2(2272
2% ) p< il ) S 1
_1
. nlnn)l b, p= z(wgz)ﬂ’ > 1,
- 2(1+2)+1 1
nor, p> 3 s Y2 > 27
_1
nl v, PZZ/ _2<r)/2<%/
12 1)} AF
Y+2)+1 v 1
S
1-1 _ AF+2) 41 ~ 1
<P d IR = TR >
— [l 1-1 A(F+2)+1 ~ 1
R AT
_1
nl r, PZZI _2<’)/§%/
where 7 := max{0; y}. Therefore,
2 \F
2 _1)%
1-1 AF+2)+1 1
[Z — Ayre)T] 1
Bley) < IR, O T PR T @)
2\ERy) = 15y 1-1 X(7+2)+1 1
" P>"3a T
_1
n'", p>2 —2<y< 5,

Therefore, combining (24), (25), (28)-42), for case p > 2, y1 > —2, 72 > —2,and all z € Qg,, we obtain:

42 5 ~
n(L-&-m—l)/\’ 2< p< %, ,7 > i,
n—m+1 mA+1— 1-1 AF+2)+1 ~ o1
P (z)| < %II&HP ! Aﬁn”) R A
Z, LR m -3 A(y+ ~ <1
1 . TI P>=%a T
nmAH*?, p>2, —2<y< %
Case 2. Now, letus g >2 (1 < p < 2).
2.1. For 71,72 > 0, according to Lemma’s 1 and 2, consistently, we get:
dw|
B (wy) =< / | — (44)
' @) (w) — ¥ ()1
Ry,1
/ |dw|
w — w1|(}\1—1+€)(¢1—2) lw — w; |71(q—1)()\1+£)
El
Ryl
< ,,ﬂl(‘7—1)/\1+(/\1—1+5)(‘7—2)me5(Ellzz )= am@@—DA+(A—1+e)(g-2)-1 (45)
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dw|
B2, (wy) = |
2l Ez/ ¥/ ()72 [¥ () — ¥ (awy) |0
Ryl
_ /( |w| — 1 )“ \dw|
g Y@L ) ¥ () 1Y
Ry,1
2—q |dw|
=n / |w_w1|[’71(‘1*1)+(‘1*2)]/\1+8
E}yn
alnla= =201 g (g 1) + (g = 2)]M e > 1,
< Inn, [ra-1D)+@-2)M+e=1,
L m@-1+@G-2)A +e<1;
nn@=D+@=2)=1+@=a)+e [ (g-1) + (g —2)]A +e> 1,
= n*~Tinn, Mg—1+@-2)M+e=1,
>, M@-1D+@G-2M+e<1;
dw|
Bl o (w2) < S— -
E;/ @) ()~ ¥ ()20
2

S AU
d(¥(w),L) ¥ (w) — ¥ (w,) [~V

EL

Ry2
1\972
=< <_> 2l (g-1)+(9-2)] /|dw|
- n
Ek,y 2

j n2[72(q_1)+(q_2)]_(q_z)mes(ERz 2) j ;12[72(‘7—1)4‘(‘7—2)]4‘1—‘7,

dw|
B, (w2) < |
" E%/ @ () — )20
2r
_ / < |w| —1 )H |dw|
¥ (w) — ¥ (wp)[20
2—q |dw|
=n / 0 — wy P26 D@2
Efy2
n2@-D+@=2)]-1 " 2, (g —1) 4 (g -2)] > 1,
< n>1 Inn, 2[12(q—=1)+ (9 -2)] =1,
1, 2[p(g—1)+(q-2)] <1
22D +@-2141-9 2[y(g = 1)+ (3 -2)] > 1,
< n?>~1lnn, 2[12(q-1)+(q-2)] =1,
n2a, 2[r2(g—1)+(g—2)] < 1.
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2.2. For —2 < 91,72 < 0, we get:
_ (=711)(g-1)
Bha(wy) = [ PRI XIE B 2
’ ¥ (w)|”
Eky
_ dw ot (a— o (g—
< / lw — wl K q| it = n? TN e es (B, ) < nt-THEDMYE (53
EL !
Ryl
¥ (w (wy)| 1=
n2 wl / |1I” )| -2 |dw|
R21
| n@=2h=1+e (g A +e>1,
j nz_q / q 2 /\1+e j nz_q 111”/ (q - 2))\1 te= 1’
5, |w —wi] 1, (G —2)A1+e<1,
nla=2M=@=1+e (g 2\ +e>1,
= n?~1lnn, g—2)M+e=1, (54)
n2-1, (g—2)AM +e<1;
(—=72)(9-1)
n2 ZU2 / |‘Y )| > |dw| < n2—4 / |dw|2 -
|‘f' ()| o= w 07
R22 Egy2
j nz q+2(q72)mes(E1122’2) j n(qu)fl; (55)

1

d
By o (wn) < 0?7 / % = n*71 Inn,  2(q-2)=1,
w0, X

2
ER,2

n@=2-1 2(5-2)>1
<< n*Mnn, 2(qg-2) =1, (56)
n*1,  2(q-2)<1

3
Forw € ERZ,l,

¥ (w) — ¥(wj)| = 1, and then, for j = 1,2, we have:

dw| |[dw]
B3 w»j/|—j/—jn€. 57
n,2( ]) |‘F/(w)|q_2 (|w| o 1)6 ( )
B . E} .
2 21
Combining (45)-(57), we get:

1
J2(Lry) 27 |[Pall,
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a1 (@—DAr+(A1—14e)(q-2)-1

nm@=D+@=2=1+@=q)+e g (g 1)+ (g —2)]A1 +& > 1,

+ n?~lnn, Mm@-1+@-2)M+e=1,
n>, [(r1(g=1)+ (-2 +e<1,
X
n22@-D+@=2)+1=9 = 2l (g - 1) + (9 —2)] > 1,
+ | n2r@-1D)+-2)+1-q n2qInn, 2[12(g—1)+(g—2)] =1,
n2=1a, 2[12(g—1)+(g—2)] <1,
+nt
nt2
o (1) hate 1<p<Muidtl e g <Lz,
_1
(e ) e p= MG e g <0
1
n'p, 2>p>%+6, ’Y1§1A—_1€,
nt+2
e 1)“&, 1<p<2, m > 5
< 7n2+2
_||Pn||p Tl2< 2p 1)/ 1<p<w, 0<')’2S%,
1
ey ) (e, p= 2R 0y <,
1
n'r, 2> p> Ml oo, < L
72
205 1), 1<p<2 72> 3,
+n®
L+2 oy N~
n( Z 1>)‘, 1<p<)‘(7;?+21)+1, 7§%,
1 AF+2)+1 ~
(nlnn) 7, pZ%, 'YS}—\,
= HP””p 1-1 AF+H)+1 ~ _ 1
n v, 2>P>/~\—H, /YSXI
(T2-1)2 ~ o1
n\ ? , 1 < p < 2 r)/ > 71
for 1,72 > 0, and
1
J2(Lg,) 2 n?|[Pall,
1
n@-2M=@-1+e (5 _2)A; +e> 1, i
nl—q—l—(q—Z)Al—&-s + n2_’7 In n, (q — 2)/\1 +e=1,
y n2-4, G—2)M +e<1;
n(q—2)—1, 2(q — 2) > 1,
+(n@=2D1 18 w2 4Inn, 2(g—2)=1, | +n
n?7, 2(q-2) <1
2 1) A+ 221 +1
(2-1) M+ i) p< T Fe
Z— € _1
n\P T S (nnn) T, p = Z)i\lljll—l—s,
1-1 2M +1 .
= ||Pn||p "l p= )\11+1 TE
, n2<ﬁ >, l1<p< %,
+ 7’[2(5_ ) + (nlnn)lié, p= g, +1’l€
1
v, 2>p>
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n(%_l)A, 1<p< 2/\+1
<P 1-1 2/\+1
<Pl (ot a1,

1—1
nor, 2>p> 2;\:11
for —2 < v1,72 < 0, where 7 := Yjr forz € Q]R,] =1,2.
Substituting the last obtained estimates into (24) and taking into account (28), for the case 1 <
p <2,71 > —2,7 > —2,we obtain:

24 1)A 241~
n( " ), 1<p<—(’y):_1)+’ 'Yg%r
_1 ~
) [ < 12" ()] A )T, p= A0 oL
B @) < Sy IR, w11 M -0
4 Rl n P, 2 > P > /\—'H’ ’)/ S 71
32 5
p (G2 m-1)%, l<p<2 ¥>1,
for 1,72 > 0, and
n(ZJ’m_l)/\, 1<p< ZAMll
P(m)(z)‘ =< |q>n—m+1 ‘HP || mA+1— 7 (1 17% 2A+1+
B = G ey lley (nm)' 7, P=3a
nmA-l—l—ﬁl 2> p> %,

for —2 < 71,72 < 0. It remains for us to combine the last two inequalities corresponding to the cases
7> 0and =2 <7y < 0,foreachj=1,2:

+2 . 1\%
n( p T 1)A, 1<p< ?(7A:21)+1, —2<7< %,
_1 ~
A )| 2 10 B e, p= AL a gl
B e S B R 2
S
n<fm1y, 1<p<2 ¥>1

Now, let us consider the case p = 1. Multiplying the numerator and denominator of the integrand of
the inner integral by & in (24), we get:

(m) @ (2))| 1 4g|

fELRz LRZ

|(Dn—m+1 |
= —||PnH,c1 (hLg,) " SUP
2
d(z,Lg,) teLg, H|f—zj}7jLR1
=1

1 42|
|t _ €|m+1

(58)

After replacing the variable t = ¥ (w) and using the Lemmas 1, 2 and according to (20), (26) and (28),
we obtain:

nh
1 - 1 = 1 _ < n , fory; >0, (59)
[t =z " ¥ (w) — ¥ (wy)[" |w_w1|’YlA1 1, for y1 < 0;

(60)

- 1, for v, < 0;

1 1 < 1 < n2r2,  for Y2 >0,
[t—2z|™ ¥ (w) — ¥ (wa)|™ ~ 212 =
2 2 |w — w;|
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lq / ¥ (0)ld]| i

/ = = Ji(Lg,) 2 0™ (61)

_ ym+1 N m+1 1

Joeam L @ ¥ w))
According to Lemmas 1, 3 and (20), we find:
/ h(t) A
I1Paleyhrg = [ MBI < sup @0 [ amlP@lldt < n Bl (62)
LRZ tELRz LR2

Therefore, combining estimates (58)-(62), we find:

|q>n7m+l (Z)|

(7*+m+1)7\ P
d(Z,LRl) n [Pl

Therefore, for any p = 1, the proof of Theorem 1 is completed.

In order to finalize the proof, it remains to verify that d(z,Lg,) = d(z,L) for all z € Qg. To
this end, we now introduce the notations that will be used in the remainder of the proof. For
0 <& < & = gmin{|z;—zj]:i,j =121 i#j}, let Oz, &) = QN {z:|z—z| <5};

0 = lngjgléj; For L = 9G we set: Uw(L,0) := U U(g, §)—infinite open cover of the curve
ey el
N
L; U(L,6) == U Uj(L,d) C U(L,é)—finite open cover of the curve L; Q(J) = Q(L,6) =
j=1

QN UyN(LJ). Now, for z ¢ QO(Lg,,d(Lg,,Lr)), we have: d(z,Lg,) = ¢ = d(zL). Next, let

z € Q(LR,,d(Lg,, Lr)). Denote by ¢; € Lg, such thatd(z, Lg,) = |z — 1], and point &, € L, such that

d(Z,L) = |Z — (:2| For w = CD(Z), t = @((’;’1), = Cp(gz), we have: |w — t1| > Hw— f2| — |t2 — i’1|| >
|w—ta] — Lw — t2|‘ > 1w — t,]. Then, according to Lemma 1, we obtain: d(z, Lg,) = d(z,L). O

Proof of Theorem 2. First of all, we present the theorem that we will use, along with its corollaries.
Then we prove the estimate for ‘P,Sm) (2) ), z € G for each m > 0.

Theorem A [24] Let p > 0; G € PCy(1; A, 2), for some 0 < A < 2; h(z) be defined as in (1). Then, for
any P, € pu, n €N, v > —2,j=1,2, and arbitrary small € > 0, we have:

1Palles < crotnollPall, (63)

where c19 = c10(G, 71, Y2, A, p,€) > 0 is the constant, independent of z and n, and the numbers iy, 7, A
are defined as in (17) for m = 0 and in (13), respectively.
Corollary A. Under the conditions of Theorem A, for G € PCy(1; A1, A2), the relation (63) is satisfied for

24+9% 5«
nr M 2 ) AT >

~ 1
Hnmi = § (nlnn)?, if 24+9%)-A* =1,

1
nr, if 249%)-A%<1,

where v* and A* are defined as in (13).
Corollary B. Under the conditions of Theorem A, for G € PCy(1;2,2), the relation (1) is satisfied for

" 2(2+9%)
Vn,l =n P 7

where v* is defined as in (13).
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Now we proceed to the proof of the estimate for ‘P,Sm) (2) ’, z € G, for each m > 0 and for the region
G € PCy(1;A,2). Let z € L is an arbitrary fixed point; B(z,d(z,Lg,)) := {&: | —z| < d(z,Lg,)}. By
the Cauchy integral formula for derivatives, we have:

(m)y _ M Py(t) _
P (z) = o / G =012
aB(z,al(z,LR1 )

Then, by applying well-known Bernstein-Walsh inequality (4), we obtain:

m! |dt|
— max P, (t)] - —_—
2 zeaB(z,d(z,LRl))| n(®)l B(zd(z Lz ) |f—Z|m+1
/(z,Lry

m! 2md(z, Lg) _, [IPnllc)
< Py (t)|- = '
< gm0 S 2 e

B 2)| <

If p = o0, we get:

| Pl V2 € L.

[

(m) 1
Py (Z)‘ = dm(Z, LR)

If 0 < p < 0, by applying Theorem A and using the Lemmas 1, 2, for all Vz € L, we get:

Pan : nm/\ = Unm

P’Sm) (Z)‘ = Hno

[Pallp- (64)

Since z € L is arbitrary, we complete the proof of Theorems 2.
The proofs of Corollaries 4 and 5 are obtained in a completely similar way, using Corollaries A
and B in (64) in place of Theorem A. O

6. Discussion

We have studied the growth properties of m—th derivatives of algebraic polynomials in weighted
Bergman spaces in bounded and unbounded regions. The regions we have studied are regions whose
boundary is a piecewise smooth curve containing zero angles. We have clearly demonstrated the
effects of the geometric properties of the region and the behaviour of the wieght function on the growth
of the polynomial by considering the zero-angle and non-zero-angle cases together and separately.
Initially, we examine the issue within unbounded regions of the complex plane, and subsequently,
we derive conclusions regarding the closure of said region. Thereafter, we integrate these findings to
procure assessments of the growth behavior of derivatives of algebraic polynomials in the entirety
of the complex plane. Consequently, our aim is to make a contribution to the study of polynomial
estimation in the weighted Bergman spaces and to establish novel insights regarding the growth
characteristics of polynomials.
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