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Convolution Products Associated with Bounded Linear
Operators on Abstract Wiener Space
Jae Gil Choi

Department of Mathematics, Basic Science and Mathematics Center, Dankook University, Cheonan 31116, Republic of Korea;
jgchoi@dankook.ac.kr

Abstract

In this paper, an analytic Fourier–Feynman transform(FFT) and a convolution product(CP) associated
with bounded linear operator(BLOP)s on abstract Wiener space(AWS) B are defined. The existences of
the FFT and the CP of certain bounded functionals on B are also provided. Additionally, three kinds of
relationships between the FFT and the CP are investigated. It turned out in this paper that the relations
between them as well as the concepts of the transform and the convolution involve previous researches
performed with Gaussian processes on classical Wiener space C0[0, T]. That is, the Gaussian processes
used in previous researches are Banach space BLOPs on C0[0, T].

Keywords: abstract Wiener space; analytic Fourier–Feynman transform; convolution product; bounded
linear operator

1. Introduction
Integral transforms, such as Fourier, Hankel, and Bessel transforms of functions, play crucial

roles not only in functional analysis but also in applied mathematics, serving as tools for proving
the algebraic structures of function spaces. A broad group of experts in mathematics have made
contributions regarding the generalization of the notion of transform of functionals defined on infinite
dimensional linear spaces. These approaches have many applications in different fields of mathematics.
For example, the notion of the Fourier–Wiener transform for functionals on one-parameter Wiener
space [1,2] was extended on AWS [3,4], in order to investigate the existence, uniqueness and regularity
of solutions for Cauchy problems [5] associated with an infinite dimensional heat equation.

On the other hand, two kinds of identities,

T ( f ∗ g) = T ( f )T (g) and T ( f ) ∗ T (g) = T ( f g) (1)

between a (well-defined) transform T and a corresponding convolution ∗ are important structures in
the study area of the transforms T .

The theory of the analytic FFT introduced by Brue [6] now is playing a central role in the analytic
Feynman integration theory. Relationships, such as (1), between the analytic FFT and the corresponding
CP on the one-parameter Wiener space have been developed in various research articles, see [7–11].
These structures involving the analytic FFT of functionals on AWSs can be found in [12–14]. There are
tremendous works on the relationships between various transforms and convolutions of functionals
on infinite dimensional spaces, see [15] and references cited therein.

The definitions of FFTs and CPs are based on the analytic Feynman integral. For more details,
see [15,16]. In particular, the definitions of the FFT and the CP associated with Gaussian processes
which are not stationary in time can be found in [16–21]. In recent paper [22], Choi defined an analytic
Feynman integral and a FFT combined with BLOPs on AWS B, and investigated various results
involving iterated FFTs of functionals on B. In this paper, an L1 analytic FFT and a CP associated
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with BLOPs on B are defined. The existences of the L1 analytic FFT and the CP of certain bounded
functionals on B are also provided. Additionally, three kinds of relationships between the FFT and the
CP are investigated. It turned out in the last section of this paper that the relationships between them
as well as the concepts of the transform and the convolution involve previous researches performed
with Gaussian processes on the one-parameter Wiener space C0[0, T]. That is, the Gaussian processes
used in previous researches [16–21] are Banach space BLOPs on C0[0, T].

2. Background
In order to provide our results for the analytic FFT and the CP associated with BLOPs on AWSs,

we first follow the expositions of [22–27].
Let H be a real separable Hilbert space with norm | · | =

√
⟨·, ·⟩, and let B be a real separable

Banach space with norm ∥ · ∥. It is assumed that H is continuously, linearly, and densely embedded in
B by a natural injection. Let ν be a centered Gaussian probability measure on (B,B(B)), where B(B)
denotes the Borel σ-field of B. The triple (H,B, ν) is called an AWS if

∫
B

exp
(
i(h, x)

)
dν(x) = exp

(
− 1

2
|h|2

)
(2)

for any h ∈ B∗, where (·, ·) denotes the B∗–B pairing, and where B∗ is the topological dual of B. Let
H∗ denote the topological dual of H. Then the Banach space B∗ is identified as a dense subspace of
H∗ ∼= H in the sense that, for all y ∈ B∗ and x ∈ H,

⟨y, x⟩ = (y, x). (3)

Thus we have the triple
B∗ ⊂ H∗ ∼= H ⊂ B. (4)

Let (H,B, ν) be an AWS, and let {en} be a complete orthonormal set in the Cameron–Martin space
H such that ej’s are in B∗. For each h ∈ H and x ∈ B, a stochastic linear functional (h, x)∼ is defined by

(h, x)∼ =

 lim
n→∞

∑n
j=1⟨h, ej⟩(ej, x), if the limit exists,

0, otherwise.
(5)

By the definition of the stochastic linear functional (·, ·)∼ and (3), it is clear that (θ, x)∼ = (θ, x) for all
θ ∈ B∗ and x ∈ B. It is well-known [24–27] that for every non-zero h in H, (h, x)∼ is a non-degenerate
Gaussian random variable on B with mean 0 and variance |h|2. The stochastic linear functional
(h, x)∼ given by (5) is essentially independent of the choice of the complete orthonormal set used in
its definition.

By Kallianpur and Bromley’s results [25], the limit in (5) exists for ν-a.e. x ∈ B, and for each
h ∈ H(∼= H∗), the Gaussian random variable (h, ·)∼ is in L2(B,B(B), ν). For a more detailed study, we
also refer the reader to reference [24]. In fact, the sequence {∑n

j=1⟨h, ej⟩(ej, x)}∞
n=1 appeared in (5) is

Cauchy in L2(B,B(B), ν).
Given a Banach space X, let L(X) denote the space of all BLOPs from X to itself. Then, in view of

the Riesz representation theorem, one can see that the B∗–B pairing (·, ·) is a bilinear form on B∗ ×B.
By the concept of the Banach space adjoint operator, given an operator A ∈ L(B), there exists an
operator A∗ in L(B∗) such that for all θ ∈ B∗ and x ∈ B,

(A∗θ)x = θ(Ax). (6)

By the structure of the dual paring and the triple (4), equation (6) can be rewritten by

(A∗θ, x) = (θ, Ax). (7)
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3. Fourier–Feynman Transform and Convolution Product Associated with
Bounded Linear Operators

In order to define the analytic FFT and the CP associated with BLOPs of functionals on the AWS
(H,B, ν), we need the concept of the “scale-invariant measurability”. The concept of the scale-invariant
measurability, rather than Borel measurability or Wiener measurability, is precisely correct for the
analytic Feynman integration theory on B, see [27].

Let W(B) be the class of ν-Carathéodory measurable subsets of B. A subset S of B is said to be
scale-invariant measurable(s.i.m.) provided ρS is W(B)-measurable for every ρ > 0, and an s.i.m.
subset N of B is said to be scale-invariant null provided ν(ρN) = 0 for every ρ > 0. A property that
holds except on a scale-invariant null set is said to hold scale-invariant almost everywhere(s-a.e.).
A functional F on B is said to be s.i.m. provided F is defined on an s.i.m. set and F(ρ · ) is W(B)-
measurable for every ρ > 0. If two functionals F and G on B are equal s-a.e., i.e., for each ρ > 0,
ν({x ∈ B : F(ρx) ̸= G(ρx)}) = 0, then we write F ≈ G. For an s.i.m. functional F on B, we denote by
[F]s the equivalence class of functionals which are equal to F s-a.e..

Let C, C+ and C̃+ denote the set of complex numbers, complex numbers with positive real part
and non-zero complex numbers with nonnegative real part, respectively. For each λ ∈ C̃+, λ1/2

denotes the principal square root of λ; i.e., λ1/2 is always chosen to have positive real part, so that
λ−1/2 = (λ−1)1/2 is in C+.

Given a ν-integrable functional F on (B,W(B), ν) and an operator A in L(B), we define the
Wiener integral (associated with the operator A) of F by the formula

IA[F] ≡ IA,x[F(Ax)] ≡
∫
B

F(Ax)dν(x).

Given an operator A ∈ L(B), let F : B → C be an s.i.m. functional such that

JF(A; λ) = IA,x[F(λ−1/2 Ax)] =
∫
B

F(λ−1/2 Ax)dν(x)

exists as a finite number for all λ ∈ (0,+∞). If there exists a function J∗F(A; ·) analytic on C+ such
that J∗F(A; λ) = JF(A; λ) for all λ ∈ (0,+∞), then J∗F(A; λ) is defined to be the analytic Wiener integral
(associated with the operator A) of F over B with parameter λ. For λ ∈ C+ we write

Ian.wλ
A [F] ≡ Ian.wλ

A,x [F(Ax)] ≡
∫ an.wλ

B
F(Ax)dν(x) = J∗F(A; λ).

Let q ̸= 0 be a real number, and let F be an s.i.m. functional whose analytic Wiener integral Ian.wλ
A [F]

exists for all λ ∈ C+. If the following limit exists, we call it the analytic Feynman integral (associated
with the operator A) of F with parameter q, and we write

Ian. fq
A [F] ≡ Ian. fq

A,x [F(Ax)] ≡
∫ an. fq

B
F(Ax)dν(x) = lim

λ→−iq
Ian.wλ

A,x [F(Ax)]

where λ approaches −iq through values in C+.
The definitions of the analytic FFT and the CP [7–21] on classical and abstract Wiener spaces

are based on the structure of the analytic Feynman integral and the concept of the scale-invariant
measurability. We define an L1 analytic FFT and a CP associated with BLOPs on AWSs B.

Definition 1. For A ∈ L(B) and y ∈ B, let F : B → C be an s.i.m. functional such that the following
analytic Wiener integral Tλ,A(F)(y) = Ian.wλ

A,x [F(y + Ax)] exists for all λ ∈ C+ and for s-a.e. y ∈ B. Let q be

a non-zero real number. We define the L1 analytic FFT (associated with the BLOP A), T(1)
q,A(F) of F, is defined

by the formula
T(1)

q,A(F)(y) = lim
λ→−iq
λ∈C+

Tλ,A(F)(y)
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for s-a.e. y ∈ B, whenever this limit exists. That is to say,

T(1)
q,A(F)(y) = Ian. fq

A,x [F(y + Ax)]

for s-a.e. y ∈ B.

We note that if the L1 analytic FFT T(1)
q,A(F) exists for a BLOP A ∈ L(B) and if F ≈ G, then T(1)

q,A(G)

exists and T(1)
q,A(G) ≈ T(1)

q,A(F).

Remark 1. If A is the identity operator on B, then this definition agrees with the previous definition of the
analytic (ordinary) FFT [12–14].

Next we give the definition of the CP. The following definition of the CP is based on the definition
of the CP studied in [28].

Definition 2. Let F and G be s.i.m. functionals on B. For λ ∈ C̃+ and C1, C2, A1, A2 ∈ L(B), we define
their CP with respect to {C1, C2, A1, A2} (if it exists) by

(F ∗ G)
(C1,C2;A1,A2)
λ (y)

=


∫ an.wλ

B
F
(
C1y + A1x

)
G
(
C2y − A2x

)
dν(x), λ ∈ C+∫ an. fq

B
F
(
C1y + A1x

)
G
(
C2y − A2x

)
dν(x), λ = −iq, q ∈ R, q ̸= 0.

(8)

When λ = −iq, we denote (F ∗ G)
(C1,C2;A1,A2)
λ by (F ∗ G)

(C1,C2;A1,A2)
q .

4. Fourier–Feynman Transform of Functionals in Banach algebra F (B∗)

In this section, we introduce the class F (B∗), a Banach algebra (of equivalence classes) of function-
als on AWS B, and provide the existence theorem of the L1 analytic FFT of functionals in the Banach
algebra F (B∗).

Let M(B∗) denote the space of complex-valued countably additive (and hence finite) Borel
measures on B∗. Then it is well-known that under total variation norm ∥ · ∥ and with convolution as
multiplication, the space M(B∗) is a Banach algebra with identity. The class F (B∗) is defined as the
space of all s-equivalence classes of Fourier transforms of measures in M(B∗), that is,

F (B∗) =

{
[Fσ]s : Fσ(x) =

∫
B∗

exp
(
i(g, x)

)
dσ∗(g), x ∈ B, σ∗ ∈ M(B∗)

}
.

We in this paper will identify a functional with its s-equivalence class and think of F (B∗) as a collection
of functionals on B∗ rather than as a collection of s-equivalence classes. That is, Fσ ∈ F (B∗) if and only
if there exists a measure σ∗ ∈ M(B∗) such that

Fσ(x) =
∫
B∗

exp
(
i(g, x)

)
dσ∗(g) (9)

for s-a.e. x ∈ B. For more details, see [22].
In [22], Choi established the existence of the L1 analytic FFT of functionals in F (B∗) as follows.

Theorem 1. Let Fσ ∈ F (B∗) be given by (9). Then, for all A ∈ L(B), the L1 analytic FFT associated with the
operator A, T(1)

q,A(Fσ) exists for each non-zero real q, and is given by the formula

T(1)
q,A(Fσ)(y) =

∫
B∗

exp
(
i(g, y)

)
d(σ∗)A

t,q(g) (10)
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for s-a.e. y ∈ B, where (σ∗)A
t,q is the complex measure on B∗ given by

(σ∗)A
t,q(U) =

∫
U

exp
(
− i

2q
(

g, AA∗g
))

dσ∗(g) (11)

for U ∈ B(B∗). Thus T(1)
q,A(Fσ) is an element of F (B∗).

The following corollary is a simple consequence from Theorems 1.

Corollary 1. Let Fσ ∈ F (B∗) be given by (9). Then for all non-zero real q, and any A ∈ L(B),

T(1)
−q,A

(
T(1)

q,A(Fσ)
)
≈ Fσ. (12)

From this, one can see that the L1 analytic FFT, T(1)
q,A has the inverse transform {T(1)

q,A}
−1 = T(1)

−q,A.

5. Convolution Product of Functionals in Banach algebra F (B∗)

In this section, we establish the existence of the CP of functionals in the class F (B∗).

Theorem 2. Let Fσ1 and Fσ2 be functionals in F (B∗) and let C1, C2, A1 and A2 be operators in L(B). Then
for all real q ∈ R \ {0}, the CP (Fσ1 ∗ Fσ2)

(C1,C2;A1,A2) of Fσ1 and Fσ2 exists and is given by the formula

(Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
q (y)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− i

2q
∣∣A∗

1 g1 − A∗
2 g2
∣∣2)dσ∗

1 (g1)dσ∗
2 (g2)

(13)

for s-a.e. y ∈ B.

Proof. Using (8), (7), the Fubini theorem, and (2), it first follows that for all λ ∈ (0,+∞) and s-a.e.
y ∈ B,

(Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
λ (y)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

))[ ∫
B

exp
(

i√
λ

(
A∗

1 g1 − A∗
2 g2, x

))
dν(x)

]
dσ∗

1 (g1)dσ∗
2 (g2)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− 1

2λ

∣∣A∗
1 g1 − A∗

2 g2
∣∣2)dσ∗

1 (g1)dσ∗
2 (g2).

Now, for each λ ∈ C, let

J∗
(Fσ1∗Fσ2 )

(C1,C2;·,·)(A1, A2; λ)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− 1

2λ

∣∣A∗
1 g1 − A∗

2 g2
∣∣2)dσ∗

1 (g1)dσ∗
2 (g2).

Then
J∗
(Fσ1∗Fσ2 )

(C1,C2;·,·)(A1, A2; λ) = (Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
λ
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for all λ ∈ (0,+∞), clearly. We note that

|J∗
(Fσ1∗Fσ2 )

(C1,C2;·,·)(A1, A2; λ)|

≤
∫
B∗

∫
B∗

∣∣∣∣ exp
(
− Re(˘)

2|λ|2
∣∣A∗

1 g1 − A∗
2 g2
∣∣2)∣∣∣∣d|σ∗

1 |(g1)d|σ∗
2 |(g2)

≤
∫

B∗

∫
B∗

d|σ∗
1 |(g1)d|σ∗

2 |(g2)

=

( ∫
B∗

d|σ∗
1 |(g1)

)( ∫
B∗

d|σ∗
2 |(g2)

)
= ∥σ∗

1 ∥∥σ∗
2 ∥ < +∞

(14)

for all λ ∈ C+, since Re(λ) > 0. Thus, applying the dominated convergence theorem, we see that
J∗
(Fσ1∗Fσ2 )

(C1,C2;·,·)(A1, A2; λ) is a continuous function of λ on C̃+. Also, because

Ξ(λ) ≡ exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− 1

2λ

∣∣A∗
1 g1 − A∗

2 g2
∣∣2)dσ∗

1 (g1)dσ∗
2 (g2).

is analytic on C+, applying the Fubini theorem and the Cauchy integration theorem, it follows that∫
△

J∗
(Fσ1∗Fσ2 )

(C1,C2;·,·)(A1, A2; λ)dλ

=
∫

B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

))( ∫
△

Ξ(λ)dλ

)
dσ∗

1 (g1)dσ∗
2 (g2) = 0

for all rectifiable simple closed curve △ lying in C+. Thus, by the Morera theorem, J∗
(Fσ1∗Fσ2 )

(C1,C2;·,·)

(A1, A2; λ) is an analytic function of λ throughout C+ and is bounded as a function of λ in C̃+.
Therefore the analytic Wiener integral

(Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
λ (y) = J∗

(Fσ1∗Fσ2 )
(C1,C2;·,·)(A1, A2; λ)

exists for all λ ∈ C+. Finally, in view of Definition 2 and by the bounded convergence theorem (the
use of which is justified by (14)), the CP (Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q of Fσ1 and Fσ2 exists and is given by the

right-hand side of (13) for all q ∈ R \ {0} and s-a.e. y ∈ B.

Theorem 3. Let Fσ1 , Fσ2 , C1, C2, A1, and A2 be as in Theorem 2. Then for each non-zero real number q, the CP
(Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q is in the Banach algebra F (B∗).

Proof. Define a set function (σ∗
1 ∗ σ∗

2 )
(A1,A2;σ∗

1 ,σ∗
2 )

q : B(B∗ ×B∗) → C by the formula

(σ∗
1 ∗ σ∗

2 )
(A1,A2;σ∗

1 ,σ∗
2 )

q (V) =
∫∫
V

exp
(
− i

2q
∣∣A∗

1 g1 − A∗
2 g2
∣∣2
2

)
dσ∗

1 (g1)dσ∗
2 (g2) (15)

for V in B(B∗ × B∗), the Borel σ-field on B∗ × B∗. Then (σ∗
1 ∗ σ∗

2 )
(A1,A2;σ∗

1 ,σ∗
2 )

q is a complex measure
with finite total variation on B(B∗ ×B∗). Next, let ϕ(C1,C2) : B∗ ×B∗ → B∗ be the continuous function
given by

ϕ(C1,C2)(g1, g2) = C∗
1 g1 + C∗

2 g2.

Then ϕ(C1,C2) is B(B∗ × B∗)–B∗-measurable. Finally, let the set function (σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q :
B(B∗) −→ C be given by

(σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q = (σ∗
1 ∗ σ∗

2 )
(A1,A2;σ∗

1 ,σ∗
2 )

q ◦ (ϕ(C1,C2))−1. (16)
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Then (σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q satisfies the countable additivity, obviously. Based on these structure
above, it follows that∥∥(σ∗

1 ∗ σ∗
2 )

(C1,C2;A1,A2;σ∗
1 ,σ∗

2 )
c,q

∥∥
≤
∫
B∗

∫
B∗

∣∣∣∣ exp
(
− i

2q
∣∣A∗

1 g1 − A∗
2 g2
∣∣2
2

)∣∣∣∣d|σ∗
1 |(g1)d|σ∗

2 |(g2)

=

( ∫
B∗

|σ∗
1 |(g1)

)( ∫
B∗

|σ∗
2 |(g2)

)
= ∥σ∗

1 ∥∥σ∗
2 ∥ < +∞.

Thus the set function (σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q is a complex measure on B(B∗). Using equation (13)

together with the complex measure (σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q given by (16), it follows that

(Fσ1 ∗ Fσ2)
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

q (y)

=
∫
B∗

∫
B∗

exp
(
i
(
C∗

1 g1 + C∗
2 g2, y

))
d(σ∗

1 ∗ σ∗
2 )

(A1,A2;σ∗
1 ,σ∗

2 )
q (g1, g2)

=
∫
B

exp
(
i(g, y)

)
d(σ∗

1 ∗ σ∗
2 )

(A1,A2;σ∗
1 ,σ∗

2 )
q ◦ (ϕ(C1,C2))−1(g)

=
∫
B∗

exp
(
i(g, y)

)
d(σ∗

1 ∗ σ∗
2 )

(C1,C2;A1,A2;σ∗
1 ,σ∗

2 )
c,q (g)

= F
(σ∗

1 ∗σ∗
2 )

(C1,C2;A1,A2;σ∗1 ,σ∗2 )
c,q

(y)

(17)

for s-a.e. y ∈ B. Hence the CP (Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
q belongs to the Banach algebra F (B∗).

6. Relationships Between the Fourier–Feynman Transform and the
Convolution Product

In this section, we provide three kinds of relationships between the FFT and the CP associated
with BLOPs on AWS B. In order to obtain our relationships between the FFT and the CP, we quote the
following three expositions for BLOPs on B from [22] .

(O1) Let A be an operator in L(B) such that A(H) ⊆ H. Then A is an element of L(H). Let
L(B) ⋒ L(H) = {A ∈ L(B) : A(H) ⊂ H}. Then the class L(B) ⋒ L(H) is a linear space. For any
operator A in L(B)⋒L(H), AA∗ is positive definite on H. Thus, by the square root lemma [29], there
exists a positive operator |A| on H such that |A| =

√
AA∗. We also note that every bounded positive

definite operator on a Hilbert space is self-adjoint.
(O2) Given BLOPs A1 and A2 in L(B)⋒L(H), the operator A1 A∗

1 + A2 A∗
2 is positive definite on

H. Thus, by the square root lemma, there is an operator
√

A1 A∗
1 + A2 A∗

2 , uniquely, in L(H). It is clear
that the operator

√
A1 A∗

1 + A2 A∗
2 is in L(B)⋒L(H).

In order to identify these operators, we consider the relation
op∼ on L(B)⋒L(H) given by

A1
op∼ A2 ⇐⇒ A1 A∗

1 = A2 A∗
2 on H.

Then
op∼ is an equivalence relation. Let [A] denote the equivalence class of an operator A in L(B)⋒L(H).

In view of the observation (O1), it follows that there exists a positive definite operator S(A) such that

A
op∼ S(A).

Given two operators A1 and A2 in L(B)⋒L(H), we will use the symbol ‘S(A1, A2)’ to indicate
the representative element of the equivalence class

[
S(A1, A2)

]
=
{
S ∈ L(B)⋒L(H) : S

op∼
√

A1 A∗
1 + A2 A∗

2 on H
}

.
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Then, in view of (O2), one can see that for any S in [S(A1, A2)] and all g ∈ B∗,∣∣S∗g
∣∣2 =

(
S∗g,S∗g

)
=
(

g,SS∗g
)
=
(

g, (A1 A∗
1 + A2 A∗

2)g
)
.

Throughout the remainder of this paper, we will regard [S(A1, A2)] ≡ S(A1, A2), as an operator
in L(B)⋒L(H), for the convenience of notation. Then we have that

S(A1, A2)S(A1, A2)
∗ = A1 A∗

1 + A2 A∗
2 .

(O3) Given a finite sequence O = (A1, . . . , An) of operators in L(B) ⋒ L(H), let S(O) ≡
S(A1, A2, . . . , An) be the positive operators S which satisfy the relation

SS∗ = A1 A∗
1 + · · ·+ An A∗

n on H.

By an induction argument, it follows that

S(S(A1, A2, . . . , Ak−1), Ak) = S(A1, A2, . . . , Ak)

for all k ∈ {2, . . . , n}. Also, for any permutation π of {1, . . . , n}, it also follows that

S(A1, A2, . . . , An) = S(Aπ(1), Aπ(2), . . . , Aπ(n)).

For a notational convenience, we adopt the following notation: for A11, A12, A21, and A22 in L(B),
we let

det

(
A11 A12

A∗
21 A∗

22

)
= A11 A∗

22 − A12 A∗
21

as the determinant formula by the cofactor expansion along the first row.
Under these expositions, we will provide three kinds of relationships between the FFT and the CP

for functionals in the Banach algebra F (B∗).
Our first theorem in this section shows that a FFT of a CP of functionals in the class F (B∗) is a

product of FFTs of each functional, under an appropriate hypothesis on BLOPs in L(B)⋒L(H).

Lemma 1 ([22]). Let Fσ ∈ F (B∗) be given by (9), and let C be an operator in L(B). Then the functional FC
σ

given by FC
σ (x) = Fσ(Cx) belongs to the Banach algebra F (B∗).

Theorem 4. Let Fσ1 and Fσ2 be functionals in F (B∗), let C1, C2, A, A1, and A2 be operators in L(B)⋒L(H).
Suppose that

det

(
C1 A A1

A∗
2 (C2 A)∗

)
= O

where O denotes the trivial operator on B. Then for all real q ∈ R \ {0}, it follows that

T(1)
q,A

(
(Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q

)
(y)

= T(1)
q,S(C1 A,A1)

(Fσ1)
(
C1y

)
T(1)

q,S(C2 A,A2)
(Fσ2)

(
C2y

) (18)

for s-a.e. y ∈ B, where S(C1 A, A1) and S(C2 A, A2) are operators in L(B)⋒L(H) which satisfy the relations

S(C1 A, A1)S(C1 A, A1)
∗ = C1 A(C1 A)∗ + A1 A∗

1 (19)

and
S(C2 A, A2)S(C2 A, A2)

∗ = C2 A(C2 A)∗ + A2 A∗
2 (20)

respectively.
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Proof. Since the CP (Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
q of Fσ1 and Fσ2 is an element of F (B∗) by Theorem 3, the L1 an-

alytic FFT T(1)
q,A((Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q ) of (Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q in the left-hand side of (18) exists for all

q ∈ R \ {0} in view of Theorems 1. Also, by Lemma 1 and Theorem 1, both FFTs, T(1)
q,S(C1 A,A1)

(Fσ1)(C1·)

and T(1)
q,S(C2 A,A2)

(Fσ2)(C2·) in the right-hand side of (18) exist for all q ∈ R \ {0}. Thus it suffices to
show that the equality in (18) holds true.

Using (10) with Fσ replaced with (Fσ1 ∗ Fσ2)
(C1,C2;A1,A2)
q , (11) with σ∗ replaced with (σ∗

1 ∗
σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q given by (16), and the fourth expression of (17), it follows that

T(1)
q,A

(
(Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q

)
(y)

=
∫
B∗

exp
(
i(g, y)

)
d
(
(σ∗

1 ∗ σ∗
2 )

(C1,C2;A1,A2;σ∗
1 ,σ∗

2 )
c,q

)A

t,q
(g)

(21)

where ((σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q )A
t,q is the complex measure on B(B∗) given by

(
(σ∗

1 ∗ σ∗
2 )

(C1,C2;A1,A2;σ∗
1 ,σ∗

2 )
c,q

)A

t,q
(U)

=
∫

U
exp

(
− i

2q
(

g, AA∗g
))

d(σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q (g)
(22)

for U ∈ B(B∗). Thus, using (21), (22), (16), and (15), it follows that

T(1)
q,A

(
(Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q

)
(y)

=
∫
B∗

exp
(

i(g, y)− i
2q
(

g, AA∗g
))

d(σ∗
1 ∗ σ∗

2 )
(C1,C2;A1,A2;σ∗

1 ,σ∗
2 )

c,q (g)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− i

2q
(
C∗

1 g1 + C∗
2 g2, AA∗(C∗

1 g1 + C∗
2 g2)

))
d(σ∗

1 ∗ σ∗
2 )

(A1,A2;σ∗
1 ,σ∗

2 )
q (g)

=
∫
B∗

∫
B∗

exp
(

i(C∗
1 g1 + C∗

2 g2, y)

− i
2q

[(
C∗

1 g1 + C∗
2 g2, AA∗(C∗

1 g1 + C∗
2 g2)

)
+
∣∣A∗

1 g1 − A∗
2 g2
∣∣2])dσ∗

1 (g1)dσ∗
2 (g2)

for s-a.e. y ∈ B. Next, in view of (7), we observe that(
C∗

1 g1 + C∗
2 g2, AA∗(C∗

1 g1 + C∗
2 g2)

)
+
∣∣A∗

1 g1 − A∗
2 g2
∣∣2

=
(
(C1 A)∗g1 + (C2 A)∗g2, (C1 A)∗g1 + (C2 A)∗g2

)
+
(

A∗
1 g1 − A∗

2 g2, A∗
1 g1 − A∗

2 g2
)

=
(

g1, C1 A(C1 A)∗g1
)
+
(

g2, C2 A(C2 A)∗g2
)
+ 2
(
(C1 A)∗g1, (C2 A)∗g2

)
+
(

g1, A1 A∗
1 g1
)
+
(

g2, A2 A∗
2 g2
)
− 2
(

A∗
1 g1, A∗

2 g2
)

=
(

g1,
{

C1 A(C1 A)∗ + A1 A∗
1
}

g1
)
+
(

g2,
{

C2 A(C2 A)∗ + A2 A∗
2
}

g2
)

+ 2
(

g1,
{

C1 A(C2 A)∗ − A1 A∗
2
}

g2
)
.

But, by the hypothesis, we obtain that(
C∗

1 g1 + C∗
2 g2, AA∗(C∗

1 g1 + C∗
2 g2)

)
+ |A∗

1 g1 − A∗
2 g2|22

=
(

g1,S(C1 A, A1)S(C1 A, A1)
∗g1
)
+
(

g2,S(C2 A, A2)S(C2 A, A2)
∗g2
)
.
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Using this and the Fubini theorem, we have that

T(1)
q,A

(
(Fσ1 ∗ Fσ2)

(C1,C2;A1,A2)
q

)
(y)

=
∫
B∗

exp
(

i(C∗
1 g1, y)− i

2q
(

g1,S(C1 A, A1)S(C1 A, A1)
∗g1
))

dσ∗
1 (g1)

×
∫
B∗

exp
(

i(C∗
2 g2, y)− i

2q
(

g2,S(C2 A, A2)S(C2 A, A2)
∗g2
))

dσ∗
2 (g2)

= T(1)
q,S(C1 A,A1)

(Fσ1)
(
C1y

)
T(1)

q,S(C2 A,A2)
(Fσ2)

(
C2y

)
for s-a.e. y ∈ B.

Our next theorem tells us that under same hypothesis given in Theorem 4, a CP of FFTs of
functionals in the class F (B∗) equals a FFT of product of the functionals.

Theorem 5. Let Fσ1 , Fσ2 , C1, C2, A1 and A2 be as in Theorem 4. Then, under same hypothesis as for Theorem 4,
it follows that for all q ∈ R \ {0},

(
T(1)

q,S(C1 A,A1)
(Fσ1) ∗ T(1)

q,S(C2 A,A2)
(Fσ2)

)(C1,C2;A1,A2)

−q
(y)

= T(1)
q,A

(
Fσ1

(
C1 ·

)
Fσ2

(
C2 ·

))
(y)

(23)

for s-a.e. y ∈ B, where S(A, A1) and S(A, A2) are the BLOPs in L(B)⋒L(H) which satisfy the relation (19)
and (20) respectively.

Proof. By Theorems 1 and 3, the FFTs and the CP in the left-hand side of (23) exist. By Lemma 1 and
the fact that the class F (B∗) is a Banach algebra, the FFT in the right-hand side of (23) also exists. Thus
equality in (23) is what needs to be shown.

Applying (12), (18) with Fσ1 , Fσ2 , and q replaced with T(1)
q,S(C1 A,A1)

(Fσ1), T(1)
q,S(C2 A,A2)

(Fσ2) and −q
respectively, and (12) again, it follows that for s-a.e. y ∈ B,

(
T(1)

q,S(C1 A,A1)
(Fσ1) ∗ T(1)

q,S(C2 A,A2)
(Fσ2)

)(C1,C2;A1,A2)

−q
(y)

= T(1)
q,A

(
T(1)
−q,A

((
T(1)

q,S(C1 A,A1)
(Fσ1) ∗ T(1)

q,S(C2 A,A2)
(Fσ2)

)(C1,C2;A1,A2)

−q

))
(y)

= T(1)
q,A

(
T(1)
−q,S(C1 A,A1)

(
T(1)

q,S(C1 A,A1)
(Fσ1)

)(
C1 ·

)
× T(1)

−q,S(C2 A,A2)

(
T(1)

q,S(C2 A,A2)
(Fσ2)

)(
C2 ·

))
(y)

= T(1)
q,A

(
Fσ1

(
C1·)Fσ2(C2·)

)
(y)

as desired.

Example 1. The FFT T(1)
q ≡ T(1)

q,A with A = I (the identity operator on B) and the CP (· ∗ ·)q ≡ (· ∗

·)(C1,C2;A1,A2)
q with C1 = C2 = A1 = A2 = 1√

2
I was developed in [7–10,12–14]. Under these setting,

equations (18) and (23) yield the formulas

T(1)
q
(
(Fσ1 ∗ Fσ2)q

)
(y) = T(1)

q (Fσ1)

(
y√
2

)
T(1)

q (Fσ2)

(
y√
2

)
and (

T(1)
q (Fσ1) ∗ T(1)

q (Fσ2)
)
−q(y) = T(1)

q

(
Fσ1

(
·√
2

)
Fσ2

(
·√
2

))
(y)
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for s-a.e. y ∈ B, respectively.

Our next theorem also enables us that under another condition on BLOPs in L(B)⋒L(H), a CP
of FFTs equals a product of FFTs.

Theorem 6. Let Fσ1 and Fσ2 be functionals in F (B∗), let C1, C2, G1, G2, A3, and A4 be operators in
L(B)⋒L(H). Suppose that

det

(
A3 O
O A∗

4

)
= O.

Then for all real q ∈ R \ {0}, it follows that

(
T(1)

q,G1
(Fσ1) ∗ T(1)

q,G2
(Fσ2)

)(C1,C2;A3,A4)

q
(y)

= T(1)
q,S(G1,A3)

(Fσ1)
(
C1y

)
T(1)

q,S(G2,A4)
(Fσ2)

(
C2y

)
for s-a.e. y ∈ B, where S(G1, A3) and S(G2, A4) are operators in L(B)⋒L(H) which satisfy the relation

S(G1, A3)S(G1, A3)
∗ = G1G∗

1 + A3 A∗
3

and
S(G2, A4)S(G2, A4)

∗ = G2G∗
2 + A4 A∗

4

respectively.

Proof. Applying (10) and (11), we obtain that for each j ∈ {1, 2},

T(1)
q,Gj

(Fσj)(y) =
∫
B∗

exp
(
i(g, y)

)
d(σ∗

j )
Gj
t,q(g)

for s-a.e. y ∈ B, where (σ∗
j )

Gj
t,q is the complex measure on B∗ given by

(σ∗
j )

Gj
t,q(U) =

∫
U

exp
(
− i

2q
(

g, GjG∗
j g
))

dσ∗
j (g), U ∈ B(B∗),

for each j ∈ {1, 2}. Using equation (13) with Fσ1 and Fσ2 replaced with T(1)
q,G1

(Fσ1) and T(1)
q,G2

(Fσ2), it
follows that(

T(1)
q,G1

(Fσ1) ∗ T(1)
q,G2

(Fσ2)
)(C1,C2;A3,A4)

q
(y)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− i

2q
∣∣A∗

3 g1 − A∗
4 g2
∣∣2)d(σ∗

1 )
G1
t,q (g1)d(σ∗

2 )
G2
t,q (g2)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− i

2q
∣∣A∗

3 g1 − A∗
4 g2
∣∣2

− i
2q
(

g1, G1G∗
1 g1
)
− i

2q
(

g2, G2G∗
2 g2
))

dσ∗
1 (g1)dσ∗

2 (g2)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 October 2025 doi:10.20944/preprints202510.2124.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.2124.v1
http://creativecommons.org/licenses/by/4.0/


12 of 16

for s-a.e. y ∈ B. By the hypothesis and the Fubini theorem, we have that

(
T(1)

q,G1
(Fσ1) ∗ T(1)

q,G2
(Fσ2)

)(C1,C2;A3,A4)

q
(y)

=
∫
B∗

∫
B∗

exp
(

i
(
C∗

1 g1 + C∗
2 g2, y

)
− i

2q
(

g1,
(
G1G∗

1 + A3 A∗
3
)

g1
)

− i
2q
(

g2,
(
G2G∗

2 + A4 A∗
4
)

g2
))

dσ∗
1 (g1)dσ∗

2 (g2)

=
∫
B∗

exp
(

i
(
C∗

1 g1, y
)
− i

2q
(

g1,
(
G1G∗

1 + A3 A∗
3
)

g1
))

dσ∗
1 (g1)

×
∫
B∗

exp
(

i
(
C∗

2 g2, y
)
− i

2q
(

g2,
(
G2G∗

2 + A4 A∗
4
)

g2
))

dσ∗
2 (g2)

= T(1)
q,S(G1,A3)

(Fσ1)
(
C1y

)
T(1)

q,S(G2,A4)
(Fσ2)

(
C2y

)
for s-a.e. y ∈ B.

7. Example of Bounded Linear Operators on the Classical Wiener Space and a
Concluding Remark

Let B = C0[0, T] be the one-parameter Wiener space (i.e., the Banach space of all real-valued
continuous functions x on a time interval [0, T] with x(0) = 0) with the supremum norm ∥x∥ =

supt∈[0,T] |x(t)|. The classical Wiener measure mw is characterized by

mw({x : x(t) ≤ a}) = 1√
2πt

∫ a

−∞
exp

(
− u2

2t

)
du

for t ∈ (0, T]. Let H = C′
0[0, T] be the Cameron–Martin space in B = C0[0, T], namely, the space of all

functions h ∈ C0[0, T] such that h is absolutely continuous and the derivative Dh ≡ dh/dt is of class
L2[0, T]. The inner product on H = C′

0[0, T] is given by

⟨h1, h2⟩C′
0
=
∫ T

0
Dh1(t)Dh2(t)dt.

It is well-known that the space B∗ = C∗
0 [0, T] can be identified as

C∗
0 [0, T] =

{
θ ∈ C′

0[0, T] : Dθ is a right continuous function of bounded variation on [0, T]
}

.

Then we see that (C0[0, T])∗ ⊂ (C′
0[0, T])∗ ∼= C′

0[0, T] ⊂ C0[0, T] in the sense of triple (4) above and
C∗

0 [0, T] ∼= (C0[0, T])∗. The one-parameter Wiener space (C′
0[0, T], C0[0, T], mw) is one of the most

important examples of AWSs. For more details, see [23,24,27].
Let W(C0[0, T]) denote the class of all Wiener measurable subsets of C0[0, T]. Let B(C0[0, T])

be the Borel σ-field on the metric space (C0[0, T], ∥ · ∥) It is well-known that the mw-Carathéodory
completion σ(B(C0[0, T])) is equal to the σ-field W(C0[0, T]). Then (C0[0, T],W(C0[0, T]), mw) is a
complete measure space.

In [17,18], FFTs associated with Gaussian processes Zh for functionals on the one-parameter
Wiener space (C0[0, T],W(C0[0, T]), mw), and related topics were studied. For the definition of the
processes Zh on C0[0, T]× [0, T], see equation (25) below. These results involving the FFT associated
with the Gaussian process are extended in [16,19,20]. In this section we will verify that the Gaussian
processes Zh given by (25) are BLOPs on the Banach space C0[0, T].

Let U be the unitary operator from L2[0, T] onto C′
0[0, T] given by Uv(t) =

∫ t
0 v(s)ds for

v ∈ L2[0, T]. Let BVrc[0, T] be the space of real-valued functions on [0, T] which are right continu-
ous and are of bounded variation on [0, T]. Then it is well-known that C∗

0 [0, T] = {Uv : v ∈ BVrc[0, T]
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and v(T) = 0}. For any h ∈ C′
0[0, T] and g ∈ C∗

0 [0, T], let the operation ⊙ between C′
0[0, T] and C∗

0 [0, T]
be defined by

h ⊙ g = U(DhDg) (24)

where DhDg denotes the pointwise multiplication of the functions Dh and Dg. Then (C∗
0 [0, T],⊙) is a

commutative algebra with the identity e : [0, T] → R given by e(t) = t.
Note that if {gn}∞

n=1 is a complete orthonormal set of functions in C′
0[0, T], each of whose deriva-

tives is in BVrc[0, T]. Then the sequence {Dgn}∞
n=1 is a complete orthonormal set of functions in L2[0, T]

and the stochastic linear functional (h, x)∼ defined by (5) on C′
0[0, T]×C0[0, T] equals the Paley–Wiener–

Zygmund(PWZ) stochastic integral
∫ T

0 Dh(t)d̃x(t) for each h ∈ C′
0[0, T] and mw-a.e. x ∈ C0[0, T],

see [27,30,31]. Furthermore, if h ∈ C∗
0 [0, T], the PWZ stochastic integral (h, x)∼ ≡

∫ T
0 Dh(t)d̃x(t) is

equal to the Riemann–Stieltjes integral
∫ T

0 Dh(t)dx(t).
Given a function h in C′

0[0, T], we consider the stochastic integral Zh(x, t) given by

Zh(x, t) =
∫ T

0
χ[0,t](τ)Dh(τ)d̃x(τ) ≡

∫ t

0
Dh(τ)d̃x(τ) (25)

for x ∈ C0[0, T] and t ∈ [0, T]. Then the process Zh on C0[0, T]× [0, T] is a Gaussian process with mean
zero and covariance function∫

C0[0,T]
Zh(x, s)Zh(x, t)dmw(x) =

∫ min{s,t}

0
[Dh(τ)]2dτ.

For more details, see ([32], p.157). Furthermore one can see that

∫
C0[0,T]

Zh1(x, s)Zh2(x, t)dmw(x) =
∫ min{s,t}

0
Dh1(τ)Dh(τ)dτ.

Since the covariance function of Zh(x, ·) is stochastically continuous ([33], Theorem 21.1), we may
assume that almost every sample path of Zh is in C0[0, T]. But, if h is in the dual space C∗

0 [0, T] of
C0[0, T], then for all x ∈ C0[0, T], Zh(x, t) is continuous in t ∈ [0, T] (i.e., Zh is a continuous process on
C0[0, T]× [0, T]). Hence Zh(x, ·) is in C0[0, T] for any h ∈ C∗

0 [0, T] and x ∈ C0[0, T].
We note that the PWZ stochastic integral

∫ t
0 Dg(s)dZh(x, s) has the kernel exchange properties as

follows: given functions g, k, k1 and k2 in C∗
0 [0, T],

∫ t

0
Dg(s)dZk(x, s) =

∫ t

0
Dg(s)Dk(s)dx(s) (26)

and ∫ t

0
Dg(s)dZk2(Zk1(x, ·), s) =

∫ t

0
Dg(s)Dk1(s)Dk2(s)dx(s)

=
∫ t

0
Dg(s)dZk1⊙k2(x, s).

(27)

Given k ∈ C∗
0 [0, T] and x ∈ C0[0, T], we denote the Stieltjes integral

∫ T
0 Dk(t)dx(t) by the symbol

(k, x). Then the symbol (·, ·) on C∗
0 [0, T] × C0[0, T] is a bilinear form. Also, in view of the Riesz

representation theorem, the symbol (·, ·) plays as the natural dual paring characterized by equation (2)
with B = C0[0, T]. In this case, equations (26) and (27) with t replaced with T, respectively, can be
rewritten by

(g,Zk(x, ·)) = (g ⊙ k, x)

and
(g,Zk2(Zk1(x, ·), ·)) = (g ⊙ k1 ⊙ k2, x)
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for all g, k, k1, and k2 in C∗
0 [0, T], where ⊙ is the operation between C∗

0 [0, T] and C′
0[0, T] defined

by equation (24). In [32,34], these rotation transformations with the processes Zk replaced with the
operators on AWSs are introduced via white noise setting on nuclear spaces.

The following lemma follows quite easily from the definition of the Stieltjes integral.

Lemma 2. For each γ ∈ C′
0[0, T] and each g ∈ C∗

0 [0, T],

(γ,Zg(x, ·)) ≡
∫ T

0
Dγ(t)dZg(x, t) =

∫ T

0
Dh(t)Dg(t)dx(t) ≡ (γ ⊙ g, x). (28)

for mw-a.e. x ∈ C0[0, T].

In the next theorem, we show that the Gaussian processes Zg are BLOPs on the classical Wiener
space C0[0, T].

Theorem 7. Given g ∈ C∗
0 [0, T], define an operator Aw

g : C0[0, T] → C0[0, T] by

Aw
g x = Zg(x, ·). (29)

Then Aw
g is a BLOP on the Banach space (C0[0, T], ∥ · ∥) where ∥ · ∥ means the supremum norm.

Proof. Since Dg is of bounded variation on [0, T], it follows by an integration by parts formula that

∥Aw
g x∥ = sup

t∈[0,T]

∣∣∣∣ ∫ t

0
Dg(τ)dx(τ)

∣∣∣∣
= sup

t∈[0,T]

∣∣∣∣Dg(t)x(t)−
∫ t

0
x(τ)dDg(τ)

∣∣∣∣
≤ sup

t∈[0,T]

(∣∣Dg(t)
∣∣∣∣x(t)∣∣+ ∣∣∣∣ ∫ t

0
x(τ)dDg(τ)

∣∣∣∣)
≤
∥∥Dg

∥∥
∞

∥∥x
∥∥+ sup

t∈[0,T]

∫ t

0

∣∣x(τ)∣∣d|Dg|(τ)

≤
∥∥Dg

∥∥
∞

∥∥x
∥∥+ ∥∥x

∥∥ sup
t∈[0,T]

∫ T

0
d|Dg|(τ)

≤ (∥Dg∥∞ + |Dg|(T))∥x∥

where ∥ · ∥∞ means the essential supremum norm and |Dg|(·) denotes the total variation function of
Dg(·). Thus Aw

g is a BLOP on the Banach space (C0[0, T], ∥ · ∥).

Remark 2. Setting g to be the identity e in the algebra (C∗
0 [0, T],⊙), Aw

e equals the identity operator
on C0[0, T].

In Theorem 8 below, we provide a Banach space adjoint operator of the Gaussian process Zg

on C0[0, T].

Theorem 8. Given a function g in C∗
0 [0, T], define an operator

⊙g : C∗
0 [0, T] → C∗

0 [0, T]

by ⊙gγ = γ ⊙ g. Then ⊙g is the Banach space adjoint of the operator Aw
g given by (29), that is, (Aw

g )
∗ = ⊙g
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Proof. We notice that Dg is of bounded variation on [0, T]. Using (29) and (28), it follows that
(γ, Aw

g x) = (γ ⊙ g, x) = (⊙gγ, x) for any γ ∈ C∗
0 (Q). Thus, in view of (7), the adjoint operator of Aw

g ,
(Aw

g )
∗ : C∗

0 [0, T] → C∗
0 [0, T] is given by (Aw

g )
∗γ = ⊙gγ for each g ∈ C∗

0 [0, T].

Given any functions h, g1, g2, h1, and h2 in C∗
0 [0, T], we denote the L1 analytic FFT T(1)

q,Aw
h

and the

CP (· ∗ ·)
(Aw

g1
/
√

2,Aw
g2

/
√

2;Aw
h1

/
√

2,Aw
h2

/
√

2)
q by T(1)

q,h and

(· ∗ ·)(g1,g2;h1,h2)
q , (30)

respectively. In (30), choosing g1 and g2 to be the identity e in the commutative algebra (C∗
0 [0, T],⊙),

the CP (· ∗ ·)(e,e;h1,h2)
q , of s.i.m. functionals F and G on C0[0, T],

(F ∗ G)
(e,e;h1,h2)
q (y) =

∫
C0[0,T]

F
(

y +Zh1(x, ·)
√

2

)
G
(

y −Zh2(x, ·)
√

2

)
dmw(x),

reduces to the CP studied in [17–20]. Also, the FFT T(1)
q,h equals the FFT in [16–20]. Thus the pre-

vious results in [16–20] are immediate corollaries of the results in this paper. Also, using the parts
formulas [35,36] for multi-variables functions, we can show that the Gaussian processes Yh defined on
the Yeh–Wiener space C0([0, S]× [0, T] (see [21]) are also BLOPs on C0([0, S]× [0, T]), and hence our
results in this paper involve the results in [21]. Finally, in view of Remarks 1 and 2, the results in [7–9]
are also immediate corollaries.

Author Contributions: Conceptualization, J.G.C.; Methodology, J.G.C.; Formal Analysis, J.G.C.; Investigation,
J.G.C.; Writing—Original Draft Preparation, J.G.C.; Writing—Review and Editing, J.G.C; Project Administration,
J.G.C; Funding acquisition, J.G.C. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding

Data Availability Statement: Data is contained within the article or supplementary material.

Conflicts of Interest: The author declares no conflicts of interest.

References
1. Cameron, R.H.; Martin, W.T. Fourier–Wiener transforms of analytic functionals. Duke Math. J. 1945, 12,

489–507.
2. Cameron, R.H.; Martin, W.T. Fourier–Wiener transforms of functionals belonging to L2 over the space C.

Duke Math. J. 1947, 14, 99–107.
3. Lee, Y.-J. Applications of the Fourier–Wiener transform to differential equations on infinite dimensional

spaces I. Trans. Amer. Math. Soc. 1980, 262, 259–283.
4. Lee, Y.-J. Integral transforms of analytic functions on abstract Wiener spaces. J. Funct. Anal. 1982, 47,

153–164.
5. Gross, L. Potential theory on Hilbert space. J. Funct. Anal. 1967, 1, 123–181.
6. Brue, M.D. A functional transform for Feynman integrals similar to the Fourier transform. Ph.D. Thesis,

University of Minnesota, Saint Paul, MN, USA, 1972.
7. Huffman, T.; Park, C.; Skoug, D. Analytic Fourier-Feynman transforms and convolution. Trans. Amer. Math.

Soc. 1995, 347, 661–673.
8. Huffman, T.; Park, C.; Skoug, D. Convolutions and Fourier-Feynman transforms of functionals involving

multiple integrals. Michigan Math. J. 1996, 43, 247–261.
9. Huffman, T.; Park, C.; Skoug, D. Convolution and Fourier-Feynman transforms. Rocky Mountain J. Math.

1997, 27, 827–841.
10. Park, C.; Skoug, D.; Storvick, D. Relationships among the first variation, the convolution product, and the

Fourier–Feynman transform. Rocky Mountain J. Math. 1998, 28, 1447–1468.
11. Huffman, T.; Skoug, D.; Storvick, D. Integration formulas involving Fourier–Feynman transforms via a

Fubini theorem. J. Korean Math. Soc. 2001, 38, 421–435.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 October 2025 doi:10.20944/preprints202510.2124.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.2124.v1
http://creativecommons.org/licenses/by/4.0/


16 of 16

12. Chang, K.S.; Kim, B.S.; Yoo, I. Fourier–Feynman transform, convolution and first variation of functional on
abstract Wiener space. Integral Transforms Spec. Funct. 2000, 10, 179–200.

13. Ahn, J.M.; Chang, K.S.; Kim, B.S.; Yoo, I. Fourier–Feynman transform, convolution product and first
variation. Acta. Math. Hungar. 2003, 100, 215–235.

14. Kim, B.S.; Yoo, I.; Cho, D.H. Fourier–Feynman transforms of unbounded functionals on abstract Wiener
space. Cent. Eur. J. Math. 2010, 8, 616–632.

15. Skoug, D.; Storvick, D. A survey of results involving transforms and convolutions in function space. Rocky
Mountain J. Math. 2004, 34, 1147–1175.

16. Chang, S.J.; Choi, J.G. Classes of Fourier–Feynman transforms on Wiener space. J. Math. Anal. Appl. 2017,
449, 979–993.

17. Huffman, T.; Park, C.; Skoug, D. Generalized transforms and convolutions. Int. J. Math. Math. Sci. 1997, 20,
19–32.

18. Chang, K.S.; Cho, D.H.; Kim, B.S.; Song, T.S.; Yoo, I. Relationships involving generalized Fourier–Feynman
transform, convolution and first variation. Integral Transforms Spec. Funct. 2005, 16, 391–405,

19. Chang, S.J.; Chung, H.S.; Choi, J.G. Generalized Fourier–Feynman transforms and generalized convolution
products on Wiener space. Indag. Math. (N.S.) 2017, 28, 566–579.

20. Shim, S.K.; Choi, J.G. Generalized Fourier–Feynman transforms and generalized convolution products on
Wiener space II. Ann. Funct. Anal. 2020, 11, 439–457

21. Choi, J.G. Yeh–Fourier–Feynman transforms and convolutions associated with Gaussian processes. Ann.
Funct. Anal. 2021, 12, 41.

22. Choi, J.G. Analytic Fourier–Feynman transforms associated with bounded linear operators on abstract
Wiener spaces. J. Math. Anal. Appl. 2023, 521, 126952.

23. Gross, L. Abstract Wiener space, Proceedings of the 5th Berkeley Symposium on Mathematical Statistics and
Probability, vol. 2, pp. 31–42, University of California Press, Berkeley, 1965.

24. Kuo, H.-H. Gaussian Measures in Banach Spaces; Lecture Notes in Math. vol. 463, Springer, Berlin, 1975.
25. Kallianpur, G.; Bromley, C. Generalized Feynman integrals using analytic continuation in several complex

variables. In: Stochastic Analysis and Applications; Pinsky, M.A. Ed.; Adv. Probab. Related Topics, vol. 7,
Dekker: New York, 1984, pp. 217–267.

26. Kallianpur, G.; Kannan, D.; Karandikar, R.L. Analytic and sequential Feynman integrals on abstract Wiener
and Hilbert spaces and a Cameron–Martin formula. Ann. Inst. Henri Poincaré Probab. Statist. 1985, 21,
323–361.

27. Chung, D.M. Scale-invariant measurability in abstract Wiener space, Pacific J. Math. 1987, 130, 27–40.
28. Im, M.K.; Ji, U.C.; Park, Y.J. Relations among the first variation, the convolutions and the generalized

Fourier–Gauss transforms. Bull. Korean Math. Soc. 2011, 48, 291–302.
29. Reed, M.; Simon, B. Methods of Modern Mathematical Physics, I: Functional Analysis: Academic Press,

New York, 1972.
30. Paley, R.E.A.C.; Wiener, N.; Zygmund, A. Notes on random functions. Math. Z. 1933, 37, 647–668.
31. Park, C.; Skoug, D. A note on Paley–Wiener–Zygmund stochastic integrals, Proc. Amer. Math. Soc. 1988,

103, 591–601.
32. Hida, T. Brownian Motion; Applications of Mathematics 11, Springer, Berlin, 1980.
33. Yeh, J. Stochastic Processes and the Wiener Integral; Marcel Dekker, New York, 1973.
34. Hida, T. Renormalizaitons in White Noise Analysis, In: Probability Approximations and Beyond, Lect. Notes

Stat. vol. 205, pp. 109–116, Springer, New York, 2012.
35. Hobson, E.W. The Theory of Functions of a Real Variable and the Theory of Fourier Series; vol. 1, Dover,

New York, 1957.
36. Yeh, J. Cameron–Martin translation theorems in the Wiener space of functions of two variables, Trans. Amer.

Math. Soc. 1963, 107, 409–420.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 October 2025 doi:10.20944/preprints202510.2124.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.2124.v1
http://creativecommons.org/licenses/by/4.0/

