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Abstract: The main aim in this paper is to present new analytical representations of the thermody-
namic functions of finite-temperature Thomas-Fermi model. First, an algorithm to solve the nonlinear
equation of the model, which starts by rewriting it as a Fredholm integral equation, is described. Appli-
cation of Newton's procedure, then, yields a sequence of linear Fredholm integral equations, which are
solved using the standard Nystrom’s method. Use of Brachman’s equation for direct computation of
thermal energy of electrons is elaborated. Using extensive tabulations of the thermodynamic functions,
over a wide range of scaled temperature and scaled densities, analytical representations of electron
energy, pressure, ionization, Fermi energy and initial slope of Thomas-Fermi function are developed.
Accuracy of these functions is established via computation of electron-Hugoniot and the Hugoniot of
Cu and comparison with experimental (or theoretical) data up to about 20.4 TPa.
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1. Introduction

The Thomas-Fermi (TF) model is the simplest of all orbital-free density functional theories
for determining the electron-components of thermodynamic properties of materials [1,2]. Its finite-
temperature generalization, together with the spherical atomic cell concept, is commonly used for
computing electron-properties of hot dense matter [3]. The TF model leads to a nonlinear boundary
value problem that is to be solved using numerical techniques [4]. Important improvements to the
original algorithm to solve the TF equation have also been reported [5]. Addition of the quantum
mechanical exchange correction to the TF model leads to Thomas-Fermi-Dirac (TFD) model, while the
Thomas-Fermi-Dirac-Weizsidcker (TFDW) model is obtained when electron-density gradient corrections
are accounted [6]. The quantum statistical model (QSM) belongs to the same class although its
development yielded the correct coefficient of the gradient term in the energy functinal [7]. Numerical
computations of electron-component of equation of state (EOS) using the QSM is somewhat involved.
Moreover, there is no scaling of thermodynamic properties with atomic (Z) and mass (A) numbers
[8,9]. Applications of TF model indeed demonstrate the need to account for the electron binding effects
even in obtaining thermal part of electronic properties [10]. Available analytical representations [11,12]
of tabulated numerical results are not sufficiently accurate in the wide density-temperature plane
required for applications. Perturbation solutions starting from the hot-curve (fully ionized state) do not
explicitly account for the nuclear potential in the results [13]. The excellent compilation of approximate
analytical solutions of TF equation [14] reinforces the need for efficient numerical schemes.

The well known method to solve the TF equation is to rewrite it as a Voltera integral equation
and thereafter formulate a discrete version and then apply the shooting method to obtain a solution
[4]. However, numerical difficulties arise in the shooting method for lower temperature range, and
special techniques are needed to overcome them [5]. An alternate method is to apply Newton’s
method to solve the non-linear TF equation. A discrete version of the resulting (linear second order)
differential equation, obtained via the finite difference method (FDM), and the double sweep method
provide an efficient algorithm, as the coefficient matrix is tri-diagonal [15]. However, the second order
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derivative of the TF-function does not exist at the origin and is very large in its neighborhood where
the FDM is not applicable. One of the aims of this paper is to develop a method with forth order
accuracy to solve the linear equations which result from Newton’s method. Then, it is pointed out
that Brachman'’s differential equation [16] is employable as it provides directly the thermal component
of electron energy. Furthermore, with the use of very accurate rational function approximations of
Fermi-Dirac integrals [17], the present paper offers a simple algorithm that works in the entire scaled
temperature-density plane.

The paper is organized as follows. The relevant formulas related to the TF model are collected
in Section 2, while the numerical scheme is detailed Section 3. Analytical representations of ther-
modynamic functions, which include electron energy, pressure, ionization, Fermi energy and initial
slope of TE-function, are provided and discussed in Section 4. Accuracy of these representations
is demonstrated, in Section 5, via computation of electron-Hugoniot and the Hugoniot of Cu and
comparison with experimental (or theoretical) data up to about 20.4 TPa pressure. Finally, Section 6
provides a summary of the work.

2. Thomas-Fermi Model

The finite-temperature TF model follows from the Poisson equation for electrostatic potential
in an atomic cell, where the electron density is given by the Fermi-Dirac distribution [3]. In scaled
variables, it yields a nonlinear second order differential equation [4]

d [qb(x)} .

@47:./43(11/2? (1)

Here, the dimensionless radial co-ordinate x = r/R, where R denotes the spherical cell radius. The
TF-function ¢(x) and dimensionless parameter .A are defined as

¢(x) = (r/R) [Ex+eV(r)]/(ksT),
A = (R/C)?, C=h%?/[ame(2m)® *(kgT)"/4],

where V(r) is the electrostatic potential, £ the Fermi energy, kg Boltzmann’s constant and T tempera-
ture. Note that ¢ denotes the magnitude of electronic charge so that —eV is the electron potential
energy. Remaining symbols are electron mass m and Planck’s constant /. The Fermi-Dirac function of
order 7 is given by

Ln(n) = /dy y'lexp(y —n) +1]7". )
0

Accurate rational function approximations [17] for these integrals (and their inverse functions) are
available for n = —%, %, % and % The limiting condition that V(r) must approach the nuclear
potential Ze/r as r — 0 yields one boundary condition ¢(0) = Ze?/(R kgT). The other follows
from the condition that the atomic sphere is electrically neutral, which implies that potential gradient
V/(R) = 0 at R. This fact, together with the choice of potential value V(R) = 0 at R (which is arbitrary)
provides the condition ¢’ (1) = ¢(1). Now, note that ¢(1) = Ex/kgT which is also implicitly defined
through the relation Z*/V = (47t/h®)(2mkpT)3/?1; ;,[E7 /kpT], where Z* is number of free electrons

at temperature T and V the cell volume.

2.1. Thermodynamic Properties

Detailed derivations of all thermodynamic properties within the TF model are well known [4].
For instance, electron pressure is given by

P= 2SN () Bafp(1)] ®
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Only ¢(1) is needed for computing P. Alternatively, if P is known, £x/kgT and thereafter Z* can be
obtained. Kinetic energy of electrons (per atom) needs ¢(x) over the full interval, and is expressed in
the integral

1

AR x
En = 3 (eaT)? [ dx 2l o 20 4)

e x

0
Similarly, the potential energy of electrons is given by
2 AR h 9(x)
x
Epot = geT(kBT)z{%/z[(P(l)] —3/dx les/z[ p ]} : (5)
0

Note that the last three equations (3 - 5) yield the virial theorem expressed as 2Ey;, + Epot =
3PV. A partial integration in Eq.(5) together with the TF equation and the relation I} p(@/x) =
(3/2)11 j2(¢p/x) (¢’ /x — ¢/ x?) yields the alternate expression

1 1
Epot = —%(kBT)Z/dxxIl/z[(P(xx)]A/dy y? Il/z{q)gly)} .
0 x

Asymptotic forms of I,,[¢(x)/x] should be used near x = 0 in evaluating these integrals. An alternate
way to compute total energy of electrons E = Ey;,, + Epot (per atom) is the following.

The free energy F and thereafter the entropy S are obtained [16] by integrating the Gibbs-
Helmholtz equation E = —T?d(F/T)/9dT. Entropy so obtained is given by

TS = By + 2B + Eey — Z £ ©
where E,. and E,y are, respectively, the electron-electron and electron-nuclear components of potential
energy Epot. Using the definition of E,y and Poisson equation for V, it is readily found taht E.y =
ZlkgT¢'(0) — Ex], where ¢’'(0) denotes the slope of TF function (with respect to x) at the origin
[15]. Use of this expression, together with the virial theorem, reduces Eq.(6) to the expression TS =
—PV + (7/3)E — ZkgT¢'(0). Finally, the thermodynamic relation T(dS/9T)y = T(JE/dT)y yields
Brachman’s differential equation for energy [16,18]

(7)

dE 7. 3_,d [PV+ ZkgT¢/(0)
e e L T e A
where the partial derivatives with T, like (0E/dT), are taken at constant volume. This first order
differential equation can be integrated from a suitable starting value of T. Note that only ¢’(0), and
not the full TF function ¢(x), is needed in Brachman’s equation, however, the differential equation
needs to be integrated.

In the high temperature limit when electron density is uniform, eV = (Ze?/R)(1/x +x%/2—3/2),
and consequently, ¢(x) = x(Ep/kpT) + ¢(0)(1 + x3/2 — 3x/2) and kgT¢'(0) = Er — (3/2)Ze?/R.
Fermi energy reduces to £ = —kpT log[871/3] — (3/2)kgT log[27tmkpTR?/ (h? Z?/3] in the same
limit. This limiting form yields (see Eq.(7)) the ideal gas limit E = (3/2)ZkgT, as (P V/T)
becomes independent of T in this limit. In the zero-temperature limit [18], Eq.(7) reduces to
Eo = (3/7)[PoV + (Z%¢*/ ) ¢}, ;,], where ¢ ;, is the initial slope of (the zero-temperature) TF-function,
u = ag (972/128)Z~1/3 is the TF scaling length, and ay = /#?/(me?) the Bohr radius. Substituting
E = Ey + Eyj,, and integrating the resulting equation from T to oo, the thermal energy E;;, of electrons
is obtained as

Eq(V,T) = (3/4)g(V,T) — (9/16) T7/4 / 146V, 1) dt, (8)
T
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where ¢ = (P — Py)V + ZkgT¢'(0) — (Z%¢*/ ) ¢}y ;,- It is necessary to integrate from T to oo for the
sake of numerical stability (see Eq.(20)). Further, the zero-temperature terms are subtracted in g(V, t)
so that the integral does not diverge as T — 0. Note that the expression for Ey;, is consistent with
the high-temperature limits Py, = P — Py = ZkgT/V and E;;, = (3/2)ZkpT for thermal pressure and
energy of electrons in the cell. The term —(3/2) loglkpT], arising from ¢’(0) in this limit, cancels out.
Very accurate numerical approximations for zero-temperature pressure Py and slope ¢ ;, versus cell
radius are available [21,22] (see Section 4).

3. Numerical Scheme

To develop a numerical method, the TF equation is converted to an integral equation. On
integrating from x to 1, and thereafter from 0 to x, Eq.(1) reduces to

1
o)+ A [ Kty s [P ]y — 905 = p00), ©)
0

where the kernel is K(x,y) = x fory > x and K(x,y) = y for y < x. The boundary conditions on ¢(x)
are incorporated in Eq.(9). To employ Newton’s method, first the non-linear term is approximated
using the expansion Iy /»(¢] ~ L1 /»[¢] + (1/2)1_1,2[p](¢ — ¢), which follows from Taylor’s expansion
of I /»[¢] around the function ¢. The recurrence relation I, (x) = n I,,_1(x) is also used. Substitution
into Eq.(9) yield linear equation

1 -
0+ [ K L[ P2 o) dy - p(1) x = 5(2), (10
0
The known function S(x) is
1 ~ -
5(6) = 9(0) + A [ K0 {51172 P2 )00 -y 12 [P0 by, an
0

The integrals in these equations exist for x > 0 because I_1,5[¢/y] ~ ¢(0)/y/? and I /5[¢/y] ~
$(0)/y*>/? as y — 0. Several numerical schemes exist [19] for solving the linear Fredholm integral
equations (FIE) as in Eq.(10). Thereafter, a few iterations, together with the replacement ¢(y) < ¢(y),
provides the required solution, if Newton’s method converges.

In the Nystrom’s method to solve FIE, which is employed to convert the FIE to a matrix equation
[20], the integral term is evaluated using a suitable quadrature. In the procedure adapted here, ¢(x)
(and also ¢(x)) is approximated using piece-wise quadratic polynomials in the sub-intervals in [0, 1].
To this end, the interval [x7, 1] is divided in to N (even) sub-intervals defined with N + 1 (odd) mesh
points x; = [j/(N+1)]*> (j = 1,2,3,--- N 4+ 1). This choice of x; provides more mesh points near
x = 0 where ¢(x) varies more steeply. There are only N + 1 unknowns ¢; = ¢(x;) to be determined as
¢(0) is known. In the sub-interval A; = r;_; <r <711 (j = 2,4, - - N), the unknown function ¢(x) is
represented as as a quadratic polynomial

¢(x) = g1 fI(x) + ¢ M)+ 1(x)
) = (= x) (x50 — %)/ [(x = x5-1) (x31 — x-1)]
M (x) (x = xj-1) (xj41 — ) /[(xj — xj-1) (xj31 — x))],

() (x = xj1) (x — xj) /[(xj31 — xj—1) (Xj11 — x)] - (12)
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50f17
Substitution of ¢(x) into Eq.(10) yields Nystrom’s interpolation formula
A N+1
P(x) + > Wj(x) ¢j — pn1 x = S"(x), (13)
j=1
where the modified source function S*(x) is given by
A f )
§'(0) = $() = [ Kyl 57 ot ay (14
0
The weight functions Wj(x) (for j = 1,2,-- - N + 1) are given by
X3 (‘5 IN+1 ¢~7
Wit = [Keow) Lap[J] A0y, Wea = [ Koy L[] e,
X1 XN-1
Xj+1 -
Wi = [ Kepiaall] My, j=246-N, (15)
Xj,l
.Xj (l; Xj+2 43
Wi = [ Koy Lapl] fawdyt [ Ky Laa[f] ffat dy, =357, N1
x]‘,z Xj
Y+ -
Wi = [ Keyyhalf]dy, j=24-N. (16)

x]»,l

An additional set of functions W7 (x) (j = 2,4,6, - - - N) are also introduced for expressing the source
term S*(x) as

X1

N+1 N
S0 =gt L W) F- A L W)~ A [ K(oyly hya [q”(yy)] dy (17)
j=1 j=2 % 0

Note that the second sum (with x on lower limit) involving W7 is only over even values of j. The
last integral term is obtained using the approximation Iy /5[¢] ~ I1 /2[¢] + (1/2)1_1 2] (¢ — §). In all
computations, ¢(y) in (0 < y < x1) is approximated by the quadratic polynomial ¢(y) = ¢(0)[1 —
(x/x1)%] + ¢1(x/x1)%> + ¢'(0) (x1 — x)(x/x1). This polynomial passes through ¢(0) and ¢; and has the
slope ¢’(0) at the origin. The slope at the origin given by

1
OV ¢(v)
9(0) = ¢<1>—A0/y11/2[y}dy
X1 N
= ¢N+1 —A/y 11/2{¢>§/y)} dy_A'Zz Wi (0), (18)
0 J=ax

The first line follows by integrating Eq.(1) over [0,1]. Latest available values of ¢; = ¢(x1) and

3/2 must be

¢’ (0) are employed in computer implementation. Rigorously, a term proportional to y
added in ¢(y) near y ~ 0 to account for the divergence of ¢”(0). However, this is not considered
here since the dominant term contributing to the integral (in [0, x1]) is ¢(0) /y'/?. All the integrals
are readily evaluated using low order (say 6 or 8) Gauss quadrature. However, the asymptotic
term [y(2/3)¢(0)/y>/?] should be subtracted within the integral in Eq.(18) (before applying Gauss
quadrature formula) and its contribution [(4/ 3)<p(0)x%/ 2] added separately. Similar technique may be

used in obtaining S*(x1) from Eq.(17) for better accuracy. The approximation leading to Eq.(13) is the
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same as in obtaining Simpson’s integration formula and hence the local truncation error is proportional
to A};. The collocation rule in Nystrém’s method amounts to enforcing Eq.(13) at the discrete set of
values x; (k = 1,2,--- N + 1), which yields a matrix equation M (B = S* of order (N + 1) for the
vector (E. The coefficient matrix is M = I + éW — Ix. The components Wy ; = W;(x;) and those of of
the vectors S* and x are S]’f and x;, respectively. Elements in a particular column of the lower triangular
part of M are the same. The upper triangular part can be written as I x U with U sharing the same
property.

The number of Newton’s iterations Nj; needed for convergence to a specified accuracy is indeed
depended on the starting guess solution. For illustration, Figure 1 shows N;; needed versus TZ /3
to reduce the Euclidean norm between successive iterates to 10710. The starting guess solution for
each temperature corresponds to uniform electron density and N = 20 are the number of sub-intervals
used. The scaled cell radius in this case is RZ1/3 = 4.339 A, however, similar results are obtained
for expanded as well as compressed configurations. Even for very low temperatures TZ~#/3 ~ 1074
eV, Newton’s method converges in about 10 iterations to the specified accuracy. The inset in this
figure is the converged profile ¢(x) for reduced temperature TZ~*/3 = 1.122 x 10~ eV, which justify
piece-wise quadratic polynomials used in the method. It is also found that the spatial profile of ¢(x)
converges with about 10 sub-intervals N.

12,

10}

| ..

- 1Go 0.4 0.8 x
O _Li AT BRI | _2. AT BRI | 0. RPTTY BT | 2. sesnl
10 10 10 10
TZ" (ev)

Figure 1. Number of iterations Nj; (stars) versus scaled temperature TZ —4/3, o reduce the Euclidean norm
between successive iterates to 10710, for the cell radius RZ!/3 = 4.339 A°. The inset shows ¢(x) versus x for the
same cell radius, but temperature TZ —4/3 = 1.12210 % eV
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3.1. Thermodynamic Quantities

All the properties described earlier (see Section 2.1) is computed using the converged solution
vector (E. For instance, pressure is obtained directly from Eq.(3) using the converged value of ¢y.
Next, the kinetic energy is obtained as

L[ e} o

j—1

Epin = “jzR(kBT)z{/ v I3 {4’(;/)} dy +
0 j

Note that the second sum is only over even values of j. The contribution of the asymptotic term in
Y2I32(0/y) ~ (2/5)$(0)%/2/y'/? to the first integral should be accounted as explained earlier in the
case of ¢’(0). Further, Epo; follows from the virial theorem. Alternatively, the thermal energy Ey, , at
temperature T}, is obtained directly via a recursion relation

Tyt

7/4
Eiw = (Ta/Tusa) " {Emnir = (3/4)gus | + 3/4)g0 — 0/16) T/ [ Mgy ar. o)
Ty

This follows directly from Eq.(8), and the dependence of Ey, ,, and g, on cell volume V is suppressed.
For sufficiently large 1, the starting value of thermal energy Eyy, ,11 = (3/2) ZkgT, 1. An interpolation
function of g(V, t) is first constructed from its tabulation versus T and then used in this relation. The
last integral in Eq.(20) is computed with three-point Simpson’s rule. The slope ¢’(0) is given by Eq.(18)
(also see Section 4).

4. Analytical Representations

Using the results of extensive calculations, covering the temperature range 1074 <1243 <108
(eV) and cell radius range 0.93 < RZY3 < 20.1 (AY), analytical representations for thermal energy
Ei (R, T), thermal pressure Py, (R, T), thermal ionization Z*(R, T), Fermi energy £¢(R, T) and initial
slope ¢’(0) of TE-function are derived. As explained earlier, while ionization provides Fermi energy,
the initial slope gives entropy and free energy.

1. Thermal Energy

Thermal energy is represented in the form
_ _ _ _ -1
En(RT) = 27/ {wi T+ w, T {1+ waT s + T2} 21)

The factor Z7/3 is the scale parameter for energy in TE-model and T = T/Z*/3 (eV) is the scaled
temperature. The parameters w, (for n = 1,3, 4) are functions of the scaled cell radius R = R Z1/3 (A9).
The expression for Ey, is proportional to the asymptotic forms ~ T2 and ~ T in the limits T — 0 and
T — oo, respectively. Therefore, it is evident that w, = 3/2. The parameter w; is already determined
by Gilvarry [21,22] using solutions of temperature-perturbed TF equation. It’s fit as a function of
x, = R/p*is

w1 = Po(R) (0 + 27+ 3w)¢ [24/°]

Here, Py(R) is the pressure at zero-temperature and o = x,/¢p, , w = X}/ (xllj/z(pg/z) and T = (x,/¢p)%

The factor [Z%/3]? arises because w; T2 should be proportional to T2. The dimensionless parameter
xp = RZY3 /u* is proportional scaled cell-radius as u* = ag (977%/128)'/3 (ag the Bohr radius) and
&= (%/8)(u* Z=*/3/ ¢*)? are constants. The zero-temperature pressure Py(R), the boundary value
of zero-temperature TF-function ¢, and the parameters x;, and x/ are fitted functions of x;, given by
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Py = {Z'3¢2}{107 p* *}71{0.48075 x? + 0.06934 x; + 0.0033704 x} + 0.0097 x;/?} ~5/2
¢p = {0.48075x7/% +0.06934 x;/2 +0.0097 x;/% +0.0033704 x5/}~
Xp = —0.3205x; —0.04021 x}; — 0.002519 x}
x; = {-0.005805 x,*** —0.3755 x, 1 —3.12x, 2} *

The remaining parameters w3(R) and wy(R) are fitted to the rational expressions

{—9.46531 +2.1505 R — 0.33598 R* +0.00357102 R® — 4.5534 x 10> R* +
+ 197211077 R®}{1 — 0.829696 R + 0.00159347 R*>}~!
{0.952738 + 0.01242 R 4 0.00373893 R?}{1 4 0.0171359 R + 0.00734102 R?} !

w3

Wy

As application of these formulas, plots of scaled energy Ey,/ Z7/3 (eV/atom) versus scaled temperature
T = TZ*/3 (eV) are shown in Figure 2 for three values of scaled cell radius R = RZ/3 (A°). Here,
the symbols are numerical values and lines represent analytical representations. It is important to note
that all the three curves merge together at high temperatures thereby indicating approach to ideal gas

limit.

10

[HEN
SIS
(=}

1
N

Z"® (eviatom)
=
=

t

£ 10°}

107 10° 10" 10 10°

-4/3

TZ " eV

Figure 2. Scaled energy Ey, Z~7/3 (eV/atom) versus scaled temperature T = TZ~%/3 (eV) for three values of
scaled cell radii R = RZ3in A°. Curve-1is for R = 0.9348 A°, Curve-2 for R = 4.339 A° and Curve-3 for
R =20.14 A°. The symbols are results of numerical solutions of TF equation while lines are from the analytical

representations outlined in the text (see Section 4 and Eq.(21))

2. Thermal Pressure
The analytical representation for thermal pressure is chosen as

_ _ _ _ -1
Pu(R,T) = 23 p 12 4 pp T3 {1 4 paTHe 4 72} (22)
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Here the factor Z19/3 is the scale parameter for pressure. Now, all the parameters p, (1 < n < 4)
are functions of the scaled cell radius R = R Z'/3. Since the expression for P, is proportional to the
asymptotic form ~ T in the limit T — oo, the parameter p, = (Z V)~!. The parameter p; (already
determined by Gilvarry [21,22] using the temperature-perturbed TF equation) is given by

p1=Po(R) 5 (o +21)¢ [2*°]

N G

The factor [Z*/3]? arises in this expression because p; T2 should be proportional to T2. Other quantities
o, T and ¢ are already given above. The parameters p3 and p4 are represented as

p3 = {—12.795+ 3.98404 R — 0.659487 R? + 0.000101473 R> — 0.0000148037 R*}

{1 —0.828017 R — 0.00295839 R?} 1

{0.735021 — 0.0368263 R 4 0.0144916 R? — 0.0000886233 R + 5.74717 x 1077 R*}
{1-0.172122 R + 0.0251956 R*} .

X

P4

X

Plots of Py,/Z'%/3 (GPa) versus T = T/Z*/3 (eV) are shown in Figure 3 for same values of scaled
cell radius R = RZ!/3 (A°). Here also the symbols denote numerical values while the lines depict
analytical representations. The linear variation at high temperature in all the three curves indicates
approach to ideal gas limit. Unlike the fits available in the literature [11,12], the expressions in Eq.(21)
and 22 have the correct dependence on cell radius R, and are applicable in compressed as well as
expanded volume regions (see Section 5).

10° (1)

(2)

10° s

10° 10° 10" 10" 10°
-4/3

TZ eV

Figure 3. Scaled energy Py, Z (GPa) versus scaled temperature T = TZ (eV) for three values of scaled
cell-radii R = RZ1/3in A°. Curve-1is for R = 0.9348 A%, Curve-2 for R = 4.339 A° and Curve-3 for R = 20.14 A°.
The symbols are results of numerical solutions of TF equation while lines are from the analytical representations
outlined in the text (see Section 4 and Eq.(22)).

-7/3 —4/3
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4. Thermal Ionization

As the numerical procedure gives ¢(1) = E¢/kpT, thermal ionization is directly given in terms of
L1 ;2(Er/kpT) (see Section 2). A numerical fit to Z* as a function of density and temperature is given by
More [23]. However, it is found that the relative error in this formula is as much as 30 percent for low
temperature and expanded volume states. The data generated now is expressed in rational function
representation as

_ _ _ _ _ -1
Z*(R,T) = Z{z0 ooy TH 22T2‘15}{1. o T+ z2T2'15} . (23)

This form approaches approaches Z as T(eV) — oo, and the parameter zj provides ionization at
zero-temperature. Theoretically, the value of zj in the limit R — 0 should approach 1; the numerical
value obtained ~ 1.05635 is close to this theoretical limit. Plots of Z* versus T are shown in Figure 4
for same values (0.9348, 4.339 and 20.14 A°) of scaled cell radius R = RZ!/3 (A°) considered earlier.
Again, symbols are numerical values and lines analytical representations. The present expression has
about ~ 4 percent accuracy in the entire plane.

1.0} spt—
0.8} j%?;‘
) g{ ¢

0.6

*EO4- 777
NO0.4+t {7

0.2} (2) &

Q

OO MMAM‘AA (3)

10° 10™ 10 10°
-4/3

TZ " eV

Figure 4. Scaled ionization Z* / Z versus scaled temperature T = TZ~4/3 (eV) for three values of scaled cell radii
R = RZY3in A°. Curve-1is for R = 0.9348 A?, Curve-2 for R = 4.339 A° and Curve-3 for R = 20.14 A°. The
symbols are results of numerical solutions of TF equation while lines are from the analytical representations
outlined in the text (see Section 4 and Eq.(23)).
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Dependence of all the five parameters z,, (0 < n < 4) on R is obtained as

Z0

Z1

z2

z3

z4

X

X

{1.05635 + 0.0348859 R — 0.00050309 R?}

{1+0.639018 R +0.158541 R? + 0.0143746 R3} !

{—0.00685217 + 0.0666106 R + 0.00659339 R?}

{1—0.182044 R + 0.0162883 R? — 0.000677451 R® + 0.0000117727 R*} 1
{—0.0932445 + 0.150902 R — 0.0691882 R? + 0.0129664 R> — 0.000409478 R*}
{1—0.151435 R + 0.0146767 R* — 0.000672239 R* -+ 0.0000111289 R*} ~*
{—0.560091 4 0.955685 R — 0.365586 R? + 0.0766116 R> — 0.00267292 R*}

{1 —0.105577 R +0.0144308 R? — 0.000610433 R® 4 5.68036 x 10~6 R*} !
{0.709056 4 1.05963 R — 0.0861352 R? + 0.00187143 R}

{1 +0.756378 R — 0.064099 R? + 0.00143063 R3} !

3. Fermi Energy

Although the solution procedure of TF model directly gives £r/kpT, it can also be obtained in terms

of ionization using the inverse of I; ;; integral (see Section 2). Since very accurate representation of

this inverse function is available [17], it is unnecessary to represent £r directly. However, for the sake

of completeness, scaled values £¢Z~*/3 versus scaled temperature T = T/Z*/3 (eV) are shown in
Figure 5 for the three values (0.9348, 4.339 and 20.14 A°) of scaled radius R = RZ1/3 (A°?).

IN
)
—

S
(D]
g -8t (2)
= [
)
$ 12l
N I
w 3)
-16 -
\
10° 10™ 10 10°
Tz ev

Figure 5. Scaled Fermi energy &r Z4/3 (eV) versus scaled temperature T = TZ —4/3 (V) for three values of scaled
cell-radii R = RZ/3in A°. Curve-1is for R = 0.9348 A°, Curve-2 for R = 4.339 A° and Curve-3 for R = 20.14 A°.
The symbols are results of numerical solutions of TF equation while lines indicate their smooth variation (see
Section 2 and Section 4 and Eq.(23)).
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4. Initial Slope

The initial slope of the Thomas-Fermi function ¢’(0) is needed in calculating entropy (and free energy)
as it is defined by TS = —PV + (7/3)E — ZkgT¢'(0). To this end, the parameter ¥ = kgT¢'(0) is
introduced so that entropy is expressed in terms of thermal quantities as TS = —Py,V + (7/3)Ey, —
Z1py,. The representation chosen 1 is

(R, T) = ¢o(R) ¢t (R, T) + huni(R, T) . (24)

Here, §,,,; = ¢/ Z*/3 — (3/2)e? /R is the limiting form of ¢ corresponding to uniform distribution
of electrons. This follows readily from ¢,,,;(x) = x(E¢/kgT) + ¢(0) (1 + x3/2 — 3x/2). Further, gp(R)
is the limiting value of ¢ as T — 0. This separation is useful as &r/Z%3 — —log[87/3]kpT —
(3/2)kpT log[2mtmkpTR?/h*] as T — co. The representation for ¢;;, where £r is computed using
ionization Z*(R, T), is given by

i = ao{l + explai{log,,(T) — a2 }] }70.45 . (25)

where T and R are in eV and A?, respectively. The parameters 4, (0 < n < 2) and the zero-temperature
slope ¢y(R) are found to be

a9p = {0.559395 + 0.683896R}{1 + 0.675501R} !

a7 = {2.06764 + 1.48356R — 0.000678249R*}{1 + 1.15387R} !

a, = {6.00953 +1.17532R — 0.0142208R?} {1 + 1.12646R} !

o = {2.19714 —107.115R — 98.7829R? — 104.134R> — 40.1999R*}

x  {1+1.52848R +2.17814R% + 2.11488R> + 0.824127R*} !

The variation of ¢y, /T = (¢ — ¥(0))/TZ~*/3 versus TZ~*/3 is shown in Figure 6 for three different
values (0.9348, 4.339 and 20.14 A°) of R = RZ!/3. The chosen functions represent the data accurately.
For the sake of completeness, the dependence of 1 versus R is shown in the inset in this figure.

The definition of ¢ and Eq.(8) shows that ¢y is the same as (¢?/u*)¢) ., . The fit for ¢} , (initial
slope of zero-temperature TF-function) provided by Gilvarry [21,22] is

3 7
1 . -
Doin = Poinoco + 1) bj X by 258 Y bj x}, + b x;772} 7,
j=1 j=5
with by = 0.48075, by, = 0.41602, bz = 0.1052, by = 0.032589, bs = .010578, bs = 0.0027271, b; =
0.0000415, bg = 0.000001786. Note that ¢ ;, ., = —1.58807103 is the slope for isolated atom. This
yields Eco = (3/7)Z7/3(2/ 4*) §ly 1y oo = —0.7687451 Z7/3(e2 /) as the energy of the isolated atom at
zero-temperature. Numerical results show that the two representations for yy agree well.
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Figure 6. Scaled initial slope is;; versus scaled temperature T = TZ —4/3 (V) for three values of scaled cell radii
R = RZY3in A°. Curve-1is for R = 0.9348 A°, Curve-2 for R = 4.339 A° and Curve-3 for R = 20.14 A°. The
symbols are results of numerical solutions of TF equation while lines are from the analytical representations
outlined in the text (see Section 4 and Eq.(24)). The inset shows 1y which corresponds to zero-temperature.

5. Applications

A three-component description of the EOS [24,25] employs the zero-temperature isotherms
(P, E), the ionic components of thermal energy and pressure (P, E;;) and the electron components
(P, Egyy). Usually, the electron components are obtained as interpolated data from large tables [24].
For applications that do not involve very high temperatures, empirical fits [11,12] of the data published
by Later [4] are also employed. These fit are interpolation functions between low-temperature electron
properties (as in Fermi-gas model) and the ideal gas model. The representations provided in this work
(see Section 4) offers an alternate procedure which provides results close to that obtainable from data
tables.

5.1. Electron Hugoniot

The principal Hugoniot of only electrons within the Fermi-gas model is well known [26]. Con-
sidering a point nuclear charge Ze at the cell center, together with the analytical representations of
Py + Py, and Ej + Ey, the electron-Hugoniot is easily computed. In the results shown in Figure 7,
pressure ratio P/ Py is shown versus the compression factor Vp/V. Curve-1 corresponding to TF model
shows that the maximum compression obtainable is ~ 5. This figure also contains the results obtained
using the empirical fits [11,12] mentioned above. The maximum compression of ~ 4 is found with
the fits because of the absence of any binding effect of electrons in the cell. The inset in this figure
shows reduced specific heat (Cy /kp) (per electron) for cell radius R = 4.339 A°. The peak found in
Cy around T ~ 3.5 x 10* K is due to electron binding to the nucleus.
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P/P

VIV

Figure 7. Hugoniot of electrons is plotted as P/ Py versus compression factor Vy/V. Curve-1 corresponds to
results of TF model (see Section 4) while curve-2 to McCloskey’s fit [11,12], which is close to Fermi gas model. The
insert shows electron specific heat (Cy /kg) (per electron) for cell-radius R = 4.339 A°.

5.2. Hugoniot of Cu

For application to Cu, Vinet's zero-temperature isotherm [27,28] given by P, = 3Bo(V / V) ~2(1 —
(V/Vc0))exp[(1—(V/Vw))(Bj —1)3/2] is employed. The corresponding analytical expression for
energy E, follows from the relation dE,/dV = —P, and E,(V,) = Ey,. Here By, B} and E,, are,
respectively, the bulk modulus, its pressure derivative and cohesive energy (per gram) at volume
V. This volume is determined such that total pressure (including those of ions and electrons)
is 107* GPa at ambient temperature T (300 K) and volume V. These formulas are suitably cor-
rected using QSM [7,8] at very high pressures. Pressure within QSM is analytically expressed as
Py(V) = (W% /2m)[(2/5)(372)%/3N2/3 — (2/ap)(13/36)(3/m)Y/3N2/3] ( is reduced Planck’s constant,
m electron-mass and ap the Bohr radius). The quantity Ns()) (electron density at the atomic cell
surface) is given by Ns = (Z/V) exp[—a(R/ap) — B(R/ap)?] where & = 0.1935 7! 0-495-0039(log;, Z) |
and B = 0.068 + 0.078(log,, Z) — 0.086(log,, Z)* (R denotes cell radius). Energy in QSM also follows
from the relation dE;/dV = —P;. An interpolation procedure [29] to smoothly go over from Vinet’s
model to QSM uses an adjustable volume V,; such that the corrected pressure P. = P, and E; = E; for
V > V. These for smaller volumes are obtained by imposing continuity of P,(V) and its first two
derivatives at V. Note that the definition ensures that E.(V) is continuous at Vs [30].

Ionic thermal contributions are obtained using Johnson’s model [31] wherein the thermal ionic
energy (per gram) and pressure are expressed as E;(V,T) = Ep + NkpT(Eo + Ey) and Py(V,T) =
Pp +(1/V)(2I's —2/3)NkpT(Eg + Ey). Here, Debye model (Pp, Ep) provides the EOS in solid phase.
The components Eg and Ey (non-zero for T > T, the melting temperature) accounts for changes
in energy due to melting, heat of fusion and subsequent approach to ideal gas behavior [25,31]. A
three-term fit [32] to the Griineisen parameters I's(V) is employed in the present application.
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The principal Hugoniot and zero-temperature isotherm are compared with available experimental
(also theoretical) data [33] in Figure 8. The Hugoniot agrees very well over an extended range of
pressures up to 20.4 TPa. The zero-temperature isotherm is compared over a larger range up to 100
TPa pressure in the insert. Improvements to P due to the corrections using QSM (with Vi = V;/2)
are also shown here. To check the ionic thermal model, the constant-pressure specific heat Cp in the
solid phase at Vj is compared with reported results [33] in Figure 9. This figure also depicts Cy by the
dashed line. Results agree well in spite of the simplicity of the ionic model. The sharp increase in Cp
and Cy at Ty = 1360 K occurs due to the addition of heat of fusion. The room-temperature (300 K)
isotherm shown in the inset agrees excellently.

Hugoniot

[
o

N

—

Zero-K isothem

. . T (g{cc)
. 25 50 75 100

10' A I S S S R S S S SR N S SR S SR

10 20 30 40

r (g/cc)

Figure 8. Theoretical results (solid line) for principal Hugoniot of Cu are compared with experimental data (filled
circles) [33] up to about 20.4 TPa. The inset shows corrected (with QSM) zero-temperature isotherm (curve-1) and
also Vinet’s isotherm (curve-2); the correction is applied for V < Viy = V/2.
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Figure 9. Theoretical results of ionic thermal model (solid line) for constant-pressure Cp at V) are compared with
experimental data (filled circles) [33] in the solid phase. Computed results of Cy, are shown by dashed line. The
sharp increase at Tj; = 1360 K is due to heat of fusion. The room-temperature isotherm (300 K) (solid line) is
compared with data (filled circles) in inset.

6. Summary

An efficient numerical algorithm based on Newton’s method to solve the TF equation is developed
in this paper. The basic idea in the method, which rewrites the TF equation as a non-linear Fredholm
integral equation, circumvents some of the pitfalls in earlier work using FDM. Results presented
show that Newton’s iterations converge within few iterations in the whole temperature-density plane.
Furthermore, the algorithm needs small number of sub-intervals for discrete approximations. The
use of Brachman’s equation for direct calculation of electron-thermal energy is elaborated. Analytical
representations of thermodynamic quantities are obtained from extensive tables of data obtained with
the present method. These include thermal energy, pressure, ionization, Fermi energy and initial
slope of TE-function (which is needed for entropy and free energy). Accuracy of the representations is
ascertained via computation of the electron Hugoniot and principal Hugoniot of Cu and comparison
with experimental (or theoretical) data. The present paper significantly extends to all temperatures the
earlier work (restricted to low temperatures) of Gilvarry on the TF model.
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