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Abstract

Boundary value problems for systems of integrodifferential equations appear in all branches of science
and engineering. Accuracy in modeling complex processes requires the specification of nonlocal
boundary conditions, including multipoint and integral conditions. These kinds of problems are
even harder to solve. In this paper, we present solvability criteria and a direct operator method for
constructing the exact solution to systems of linear ordinary integrodifferential equations with general
nonlocal boundary conditions. Several examples are solved to demonstrate the effectiveness of the
method. The results equally apply to nonlocal boundary value problems for systems of ordinary
differential, loaded differential, and loaded integrodifferential equations.

Keywords: differential equations; integrodifferential equations; differential-boundary equations;
loaded differential equations; systems of equations; closed form solution; multipoint boundary
conditions; integral boundary conditions; nonlocal conditions; fundamental matrix
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1. Introduction

Boundary value problems for ordinary differential equations, due to their importance in science
and engineering, have been studied extensively by many researchers. Among others, Kiguradze [1]
considered the general boundary value problem for a system of linear ordinary differential equations,

dx
= PHr+ql), )

I(x) = co, 2)

where P € L([a,b];R"*"), q € L([a,b];R"), ¢o € R" and | : C([a,b]; R") — R" is a continuous linear
transformation, and the corresponding homogeneous system

dx
I(x) = 0. (4)

He proved that the problem (1), (2) is uniquely solvable if and only if
detl(Y) #0, )

where Y is the fundamental matrix of the system (3) satisfying the condition
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where E is the identity matrix. If (5) holds, then the solution x of the problem (1), (2) has the representation

b
x(t) = xo(t) —l—/a G(t,1)q(t)dT,

where xg is the solution of the problem (3), (2) and G is the Greens’ matrix of the homogeneous
problem (3), (4).

In this paper, we extend these results to the case of nonlocal boundary value problems for a
system of linear ordinary integrodifferential equations,

X(t) - A)x(t) = G(t)n(x) = f(t), a<t<b, (6)
B(x) = ¢ @)
where
x1(t) P xp(t)
w=| | Xm=gx0=| : |
X () X (1)

are n x 1 vectors of the unknown functions x1 (), ..., x,(t) and their first-order derivatives, respectively,

an(t) -+ a(t) gu(t) - gum(t)
Alt) = : : , G(t) = : : ,
api(t) - ann(t) gn1(t) - &um(t)

are, respectively, n X n and n X m matrices of given functions,

are m x 1 and n x 1 vectors of the values of the linear bounded functionals i, j=1,...,m and
6;,i=1,...,n, 0onx(t), respectively, and

fi(t) 1
ft) = o=
fn(t) Cn

denote a n x 1 vector of given forcing functions and a n x 1 vector of constants, respectively. Also,
throughout this paper, I;, denotes the n x n identity matrix and 0 is used to denote the scalar zero and
the all-zero vector or matrix, as appropriate, without confusion.

It is note that, although only integrodifferential equations are investigated here, the Equations (6), (7)
are more general and describe various types of nonlocal boundary value problems. Specifically, in the
case where the functionals 7; are integrals with fixed limits of the unknown vector x then (6) is a system
of Fredholm Integro-Differential Equations (FIDEs). When the functionals 7; are values of x at certain
fixed points f € [a, b] then (6) is a system of Differential-Boundary Equations [2] or Loaded Differential
Equations (LDEs) [3]. In the case that 7 =0,j=1,...,m,or G(t) = 0, then (6) reduces to a system of
Differential Equations (DEs).

The boundary functionals 6;, i = 1, ..., n, describe classical initial and boundary conditions and
nonlocal conditions, which may be mixed and nonseparable conditions, multipoint boundary condi-
tions involving a number of points in [a, b], and integral conditions. They can take the general form
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5 4 5 [ ¢ d
]; ]x(t])—l—]; B; /(:j i(s)x(s)ds = ¢,
where Cj(t) are n X n matrices of continuous functions on [a, b], A j, Bj are n x n constant matrices, c
is an n-dimensional constant vector, a =t} <t) < - <ty 1 <ty =banda=¢; <&H < - <
e, < 81,41 = b. The necessity and development of non-local boundary conditions in the modeling of
complex physical situations is discussed in [4-7].

We prove existence and uniqueness criteria and provide a formula for the closed-form solution of
the problem (6), (7). The analysis is based on the fundamental matrix Z of the homogeneous differential
system x" — A(t)x = 0. From a practical point of view, Z can always computed when the matrix A has
constant coefficients and in several cases with variable coefficients. Solvability criteria of general linear
boundary value problems for systems of Fredholm-type integrodifferential equations with degenerate
kernels by other methods have also been reported in [8-11]. Closed-form solutions for nth-order FIDEs
with nonlocal boundary conditions have been investigated in [12,13]. The exact solution to systems of
first-order FIDEs with constant coefficients under general boundary conditions based on the matrix
exponential has been studied in [14]. Approximate numerical methods for solving nonlocal boundary
value problems for systems of FIDEs can be found in [15-18] and the references therein.

The paper is organized as follows. In Section 2, the problem is formulated in an operator form in
a Banach space and some preliminary results are presented. The main results are given in Section 3
where two key theorems for the solvability of the problem are proved and a symbolic procedure for
constructing the solution is presented. In Section 4, several examples are solved to demonstrate the
application and effectiveness of the proposed technique. The conclusions are drawn in Section 5.

2. Preliminaries

Let X denote a Banach space, namely the space of continuous functions C[a, b] or the Lebesgue
space L,(a,b), with a,b € R.

Let X,, be the n-dimensional vector space of all column vectors x(t) = (x1(t), ..., x,(t))" with
x(t) €X,i=1,...,n,and X}, denote the space all x that have continuous first derivatives C}[a, b] or
the Sobolev space W} (a,b).

Let [X,]* be the dual space of X,,, i.e. the set of all linear bounded functionals ¢; defined on X,.
We denote by ¢;(x) the value of ¢; at x € X, and

$1(x)
o) =| 1 | 9@ =) - o) ]
Pn(x)

where Z is n X n matrix of functions with the column vectors zy, ..., z, € X,,. Note that forany n x 1
constant vector ¢

¢(Ze) = ¢(Z)c. ®)

Let the operator A : X,, — X, and D(A) and R(A) be its domain and range, respectively. The
operator A is said to be injective or uniquelly solvable if for all x,y € D(A) such that Ax = Ay, follows
that x = y. Recall that a linear operator A is injective if and only if ker A = {0}. The operator A is
called surjective or everywhere solvable if R(A) = X,,. The operator A is called bijective if A is both
injective and surjective.

Definition 1. The operator A is said to be correct if A is bijective and its inverse A1 is bounded on R(A) = X,.

Definition 2. The problem Ax = f, f € X,,, is said to be well posed and hence uniquely and everywhere
solvable, if the operator A is correct.
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Lemma 1. Letf the operator A : X,;, — X, be defined by
Ax =2 — A(b)x, @my:pexﬁ, )

where A(t) is a n x n matrix of functions a;;(t) € X, i,j = 1,...,n, and the boundary functional vector
0 € [Xu]*. Let Z(t) be a fundamental matrix of the homogeneous equation Ax = 0 satisfying 0(Z) = I,
where 1,, denotes the n x n identity matrix. Then:

(i)  The operator A : X, — X, defined by
Ax = Ax, D(A) = {x € D(A) : b(x) = 0}

is correct and the unique solution of the equation Ax = f for any f € X, is given by

v= A= 7(1) ttZ*l(s)f(s)ds — Z(t)é(z(t) tt Zl(s)f(s)d5>/ (10)
where t is a fixed point in [a, b].
(ii)  In the case that O(x) = x(to),

x=A1f=27() tzfl(s)f(s)ds. (11)

to

Proof. (i) It is well known that every solution of Ax = f is given by

t
x=2(t) | Z7Y(s)f(s)ds + Z(t)c, (12)
to
where ¢ is a column vector of 1 arbitrary constants. Acting by the vector § on both sides of (12) and
taking into account that f(x) = 0 and (Z) = I,,, we obtain

0(x) = é(Z(t) tzl(s)f(s)ds>+c:0,

to

R t
c = -0 <Z(t) Zl(s)f(s)ds>.
to
Substituting c into (12), we get (10). Since (10) holds for any f € 9%(,1) = X, and 0 is bounded it is
concluded that A~ is bounded on ‘}{(.%T) = X, and hence the operator Ais correct.
(ii) Equation (11) follows immediately from (10) since 8(x) = x(tp). O

3. Main Results
Let the operator B : X, — X, be defined by

m:m—qmm,mm:@enﬁm:§, (13)

where the operator A is defined in (9), G(t) denotes a n x m matrix of functions g;;(t) € X,
i=1,...,n,j=1,...,m, y(x) is a m x 1 vector of the values 17]-(x) of the functionals 7; € [X,]*,
j=1,...,matx, 6(x)isan x 1vector of the values 6;(x) of the boundary functionals 6;, i = 1,...,n
at x, and c is vector of n arbitrary constants. Then the problem (6), (7) can be expressed compactly
as follows

Bx=f, feX, (14)

We first consider the case with homogeneous boundary conditions ¢ = 0. The following theo-
rem provides conditions for the existence and uniqueness of the solution and the solution itself for
this problem.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 1. Let Lemma 1 holds. Let the operator By : X, — X, be defined by
Box = Ax — G(t)5(x), D(By) = {x eXL:g(x) = o}. (15)
Then:
(i)  The operator By is injective if and only if
6(2) 0(A1G)
detW = det ~ #0, (16)
l ~1(Z)  Iu—n(A7'G)
where W is a square matrix of order n + m and the inverse operator Alis given in Lemma 1.
(ii)  When (16) holds, the unique solution of the problem Byox = f for any f € X,, is given by
x = B'f
. : L 6(ATYf)
= Al'f—| z@t) AlG(r) (W - . (17)
| Z(1) (1) | AR
Proof. (i) Assume that detW # 0. Let the element x € ker By. Then
Box = Ax—G(t)n(x)
Alx = Z(1)0(x)) — G0y (x)
= A(x—Z(H8(x)) - G(H)y(x) =0, (18)

P

since A(Z(t)8(x)) = 0 and the element y = x — Z(t)d(x) € D(A) C D(A) because O(x — Zf(x)) =
0(x) —8(2)8(x) = 0(x) — I,8(x) = 0 by using (8) and the relation §(Z) = I,.
Multiplying (18) by A~'and rearranging terms we get

x=Z1)0(x) + A71G(H)n(x). (19)
Acting on (19) by the boundary functional vector § and using (8) we get
6(x) = 6(2)8(x) +6(A~'G)n(x),

and from (15)
0(2)8(x) +6(A1G)n(x) = 0. (20)

Furthermore, acting on (19) by the functional vector # and making use of (8) we obtain

1(x) =1(2)0(x) + (A Gy (x),

and hence R

—1(Z)8(x) + [In = n(A7'G) |n(x) = 0. 1)
From (20) and (21) we construct the system of algebraic equations
0(2) 6(A71G) 6(x) \ _ 0 -
[ “9(Z) Tn—n(AG) ( 1) ) ’ 22
or X
w( 0(x) ) —0, (23)
7(x)

where W is as in (16). Since det W # 0 it follows from (23) that §(x) = 0 and 7(x) = 0, so from (19) it
is implied that x = 0 and hence ker By = {0}, i.e. By is injective.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Conversely, let detW = 0. Then there exists a nonzero constant vector (¢}, cI) =

w( ‘6 ) — 0. (24)
Cy

Consider the element y = Z(t)cg + A 1G(t)c; € D(A) = X, and note that y # 0 since ker.A N

-~

D(A) = @ [19]. Moreover, y € D(By) since from (24)

(Coys-++1C0ur Cypys - - - s Cpy ) sUch that

0(y) = 0(Z)co + e(ﬁflc)c,, =0,
and also

Ay = G(t)n(y),
G(t) [—q(z)ce + [Im - q(ﬁflc)}cﬂ] =0. (25)

Boy

This means that y € ker By and hence the operator is not injective. Thus B is injective if and only if
detW # 0.
(ii) We consider the nonhomogeneous system

Box = Ax — G(t)n(x) = f, feX,.

Then R
Ax = G(t)n(x) = A(x = Z(t)b(x)) — G(t)n(x) = £, (26)

since the element y = x — Z(t)8(x) € D(A) c D(A). Multiplying (26) by A~! and solving with
respect to x we get
x=A 4+ 7(H)0(x) + ATG(t)n(x). 27)

Acting on (27) by the boundary functional vector 8 we get
0(x) = 0(A™1f) +6(2)8(x) +6(A Gy (x),

and from (15) A R R
0(Z)0(x) +0(A1G)n(x) = —0(A~1f). (28)

Similarly, acting on (27) by the functional vector 7 we have

—1(Z)8(x) + [In = n(A71G) | (x) = n(A7'f). 29)
We write (28) and (29) in the form
6x) \ _ [ —0(A1f)
W(n(x))( p(Af) ) 0

where W is given in (16). Since detW # 0 equation (30) can be inverted to obtain f(x) and 7(x).
Substitution then into (27) yields (17). O

We now prove the main theorem for the solution of the fully nonhomogeneous problem (14).
Theorem 2. Let Lemma 1 holds and let the operator
Bx = Ax — G(t)y(x), D(B) = {x exl.g(x) = c}. (31)

Then:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(i) The operator B is injective if and only if

6(2) 0(A-1G)

R 0, 32
0(Z) In-n(AlG) |7 2

detW = detl

where W is a square matrix of order n + m and the inverse operator A~ is given in Lemma 1.
(ii)  When (32) holds, the unique solution of the nonhomogeneous problem Bx = f for any f € X,, is given by

x = BIf

= Alf- [ Z(t) AG(t) ]w1< 983(;{)1;; ) (33)

Proof. Assume detW # 0. Let any u,v € ©(B) such that Bu = Bv. Then

Au—G(H)y(u) = Av—G(t)(v),
0(u) = 0(v),

whence it follows that

or
Bo(u —v) =0. (34)

From Theorem 1 it follows that u — v = 0 and therefore u = v which means that the operator
B is injective.

Conversely, assume detW = 0. Let as above any u,v € ©(B) such that Bu = Bv. Then
from (34) and Theorem 1 we conclude that By is not injective. This means there is at least an element
u—v € D(By) with u —v # 0, or equivalently u # v, satisfying (34). Hence, the operator B is
not injective.

(ii) The solution of the nonhomogeneous problem Bx = f can be obtained via the principle of
superposition, i.e. as the sum of the solution of the problem Byx = f and the solution of homogeneous
problem Bx = 0. The former is given in (17) and latter is now computed below.

We write the homogeneous system as follows

Bx = Ax—G(t)n(x)
= A(x - Z(1A(x)) - GBn(x) =0, 35)

from the fact that the element y = x — Z(£)f(x) € D(A) C D(A) and the assumptions of Lemma 1
hold. Multiplying by A-1and rearranging yields

x=Z(H)0(x) + A1G(H)n(x). (36)
Acting on (36) by the functional vectors # and 6 and from (31) we get, respectively,
—1(Z)8(x) + [In —1(A71G) | n(x) =0, (37)

and
0(x) =0(2)0(x) +0(A1G)y(x) = c. (38)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Writing (37) and (38) in matrix form, we have

bx) \ [ ¢
(i )-(0) >

Since det W # 0, equation (39) can be inverted to find [A(x), 7(x)]T and after substituting into (36)
we get the solution

x=[z(t) A6 }w—1< S ) (40)
Finally, by the principle of superposition from (17) and (40) we get (33). O

In the case where the operator B is just a differential operator of first order, i.e. when G(t) =0
and 77(x) = 0, the following corollary holds.

Corollary 1. Let the operator B : X, — X, be defined by
Byx = Ax, ©(By) = {x e X}:0(x)=c}.

Then:
(i) The operator By is injective if and only if

detW; = detf(Z) # 0, (41)

where W is square matrix of order n.
(ii)  Additionally, when (41) holds, the unique solution of Byx = f forany f € X,, is given by

X

Bi'f
= Af-zwi (e A —c ). (42)

Finally, for the efficient implementation of Theorem 2 we provide the algorithm in Listing 1.

Listing 1. Algorithm for solving nonlocal linear boundary value problems in closed form.

input
parameters n, m
matrices A(t), G(t)
vectors f(t), ¢
matrix Z(t) /*in case A(t) is constant compute Z(t)*/
compute
matrix 0(Z)
matrix 17(Z)
matrix A-1G(t)
matrix §(A1G)
matrix 7(A~1G)
) 0(2) 6(A1G) ]
matrix W := N
() In—y(A'G)

if detW # 0 compute
vector A~1f(t)
vector 0(A-1f)
vector 7(A~1f)

~ ~ i 8(ATf) —¢
vector x(t) := A~ f = [ Z(t) A'G(t W1< L
print x(t)
else
print ‘There is no unique solution’

end

end

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Examples

In this section, selected nonlocal boundary value problems for differential and integrodifferential
equations are solved to demonstrate the application of the method and its effectiveness. All calculations
and visualizations were performed in the free, open-source computer algebra system Maxima.

4.1. Differential Equations

Example DE.1 The first problem we consider is a three-point boundary value problem presented by
Na [20] and concerns the distribution of shear deformation 1 of sandwich beams governed by the
ordinary differential equation

" — Ky +a=0, (43)
where k and a are physical constants related to elastic properties of the beam, under the boundary
conditions .

YO =y'(1) =0, y(3)=0, (44

corresponding to zero shear bimoment at the two free ends and the symmetry condition, respectively.
This problem with k = 5 and a = 1 is used as a benchmark for validating numerical methods for
multipoint boundary value problems in many studies [21-23].

By setting x1(t) = ¥, x2(t) = ¢’ and x3(t) = ¢” the problem (43), (44) can be written as the
system of three first-order differential equations

40wl = o
b -xs) = 0
() —Kx(t) = —a, (45)

subject to homogeneous boundary conditions
XQ(O) :JCQ(l) =0, xl(*) =0. (46)

To solve the system of equations (45), (46), we take n = 3, X = C[0, 1] and write it in the operator
form as in Corollary 1

Byx = Ax = f(t), D(By) = {xeX}:0(x)=c},

where

010
Ax = ¥ —AH)x=x -0 0 1 |x
0 kK 0
x2(0) 010 000 000]
0(x) = 1) [=]00 0 x0)+]0 1 0 |x1)+|0 0 0|x(z)
x1(3) 0 0 0 0 0 0 100

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since Ax = 0 is a system of linear differential equations with constant coefficients, it is easy to find a
fundamental matrix, for example,

1 % sinh(kt) k—lz(cosh(kt) -1)
Z(t)=1| 0 cosh(kt) 1 sinh(kt) , k#0,
0 ksinh(kt) cosh(kt)

which satisfies the equation §(Z) = I.
Then, from the proposed algorithm, it follows that the system (45), (46) has a unique solution when

smh( )

detW; = #0,

and in this case we get
(1) = & (sinn(5) —sinh(kt) ) + % (1= 2 ) + & tanh(%) (cosh(kt) — cosh()
xq(f) : k3 si si 2 5 3 tanh(5) { cos cosh(5) |,
which is the solution ¢ = x1(t) of the original boundary value problem (43), (44).

Example DE.2 Consider the system of two differential equations with variable coefficients,

(P +1)xh(t) —txy(t) + xo(t) = 262 +412 -3,
(2 +1)x5(t) — x1(t) — tea(t) = 5t (47)

for 0 <t <1, subject to the boundary conditions

x1(0) +x 2/ sx —
2( 3/4 1( T 7680’
1 1/4 4835
x1(5) — 4n(1 +/ (11(s) +20()ds = 3o (48)

We take n = 2, X = C[0,1] and put the system (47), (48) in the operator form as in Corollary 1
Byx = Ax = f(t), D(By) = {xeX3:0(x)=c},

where

X)) = (m@ wm ), fo=( 2= )

t —1
2 2
Ax = x’—A(t)x:x’—ltlH t:rl ]x,
241 241

7410 0 11 25 0
/0 ll 2]” +3/4 0 O]x(s)ds'
T
— 2183 4835
€ = (‘m m) :

Consider the complementary system as in Lemma 1

Ax = Ax = f(x), D(A) = {x e X}:0(x) =x(0) = 0}.
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It is known that the homogeneous system .Ax = 0 has the fundamental matrix
1 —t
Z(t) = ,
CR
which satisfies the equation §(Z) = I, see, for example, [24].

Then, from the proposed algorithm, we obtain

127
det Wd = _Kﬁf 7& 0,

which ensures that the system (47), (48) has a unique solution which is
xi(H) =8 =2, xt)=>-1.

4.2. Integrodifferential Equations

Example IDE.1 In [25], a second order control problem for the dynamics of the rocket bank reduces to
the second-order Fredholm integrodifferential equation

T
X0 +vx (0 +p [ K©x()ds = F0), )
with the boundary conditions
T /
Tx(O) + [ x(hdt =0, X(1) =g, (50)
where K(s),f(t) € C[0,T], v=1/To, u = (kok1)/To, To, ko, k1, ¢ are constants and T > Tj.

With the transformation x(t) = x1(t) and x'(t) = x(t) we can reduce the problem (49), (50) to
the following system of two first-order integrodifferential equations

() —x(t) = 0,
T
B0+ [ KEenEds = ), (51)
subject to the boundary conditions
T
Tx1(0) +/0 x1(s)ds =0, x(T) = . (52)

We set X = C[0,T|, n = 2 and m = 1 and write the boundary value problem (51), (52) in the
operator form

m=M—qm@,mw=%e&wm=@, (53)
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where

O —
G(t) = [_0# 1, q(x):(foT[K(s) O]x(s)ds ),
o(x) — “ 8]3((0)—1— 8 Hx(TH/OT (1) S]x(s)ds,

T
c = ( 0 ¢ ) ,
Let the complementary system in Lemma 1 be defined by

o~

Ax = Ax = f(x), D(A) = {x € X}:0(x) = x(0) = 0}.

The fundamental matrix of the homogeneous system Ax = 0 is

1 1—e ¥t
2(1) = [ o ]

which satisfies §(Z) = L.
Substituting into the Algorithm, we obtain that the system (51), (52) has a unique solution if and
only if

1 1

P ) PR L L S
detW = 2Te (1 1//OI<(s)[4 s— 50 + (5

Tv
e %)%]ds) £0.

As a simple example, let K(s) =1, f(t) =1,v =1/5, ¢ = 1 and T = 10. In this case the exact solution
of the boundary value problem (49), (50) is

e~ % ((((125¢ +125) 4 — 10)t — 12502 + 306 + 15) e +1250e2y — 40¢? )
() = (125¢2 — 125) — 2 '

In the more complicated case for K(s) = e~¥"/10 and f(t) = 2t the solution is illustrated for different
values of y in Figure 1.

200 I 1 1 1

Figure 1. Exact solution of the nonlocal boundary value problem (49), (50) for different values of .
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Example IDE.2 Consider the following system of two second-order linear Fredholm integrodifferential
equations

1
() + (1) + [ 215l () — 3ua(s)ds :3#+%+&
0
1 4
() + 1 (1) + /0 3(2t + )i (s) ~ 2wp(s))ds = 21+, (54)
subject to the boundary conditions
ui (0) + M& (0) = 1,
up (1) +uj(1) 10,
12(0) + u5(0) 1,
upy (1) +up(1) = 7. (55)

This problem is solved numerically by the Tau method in [18].

To construct the exact solution by the method presented in the previous sections we use the
transformation uq (t) = x1(t), up(t) = x2(t), u(t) = x3(t) and u)(t) = x4(t) and write the boundary
value problem (54), (55) as a system of four first-order integrodifferential equations,

xp—x3 = 0,
-x4 = 0,
/ 1 2 3t
a2t [s(a(s) ~3n()ds = 3£+ 5+8,
1 1 4
Xy + x5+ 6t/ (x1(s) — 2x2(s))ds + 3/0 s2(x1(s) —2xa(s))ds = 21t + 5 (56)
0
with the boundary conditions
x1(0) +x3(0) = 1,
x1(1) 4+ x3(1) 10,
0(0) +x4(0) = 1,
x2(1) +x4(1) = 7. (57)

In the space X = CJ0,1] and for n = 4 and m = 3, we write the boundary value problem (56), (57)
in the operator form as in Theorem 2:

Bx = Ax— G(t)y(x), D(B) = {x exl:o(x) = c}.
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where
T 3 4 T
x(t) = (X1(t) x(t)  x3(t) x4(t)), f(t)z(o 0 324348 21t—|—5>,
00 1 0 ]
00 0 1
= X —Alt)x =x"— ,
Ax x (Hx =x 00 o0 1%
00 -1 0 |
8 8 8 1 -2 00
G(t) = ;o on(x) = fol s —3s 0 0 |x(s)ds |,
0 -2t 0 22 282 0 0
-6t 0 -3 L
1 0 1 0 00 00 1
0000 1010 10
0 - 0 1), c= )
(%) 0101 | 0% g g0 oM ¢ 1
0000 0101 7

Let the complementary system in Lemma 1 be defined by

~

Ax = Ax = f(x), D(A) = {x e x}:0(x) = x(0) = 0},

where, since the matrix A is constant, it is easy to construct a fundamental set of solutions of the
homogeneous system Ax = 0, namely

sinh(t) 1 — cosh(t)
1—cosh(t)  sinh(t)
cosh(t) —sinh(t) |’
— sinh(¥) cosh(¥)

Z(t) =

o O O
S O = O

which satisfies the equation §(Z) = I.
By substituting into Algorithm, we directly obtain the unique solution of the system (56), (57),

T
x(t)=(3t2+1 Bi2t—1 et 3t2+2>,

and hence the exact solution of the original boundary value problem (54), (55) uq(t) = 3t* + 1 and
up(t) =3 +2t — 1.

5. Conclusions

Solvability criteria for general nonlocal boundary value problems for systems of linear ordinary
integrodifferential equations of Fredholm type have been derived in a computationally convenient
matrix form. A direct operator method for constructing their exact solution has also been presented.
The method can be easily implemented in any Computer Algebra System (CAS). The main advantage
is its ease of use and efficiency. Its disadvantage is the requirement of the fundamental matrix of the
corresponding homogeneous differential system, which limits its application to cases where the matrix
of coefficients is constant or is a matrix with variable coefficients of a special form [26].

The proposed method will be useful to many researchers as well as educational professionals in
teaching advanced mathematics. Exact solutions are always necessary to validate numerical methods
such as the finite element method [27-31], and others. The solvability criteria and the solution method
derived here are equally applicable to nonlocal boundary value problems for linear ordinary loaded
differential and integrodifferential equations and their systems.
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