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Abstract: In this paper, we present an innovative technique that improves the convergence order of
iterative schemes that do not require the evaluation of Jacobian matrices. Using this procedure, we
achieve a remarkable increase in the order of convergence, raising it from p to p + 3 units, which
results in a remarkable improvement in the overall performance. We have conducted comprehensive
numerical tests in various scenarios to validate the theoretical results, showing the efficiency and
effectiveness of the new Jacobian-free schemes.

Keywords: iterative methods; nonlinear systems; local convergence; Jacobian-free scheme

1. Introduction

Let us consider the system of nonlinear equations F(x) = 0, where F : 3 € R" — R" and
fi,i = 1,2,...,n, are the coordinate functions of F, with F(x) = (f1(x), f2(x),. ..,fn(x))T. Solving
nonlinear systems is a challenging task, typically requiring either linearization of certain nonlinear
problems or the application of a fixed-point function G : () € R" — R", which leads to a fixed-point
iteration scheme. Additionally, these schemes can be applied in different areas of knowledge,
including engineering, chemistry, fluid dynamics, among others, making them valuable tools for
solving nonlinear and nondifferentiable problems. Tackling such systems often involves employing
linearization techniques to approximate solutions or employing fixed-point iteration methods based on
a function G. These strategies provide valuable insights and approximated solutions of the nonlinear
systems.

In many of these methods, the evaluation of Jacobian matrices at one or more points per iteration
is required. However, a significant challenge arises from the computation of the Jacobian matrix,
especially in cases where it may not exist or, for high-dimensional scenarios, its computation becomes
excessively costly or even infeasible. As a result, certain authors have attempted to overcome this issue
by eliminating the dependence on the Jacobian matrix and replacing it with alternative techniques.

There are numerous methods for solving systems of nonlinear equations. Among them,
Steffensen’s method which was presented by Samanskii in [1]. This stands out as one of the most
renowned techniques in the literature on iterative methods without Jacobian, its iterative scheme is
given by the expression,

2+ () [w<k>,x<k>,-1c]‘1 F(x¥), k=012,
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where w®) = x®) L F (x(k)), being [, F] : O x Q < R" xR" — L (R") the divided difference
operator of F on R" defined as (see [2]).

[x,y; F](x —y) = F(x) — F(y), for any x,y € Q. 1)

In this work, we explore innovative iterative methods for the resolution of nonlinear systems of
equations without the need to compute Jacobian matrices. Different researchers in this field have made
significant contributions to the development of these strategies.

Cordero et al. in [3] developed memory-based methods that also utilize the Kurchatov divided
difference to enhance the efficiency of known methods. Additionally, as part of our strategy, we
adopted the m-th-order vectorial divided differences proposed by Amiri et al. in [4]. These strategies,
found in the literature, circumvent the complexity and costs associated with Jacobian matrices, making
them particularly valuable for large-scale systems. Among the most commonly used approaches are
the finite difference method, as well as polynomial interpolators, divided differences, and other clever
techniques that have also been employed in the literature to avoid the direct evaluation of derivatives.
These additional techniques further expand the tools available for tackling derivative-related problems
in complex systems.

The advances made by these and other researchers in the field allow us to envision more effective
solutions in a wide range of disciplines that require advanced numerical methods. Effective solutions
in a wide range of disciplines that require advanced numerical methods. In addition to the above, other
authors have worked on non-Jacobian methods, which can be found in the following references [3,5-8].

In this research, we present an approach that improves the convergence order from p to
p + 3, applicable to Jacobian-free schemes. We replace the traditional Jacobian matrix of F with

[x(k) +H (x(k)) ,x(k);F], a concept introduced by Amiri et al. in [4], where H : ) < R" — R”

T
with H (x(k)) = ( Nik (x(k)) ! (x(k)) see I (x(k)) ) , provides a remarkable approximation of the
Jacobian matrix for the function F(x) at any given point. By leveraging this approach with m = 2, we
achieve a convergence order of p + 3.

This novel approach not only circumvents the complexities associated with traditional Jacobian
matrix computations, but also opens new avenues for improving the convergence rate of numerical
methods, making it a valuable contribution to the field of numerical analysis and optimization.

The work is developed as follows: first, in Section 1, we introduce the basic concepts necessary
for the development of the paper. Then, in Section 2, we prove in a general way that the scheme has a
convergence order of p + 3. To illustrate this, in Section 3 we solve some academic problems to confirm
the reliability of the modified methods without Jacobian matrices. Finally, we address the solution
of the problem entitled Modeling of nutrient diffusion in a biological substrate, which is formulated
through a nonlinear non-differentiable second-order elliptic nonlinear partial differential equation. To
address this question, we proceed to discretize the equation by means of the finite difference method,
transforming it into a system of nonlinear equations. We then employ the modified Traub method
with increased order of convergence, which we denote as Traub-M2, to solve the resulting system. We
conclude by presenting the matrix representing the approximate solution of this system of equations.

1.1. Preliminary concepts

First, we introduce a number of necessary concepts, in order to develop the proposed Taylor
series scheme and prove the order of convergence of the proposed iterative scheme.

Definition 1. Let {x(k) }k>0 be a sequence in R",n > 1, convergent to &. Then, convergence is said to

1. linear, if there exists M,0 < M < 1 for M € R, and ko € N, such that

Hx<k+1> - f;H <M Hx(k) - gH Yk > ko.
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2. Sequence {x(k) }k>0 converges to & woth order p, p > 1, if there exists M, M > 0 for M € Rand kg € N

such that
1D — g < v ) - g”" vk > ko.

Let F : ) < R" — R" sufficiently differentiable in (). The g-th derivative of Finu e R"?,q > 1, is
the g-linear function F(® (1) : R" x --- x R" — R" such that F(?) (1) (w1,...,wq) € R". Itis easy to
see that

1. F@(u) (w1, ws, ..., wy—1,") is a linear operator that maps R" to £ (R").
2. F(q)(u) (wT(l), .. .,wr(q)> = F(q)(u) (wl, . ..,wq), for every permutation 7 of {1,2,...,4}.

From the above properties we define the following notation:

a) FD(u) (w,...,w5) = FDw)w; ...w,,
b) F@(u)wI 1 FP wP = F@ (1) FWP) (1) tP—1,

On the other hand, for ¢ + & € R"” which lies in a vicinity of a solution ¢ of F(x) = 0, we can apply the
Taylor expansion and if the Jacobian matrix F/(¢) is not singular, can express

p—1
F(E+h) = F(¢) [h + > cth] + O (1) )
j=2
where C; = (].l!) [P’((j)]fl FO(E),j = 2. We observe that Cjl/ € R" since In addition, we can express
F'(Z+h) as
p—1 .
F(E+h) =F @) |1+ ) jCGh ™| +0 () (3)
j=2
where [ is the identity matrix. Therefore, jC]-hj —1 e £(R"). From (3), we can obtain
[FE+m] ™ = 1= Xah+ Xah? = Xalt* + - | [F@] " + O (h7), @)
where
Xy = 2C,,

X3 = 4C3-3G,
Xy = 8C3—6CyCs3—6C3Cy +4Cy,

On the other hand, we denote by elk) = x(k) _ ¢ the error in the k-th iteration. The equation
) = M’ 1 0 (),

where M is a p-linear function M € £ (R" x --- x R",IR"), is called the error equations and p is the

order of convergence of the sequence x(*) generated by the iterative process. Observe that e’ is

(e(k), e®, ..., e(k)).

To estimate the convergence order, Cordero and Torregrosa presented in [9] the following
definition the so-called Approximated Computational Order of Convergence (ACOC).
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Definition 2. Let & be a zero of function F and suppose that x*=1), x5 and x*+1) are three consecutive
iterations close to ¢. Then, the order of convergence p can be approximated using the formula

(950 1)

In ([ — >0 /201 — <=2

p~ ACOC = ©)

To compare the different methods obtained by applying the results proposed in this work, we
employ Ostrowski’s efficiency index I = p'/? (see [10]), where p is the order of convergence and d is
the total number of functional evaluations required by the method (per iteration). This is the most
commonly used index, but not the only one. In his book [11], Traub uses an operational index that is
defined as C = p'/°7, where op is the number of operations per iteration. Recall that the number of
products and quotients needed to solve r linear systems with the same coefficient matrix, using the
factorization LU, is calculated as follows.

1, 5, 1
-n’+rn°——n,
3 3

We will use both this index and a combination of both, CE = pl/ (‘”0’7), which Cordero et al. in [12],
and which is called the computational efficiency index.
The formula of Gennochi-Hermite (see [2])

1
[x+h,x;F] = j F/(x + th)dt,¥x,h e Q c R",
0

allows us to calculate the Taylor expansion of the divided difference operator in terms of the successive
derivatives of F,

=

[x+h,x;F] =

FU+D ()l + O (h"’“), Vx,he Q

By denoting y = x + h and using the error at both points, e = x — ¢, e, = y — ¢, the Taylor expansion of
the divided difference (1) can be written as

[y, x; F] = F' (&) [I+C2 (ey+e) +Cs (e§+eye+ez) +Cy (e§+e§e+eye2+e3> +] (6)

Now, we use these expressions to prove the following result.
In order to perform the Taylor development of H(x*)) we use the following result, presented in
the work of Amiri et al. in [4].

Theorem 1. Let H be a nonlinear operator H : 3 € R" — R" with coordinate functions h;,i = 1,2,...,n
and m € N such that m > 1. Let us consider the divided difference operator [x®) + AH(x®)), x(®); F]

T
where, H(x®)) = (hT(x(k)),hT(x(k)),. . .,h;”(x(k))) and A € R, then the order of the divided difference
[x® + AH(x®), x®); F] as an approximation of the Jacobian matrix F' (x®)) s m.

Proof. Let h;j(x),i = 0,1,2,..., be the coordinate functions of H(x). Let us consider the Taylor
expansion of /;(x) around ¢

=

hi(¢)
hi(x) =hi(§) + ox;, Z Z ax ax € ejp + Z Z Z m%ene}s
n=1 ja=1j1=1 j3=1j2=1j1=1
- - 2 arh,(g) T 7
=1 ja=1j1=1""h T T
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where rs € {1,2,...,r} fors =1,2,...,landr =ri+rp+---+r,e = x — ¢ and e, = X, —§js,for
s=1,2,...,1is the j; th coordinate of error e. We can write (7), as

hi(x(k)) = Aile(k) + Aée(k)2 ot Al @™ + Afne(k)m + AinJrle(k)mJrl +-, (8)

m—1
with Ai e L(R",R") fort =1,2,...,since

"hi(8)

"1 7,12 7
&xh (3xj2 . ..ale

"hi(3)

=mm—1)---(m—r+ 1)h7‘4(§)m
1 ]2

=0, forallr<m,

soAl; =0fort=1,2,...,m—1and we have
hi(x(k)) = Ai,le(k)m + Ai,lﬂe(k)erl +0 (e(k)m+2> .

By introducing the multilinear operator A; = [A}, A%,. ., A;‘] fort = 1,2,..., we can express the
Taylor series of H (x0)) around & as follows:

Hx®) = Ape®” 1+ Apge®™™ 4 O (e(kV”“) , )
so we define the error at w = x + AH(x) as
ew=w—¢=x+AH(x)— ¢ =e+ H(x).

Now let
F(x) = F'(2) [6’ + Coe? + C3¢® + Cye* + Cse® + Cee® + C767] +0 (68) .

Let us consider the Taylor expansion of F(x) around ¢. When we apply the Gennochi-Hermite formula
(6), we obtain:

[w, x; F] =F'(Z) [1+C2 (ew+e)+Cs <€§,+€we+ez) +Cy (eg, +e§,e+ewez+63) + ]
—F'(¢) [1 +2Cse +3C36% + - + MCpe™ L + (CoAp + (m +1)Crgr) €™

+(CoApy1 + C3Ap + (m +2)Cpyyn) €™+ - ] .

Since the Taylor expansions of F/(x) and [w, x; F] around ¢ coincide for the first m terms, the order of
the divided difference [w, x; F] is exactly m. O

2. Main Result

In the following, we present a technique that allows increasing the order of convergence from
p to p + 3 units in Jacobian-free methods. To achieve this goal, it is necessary to introduce a second
arbitrary scheme or class of two-step iterative methods whose predictor step must be Newton’s scheme,
a second generic step ¢ (x(k), y(k)> of order p . Adding a third corrector step x**1), which depends on
real numbers «, B and 7, such that guarantee that any scheme with such conditions will reach converge
order p + 3, for which we state the following result.

In the following section, we introduce an iterative scheme that utilizes a Steffensen-type method as
a predictor. This concept is inspired by the work of researchers Cordero and Torregrosa, who introduced
f (i) = f (%)

Wk — Xk

X + Af(xx)™ to adapt various families of derivative-dependent iterative methods. This adaptation
ensures consistent convergence orders when substituting derivatives with divided differences for
different values of m, especially in the scalar case.

in their paper [5] the idea of using divided differences f[wy, xx| ~ f/(xx) = with wy =
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For the scalar case, the iterative expression of a Steffensen-type method is defined as:
[ (xk)
Xjp] = X — ————, wp=x+Af (%), k=0,1,2,.... (1)
i [ {wi x¢] A

By applying a similar concept and replacing Jacobian matrices with divided differences in the
vectorial case, we create a generic scheme with an undetermined number of steps, where the first
step is an extension of the Steffensen scheme (1) to systems. This extension enables an increase in the

convergence order from p to p + 3 units.
In a more general way, we represent the scheme as follows:

y® x(fcp[x(lc)+ AH (x(k)>,x(k);1:}_1 F(x(k)),
L0 q)(x(k),y(k)), @)
NS N [M e (x(k>,y(k>) (,31+ G (xuo,y(k)))] [x<k) T H (xac)) ,x<k);1:]*1 F (z<k>) ,

where G (x),y®) = [x® + AH (x),x®;F] " [29,y®; F], and

Theorem 2. Let F : (O € R" — R" be a sufficiently differentiable function at each point in a neighborhood of
an open convex set Q) containing & € R", such that F(€) = 0 is a solution of the system. Let x(0) be an initial
estimate sufficiently close to &, and suppose that the Jacobian matrix F'(x) is continuous and nonsingular at ¢.

Then, the method defined by (2) has a convergence order of p + 3, where p is the order of the arbitrary
scheme z%), whose first step is Steffensen-type method, for & = 14—3, B = —%, and vy = g and its error equation is
as follows:

o(k+1) % [ch (CrAy — AyCy) — 3 (c3 + c%) Co+ c2c3] Mye®" 4 0 [e(k>”+4] ) 3)

Proof. To perform a Taylor series expansion of the divided difference, we need to develop the Taylor
series of F (x(k)), F (x(k)>, and F” <x(k)) around ¢:

F (x(k)) = F(¢) [e(k) + Cze(k)2 + C3€(k)3] +0 [e(k)4] , 4
1 1 (i . . k) (k) . 10 (K0 5
where C; = <]') [F'(@©)] [FD(@)], j = 2with x® — & = ¢ The derivative F'(x®)) is:
F'(x®) = P'(@) [1+2Coe® +3C3e®” 1 4Cse®’ | + 00, ®)

F" (x(k)) — F(¢) [2(:2 +6Cse®) 4 12C4e(k)2] +0 [eW] . ©)

According to Theorem 1, [x(k) + AH (x(k)) L x(k); F] for m = 2 is a second-order approximation of
the Jacobian matrix F’ (x(k)). Using (5) and (6), its Taylor series expansion is as follows:
[x(k) +AH (x<k>) xR, F] —F'(¢) [1 +2Ce® 1305607 + 4C4e(k)3] @)
1., (k) (k)2 ()
+5F (@) [2C2 +6Cze®) +12C4e ] (AH (x ))
—F'(¢) [1 +2Ce® 1 (3C3 + AC2A2) e + (4C4 + AC2 A3 + 3AC3A,) e<k>3]
+0 [e(k)q .
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~1
Let us now calculate the Taylor’s series development of [x(k) +AH (x(k)) ,x®);F ] . Forcing that
equality
~1
[x(k) +AH (x(k)) ,x(k);F] [x(k) +AH (x(k)) ,x(k);F] =1

must be satisfied, we conjecture
[x(k) +AH (x(k)) ,x(k);F] o [I + Xpe) 4 X3€(k)2 + X4e(k)3] [F (5)]_1 +0 [e(k)4] , ®)
and consequently,
I= [1 + Xpe® 4 Xge®? 4 X4e(k)3] [1 +2Ce® 4 (3C3 + AC245) e®” 4 (4C4 + ACy A3 + 3AC3 A7) e<k>3] e
So,
Xy = =20y,

X3 = 4C2 —3C3 — ACyA,,
Xy = —ACoAz + A (4C3 — 3C3) Ay — 8C3 + 6C,C3 + 6C3C, — 4Cy.

Let us calculate the error equation for the first step of the scheme, as
y® — x® _ [x(lo L AH (xac)) x®), p]‘l [p (xac))] ,
it follows that
Y0 — & = Coe® 4 (—XoCr — X3 — C3)e®’ + O [e(k)4] :

We denote B3 = —X,C, — X3 — Cs.
Now, let us suppose that the error of the second step ¢ (x(k), y(k)) is of order p then, the error in

the k-th iterate z(¥) is:

20 — g = Mpe®” 4 Merlt'f(k)erl + Mp+2€(k)p+2 + ]\/Ierae(k)erS +0 [E(k)p+4] , (10)
and therefore the Taylor development of F (z(k)) around ¢ is

F (z(k>) —F'(&) [Mpe“)” + My 10" My 00" M e csz,e(kV”] (11)
+0 [e(k)p+4] .

Thus, the Taylor series expansion of the Jacobian matrix F’ (y(k)) using the divided difference

[z(k),y(k); F] is as follows:

p+1

[z<’<>,y(’<) ; F] —F'(¢) [1 + 3o 4 CyBae® + oM™’ + oM, 1) (12)

Jrsz\/Ierze(k)p+2 + Csz+3e(k)p+3] +0 [e(k)pH] )
In order to calculate the error equation at the last step, we first calculate the product
G (x(k),y(k)) = [x(k) +AH (x(k)> ,x(k);p] - [Z(k),y(k);p]

=1+ Xpe®) + Dpe®” 4 Dye®’ 4 Dye®” (13)

+ D5e(k)erl + Dée(")erz + D7e(k)p+3 +0 [e(k)pH] ,
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where
Dy = X3+ C2,
D3 = X4 + CoBs + X,C2,
| Di=GCMy, (14)

Ds = CZMp-i-l + XzCsz,
D¢ = Csz+2 + XzCsz_H + X3C2Mp,
Dy = Csz+3 + XzCsz+2 + X3C2MP+1 + X4C2Mp.

In addition,

(G (x®,y®) )2 = [x® 4 Am (x®), x0; ] B (260, y®; F| [x® + Ak (x®)), x0; ] ! |20, y®; ]
=1 +2Xpe®) + Epe®’ 4 E3e®’ 4 Ee®) (15)

+ B 4 Ege® ™ 4 Ee® L0 [e0™],

where

E, = 2D, + X2,

Ez =2D3+ XoDp + Dy Xp,

E4 = 2Dy, (16)

E5 =2D5 + X5Dy4 + Dy Xo,

E¢ =2Dg + XoD5 + DyDy + D5Xp + Dy Dy,

\ E7 = 2Dy + XpDg + DyDs + D3Dy + DyD3 + DsDy 4+ DeXo.
-1
Finally, we calculate the product [x(k) +AH (x(k)) , x() ; F] [P (z(k))], using (8) and (11):
1 1

[x® 4 Ak (x®),x®;F] 7 [FEO) | =Mpe” + (M1 + XoMy) e 17)

+ (Mpy2 + XaM,y 1 + X3M,) e®™

+ (Mpi3 + XoMp 2 + XaMp 11 + X4Mp) ROGEI [e(k)p“] .
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Therefore, the error in the third step x(k+1) is calculated by using (10), (13), (15) and (17) therefore.

2+ — (k) [le +G (x(k),y(k)) (5[ +19G (x(k)/y(k)))] [x(k) +AH (x(k)) ,x(k);p]_l [1: (Z(k))] ,
04D = M 1 My 1@ 4 M, 007 4 My 5o
— @+ B+ NI+ (B+21)Xe® + (ﬁDz +7E2) e’ + (BD; + 7Ez) e’
+ (BDy +vEs) e®” + (BDs + vEs) e 4+ (BDg + vEg) e
+ (BD7 + yE7) ™" } [M,,e<k> + (Mpy1 + XaM,) e®™
+ (Mpy2 + XaMy 11+ XsMp) e 4 (M5 + XoM,y 10 + X3M, 1) e(k)””]
+0 [e(k)4],
=(1—a—B—PMpe® 4 [(1—a—B—7)Mpi1 — (& +26 +37)XaMp| e 18)
+ [(1 —a—=B—=7)Mpia+ (a +2B+37)XaMpi1 — (a + 2B+ 37)X5M,
— (5B +147)CEM, [e®"™ + [(1 =& — B — 1) My 5 — (a+ 28+ 37) Xa My
— (& + 2B +37)X3Mp 11 — (& + 2B+ 37) XgM,] @
+ [-(5B + 147)C3M, 11 + (3 +87)CaXaMy — (B +37)Xs XM,
+(28 +107)C3M,, + (B +27)C2CaMy | e,

From (18), we derive the system,

l-a—-B—7 = 0,
a+28+3y = 0,
56+14y = 0,
whose solution is &« = 4 ,B = % and v = %. Simplifying the resulting error equation, we get

1
elk+1) = 3 [2C2 (CrAp; — AGy) -3 (C3 + C%) G+ C2C3] Mpe(k)p+3 +0 [e(k)pﬂ] ,
showing that the order of convergence will be p + 3. This ends our proof. O

3. Numerical results

Below, we present several systems of nonlinear equations that we solve to confirm the reliability
of the methods based on the conditions stated in Theorem 2. Specifically, methods that do not require
the evaluation of Jacobian matrices.

Each table displays the initial approximation x(%) used to find the solutions. Additionally,
we indicate the number of iterations (Iter) required for the schemes to converge, the approximate
computational order of convergence (ACOC) for each method, and the approximate computational
time (e-time) required (in seconds).

The calculations have been performed with MATLAB programming software, using variable
precision arithmetics with 2000 digits of mantissa and an error tolerance of € = 1078, In addition,
the expression (5) is used to calculate the approximated computational order of convergence ACOC.
Each table includes the CPU time used by each method to obtain the solution. It is important to note
that the computer used for these calculations has the following software and hardware specifications:
macOS Ventura operating system version 13.4.1, Intel Core i7 quad-core processor Chip M1 Pro, 16 GB
Ram Memory LPDDRS5 and year of manufacture 2021. In addition, we applied the following stopping
criteria:

0] (149)] <
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3.1. Computational Efficiency

Now, we present five classes of iterative methods that we use to apply our technique and perform
various numerical tests in relation to specific academic problems. Then, we apply the third step of
our approach to each of these methods. In a first step, we compute the computational efficiency index
of each of these methods, in order to be able to compare the methods of order p with the schemes
modified to p + 3 among the different classes of approaches.

The first scheme to be used to increase its convergence order and check its efficiency is a
modification of the method presented by Cordero et al. in [13], where we have eliminated the
Jacobian matrix. For simplicity we denote it as MET; , 4, where A represents the parameter selected in
that scheme, 4 is the order of the method and m = 2.

Y6 — 5 _ [x(ro G AH (xac)) 3, p]*l F(x®),
K41) = 20 [ (867 262 + G+ 1)] [ 4 AH (x®),x0;F| " F (x0),

forp=1, G (x(k),y(k)) =1- [x(k) +AH (x(k)> ,x(k);F] B [x(k),y(k);F] ,

METL/\A .

wherek =0,1,2....

The second test scheme we employ in this paper is Traub’s method, which is introduced by Traub
in [14]. The system-transferred version of this method, where the Jacobian was also replaced by the
split difference and m = 2, is represented by the following expression:

g = 20 [0 £ ap (x), 2 p]‘l F(x®),

METZ’)\,C), . 1
x(k+1) = x(k) — [x(k) + AH (x(k)) ,x(k);P] [F (x(k)> + F (y(k))] ,
wherek =0,1,2....

Chun’s method was initially introduced in [15]. Now, we present a modification of this scheme,
in which we replace the Jacobian matrix with the divided difference for m = 2.

y® = 20— [0 L ap (x0), 2 p]‘l F(x),

MET A4Sy ) v — (3200 [+ AH (x) ,x(k);p]*l F(y®),

being rk) — [x(k) + AH (x(k)) ,x(k);F] [x(k),y(k);l-"] ,wherek=0,1,2....

Ostrowski’s method presented in [10] and transferred to systems by Grau et al. in [16], as in
the previous cases we modify this method by replacing the Jacobian matrix by the split difference
proposed in this work for m = 2.

y® = x0) [ ¢ AH (x0) £, p]‘1 Flx),

METy 4 -1
x(k+1) = y(k) — [Z[x(k)/y(k),F] — [x(k) +AH (x(k)) ,x(k);F]] F (y(k)) ,
wherek =0,1,2....

Finally, we employ the family of iterative methods proposed by Cordero et al. in [17]. This class,
characterized by having convergence order p = 6 in three steps, allows us to apply our new technique,
stated in Theorem 2, resulting in a transformation of the scheme into a four-step method, achieving an
increase in its convergence order up to p = 9 units. The adoption of this advanced technique promises
to offer a level of accuracy and efficiency in the results obtained. This scheme takes its new form after
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replacing the Jacobian matrix by the proposed divided difference for m = 2, its iterative expression in
three steps is as follows:

y®) = x(0) _ [x<k> L AH (xac)) x(®). p] F (x< >)
METs5 )6 200 =y — (2 [x(k),y(k); ] [x(k +AH (¢ ) x®); ])AF (y(k)) ,
k1) — () _ A F (z<k>) —(1+9) [1 _ r(k)] [ x® 1+ AH ( (k)) ,x<k>;p]*1 r (z<k>) .

for A = |y [x®) + AH (x(k)) ,x(k);F] ' +(1-1) [x(k),y(k);l-"] ] and Note that in each method
we use the value A = 0.001. After several numerical tests, we found that the iterative schemes converge
faster to the solution when A is near to zero.

We apply to each of them the conditions of Theorem 2 in order to increase their orders of
convergence from p to p + 3.

In Table 1, we present information on the order of convergence, the number of scalar functional
evaluations per iteration, the number of products/quotients per iteration, and the computational
efficiency index (CI) for each method, both before and after applying our proposed third step. It is

important to remember that in order to evaluate the function in one iteration, the computation of
2

scalar functions is required. The number of scalar function evaluations is n° — n for any split-difference
evaluation [x(k), y(k) ; Fland n? — 2n for the expression [x(k) +AH (x(k)) , x(*) ; F ] Furthermore, to each
iterative class presented after applying our scheme, we refer to them as MET , , through MET5 ) ,

respectively, where p represents the convergence order of each modified method.

Table 1. Computational efficiency index of order p and p + 3.

Original methods
Scheme C. Order d Op CI
MET 5 4 4 2m? —2n  Ind 41202 —In 4V(AR)W 14 =(7/3)n)
1\/115"1*2,/\,3 3 n2 %1’13 o2 — %I’l 31/((1/3)n3+3n2—(1/3)n)
MET; 5 4 4 22 —n Ind 4 an? —In 4V(QR)Prer*—(/3)m)
METy ) 4 4 2 —n I 4on? —In 4V(QR)P 4 —(4/3m)
METS,/\,6 6 212 %1’13 +e6n2— %I’l 61/((1/3)n3+9n2—(1/3)n)
Schemes with modified order
MET, , 7 — Mod 7 2 —n 3 3118n% —In  7V(AR)H20m = (4/3)m)
MET, ) 6 — Mod 6 n2+n gn +8n% — %n 61/ ((1/3)m*+9n*+(2/3)n)
MET;,) 7 — Mod 7 2n? 3 + 1012 3n 74/((f3) + 120>~ (1/3)m)
METy , ; — Mod 7 2n? Indp8n2—L1n 7V 4100 =(1/3)n)
METs 5 g — Mod 9 2+ I 41202 —1n QU3 +20m4(2/3)m)

In Figures 1 and 2, we can observe the computational efficiency behavior of our technique, both
for the methods MET  , through MET5 ) ,, and for the modified methods by incorporating our third
step when applied to small and large systems.
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—MET 4

—MET 4 _METhns

—METy; _METy 1

—MET; 4 — MET

—METy,  MET s

—MET;s 56 =

14 16 18 20 4‘0 50 60 70 80
n n
(a) Efficiency index of order p for small (b) Efficiency index of order p for large systems
systems of equations of equations.

Figure 1. Efficiency index for methods of order p.

[~MET; - — Mod|
|- MET ¢ — Mod|
—MET; 7 — Mod,
- METy 7 — Mod
— MET;,9 — Mod,

[—MET; 7 — Mod|
| METy,5 — Mod|
Mo

A\  od)|
—MET; 59 — Mod|

- L L T T
10 12 14 16 18 20 10 20 30 40 50 60 70 80
n n

(a) Efficiency index of order p + 3 for small (b) Efficiency index of order p + 3 for large
systems of equations systems of equations

Figure 2. Efficiency index for methods of order p + 3.
3.2. Some academical problems

Example 1. The first case we present is a system of equations of size n = 20,

20
(M?+D2<§:ﬁ>4ammn@:0,jzlipnn (1)
m=1
The solution of system (1) is given by & ~ (0.175768, ...,0.175768)" and the initial estimate used is x(©) =
(3,3, HT.

Example 2. The second case presented is a system of size n = 30,

30
Xj — €Os <2xj—2xm> =0, j=12,...,n (2)
m=1

The solution of system (2) is & ~ (0.486743,...,0.486743)" and the initial estimate used is x(0 =
(43 l)T
51513) -

Example 3. The third case presented is a system of size n = 30,
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xij+1—1 =0 j=12,...,n—1 3
x2x;—1 = 0,

).

Example 4. The fourth system presented has size n = 40, the expression representing this system is given by:

NI

whose the exact solution is ¢ = (1,1,..., 1)T, and initial estimate is x(©) = (%, %,. ..,

x]-x]-+1—l = 0, ]'=1,2,...,1’171, (4)
x,x1—1 = 0.
The exact solution of the system (4) is ¢ = (1,1,. ..,1)T, for which we use the initial estimate x0) =
33 3\T
(?’?""’7) :
Example 5. Finally, we consider the system
xjsin (xjy1)—1 = 0, j=1,2,...,n—1, )
Xpsin(x1)—1 = 0.

A system of size n = 40, and we select the initial estimation x(0) = (%, %, ., %) T to approximate the solution
¢~ (1.1141,1.1141.. ., 1.1141)T.

The Tables 2—6 provide strong confirmation of our theoretical findings as the application of
the proposed scheme to each class yielded a convergence order of p + 3. Remarkably, the MET, 5
class exhibited outstanding efficiency, particularly in terms of computational time, when compared
to alternative approaches that do not utilize Jacobian matrices. This observation reinforces the
practical viability of our technique and its potential to significantly accelerate numerical computations,
supporting its relevance in academic problem-solving.

Table 2. Numerical results for Example 1.

x(©) Schemes Hx(k*‘l) —x® H HF (x(k+1)) H Iter ACOC e-time
1 MET; go0017 5.97084 x 1077 2.28557 x 107°° 3 7 36.042129
2 MET, 000016 149472 x 10~ 557149 x 1022V 4 6 29.970914
: MET3000017 624761 x 1077 319194 x 10~>° 3 7 35.809333
1 MET, 000017 321705 x 10~ 1T 6.09164 x 10~7° 3 7 32.057150
P METs5 000019 259355 x 10~1© 257919 x 10~ 3 9 35.072059

Table 3. Numerical results for Example 2.

x(© Schemes Hx(k*‘l) —x® H HF (x(k“‘l)) H Iter ACOC e-time
1 MET; goo17  4.79372 x 10~ 1.05769 x 10722 3 7 62.517649
2 MET, 000016 4.0445 x 103%  1.62857 x 10~ 17 3 6 41.767678
: MET; 000017 499649 x 10~%  1.43001 x 10~ 3 7 60.174395
1 MET 000017 379676 x 10~ *  9.34063 x 10501 3 7 59.730706
2 MET500001,0 8.03053 x 10~°7  1.7569 x 10~ °0% 3 9 61.974947
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x(©) Schemes Hx(k“) —x(®) H HF (x(k“)) H Iter ACOC  e-time
3 MET go0017 429798 x 10713 1.74729 x 107%° 3 7 49.968165
2 MET 000016 7.04681 x 10~ 10  1.88785 x 1072 3 6 33.644034
: MET3:0_0001:7 459580 x 10~ 13 2.84399 x 10~ 3 7 47.877513
3 MET, 000017 700027 x 10~ 7 7.71875 x 10~ ! 3 7 48574717
2 METs5000010 393811 x 10~  4.0315x 10~ 3 9 47.829303

Table 5. Numerical results for Example 4.

x(0) Schemes Hx(k“) —x®) H HF (x(k“)) H Iter ACOC  e-time
3 MET go0017 342900 x 10723 1.73936 x 10~162 3 7 85.570920
2 MET) 000016 2.12985 x 10~/ 149899 x 10~ 1™ 3 6 56.147216
: MET; 000017 323467 x 10~%  2.78702 x 10-162 3 7 83.842336
3 METy00001,7 428905 x 1027 169352 x 10~ 3 7 81.009858
) METs5 000019 6.93376 x 10~%2  8.80969 x 1078 3 9 81.163539

Table 6. Numerical results for Example 5.

x(©) Schemes Hx(k“) —x(®) H HF (x(k“)) H Iter ACOC e-time
3 MET; 900017 6.85093 x 10730 440923 x 1072 3 7 88.183026
4 MET, 000016 7-36696 x 1051 1.36910 x 10~ 3 6 57.656010
: MET3,0_0001:7 7.34097 x 10736 715417 x 10~2° 3 7 84.166798
3 MET, 000017 2.15009 x 10~/ 1.29829 x 1072 3 7 82.999383
1 MET5 000010 352145 x 107 4.99971 x 107°¥ 3 9 83.408546

14 of 17

3.3. Application of the finite difference method on a model of nutrient diffusion in a biological substrate

Now, we focus on the detailed study of a nonlinear elliptic initial value and contour problem,
which has been previously treated in [18]. To enrich and improve the analysis, we have introduced an
additional term in the equation, namely |u|, which makes the problem non-differentiable.The proposed
partial differential equation has the ability to model a wide range of nonlinear phenomena in physical,
chemical and biological systems.

In the following, we delve into an applied problem concerning the modeling of nutrient diffusion
in a biological substrate. We will state the problem and discuss the potential implications that solving it
could have for researchers in various fields and for farmers, as well as the interpretation of its solution.

In the context of agriculture and biotechnology, let us consider a two-dimensional biological
substrate that represents a cultivation area or a growth medium for microorganisms. We aim to
understand how nutrients diffuse and distribute within this substrate, impacting the growth and
health of the organisms present,

Pu Pu 3 . )

Frolgr u(x,y)® + |u(x,y), withQ={(x,y)eR*:x,y¢[0,1]},
u(x,0)=2x2—x+1, u(x,1)=2, 0<x<]1, ©)
u@y)=22-y+1, u(ly)=2  0<y<L

In this scenario, u(x, y) represents the concentration of nutrients at each point (x, y) within the
substrate. The equation reflects how nutrients diffuse within the substrate, while the term u(x,y)> +
|u(x,y)| incorporates the interaction between nutrient concentration and the biochemical processes
present in the substrate.

The boundary conditions are derived from the conditions at the edges of the cultivation area. The
conditions at the lateral edges (x = 0 and x = 1) could reflect the initial nutrient concentration or the
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constant input of nutrients into the substrate. The conditions at the upper and lower edges (y = 0 and
y = 1) could represent nutrient absorption by plant roots or interaction with microorganisms on the
surface.

Solving this problem would enable researchers and farmers to understand how nutrients are
distributed within the substrate and how they impact the growth and health of the organisms present,
providing valuable insights for optimizing agricultural practices and enhancing biological yields.

As an illustrative example, we solve this equation for a small system, employing a block-wise

approach to represent it as follows.

1 1
We create a mesh for discretizing the problem h = , k= , we have the mesh point
n+1 m+1

(xl-,y]-) withx; =ihi=0,...,n+1landy; = jk,j=0,...,m+1, such that:

7

(X3, ) + ayy (X3, y5) = u(xi,y7)° + |u(xi, y))
So, by approximating the partial derivatives by central divided differences, we have

u(xiy1,Yy;) — 2u(x;, y;) +u(xi—1,Yy;) N u(xi,Yjv1) — 2u(x;, y;) +u(xi,yj—1)

2 2 = u(x;, y7)* + [u(xi, )|,

fori=1,...,n andj=1,...,m.
Now, we denote u (x;, yj) = u; ; simplifying the notation we obtain:

2 ()\2 + 1) Ujj— A2 (ui,]'+1 + /\Zui,j_1> — (ui+1,j + ”i—l,j) + W2 <uf} + |ui]'|> =0, (7)

with A = h,i =1,...,nandj=1,...,m.
The equations (7) together with the boundary and initial conditions form a nonlinear system of
size (nm) x (nm) given by:
Tu(x,y) + h*v (u(x,y)) =W,

where

A B 0 0 2(A%+1) -1 0 - 0

B A B -1 2 (AZ + 1) 1 :

T=1| o0 o | A= 0 0 ,
S . . B : ' Lo 4
0 -~ 0 B A 0 0 -1 2(A%+1)
T
B = A% Ly, u = (ug,...,ug)",v(u) = (u%,...,us)T + (|u1|,..., \ud|) , with d = nm. in
addition, W denotes a vector containing the boundary conditions. We can set the nonlinear system as
follows,
P(u) = tu(x,y) + h%(u(x,y)) -W=0. (8)

Let us define the differentiable part as F(u) = h? (uy,...,uz) + h* (u3,... ,ug)T — W, and the
non-differentiable part as G(u) = h? (Juy], ..., lug))T, so that the equation F(u) + G(u) = 0 holds.

To solve the equation (8), we employ the iterative method MET; , ¢ — Mod. We generate an initial
approximation u(®) = (1,1,...,1) of the exact solution u(x,y). During the execution of the iterative
process, we use variable precision arithmetics with a precision of 100 digits. We define the stopping
<1078 and

criterion as the difference between two consecutive iterations, such that Hu(”+1) — ()

also HP (u(k)> < 1078, The technical specifications of the computer used to solve this case are
identical to those employed in solving academical problems. In this instance, we select n = m = 25.
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Solving the system associated with this PDE, we write the solution of the system represented in
the following matrix.

1 0.96449704 - -- 0.911242 0.89349112 ... 1.78106509  1.88757396 2

096449704  0.94077958  --- 0.89904994 0.88363618 --- 1.18118983  0.86468611 2
0.93491124 091837384 ---  0.8853521  0.87175486 -.- 0.80447293 0.49872502 2

09112426  0.89904994 ... 0.87168096 0.85914444 ... 0.57490717  0.3266623 2
0.89349112  0.88363618  --- 0.85914444  0.8468333  -.- 0.43058144 0.23355179 2

0.8816568  0.87257659 ...  0.84851767 0.83559769 -.- 0.33553995 0.17732774 2

w(xiy)) = 0.93491124  0.90648025 --- 0.84363755  0.8109766  ---  0.1225449  0.06200892 2
7l 096449704  0.9290334  --- 0.85300742 0.81435483 --- 0.10830767  0.05468412 2
149704142  1.27264469 .- 0.89476719 0.75181019 ... 0.03252994 0.01627615 2
1.58579882  1.29317295 ---  (.83884556  0.68304563 ---  0.02596847 0.012988 2
1.68047337  1.27872037  --- 0.73904355  0.5790819  --- 0.01945358 0.00972662 2
1.78106509  1.18118983 --- 0.57490717 0.43058144 --- 0.01296163  0.00647928 2
1.88757396  0.86468611  --- 03266623  0.23355179  ---  0.00647928 0.00323844 2

2 2 s 2 2 e 2 2 2

After 3 iterations, the obtained solution satisfies Hu(3) —u®| <534 x 1075, and the norm of the

nonlinear operator P(u) evaluated at the last iteration is such that H’P (u(S)) H < 7.035¢ x 10734, The

approximate solution in R%%5, resized to a 25 x 25 matrix for 7, j=1,...,25 and then embedded in the

solution matrix within the grid bounded by the boundary conditions, is presented in the matrix above.

We can affirm that the values u(x;,y;) obtained fall within the range 0 < u(x;,y;) < 1.3. In the
context of the posed problem, involving the diffusion of nutrients in a two-dimensional biological
substrate, these observations take on fundamental significance. The concentration of nutrients u(x;,y;)
demonstrates a trend in which values are bounded between 0 and 1.3. This limitation in concentration
implies a biological equilibrium in the system, where absorption, diffusion, and biochemical reactions
harmonize. This characteristic suggests that the system is stable and well-regulated in terms of nutrient
availability.

The coherence between the obtained values and the initial and boundary conditions of the problem
reinforces the validity of the solution. This indicates that the nutrient distribution aligns with the
influences of the boundary conditions, thus supporting the biological interpretation of the model.

The influence of the differential equation u(x, y)3 + |u(x, y)| is reflected in the limited concentration
range. This implies that biochemical interactions between nutrients and present species are influencing
nutrient distribution in the substrate.

In summary, the observation that the internal values of the solution matrix u(x;,y;) lie within
the range 0 to 1.3 suggests a balanced, stable, and regulated biological system in terms of nutrient
concentration. The alignment with the conditions of the problem and the influence of biochemical
interactions endorse the validity of the obtained results and their interpretation in the context of
agriculture and biotechnology.

4. Conclusions

In this paper, we have presented an innovative proposal that shows an ability to increase the
order of convergence from p to p + 3, without relying on Jacobian matrices. Our validation is
solidly supported by consistently obtaining this three-unit increase, as evidenced in various academic
problems. This approach has generated equally significant results, translating into an increase of the
order of convergence by p + 3 units in each of the iterative classes we use to perform our numerical
tests as we already assumed. Finally, we have successfully tackled the resolution of a problem modeled
by a nonlinear partial differential equation describing the phenomenon of nutrient diffusion in a
biological substrate.
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