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Abstract: This paper presents a robust fitted mesh finite difference method for solving a system
of n singularly perturbed two parameter convection-reaction-diffusion delay differential equations
defined on the interval [0,2]. Leveraging a piecewise uniform Shishkin mesh, the method adeptly
captures the solution’s behavior arising from delay term and small perturbation parameters. The
proposed numerical scheme is rigorously analyzed and proven to be parameter-robust, exhibiting
nearly first-order convergence. Numerical Illustration is included to validate the method’s efficiency
and to confirm the theoretical predictions.

Keywords: singularly perturbed delay differential equations; numerical methods; convection - diffu-
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1. Introduction

Singularly perturbed differential equations (SPDEs) are integral to many fields, including fluid
dynamics, chemical reactor theory, population dynamics and control systems [1,2]. Within this class,
singularly perturbed delay differential equations (SPDDEs) present additional complexities due to
boundary and interior layers that arise from small perturbation parameters and delay terms, making
numerical solutions challenging. Established techniques like fitted mesh [3] and fitted operator
methods [4] have provided accurate solutions for SPDEs, with notable work by Cen [5], who used a
hybrid scheme with a Shishkin mesh to achieve near-second-order convergence. Similarly, Gracia et
al. [6] developed a monotone method for SPDEs with two parameters influencing convection and
diffusion. SPDDEs typically involve boundary value problems influenced by two small parameters,
pande; (i =1,2,...,n), whose interactions generate complex layer behavior governed by the ratio
y#?/€;. This work aims to construct a parameter-robust numerical method for system of n SPDDEs
as both parameters approach zero, addressing boundary and interior layers accurately regardless of
perturbation values. Stability is established, and bounds for the solution’s derivatives are derived,
supporting the convergence of the fitted mesh finite difference approach, which attains nearly first-
order accuracy. Several studies have addressed singular perturbation problems, emphasizing their
asymptotic behaviour, the development of parameter uniform methods and delay differential equations
to achieve robust and accurate solutions across varying the perturbation parameters [7-9]. The novelty
of this research lies in addressing a system of n SPDDEs involving two small parameters in a convection-
diffusion context, contrasting with prior studies that either considered single delay equations [10],
system of two equations without delay terms [11] and system of two equations with delay terms [12].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This paper considers interacting variables affected by both delay and two distinct small perturbation
parameters, €; (i = 1,2,...,n) and y introducing challenges in boundary and interior layer formation.
To overcome these challenges, this paper presents advanced mesh techniques and robust numerical
schemes that effectively resolve layers and achieve parameter uniform convergence, significantly
enhancing the numerical analysis of SPDDEs.

2. Formulation of the Problem

The system of singularly perturbed delay differential equations involving two small parameters
is under consideration,

En (3¢) + pA(5e)0 (3¢) — B(5)ii(5¢) + D (3)ii(3c — 1) = f(2) forall 2 € O = (0,2), (1)

W=¢ on[-10], u(2) =r

158 f1 €1 o --- 0 aq (%) 0 s 0
u 5 2 0 e 0 0 ay(x) 0
Hereii— | 2|, 7o | 7] E= A= | ,
u, fn 0 0 --- €4 0 0 coeap()
b11(s)  —b1a(se) - —byu(50) o1(%) 0 - 0
—bo1(s) b)) - —bau(3) 0  0(%) -+ 0
B(x) = . ) . . n ,D(») = . . ) ) , where ¢;,
—bu1(2) —bua(3) -+ buu(s) 0 0 - ()
i =1,2,...,n are small parameters satisfying 0 < €] < e < -+ < €; < 1 and y is another small

parameter with 0 < p < 1. The coefficient functions a;(s¢), b;j(5¢), 9;(>¢) and f;(5¢) are all sufficiently
smooth throughout the domain Q) = [0,2] and a;(3) > & > 0, b;i(52) + LJ_ b;j(5) = p >0, 2;(5) >
0, bii(50) + Xy bjj(30) = 0i(3¢) 2 x>0, fori,j=1,2,...,nand i # j. The ¢(x) is sufficiently smooth

Ly bij(50) —0i(5)

a07) fori =

over the interval [—1,0]. The value of v is determined as y = min_ ¢ (
1,2,...,n and i # j. When p = 0, the above problem without delay, has been considered in [13].
The problem demonstrates boundary layers influenced by both €; and y, in particular, the layers are
influenced by the ratio of Z—IZ If %2 < %, 1 <i < n, the reduced problem can be expressed as

—B(o)u(s) + D(x)ii(c— 1) = f(5), € (0,2], 2

with boundary conditions i(sc) = ¢(3) on [—1,0]. This predicts that there will be a boundary layer

of width O(,/€;) near » = 0 and an interior layer at s« = 1, arising from the unit delay component,
under the assumption that 1i(0) # $(0). Additionally, a similar boundary layer of width O(,/€;) is

2
anticipated near » = 2, along with an interior layer at »c = 1, if 1(2) # 7. If % > %, 1<i<j<n,the
reduced problem is

AW (32) — B()ii(3¢) + D(30)ii(3c — 1) = f(3), € (0,2), ©)

with boundary conditions 1i(») = $(¢) on [—1,0], 1i(2) = 7. This problem remains to exhibit singular
perturbation behavior due to the parameter y. It is expected that a boundary layer with a width O(p)
is anticipated near > = 2, and an interior layer at 5z = 1 (due to the delay), unless the solution at s = 2
differs from 7. Additionally, a boundary layer of width O(%) is anticipated near > = 0, with an interior
layer at 2 = 1, if 1i(0) # @(0). Numerical experiments indicate that the interior right layer weakens
considerably when €; < p?. Consider the problem

iﬁ(%) = EZ"(50) + pA(5)Z (32) — B(5)Z(5) = §(3¢), € )y, 4)

d0i:10.20944/preprints202502.1651.v1
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with boundary conditions Z(0) = $(0), Z(1-) = Z(1+), Z'(1-) = Z/(1+), Z(2) = 7, where
3(5¢) = f(5¢) = D(3) (3¢ — 1), for e € Oy, Q1 = (0,1) and O = (1,2).

3. Analytical Results

This section presents a minimum principle, establish a stability result for the problem described
by Equation (1) and provide its estimates for the derivatives of the solution.

Lemma3.1. Let ) = (¢, ¢, -, )7 besuch that (0) >0, §(2) >0, Lygp < 0on (0,1) and Lygp < 0
on (1,2), (1) =0, 1_[3/(1 <0, then ¢ > G on [0,2].

Proof.

Assume »* and s* are such that . () = min (). Suppose . (") < 0. Then, »*

i
»eQ),s=12,--n
cannot be at the boundaries 0 or 2. At s*, the first derivative of ¢ _., denoted as ¢’. (»*) = 0 and the
S S

second derivative 3. (»*) > 0.
Claim (i): »* ¢ (0,1). If »* € (0,1), then

(Ligh)s (5) = e 9 (5") + pag (3" )p (57) = ) b (5" )p(57) > 0,

which contradicts the assumption that L;g < 0 on (0,1). Thus, »* ¢ (0,1).
Claim (ii): »* ¢ [1,2). If »* € [1,2), then

M-

(Lapp)sr (52*) = o9l (5) + pase (5 )l (5) = Yo [bsej(5) | (527) = 00 (") e (5 = 1) > 0,

1

]

which contradicts the assumption that Ly3 < 0 on [1,2). Hence, »* ¢ [1,2). When »* = 1, the
differentiability of ¢. at >z = 1. If ¢/ (1) does not exist, then ¢.. (1) = ¢L.(1+) — L. (1-) > 0,
which contradicts the condition /. (1) < 0. If 9. is differentiable at ¢ = 1, then pas(1)9pl. (1) —

j—1 bs* ]-(1)1[)]-(1) > 0. Since all entries of A(s), B(s) and 1[7]-(%) are continuous on [0, 2], there exists
an interval [1 — h, 1) where

pags ()l () — Z% bs*j(%)IIJj(%) > 0.

Next, the second derivative . (5)is examined, if ", (p) > 0 forany p € [1 —h,1), then (Li¢)s: (p) >
0, which leads to a contradiction. Therefore, the assumption ¢’ () < 0 on the interval [1 — I, 1). This
indicates that .. () is strictly decreasing over [1 — I, 1). Given that ¢’.(1) = 0 and ¢.. is continuous
on (0,2), it follows that 9. (>r) > 0 on [1 — i, 1). As a result, the continuous function ¢ _. () cannot
attain a minimum at » = 1, which contradicts the assumption that »* = 1. Thus, ¢ > 0 on [0,2]. The
proof of the lemma is complete. g

Lemma 3.2. (Stability Result)
Let ¢ € C?(Q)). For % € Q,

- — 1 — 1 —
9] < max{ 1G] 9] LIl el |-

Proof.
Define

— — 1 — — 1 —
M= max{ [HOL @], G0, 1Bl |

d0i:10.20944/preprints202502.1651.v1
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Consider the functions 6+ () = Mé + (5), where & = (1,1,--- ,1)T. Clearly, §+(0) > 0, 6+(2) > 0,
L16% (5¢) < 0and Ly0% (5) < G for all 5 € Q). Hence, by Lemma 3.1, proves that |1p;(5c)| < M, which
yields the required result. The proof of the lemma is complete. O

Theorem 3.1. Let ii be the solution of (1) and then, its derivatives satisfy the following bounds on (2,

k
MWMSQEVQ+&%>>MMWNNL (6)
3
1&WMS“%PG+Q%>>M%WMWWﬁW @)
4
mm@g“;ﬂo+ag)>m4wmmwﬂwﬂﬂ ®)

where the constant C is independent of e;and y ,i=1,2,--- ,nand k =1,2.

Proof.

The proof follows the methodology outlined in Lemma 2.2 of [8]. For any s € (0, 1), a neighbor-
hood N, = (p,p + \/€;) such that >z € N, and N, C (0,1). According to the mean value theorem,
there exists a y € N, satisfying

2w

)= ui(p + /€) —ui(p) — |ui(y)| < 2

€i €;

/

w;(y

Now, it follows that u}(5) = wi(y) + [;” uf (X) dR. Thus,

|aws;ﬁ+£)mwwwm

®) (4)
i i
established for higher-order derivatives through analogous manipulations. The proof of the theorem is

The bounds for u is obtained from Equation (1). Similarly, the bounds of u;”’ and u;~’ can be

complete. O

4. Shishkin Decomposition of the Solution

For each of the cases ucyz < 7ve; and ayz > vej, i is expressed by 1 = 6 + oL + @R, where

L\ JT(¢), forxe[0,1)
o) = {g(%), for 3¢ € [1,2] ©)
w1 (52) w K1 (32)
w1 (3¢ wyR1 (3¢
wh (5) = '2 () , forxe(0,1) WR (5) = _2 ( , forxe[0,1)
oL(50) — Wy (52) SR () — wy ™1 (52)
i w12 S w ()
La(s, Ra(,,
3269 =12 e SR =1 e
wan(%) wnRz(%)
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Case (): ap® < ve;
In thiscase, for1 <i <mn,
L17(s¢) = §(5), for € (0,1), 7#(0)and 7(1) are selected, (10)
[28(3) = f(3), forsx e (1,2), §(1)and3(2) are selected, (11)
§(5) =7(>¢) on [0,1), (12)
L@l () =0, fors € (0,1), @"(0) =u(0) —6(0) —cy(e;, u), @ (1) =0, (13)
L@ (3) =0, forsxe (1,2), @"2(1) =ki(ej,n) —ca(ej,n), @2(2) =0, (14)
@ (5¢) = W (), for € [0,1), (15)
LiwRi() =0, forsxe (0,1), @R(0)=rci(e,n), @N(1)=kale;,n), (16)
LR () =0, forsxe (1,2), @R2(1) =cy(e;,n), @ 2(2) =1i(2) —6(2), (17)
@2 (3¢) = @R (5), for 2 €[0,1). (18)
Case (ii): ap? > V€
In this case, for1 <i<j<mn,
[17(%) = §(5), fors € (0,1), 7(0)and 7(1) are selected, (19)
[28(3) = f(3), forsxe (1,2), §(1)and3(2) are selected, (20)
§(s) =7(>)on [0,1), (21)
Lyl =0, forsxe (0,1), @ (0) =1(0) —8(0) —ci(e;, p), @ (1) =0, (22)
L' =0, forsxe (1,2), @2(1) =ki(e;,u) —cales,u), @2(2) =0, (23)
@2 (3) = Wl (3), for € [0,1), (24)
LiawR =0, forsxe (0,1), @R0)=ci(ep), @) =ko(ei ), (25)
LR =0, forxe (1,2), @2(1) =cae,p), @°2(2) =1(2) —5(2), (26)
@2 (32) = @R (%), for s €[0,1). (27)

To ensure the jump conditions at >z = 1 in Equations (10) and (19) are satisfied, the constants k1 (€;, jt)
and k; (€;, i) must be selected appropriately. Additionally, the constants ¢ (€;, ) and ¢y (€;, u) should
be determined independently for the cases au? < ye; and ap? > 7€, ensuring they meet the bounds
required for the singular component. Given that 1i(0) and 1i(1) are bounded by constants that do not
depend on €; and y, even though c1, ¢y, k1 and k; are functions of €; and y, the magnitudes |c1], |c2],
|k1| and |k;| are constants independent of €; and .

5. Bounds on the Regular Component and Its Derivatives

To establish the result, by estimating bounds for the smooth components and their derivatives on
the interval [0, 1] and then use these bounds to extend the estimates to the interval [1, 2]. Specifically,
by decomposing each component with respect to €;,, then apply €,,_; to the first n — 1 components,
followed by €,,_, for the first n — 2 components, and so on. This step-by-step decomposition approach
is as follows for both cases.

Case (i): ap® < ve;
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Establishing the bounds of the regular components 7 and §, it is broken down as
?:ﬁﬂ+\/a§n+\/52q'n+\/a3ﬁnz §= @n+\/a§n+\/azzn+\/a3¥n
where G, = (9,1, 952, s Wn) L D1 = (©n1, ©n2s s un) | is the solution of
=By (50)G,(3¢) = §(5¢), fors € [0,1], (28)
— By (50)Pn(3¢) + Du(3)Fn (3¢ — 1) = f(3¢), for s € [1,2], (29)
where 3 = (311,302, - 3nn) T Bn = (8u1, Gn2, - Gun) | is the solution of
B (5)3u(3¢) = Ve, E"’” +uve, Anl)n, for »c € [0,1], (30)
Bn(%)ﬁn(%) - Dn(%)gn(% ) \/> E_)// + ,u\/E An@n/ for » € [1/2]/ (31)
where G, = (41, dn2s o Gun) T €y = (L1, €n2, ooy Unn) T is the solution of
- -1 —1 7
Bu(5)dn() = Ve, E3, +uve, Aus, forxel0,1], (32)
Bn(%)zn(%) = Du(5)dn(%—1) = Ve, E_’H +uve, Angnr for 2 € [1,2], (33)
where 5, = (p1, P2, oo ) T G = (41, tn2, ooy tun) T is the solution of
N . 1 .
LiBu() = Ve, Ef +uv/e, Ay on (0,1) (34)

-

Lotu(50) = Ve, 'E0" + uv/e,  Anl on (1,2), Z,(2) = Gand Z,(0) remains to be chosen.  (35)
Since the matrix /€, ~1E has entries that are bounded, it follows that, for 0 < k < 3,

_.k 2(k
159 I<clePl<cli®i<c 1 I<cli® 1< |<c (36)

Now using Theorem 3.1 and (34), (35), for the choice of p;, (0) = 0, t,,(0) = 0, then

It | < CVe, ", [ < cve, . (37)
Then from (36) and (37) yields
9] < 1+ (Ve )8, It < cl+ (ve,)* ). (38)
To establish the estimation the bounds rl(k) and sgk) for 1 < i < n—1 and notations are defined
€1 0 ... 0 aq 0o ... 0 [)11 —b12 _bll
0 € ... 0 0 a ... 0 —521 522 _bZZ
fOI'lSlSVZ,E[: . . . . /Al: . . . . /Bl: . . . . ’
0 0 ... €] 0 0 R _bll —[112 b”
0o 0 ... 0
0 9 ... O o T ..
Di=|. . . . |lb¢=0neeme) 80y = o1 8012 - 8a-1)a-1)) T, with
0 0 ... 9
811y = _\%q;’j + %elAlq; j+bjpy. To proceed with the analysis, let us focus on the first n — 1

equations of the system described by equations (34) and (35). It follows that

i

Ly, n) ﬁn =Ey ﬁg( )+ Au1(5) 5;1(%) — By _1(x) En(%) =8, 1(5),
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-

Lo ) B = Enc1 0o(2) + A1 (1) T (x) = Byumt (3) T (x) + Dy G)la (3 — 1) = £,y (x).

The next step involves decomposing §, similarly to equation above

E;n =11+ vV €n—13n—1+ vV €n—12ﬁ'n—1 + v en—13ﬁn—1-

Similarly proceeding like above, the problem associated with §,_1, is similar as in (34) and (35).
By applying the estimates, the bound on the solution is obtained for 0 < k < 3, ||ﬁ,(1k_)1 | < C(1+

_ —(k _ —(k _k— . (k
(Ve )™ ), ||3,(121|| < C(ve,)7K, \|q,(121|| < C(y/€,) ¥=1. Then, by applying Theorem 3.1, and qfljl

) )(n—l)‘ < C\/Efﬁ;fl. Therefore, |r£lk_)1| < C(1+ (ve,_1)>7%), similarly for [1,2] , the

n—1
£k21| < C(1+ (e, 1)*7"). In an analogous way, singularly perturbed systems of I

equations is derived, where | =n —2,n—3,...,2,1,

yields ]pg

bounds implies |s

i1,(l+1) ﬁl+1 =L Eﬂl(”) + A () g?ﬂ(”) — Bj(x) El+1(”) = §,(»),

-

Lo giny B = BTG (x) + Ai(x) T (x) = Bi(x) T (1) + Dy (o) (5 — 1) = £ ().

Using similar decomposition, it can be found that |rl(k)| < C(1+ (/e)% "), similarly for [1,2], it
follows that |sl(k)\ <C(1+ (\/51)3*" ). Thus, satisfies the following bound for 1 <i <nand 0 < k <3,

<+ (Ve) ™), 151 < ca+ (Ve ). (39)

Case (ii): ap? > Y€
Establishing the bounds of the regular components 7 and §, it is broken down as

?:ﬁn+€n§n+€n2an+en3ﬁn/ §= ¢n+€n§n+€nzzn+€n3_{n-

Furthermore, the maximum principle for a linear first-order operator is established and demonstrated
within the framework of a terminal value problem. Define the operators

Ls = pAQG)E’ () — B()ii(52), (40)
Ly = w A>3/ (5¢) — B(5)ui(5¢) + D(5)ii(5 — 1). (41)

Decompose Hy, 31, Gu, ©n, Gn, Zn individually and similarly proceeding like case(i), the following
bounds are established for all 7 in the range 1 <i < n and k in the range 0 < k < 3,

|rlgk)| < C(1+E M3, |Sl(k)| < C(1+ &3, (42)

6. Layer Functions

The functions for the layers are denoted by %51 () and B! (5r),1 < i < n are specified over the
interval [0, 1],

I e , aps < ye e , aps < ye
Bl =1 s B =1 . 43)
e N, ay? > € e K(1—5) aps > e
The layer functions %52 (50), %?2 (5),1 <i < n are specified over [1,2],
—0;(—1) 2 < . —0;(2—>) 2 < ;
e ,  aus < ye e ; OpT S Y€
BP () = N () = ree (44)
e—/\,-(%—])’ 0(‘”2 > ,)/e] e—K(Z—%), sz > ’)/€]
where 0, = Z—’:‘; A= %,‘ K= %, for 1 < i < n. Following the Lemma 5 presented in [13], the points

s € (O, %) which satisfy the conditions, %5”, %jf’, %:” , %;p, 1<i<j<mnp=1,2and for the case

d0i:10.20944/preprints202502.1651.v1
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ap? < e, can be proved.

I, (k) Ly (k) L (k) L (k)
B! (5 B (s B2(s) —1 B2(2 —1

! (k,] ) = (kl’] ) on [0,1], — ( l’]]( ) = ( l’]]( ) on [1,2],
! e’ € €
€ ] ! ]

B (1 -y s - W) w22 -8y w2 W)
=t Y onfo1, ——-=—"L—""on[,2, 0<k<2
€ € €; €

Similarly for the case 0(]/[2 > ve;, it can be shown that there exist points %Z.(j-) ,s=1,2,31in (O, %) such

J L]

S s
61- 6]-

that %giﬂ (%i(;)) - %lp (%( ))

7. Bounds on the Singular Component and Its Derivatives
Theorem 7.1. Let @k, @R satisfy problems (13), (16) and (22), (25) for the cases ay® < ye; and au® > €|

respectively. Consequently, the components of W'v and WRv, p=1,2 satisfy the following bounds on (0,1). For
the case ucyz <7e€,1<i<mn,

;" ()| <CB) (),

;" ()| < C (7287 (50) + €, /2B (),

0P o)l < C Y e 120 (50,

k=i

Ly,(3) -1 = —1/2mlp S 1200l
W, ()| S Ce7 | Y e B (G + Y e B () ).

k=1 k=i
For the case ay® > e, 1 <i<j<mn,
[} (0] <CB,] (),
iV )| < Cu(e B () + € (),

i (56)| < Cpi2 z‘,e—zw (5),
k=j

L,,(3 _ 1
|wﬁ”<x>|sc;ﬁ< Zek )+ Y e B >>

k=j

Moreover, the components satisfy the following bounds of @WR1. For the case au® < e,
[} ()| <CB (),
W (5] < c( e V2B (50) + e;l/zsxff(%)),

|wfzpf(2)(%)| <C Zekfl/Z%;;P (%),

k=i

n
|w?’“’(3 )| < Ce (Z e V2B (50) + Zekl/z%?(%))

k=i

For the case vq/tz > €;,
i (50)] < CBY! (52),

Rp, (k)

w, """ (3¢)| < Cu= B, (50),k =1,2,3.
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Proof. For the case au? > e;, defining the barrier functions ¢+ = (¢1i, 1/)%, e, 1pff), where l[)ii =

copll + wiL1 fori = 1,2, - ,n. Itis evident that ;* (0) > Oand ¢ (1) > 0. Additionally, (L1§*);(5c) <
0 for all x in the interval (0, 1). Therefore, it can be demonstrated that |wlL1 (3)] < CBI (30). Considering

the equation of wiL1 from (22),
n

eiwiLl’ (5) + yai(%)wiLl’ () + ) bi]'(%)ijl (x) =0. (45)
=1
Ly L & L 1
This can also be written as, w;"" () + fal(%) v (%) = éz b,»j(%)wjl(%) = ;hi(%), where
=1 i

hi(s) =Y bl-j(%)ijl (»). Now, taking A;(0) = 4;,
j=1

x P AA(s)—A;
wh’ (%) = le’ (0)e ©i (A4i(>9)) +ei_1/0 hi(s)ei ds,

1

where A; () is the indefinite integral of a;(»). Using the bounds on 1, it is established that |wL1’ 0)] <

E(Ai(s) = Ai(»)) <e —E£B(—s)

-1 . . . — e
Ce; . Using the inequality e ¢ and using integration by parts, it follows

from the above that
Wk (5¢)| < c(ei—l%ﬁl(%) +e;1%£;(%)).

n
Using a similar argument, it can be |wL1’ () <CY e 2%5{1 (»). Differentiating the equation and
k=j
using a similar procedure as above, it can be shown that

|wiLl’/ ()] < C( Zek 2%11 )+ Zek 3%11( ))
=j

It has been established that |wL1’ () <C (ei_l%ﬁl (5¢) + €, Logh (%)) Consequently,

Lot () < (Ll + L),
j n

1

By introducing the barrier function ¢+ (3c) = C (%%gl () + %%f} (%)) + wiLl’/ (5¢), it can be demon-
strated that = > 0 on [0,1] and L;$* () < 0 on [0, 1], which implies

() < ¢ Lwlio) + v ).

=1 n
By introducing another barrier function ¢*(x) = C (;42 Y e 2%;(1 (o) +12 Y e, 2‘3;{1 (%)) +
k=1

k=j
" n
Ll , It can be derived that wh (3 < Cu? e-2%8" (5¢). Differentiating the equations of
wn i u = k ~k g q
=]
wL once and applying the bounds of le’ and le’ yields

\le’ (x)] < Cy3 (eil kZ: e;z%ll )+ 26;3%11 ))
=1

=j

Similarly, this leads to analogous results for @ on [1,2]. Next, the bounds on @ for the case
ap? < 7e; are derived. The bounds on wiLl(%) can be derived by defining the barrier func-
tions, P (x) = CBl () + wiLl(%), i =1,2,---,n To bound le’ (5), the argument proceeds
by examining the equation of wiL1 in (13) and proceed by applymg the result from Theorem 3.1,

|wL1’ (50)] < Cei_l/ 2%51 (5¢). To improve the above bound on |wlL1 (5¢)|, this process continues by dif-
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ferentiating wiL1 from (13) once leads to | (L@ );(5)| < Celfl/ 2‘351 (x). To establish the necessary
bounds, the barrier functions is defined as follows,

qbzi(x) = C(ei_l/z%i'l(%) + 6771/2’3511 (%)) + wiLl/(%)ri =12, ,n

The bound on wiLl’N (5) is obtained from the equation of w ! in (13). To derive the bounds le’ (»),

by differentiating twice and thrice respectively and an argument analogous to the one used to bound
Ly/

w;

equation of wiL1 in (13) once and using the bounds of wiLl'ﬁ (5) and wiLl’/ (5¢), this approach allows us to

(5¢) leads to the bounds, which are required. The bound on wiLl’W (5) is obtained by differentiating

obtain
i—1 n
Ly, - —1/2¢m! —1/2m!
|w; ! (%)|§Cei1<§ €, /%kl(%)—i—z € /%kl(%)>.
k=1 k=i

Similarly, it can be derived for w2 on [1,2]. The bounds on @R is established and its derivatives for
the case ap? > 7€;. In this scenario, @ @™ is decomposed over the interval (0,1).

SR Ry =Ry 2 5R 3Ry

DR = §, - enPpt + €22, + 7y, (46)
HAG)TRY — B =0, (47)
HAG) R — B(s2)pa = —e; 'Eqy, (48)
pAGO)ZRY — Bzl = —e1Epl, (49)
Lijn (5) = —€;, 'E3p. (50)

Since /€y, ~1E is a matrix with bounded entries and hence for 0 < k < 3, it implies that
| ® 1< e | < o2, 200 | < e, (51)

Now using Theorem 3.1 and (50), for the choice of y,ﬁ,l (0) =0, then

o) < cekpke, (52)

Then from (51) and (52), it leads to
M| < cp*. (53)

The decomposition for each component with respect to €, is given , then apply €,_1 to the first
n — 1 components, followed by €,,_» for the first n — 2 components, and so on. Thus, the following
bound for all 7 in the range 1 < i < n and k in the range 0 < k < 3 is as follows |wfl’(k)| < Cu~k
Utilizing the previous derivations, deriving |@81 (5c)| < CB!'(5) < Ce_%(l_%), similarly finding
|wiR1'(k) (50)] < Cy’k%? () for k = 1,2,3. Similarly derive for @2, for the case au? < e;, the bounds

on @R are obtained by the above analogous arguments to those applied in bounding @". The proof of
the theorem is complete. O
8. Sharper Bounds for le and wiLz

To achieve sharper bounds on the derivatives of the singular components wiL1 and wiLz, These
components are further decomposed for the intervals [0,1] and [1,2]. This refinement will help in
demonstrating nearly first-order convergence of the proposed method. Now, the case ap? > €| is
focused. In addition to that, the following ordering holds

%( ) < %l(+)1] ifi+1< ]and%( ) < %l(]l_l,lfl' <.
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For @™ and @'2, it is decomposed as follows, w 1 = Z w on [0,1] and sz = Z sz on [1,2], where

p=1
the components wlL;) are defined, on the interval [0, 1], by
3, (x5 L e @
wll;:l(%) - ]&)( k' )wl (%1’!71,11)’ on [0 %i’l 11’!) (54)
w1 (52) on (2 1]
forn—1>p>1i,
3 (=527 )
p—1Lp (k) _(2) 2)
Wit = { Bl TR T e o) on [055,), (55)
Qi,P(%) on (%’52,)1 P’ 1]1
andfori—1>p>2,
3 (se—3 )
p—1Lp k), (1) 0. 5V
wj () = k:ZO( k! )ip (% 1) on | ’T;)LP)’ (56)
Qi,p(%) on (%pfl,p’ 1]
On the interval [1, 2]
3 (e —( 1(12)1n 1))k Lo, (k) (2) 2
g | BT B e aaon
W} (2) on (47, -12,
forn—1>p>1i,
3 (2= (g2, 1)
p—Lp k)¢, (2) 2)
o= (BT 0 o B0
0i,0(5) on (%ézjlp 1,2],
andfori—1>p>2,
3 (= (4, - 1)
p—Lp (1) _
wll;z(%) — kgo( k' ))sz ( P 1,0 1)/ on [%P*LP ]-r]-)/ (59)
Ql,p(%) on (%fgl)l,p - 1/ 2]/

with ¢, = 2 wlk and wli’:w szk,pfl 2 on [0,2].
k=p+1

Lemma 8.1. Given the decompositions of component wlL; foreachpandi,1 <i<mn,1<p <n,satisfy the
following estimates hold on [0,1]

L i s L, 22 1enl s
Wb (50)] < Crder ey Bl (o), ifi < p, [wlt" ()] < Cple e Bp (), ifi > p,

Ly, eyl iy Ly 2l Y
\wi’; (50)] < Cyzei 1ep 1%!}(%), ifi <p<mn, |wi,; (50)| < Cyzei 2%,}(%), ifi > p,

Ly/ 1l iy
|w; (5¢)| < Che; Y981 (), ifi < p,
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and the following estimates hold on [1,2]
,/// 1 1 5 _n _ 1 P
w2 ()| < Culei e, 2B (), ifi < p, |2 ()| < CpiPe; 2e, B3 (), ifi > p,
w2 (30)| < CpPe ey B (), ifi < p <, [w]2 (30)| < CiPeT B (52), ifi > p,
[wf2 (36)| < Cpe "B (), ifi < p.

Proof. For the interval [0,1], differentiating (54) thrice,

, (
|’w_L1’m(%)| _ |wi (%nfl,n)|’ on [O, %nfl,n)’
in Ly, (2) 1

i ()] on (3,7 ,.1],

Then for » € [0, %}(12_)1 ), using Theorem 7.1,

i—1 n
[l (54)] < Cpi® ( ,;ekz%?<%$”l,n>+Zeﬁ%’ﬂ%ﬁz)lﬂ))'

k=i

Since %,Ezn) < %7(12_)1,,1 fork <mn, 6;2%5{1 (%}(12_)1,7[) < e;z%i} (%r(lz_)l,n), and hence

|wL1 (5 )|<Cye €, %ll( 51221 )<Cye €, %ll(%).

2 ,/// ,II/ _ _ l
For 5 € [, 1, [why (50)] = [w]? (x)|§Cy3ei1(Zk L 2B (%)+zg:iek3%,g(%)).Asxz

n—1,n’
%,(12)1 €k ZEBll (5) < €;2B1 (5¢), and hence for 5 € [%7(12)1 o1 |wL1’ ()] < C‘u3elflerjz%£} (5). From
(55) and (56), it is evident that foreachp,n —1 > p >iand » € | F()zg 1

Wi (5) = Qip(3) = W (x) = Y, Wik (5¢) = w;" (32) —w! (3¢) = 0.

n

Differentiating (55) thrice on » € [0, %( ) o) |wL1’m(;f)| = |Qi,p(%éz_)1,p)| < Cy%;legz%i}(%). For

2 2
7€ g g )

iy ()] < CPe; e 2By ().

From (55) and (56), it is evident that for each p, i —1 > p > 2, and » € [%Sp)ﬂ,l], w.Lll(%) = 0.

Differentiating (56) thrice on s € [0, %é )1 p)
L, " 1 B | D - l .
" ()| = lojp (47 )| < Cpider (Zekzggl (0, +2€k2%1 ﬁ)m)

< Cpile; 26,y (), ) < Cple; 2, 1B (52).

For » € | !(Jl)w %f(’/lp)ﬂ)’

|wL1’ ()] < Cy3e;2651%i}(%).
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From (56) and wli = w 2 wz + ,itis evident that w 1(3¢) = 0for » € [%1(12), 1], and for s € [0, %glz)),
k=2
L, Ly, 1 —2ml -2 _—1ml .
it (@) < Jof”" ()] < Cpler ! (Ti) € B) (30) + Ti_y 2B (%)) < Cpe; %y !B} (). Since
wiL,;’N (1) = 0 for p < n, it can be concluded that for any » € [0,1] and i > p,
Llr Ly, Taph 2.—2mh
|—|/w ds|<Cy/€eiB()ds<Cye B, ().

Hence, |wl.L;’N(%)| < Cy2€i—2%f}(%), fori > p. Similar arguments lead to \wlL ;’N(%)| < Cyzei_legl
%?(%),fori < p,and |wlL;,(%)| < Cyelfl%‘l(}(%),l <i<mn,1<p < n.Similarly, it is not hard to find
for the interval [1,2]. The proof of the Lemma is complete. O

Lemma 8.2. Given the decompositions of component w for eachpandi,1 <i<n1<p <n,for
ap® < vye; satisfy the following estimates hold on [0,2], p = 1 for [0,1] and p = 2 for [1,2]

Lp, i Ly _ 1 e
|w; g " ()] < Cey Py (), ifi < p, w " ()| < Ce, 2B (52), ifi > p,

[wp" (30)] < Cep '8P (), ifi <p < n, [w] ()] < Cpe; By} (), ifi > p,

ZP

Proof. The proof follows the same logic as Lemma 8.1. Analogously, the decompositions can
be made for @X1 and @R2 in both case . The corresponding bounds for these components can be
demonstrated in a similar manner.

9. Numerical Method

This section explains the numerical method proposed for (1).

9.1. Shishkin Mesh

For these cases ap? < 7e; and ap? > 7v€j, appropriate Shishkin meshes are developed over
interval [0, 2].
Case (i): rxyz < ye;
A piecewise uniform Shishkin mesh is constructed over the interval [0,2], the interval is divided
into subintervals based on transition points as follows, [0, Ty] U [Ty, 2] U+ U [Ty—1, T U [T, 1=
T UL —= T, 1= Ty qJU--- U1 =TT, 1= UL =T, JU[L1+ U1+ T, 1+ U~ U1+
T, 1+ T UL+ T,,2 — -In] 2—"T,,2—T,-1]U---U (2= T2, 2— 1] U[2 = Ty, 2]. The transition
points -Iq for 1 < g < n are defined as

T mm(4 \/\/El N) Ty —min(lz:frll 2\\? ) (60)

forqg =n—1,...,1, ensuring finer mesh density near layer regions. The intervals are populated with
points as follows, % points on all inner regions and for [T,,1 — T,,], a uniform mesh of % is placed
. If each -Iq takes the left choice in its definition, the mesh becomes a classical uniform mesh, with
Ty = £ and a constant step size h i =N ~1. The step sizes in the intervals are defined as H; = 47,
Hy =3 (Ty— Tq-1) for2 < g < m,and H, 41 = #(1—2%T,) . Ateach transition point Ty, the change
in step size from h; to I is given by hif —hy = 3 (‘Hl (dg — dq,l)) where d; = q;ﬂl g, with
d, = 0when 71, = %. The mesh QN becomes a classical uniform mesh when dg=0forallg=1,...,n,

ensuring uniformly spaced transition points and a constant step size throughout the interval. Then,
from (60), 7y < C,/g7InN,1 < g <nandalso Iy = %‘lm, dg=---=dy=01<g<m<n.

Case (ii): ap? > Ve

A piecewise uniform Shishkin mesh is constructed over the interval [0, 2], the interval is divided into
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subintervals based on transition points as follows, [0, 1] U [Ty, 2] U---U[Ty—1, T U [T, 1 — 1] U
Ul—0o, JULT+ U1+ T, 1+ TU--- U1+ T, 14+ T UL+ T2 —0q]U-- U2 —
01,2]. The transition points T, for 1 < g < n are defined as

T 2
T, = min( 2 annN ;T = min( T 200 N oy = min( 3, EinN 61)
4 pa q+1" pa 4"y

forg = n—1,...,1, ensuring finer mesh density near layer regions. The intervals are populated
with points as follows, % points on all inner regions, for [1 — 01, 1] a mesh of % is placed and for
[Tn, 1 — 01] a mesh of § is placed . If each T, takes the left choice in its definition, the mesh becomes
a classical uniform mesh, with -Iq = % and a constant step size h]- = N1, The step sizes in the
intervals are defined as H; = ¥y, Hy = 3 (7; — Ty-1) for2 < g < n, Hyyy = 21— —"T)

and Hy = %07 for [ — 03,1] . At each transition point T, the change in step size from hy to b is
given by i —hy = ¥ (qH(dq dg- 1)), where d; = q;ﬂl — Ty, with d, = 0 when T, = 1. The

mesh QY becomes a classical uniform mesh when dg = O0forallg = 1,...,n, ensuring uniformly
spaced transition points throughout the interval. Then, from (61), _iq < C¢InN,1 < g <nandalso
Ty=LTmdg==dn=01<g<m<n.

10. The Discrete Problem

The discrete problem is defined as follows,
LN (55) = ES*U(5q) + pA()D " 1(55) — B(5)(54) + D (5)4(55 — 1) = f(>5) on OV, (62)

0 <j < N —1, with boundary conditions specified as follows, fl(%]- —1) = ¢(3;—1), for0 < j <
%, fl(%N) = 1i(sy ), where, aq4= (341, 850, - - ,Lln)T. Let

LY $1(5) = ES*81(54) + wA(54)D " 8 (5

E
~
=
~
Il
o
R
o
=1
)
=
x
2

—

LY $H(54) = E6*8(54) + pA(3)D 8 (5¢)) — B(5) 8 (5¢)) + D (5) (3 — 1) = f(5¢)) on QY. (64)

The discrete derivatives are defined as follows

- U(1) —U0g) o U(55) — U(_1) 1 _
D () = — 2 - D7) = — =5, 8 (g) = = (D7 L) — D74 (),
j+1 ] ]
with I’l] = — 7, Ijl] = %, X € QN

11. Numerical Results

This section derives a discrete minimum principle, demonstrates a discrete stability analysis of
the proposed numerical method, and proves its first-order convergence.

Lemma 11.1. (Discrete Minimum Principle) Assume that the mesh function ‘f’(%j) = (Y1(54), Ya(5)),

, V(e )) satisﬁes Y(50) > 0and ¥(sey) > 0. Then, #E{V‘?(%]) <Ofor1<j< X _—1and
LN‘I’( i) < Ofor ¥ <j<N-1and @*‘I’(%N) - @"f’(%¥) < 0, it implies that ‘f’(%]) 0 for all
0<j< < N.

N
2
>

Proof. Let i* and j* be such that ¥;: (5j«) = min¥;(5;) and suppose ¥;+ (s+) < 0. Then, j* {0, N},
i

e (5¢7+) < ¥ie (5¢j+11), and ¥y (5¢+) < ¥ (5¢j+_1). Therefore, 62'¥;- () > 0. Consider the two cases,
for1 <j* < %—1,&%] IS Ql ,then

n
(L) (55) = €8x (¢j¢) + pae (565 )D T ¥in (52) — ) birj (56 ) ¥ (55¢) > 0
j=1

which is a contradiction, which gives (E?’ ‘?)i* (%]-*) < 0. For % <j* < N-1,if s € Qé\’ , then
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n

(ié\]q})z* (%]*) = 61*(5 T (%] )+ya, (%] )@ T %] Z i*j J{] '*) — 0« (X]*)‘YZ*(%]* *1) >0

which is a contradiction, which gives (LY¥); (s ) g 0. The only remaining possibility is that
Hp = A Thus, by hypothesis, it follows that © ;- (%¥ ) <0 and DY (%%) > 0. This
implies ZDJ”Y,-*(%%) — ZD_‘I’Z-*(%%) < 0, and since ”D“I’i*(%%) <0< Z‘D‘*‘I’i*(%%), it holds that
@*‘I’i*(%%) < ’D*‘I’i*(%%). Consequently, it follows that ‘I’i*(%%_l) = ‘{’i*(%%) = ‘I’i*(%%ﬂ) < 0.
Now, consider the operator acting on the solution at sy /51

n

(_L'{V‘I’)l*(%%il) = €i*5211[i*(%%71) + ai*(?f%,l)lﬂ*(%%q) - 21 bi*j(%%fl)qjj(%%fl)
]:

E 61'*52"P %1;{ 1 Z bl] %N 1 ‘Pl‘*(%N/zfl) >0,
J=Lj#*

leading to a contradiction, implying that ‘_f(%j) > 0 forall 0 < j < N. The proof of the lemma is

complete. O

Lemma 11.2. (Discrete Stability Result) If ‘T’(%j) = (Y1(54), ¥2(5¢), - -+ , ¥ (%j))T is any mesh function,

then - . . .
[¥i(>)| < maX<|‘I’(%o)|,I‘I’(%N)I,Kmax LY (4)], ymax ILQI‘P(%]N)

Sj<z -1 2 SjSN-—

11.1. Error Estimate

Analogous to the continuous case, the discrete solution £l can be decomposed into V and W as
defined below.

RN 5 . N o . = .
INVh(4) =34), for 0<j< = =1, Vilx)=F0), Vi(xy)=71), (65)
- . N _ B _ B
LYVh() = f(), for S <j<N-1, 7, (;{%) =5(1), Vh(sen) =5(2), (66)

} ; N .
Vz(%j—l):Vl(%j_¥), for = <j<N,

o - N - o
LYWHM(5) =0, for 0<j< > -1 W (5q) = @l (0), Wh (%N) =ah(1), (67)

LYW () =0, for N <j<N-1, Wk (%M) =a2(1), WE(xy) =a@"2(2), (68)

It is clear that

. Vi(x), for 0< j<f¥-1 V_VLl(%-), for 0<;<
V(%j) = - / . 2 ,WL(%]‘) = o / N
< 7 <)<

Lemma 11.3. If ¥ is the solution of (9), (10) and (19) and V is the solution of (65) and (66) , then

|(V—=5)(s)| <CN !, for0<j<N.

Proof.
. Vi—7)(x)|, for 0<j<N -1
’(V_B)(%])lz |(_’1 7;)(%])| or Nf]f 2 ,
|(V2—s)(%]-)|, for 57 <j<N
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LY(V = 7)(x)) = §(54) — LY7(3¢) = (L1 — LY)7(54)) (69)
d? . d .

= E(M §2>r(%j) +y(d% ©+)A(z]-)r(x]-). (70)

Determining the local truncation error

< COja = ) (ellri [+ pliri ),

i = 8 )rio) + o) (1~ 2 o)

fori =1,2,...,n. Itis established that (5,1 — 5_1) < CN~L. In this case ap? < 7e;, from (39) and
(42), |LN(V; — 7)()| < CN71, |ILY (V) — §)(5)| < CN~!. Using Lemma 11.2, consider the mesh
functions, ‘_I}i(%j) =CN1@T)+ (V) — 7)(%),0 < j < 5. Provided that the value of C is sufficiently
large, it follows that E{\]‘:I"i(%j) < 0, for1 < j < % — 1,‘?*(%0) > 0 and ‘_I)’i(%%) > 0. Thus,
|(Vh — 7) ()| < CN=Lfor0<j< % Similarly, |(Vh — §)(#)| < CN-! for % < j < N. For the case
wp? > yej, |(Vy —7) ()] < CN~Lfor0 < j < &. Similarly, |(Va —8) ()] < CN~LforY <j<N.
Thus,

|(V=5)(s)]| <CN7!, for0<j<N. 71)

The proof of the lemma is complete. O

The bounds on the error in the singular components @™ and @"2 are estimated for the case ap? > YE;.
(Ip/N)

These estimates are derived utilizing the mesh functions B;

defined over O,

(%]-), where 1 < i < n, which are

j B\ 1
BSIP'N) (%]) = H (1 + “;eik> with BSIP’N) (%0) =1.

Lemma 11.4. For the case ay?® > Y€, the layer components Wik and Wil2, 1 < i < n satisfy the following
bounds on QN,
L I1,N L LN
(W ()] < CBY™ (), [W[2(55)] < CBL™ ().

Proof. This result can be demonstrated by defining the appropriate mesh functions wii(%]-) =
CB,SZ”’N)(%j) + WI»L”(%]'), i=1,2,...,nand p = 1,2 and noticing that l[)l.:t(%()) > 0and l[Jii(%N) > 0.
Furthermore, (LY $*)i(>) <0,and (LY $*)i(5) <0, j=1,2,---,N — 1. Consequently, the discrete

minimum principle yields the expected result. The proof of the lemma is complete. O

Lemma 11.5. Assume that dg =0, for q =1,2,--- ,n. Let @™ and @' satisfy (22), WL and W2 satisfy
(67) and (68). Then,

|Wh — @l || < CN“'InN, |[Wk2—al2| <CN'InN.

Proof. The local truncation error is given by

N N N Ly L
LY (W — @) (54)| < C(s¢41 — 2-1) (61‘||wi1 | + pllw;?

D) 72)

- — . L ’N/ L ,N
EY (Wt — @) ()] < Clogn — 5-0) (eillof llp + el 1) 73)

where D = [5;_1,51]. Since dg = 0 ,the mesh QN is uniform, then the value of h = N~!. In this
instance, }46,:1 < CInN and y’l <CInN.

k=i

i—1 n
(LY (WH —@"));(54)] < CN ™1y 1nN<kZ e "By (551) + Ze;l%fs(%jl)>, (74)
=1 ]


https://doi.org/10.20944/preprints202502.1651.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 February 2025 d0i:10.20944/preprints202502.1651.v1

17 of 26

similarly, |(LY (W2 — @!2)); (5 )| < CN™ 1y21nN<Z € B (1 +Zek ) Let the
k=

barrier function 4_)'(%]) = (P1(54), P2(57), - ..,¢n(%])) given by

CN1'InN i—1 2vun no 2vuh

i(35) = — () e % Yi(og) + ) e % Zi(>)),

RTCEDR S A2
N— ]7

on O, where v is a constant and it satisfies0 < v < &, Yk(%j) = % with Ay =1+ V”h, 1<k<
k

n, Zi(s) = %N 71 with ¢ =1+ Wh . The mesh functions described above is inspired by those con-

structed in [14]. Now, that 0 < Yj (5 ]) zk( i) < 1, (k0% + pvDT)Yi(5) = 0, (€46 + pvD ) Zi(5¢)) =
0, DFYi(s) < —vue exp( Vpj €] ) and D" Z;(5)) < —vyezlexp(—vy%j+1e£1). Then,
define @i(%j) (p(%) (WL — LTJL)(%]-). It is easy to observe that @(%j) >0,j=0,..N
and _L'{\]lﬁ(%]) < G, LNlp( ) <0,1< j < N —1. Hence, by applying minimum principle,
|(Wht — zT)Ll)(%]-)| <CN-! lnN. Simillarly, |(W'2 — zTJLZ)(%]-)| < CN~!'In N. The proof of the Lemma
is complete. g

Lemma 11.6. Let @™ and @2 satisfy (22) WL and W2 satisfy (67) and (68). Then,
[Wh —@h|| <CN'InN, ||W2—@M2| <CN"'InN.

Proof. The required result is established for each mesh point »; € (0,1) by partitioning the
interval (0, 1) as shown in figure

(O [T @ [T ),

(@) [T, 1)

for 2 < m < n — 1. In each of these scenarios, first an estimate for the local truncation error is derived.
This is followed by the formulation of a suitable barrier function, designed to capture the essential
properties of the solution within a specified domain. By utilizing these barrier functions, the desired
estimate is obtained.

Case (a): »; € (0, Tq).

Clearly 51 — 1 < Ce1p~'N~1In N. Then, utilizing the standard approach to local truncation
through Taylor expansions, error estimates is obtained, which are valid for # (0 71) and1<i<mn,

(LY (WH —@"));(54)] < CN™ 1V21nN<kZ€k1%ll( #j-1 +k26k #j-1) | (75)

(LY (W' — @'2));(54)| < CN™ 1V21nN<Z€k %1 +Z€k - 1) (76)

Let the mesh functions be defined for 5; € (0,7)),wherel <i<nandp=1,2,

i—1 2vpHy 1, N no 2vpHy n 1, N
¢i(>) = CN™ 11nN<kzle % BN (54 —l—kZe % BN (%j)>+klel(cp !
= =1 =

Utilizing the minimum principle and barrier function ¥+ () = ¢ () £ (W — gpl1) (3¢), it has been
established that |(Wl1 — @) (5)| < CN~'InN, similarly for the interval (1,2), |(Wh2 — @l2) ()] <
CN~'InN.

Case (b): % € [—Il,_Iz).
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The two scenarios considered are Case (b1): d; = 0 and Case (b2): d; > 0. Case (b1): d; = 0, this case,
the mesh is uniform within the interval (0, 7). Consequently, for any > 1 — 51 < Ce;p 'N~'InN,
for 5¢; € [Ty, 12). Then,

i—1 n
[(IN(Wh — @1)):(54)| < CN~ 12 1nN<2 6 1B (541) + Ze;l%fgw_l)). (77)
k=1 k=i

Now for »; € [Ty, 1) and 1 < i < n, define,

i=1 2uuH, n 2uuH, n
i(xj) = CN~ 11nN(zefk B g + e o B j>)+zB£”'N>
k=1 k=2

Utilizing the minimum principle and barrier function ¥+ () = ¢ () £ + (Wt — @l) (5 i), it has been
derived that | (WL — @l1) (¢ i) < CN™ !In N, similarly for the interval (1,2), |(W — @2) (s )| <
CN~'InN. Case (b2): d; > O for this case, »j,1 — ;1 < CeaN~ 1471In N, and hence for xj €
[T, TT2), by utilizing the standard approach to local truncation errors in Taylor series expansions,
h= Hjy1 — #j—1 then,

(LN (Wh — @1));(54)| < Cegplai @ (30)| + Clot1 — j-1)ei Z wi '(54-0)]
L],(l
+CV|wi,1 (%] )] +C( %]+l i1 Z |w )]

Now using Lemma 8.1, it is not hard to derive that
(LY (Wh = @'1))1(5)| < N~ InNp/? Zek ¢ (1) + CiPer B (35-1),

and for2 <i<mn,

(LY (Wh —@1));()| < CN~'In Ny Zek 2 (55-1) + Cre; "B (351).
Specify =
sz)

p1(x;) = CN"InN Y exp(2apHy /ep) B (x)) + B (x)) + 2 BN

k=2

and for2 <i<mn, "
Iy, Iy,
9i(x) = CN"'InN Y exp e /) B () + CBY™N () + Y BUY ().

k=i k=2
Case (¢): 5 € [T, Tms1)-
Here are the three scenarios Case (c1): d; =dp = --- = d;; =0, Case (¢2): d; > Oand dyy 1 = -+ =
dy = 0forsomeg,1 < g < m—1, Case (c3): d, > 0. Case (c1): dy =dp = --- = dy = 0, since
_Il = CT,;41 and the mesh remains uniform over the interval (0, 7,,11), it can be concluded that for

€ (T, Tms], #6401 — #6-1 < Ceyp !N~ In N and hence

(LN (Wt —@11));(54)| < CN™ 1V21nN<Z€k Zek -1 )
i
(LY (Wh —@"2));(54)| < CN_lﬂzlnN<k21€k_1 (#-1) Zek k(751 )
For1l <i<n, -
1— 2upHy,, n 2vpHy, 11 n
¢i(%) = CN~ 1lnN<Ze % BN g+ Y e & B,E’P'N)(%j)> + Y B,
k=1 k=i k=m+1

Utilizing the minimum principle and barrier function ¥+ (5« #j) = ¢ () £ (W — @h) (5 i), it has been
derived that |(WE — @61) (5 )] < CN™ InN, sumlarly for the interval (1,2), | (W — @!2) (5 i)| <
CN~'InN. Case (c2): dg > 0 and dgi1 = -+ = dy = 0forsomeq, 1 < g < m— 1. In this case,
since T;11 = C 41, the region (T, 1), exhibits a uniform mesh points in this region satisfies
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#j41 — 251 < Cegp1N~ '~ In N, for any point »; € (T, Tyu41]. By utilizing the approach to local

truncation is derived from Taylor expansions
9 n

(TN (WD — @) (5 >|<Cezu2|w (1) + Clotjar — 3516 Y. [t ® (5421
k=g+1

L,1 L,
+Cﬂle1( (36-1)| + Cg41 — 1) y wit® (g0l
k= k=g+1

Now, utilizing Lemma 8.1, it is evident that for i < 9,

(LN (Wh — @1));(54)| < CN'p2InN 2 & 1B (541) +cze,:193 (34-1)
k=g+1 k=i
and fori > g, ! l

- . 1 el —1gal
(LY (W = @1));(59)] < Cp? 1nNkZek Y81 (521) + Ce; 1B (54-1).
=1

Now specify, fori < g,

H,, , Ly, < ,
9i(4) = lnN Y e (”M)B,ﬁl”m(zj)+cZB,(f”N)(z,-)+C > B ()
k=i

k=q+1 €k k=m-+1

and fori > g, . .
1 201 H I,,N Ip,N Ip,N
() = C N Y exp (22 ) 5 ) 1 BN ) ¢ Y BT,
k=i k k=m-+1
Case (c3): dy, > 0. In the previous arguments of the case (c2), replacing g by m and applying the
inequality xj 1 — xj_1 < CZ%u~1In N, the estimates are valid for 5 € (T, Ty41). Fori <m,

n m
= e _ — — 1 — 1
(LY (WH —@))i(55)| SCN T2 InN Y e "B (51) +C Y e 1B (54-1)
k=m+1 k=i
and fori > m,

(LY (W —@11));(5) | <CNV lnNkZGk L (1) + CeT 1By (5411,
For i < m, define

1 " 20 H -
i(5) = CN InN Z exp(ﬂch’M)Bl((lp/ ) )+C ZB % N) (3) +C Z B]Elp,N)(—[k)
k=m+1 k=i k=m+1
and fori > m,

¢i(3) = C% InN Zexp(M%)B;{l’”N)(Kj) + CB,(#”N)(%]-) +C ) B,EZP'N)(_I;().

k=i €k k=m+1
Case (d):
There are three distinct cases to consider, Case (d1): d; = --- = d, = 0, Case (d2): d; > 0 and
dgi1="---=dyn=0forsomeq,1<g<n-1and Case(d3): d, > 0. Case (d1): dy = --- =d,, = 0.

In this case, the mesh is uniformly distributed over the interval [0, 1]. The corresponding result for

this situation is derived in Lemma 11.5. Case (d2): d; > O and d;y1 = --- = d, = 0 for some g,

1 < g < n—1, for this scenario, based on the definition of T, it can be shown that i1 — #1 <

CegaN ~14711In N and by applying analogous arguments similar to Case (c2) lead to the estimates for
€ (Tn,1]. Fori < g,

n
\(L{\](WLI—ZTJLl))i(%jH <CN 14%InN Z ek_l i (- 1)—|—CZek e (1)
k=q+1 =i

and fori > g,
(T ), )| < NN L e ) (o 0) + ey ' ().

Now define, fori < g,
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1 n 2auH, 1
Pi() = CNInN ). exp(lxﬂ +l>B,({l”'N)(%j) + CZB,((I”'N)(%]-)
k=q+1 €k k=i

and fori > g, 1 - 2upHy 11\ opN) (Ip.N)
I ¢i(%j):CNlnNI§eXP(J B (54) + CBy" " (5)

respectively. Case (d3): d, > 0, let 7T, be defined as T, = % In N. Then, considering the interval
(—In/ 1]/

(Wit — ;1) (o) | < (Wi (54)) | + [0 (54))]
< cB" >< i)+ CBi ()
< BN () +cBli () < CNL
Hence, |(W;11 — wi1)(5)| < CN~1, and |(W;k2 — w;'2)(3)| < CN~L. Thus, for each of the cases,
the barrier function is constructed and using minimum principle, it has been derived that |(W'1 —
11)(5)] < CN7'InN and [(Wh — @"2)(5)| < CN~!InN. Therefore,
|(WE— @) (5)] < CN"'InN.

The proof of the lemma is complete. O
The bounds on the error in the singular components @' and @2 are estimated for the case au? > ;.

. . e . . 1, N . .
These estimates are derived utilizing the mesh functions BE P )(%]-), where 1 < i < n, which are

defined over O,
(1p,N) I ya, \
B ) =TT (1 20) 78)
k=1

with BEZP'N) (s0) =1,for O, p=1,for Oy, p = 2.
Lemma 11.7. Let @l and @' satisfy (13), WL and Wk satisfy (67) and (68). Then,
IWh — @l < CN"'InN, W — @2 < CNT'InN.

Proof. Assume thatd; =0, forq = 1,2, -, n, the local truncation error is given by

—y — N L’/N L,N

LY (Wh = @) (54)] < Clogia = 35-1) (eillwi™” lp + wllw* |1p) (79)

IN(WL2 _ ple Ly, Ly,

LY (Wh2 —@12) (36)| < Csg1 = 3-1) (eillwf* lIp + wllwf> [Ip) (80)
where D = [ ] 1, %j41). Since d; = 0, the mesh QN is uniform, then the value of h = N~!. In this
instance, € ~1/2 < CInN,

7 A = - I 1 —
|(LY (Wh — @1));(54)] < C (3¢50 — <2e V20l (3, —I—Ze V2l (g 1)) <CN'InN.
k=i

This is established for each mesh point 5; € (0,1) by partitioning the interval (0, 1) as follows

() [T, 1)

(O [T, | @ [T, Twsa),
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for 2 < m < n — 1. In each of these scenarios, first an estimate for the local truncation error. is derived.
This is followed by the formulation of a suitable barrier function, designed to capture the essential
properties of the solution within a specified domain. By utilizing these barrier functions, the desired
estimate is obtained.

Case (a): »; € (0, Tp).

Clearly »j 1 — 51 < C\/eIN ~!In N then, utilizing the approach to local truncation in Taylor expan-
sions error estimates is obtained, which are valid for »; € (0, ;) and 1 <i <,

i—1 n
[(LY (Wh — @h1));(54)| < CN_l\/alnN<Z e V2B (551) + 2ek—1/2%53(%]-1)> <CN'InN,
k=1 k=i

=1

i—1 n
7 X — — — I — I —
(LY (W2 — @12));(5)| < CN weilnw<kz e AW (35 1) + Le “293;<%j1>> <CN“'InN.
=1 =i
Case (b): »; € [Ty, ).
The two scenarios considered are Case (b1): d; = 0 and Case (b2): d; > 0. Case (b1): d; = 0, this case,

the mesh is uniform within the interval (0, 7). Consequently, for any sy — xj1 < Cy/e1N “1lnN,
for »; € [T1, T2). Then,

i—1 n
[(LY (Wh —@M1));(54)| < CN~1/e/InN <Z e /2B (55-1) + Y e /2B (%j1)> <CN!'InN.
k=1 k=i
Case (b2): di > 0, for this case, ;1 — %1 < Cy/&N"'u~'InN and hence for »; € [T, T),
by utilizing the standard approach to local truncation errors in Taylor series expansions, the term
h = »j41 — »j-1 then, using Lemma 8.2

[(LY (W' —@"))i(54)] < CN"'InN.

Case (0): Xj € [Tm, Tmt1)-

Here are the three scenarios Case (c1): dy =d, = --- =d;, = 0,Case (c2): d; > O0and dyyy = -+ =
dm = 0 forsome g,1 < g < m—1and Case (c3): d, > 0. Case (c1): dy =dy = --- =d,;, =0, since
Ty = C,41 and the mesh remains uniform over the interval (0, 7,,.1),it can be concluded that for
3 € (T, Imga), 741 — 721 < C,/efZN"!InN and hence

i—1 n
[(LY (Wh —@h));(54)| < CN"1/e InN (2 e V2B (51) + ) e /2B (%]-_1)> <CN~'InN.
k=1 k=i

Case (2): d; > 0and dy 1 = -+ =dy = 0forsome g, 1 < g <m— 1. Since 1,41 = CIy41, the mesh
is uniform in (7, Ty41), which implies that 5,1 — 21 < C, /e AN~ InN, for % € (Tm, Imy1)- By
utilizing the approach to local truncation is derived from Taylor expansions, outlined in Lemma 8.2

(LN (Wh — @M))i(5)| < CN“'InN.

Case (c3): dy, > 0. In the previous arguments of the case (c2), replacing g by m and applying the
inequality 5,1 — 51 < C, /€miiN~1u~1In N, the estimates are valid for 5 € (T, Tmra]-

i—1 n
[(LY (Wh — @M));(54)| < CN~/Eppa lnN(Z e V2B (54-1) + Zekl/zﬁaﬁg(%jl)> <CN'InN.

k=1 k=i
Case (d): There are three distinct cases to consider, Case (d1): dy = --- = d, = 0, Case (d2): d; > 0 and
dgi1=-+-=dy=0forsomeq,1<q<n-1and Case(d3):d, > 0. Case(d1):dy = --- =d, = 0.

In this case, the mesh is uniformly distributed over the interval [0, 1]. The corresponding result for


https://doi.org/10.20944/preprints202502.1651.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 February 2025 d0i:10.20944/preprints202502.1651.v1

22 of 26

this situation is derived in Lemma 11.5. Case (d2): d; > 0 and dq+1 = ... =d, = 0 for some g,
1 < q < n —1, for this scenario, based on the definition of T, it can be shown that i1 — 1 <
C/€+1N ~!In N and by employing arguments analogous to Case (c2), it leads to the estimates for
xj € (T, 1]. Case (d3): d, > 0. Let T, be defined as T, = ;—'; In N on the interval (7,,1]. Hence,

|(Wh — zT)Ll)(%]-)| < CN~'InN and similarly, |(W2 — II)LZ)(%]-)| < CN~'InN. Therefore,

—

(W — @h)(54)| < CN'In N,

The proof of the lemma is complete. O
To establish the bounds on the error | (W1 — R1) (%¢)|, the mesh function is defined over OV

N N\ -1
B(rp,N) (%]) — H (1 + ;Z) p B(VPIN)(%N) e 1lwhere B(VVIN)IP e 1,2
i=j+1

Lemma 11.8. For the case ocyz > Y€j, the layer components Wl-R1 and WiRZ, 1 <i < n satisfy the following
bounds on QN,
R N R N
W5 < CBY™N (), W2 (59)| < CBIN (54).

Proof. This result can be demonstrated by defining the mesh functions ¥X1 () = CB(N) (3¢) £ Wk
and ‘f’RZ(%j) = CB2N) () £ WR2, Also, since WRi(0) < ef%, WRi1(0) < BUN)(54). Hence,
YR (0) > 0. Also, for an appropriate choice of C, it follows that R (en) > 0. Further, E{\’ $Ri (%j) <0
and zé\’ ‘T’RZ(%]-) < 0. Hence, by the minimum principle, YR (%j) > § and ¥R (%j) >0, for 0 < j < N.
Hence, WK1 ()] < CB(’I'N)(%]-) and |WR2(%]-)| < CB2N) (3¢) on QN. The proof of the lemma is
complete. O

Lemma 11.9. At each point »; € QN

(WR — @R)(5)| < CN~InN, for the case ap® > e;.

Proof. The local truncation error is given by

- N R ,IN R ,I/
LY (WE = @81) (56))] < C(otj1 — #5-1) (eillwi Y o+ et

b) (81)

where D = [%j,l,%jﬂ],y_l < CInN. Consider the case d; = 0 then, 5,1 —5; 1 < CuN~'InN.
Hence, |E{V(WR1 —@®1)(5j)] < CN~'InN, ]EQI(WRZ — @wR2)(5j)| < CN~'InN. Consider the case
dy >0, 5 € (0,1 — o]. Hence,
[(WR — @R1);(54)| < [WiR1 (5) | + w1 (54) | < CBTYN) (54) + CB1 (5)
< CB"N)(gy) + CB] (07) < CN7Y,

for »; € (1,2 — 0], similarly like above
(W2 — @) (55)| < [Wi%2(55)] + w2 (55)] < CBU>N)(0) + CB7(07) < CN.

Examine the mesh region (1 —¢y,1]. It is known that i = 3,1 — 3j_1, then, sjq — 1 <
CuN~'InN, |LN(WR — @R1) (5)| < CN~InN. For (2 — 3, 2], |LY (WR2 — @R2) (5)| < CN~'InN.
The proof of the lemma is complete. O

Theorem 11.1. Let ii be the solution of (1) and £ be the solution of (62)-(64). Then, for each mesh point
j c QN,
| — il gy < CN~'InN,

for both of the cases ay?® < ye; and au?® > VEj.
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Proof. The proof follows Lemmas 11.3, 11.5, 11.7 and 11.9.

12. Numerical Illustration
12.1. Example

The numerically approximation of the solution to the following system on the interval (0, 2) is
obtained by applying the proposed method to both cases where ap? < e; and ap? > €|

Eii” (5) + pA(5)ii/ (3) — B(30)ti(5) + D(30)ti(3c — 1) = f(3) forall »c € O = (0,2),

60 —-10 -1.0
where, A(x) = diag(0.5,05,0.5), f(%) = (=1.0,—2.0,—-15)7,B(>) = [-10 60 -1.0],
-1.0 —-1.0 6.0
D(5) = diag(0.8,0.8,0.8). To evaluate the order of convergence, maximum pointwise errors and error
constants, a modified two-mesh algorithm was utilized. The results are summarized in Tables 1 and
2. As the parameter 1 decreases, the error stabilizes for each N, while the maximum pointwise error
Dy decreases and the observed order of convergence py improves with increasing N, confirming the

theoretical predictions. Figures 1 and 2 display the solution profiles for the n- system over the interval
2
(0,1). In Figure 1, corresponding to the condition % < I, boundary layers are observed for the

components u; (i =1,2,...,n) near s = 0, »r = 1 and » = 2 consistent with theoretical expectations.
On the other hand, Figure 2 illustrates the case where %]2 > % Here, layers are observed for u; near
» = 0, while boundary layers emerge near s = 2 and delay near »= = 1. Log-log plots effectively
illustrate the relationship between the number of mesh points N and the maximum pointwise errors,
offering a clear depiction of convergence behavior. Figure 3 presents the maximum pointwise errors
for different 5 values in cases 1 and 2, demonstrating how the error decreases as N increases. These
plots validate theoretical predictions and emphasize the impact of # on the accuracy of the numerical

method.
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Figure 1. Graphical representation of Numerical solutions for the case: ap? < 7e;
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Table 1. Values of DY, DN, pN, p* and C{,\i whene = 35,6, = L, e5 = 4,5 = { for ap? < e

d0i:10.20944/preprints202502.1651.v1

Ul Number of mesh points N
96 192 384 768
0.1E+00 | 0.4050E-02 | 0.2201E-02 | 0.1123E-02 | 0.5639E-03
0.1E-01 | 0.3832E-02 | 0.2522E-02 | 0.1509E-02 | 0.8641E-03
0.1E-02 | 0.3832E-02 | 0.2522E-02 | 0.1509E-02 | 0.8641E-03
0.1E-03 | 0.3832E-02 | 0.2522E-02 | 0.1509E-02 | 0.8641E-03
0.1E-04 | 0.3832E-02 | 0.2522E-02 | 0.1509E-02 | 0.8641E-03
DN 0.4050E-02 | 0.2522E-02 | 0.1509E-02 | 0.8641E-03
pN 0.6828E+00 | 0.7408E+00 | 0.8049E+00
Cf,\] 0.2424E+00 | 0.2424E+00 | 0.2329E+00 | 0.2140E+00
The order of convergence p* = 0.6828E + 00
Computed error constant, C% = 0.2424E + 00
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X - Axis
hical representation of Numerical solutions for the case: ap? > YE;

Uj

DN, pN, p* and Cgﬁ whene = 60 = 35,65 = &, = | forap® > V€

o=

Ul Number of mesh points N
96 192 384 768
0.625E-01 | 0.1369E-01 | 0.6205E-02 | 0.1707E-02 | 0.4365E-03
0.156E-01 | 0.1420E-01 | 0.1353E-02 | 0.6080E-02 | 0.1669E-02
0.391E-02 | 0.1258E-01 | 0.1401E-01 | 0.1317E-01 | 0.5811E-02
0.977E-03 | 0.4006E-01 | 0.2536E-01 | 0.1383E-01 | 0.1242E-01
0.244E-03 | 0.8087E-01 | 0.6491E-01 | 0.4528E-01 | 0.2625E-01
DN 0.8087E-01 | 0.6491E-01 | 0.4528E-01 | 0.2625E-01
pN 0.3170E+00 | 0.5195E+00 | 0.7862E+00
Cg,\] 0.1742E+01 | 0.1742E+01 | 0.1514E+01 | 0.1093E+00
The order of convergence p* = 0.3170E + 00
Computed error constant, C% = 0.1742E + 01
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Figure 3. Graphical representation of maximum pointwise errors for different # values for the cases 1 and 2

13. Conclusions

This paper presented a robust fitted mesh finite difference method for solving a system of two-
parameter '’ singularly perturbed delay differential equations of convection-reaction-diffusion type.
The method leverages a piecewise uniform Shishkin mesh to address the intricate challenges posed by
small perturbation parameters and delay terms across multiple equations. Our theoretical analysis
demonstrates that the proposed scheme attains nearly first-order convergence in the maximum norm,
uniformly with respect to the perturbation parameters. Numerical experiments confirm the method’s
robustness and accuracy, demonstrating its capability to resolve boundary layers with precision across
a system of equations. This work marks a significant advancement in numerical techniques for SPDDEs,
emphasizing the critical importance of developing parameter-uniform methods to address the unique
challenges posed by systems of equations with multiple layers and delays. Future investigations could
focus on extending these methods to enhance computational efficiency, improve convergence rates
and handle more intricate systems encountered in real-world applications.
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