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Abstract

The underlying physical concept of computing out-of-time-ordered correlation (OTOC)
is a significant new tool within the framework of quantum field theory, which now-a-
days is treated as a measure of random fluctuations. In this paper, by following the
canonical quantization technique we demonstrate a computational method to quantify the
two different types of Cosmological auto-correlated OTO functions during the epoch when
the non-equilibrium features dominates in Primordial Cosmology. In this formulation, two
distinct dynamical time scales are involved to define the quantum mechanical operators
arising from cosmological perturbation scenario. We have provided detailed explanation
regarding the necessity of this new formalism to quantify any random events generated
from quantum fluctuations in Primordial Cosmology. We have performed an elaborative
computation for the two types of two-point and four-point auto-correlated OTO functions
in terms of the cosmological perturbation field variables and its canonically conjugate
momenta to quantify random auto-correlations in the non-equilibrium regime. For both
the cases we found significantly distinguishable non-chaotic, but random behaviour in the
OTO auto-correlations, which was not pointed before in this type of studies. Finally,
we have also demonstrated the classical limiting behaviour of the mentioned two types of
auto-correlated OTOC functions from the thermally weighted phase space averaged Poisson
Brackets, which we found exactly matches with the large time limiting behaviour of the
auto-correlations in the super-horizon regime of the cosmological scalar mode fluctuation.
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1 Introduction

The underlying physical concept of out-of-time ordered correlation (OTOC) functions [1-9]
within the framework of quantum field theory is considered to be a very strong theoretical
tool to describe random phenomena in the quantum regime, particularly the phenomena of
quantum chaos. This concept was first introduced within the framework of superconduc-
tivity to explicitly compute the vertex correction factor of current [10]. But for the last few
years in the various contexts of bulk gravity this computational tool have been frequently
used to describe various random-chaotic phenomena very successfully. One can physically
interpret OTO functions as a quantum analogue of the classical sensitivity against very
small random fluctuations in initial conditions.

Let us consider two quantum operators in different time scales, Xi(t1), Xi(ts), its
canonically conjugate momenta Ilx, (t1) and I, (¢2), and using these operators the auto-
correlated OTOs are defined as:

Auto — Correlated OTOC;

Two — point function :
Yi(t, t2) = —([Xa(t1), X1 (t2)])s

= —ﬁ Tr[exp (=BH(t1)) [X1(t1), X1(t2)]] , (1.1)

Four — point function :
Ci(t, t) = —([Xu(tr), Xu(t2)]") 5

- ‘ﬁ Tr [exp (=BH (1)) [X1(0), Xa(t2)]] (1.2)

Auto — Correlated OTOC,

Two — point function :
Ya(ty, t2) := —([Ix, (t1), Ix, (t2)]) 5

= _Z(ltl) Tr [exp (—BH (t1)) [Hx, (1), Ix, (t2)]] , (1.3)

Four — point function :
ot t) = —([Tx, (1), Ty, (£2)]%) 5

B _Z(ltl) T [exp (—BH(t)) [Mx, (1), Ix, (82)]°] (1.4

where the quantum partition function at finite temperature can be expressed as:

Quantum Partition function :

Z(t) = Tr [exp (—BH(#))]  where 3 :% with ky—1, h= ; —1, (15)

™

where H(t;) is the Hamiltonian of the quantum system under consideration. Here in the
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quantum regime the effect of perturbation by the quantum operators Ilx, (t1) and Iy, (¢2)
on the measurement of the quantum operators X;(¢;) and X;(¢2) on later time scales.
In this theoretical construction we assume that the corresponding one-point functions are
trivially vanishes for both of the operators:

One — point function; :

(X100 = g Trlesp (BH() Xa(t)] =0, (19

(X1t = 7 Trlesp (<BH () Xal)] =0. (17
and

One — point functions, :

(lx, (1)) =

Z(y) e (=BH () Ik ()] =0, (1.8)

(Ilx, (t2))s = Tr[exp (= BH (t2)) lx, (t2)] = 0. (1.9)

Z(t2)

The huge applicability of OTOC as a strong theoretical probe of bulk gravity dual
theories in terms of AdS/CFT [11, 12] has attracted a lot of attention recently. Many such
examples can be given that features the importance of the OTO functions in AdS/CFT
[11, 12]. The study of shock waves [13—17] in black hole physics is one of the examples,
which can be understood by various types of geometries. Also it is important to note that,
this particular study finally led to maximum saturation bound of of quantum Lyapunov
exponent. In gravity theories, this bound is explained in terms of the red shift factor near
the black hole event horizon having a Hawking temperature. Here, Sachdev-Ye-Kitaev
(SYK) model [18-52] is the most famous example which explains the quantum features
of Majorana fermions with infinitely long disorder. From past understanding it is a very
well known fact that any bulk theories having their own dual are described by the strongly
coupled quantum features.

Now, we will point towards an unusual application of computing auto-correlations of
OTO function computations within the framework of Primordial Cosmology, which we
have proposed in ref. [53] to describe the cosmological cross-correlated OTO function. In
Primordial Cosmology the most significant quantity that we study are the N-point func-
tions of the scalar-tensor metric fluctuations. Here we consider the Friedmann-Lemaitre-
Robertson-Walker (FLRW) spatially flat background metric to describe our homogeneous,
isotropic and expanding observed universe. Using this metric cosmological perturbation
theory can be studied to explain the origin scalar-tensor fluctuations. These quantum fluc-
tuations are very fundamental objects from which once can compute all N-point functions
in Primordial Cosmology [54-81]. Additionally, these quantum fluctuations can be treated
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as a seed of cosmological perturbations to describe the formation of galaxy and cluster
formation at present day. One can immediately ask about a questions regarding the
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Figure 1: Schematic diagram representing the different role of Cosmological OTOC within

the framework of Primordial Cosmology.

possible options left to explore the physics of primordial quantum fluctuations:

e First possibility:

The first possibility is to include future observational aspects to verify various theo-
retical proposals in cosmology. These theoretical proposals are appended below:
1. Primordial gravitational waves and tensor-to-scalar ratio [79, 82-98, 98-112],
2. Primordial non-Gaussianity [54-81],

3. Spectral running and scale dependence in primordial power spectrum [86, 102,
113-115],

4. New consistency relations [85, 87, 90, 116-118].

e Second possibility:

The second possibility is probing of new physics by including significant features
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Figure 2: Diagrammatic representation of two-point & four-point time ordered auto-
correlators for the momentum and field within the framework of Primordial Cosmology.

in Primordial Cosmology. This can be done incorporating the concept of out-of-

equilibrium in primordial Cosmological quantum correlation functions. In the fol-
lowing aspects appearing in the time line of our universe one can implement the

presented methodology:
1. Stochastic particle production during inflation [53, 119-123],

2. Warm Inflationary framework [124-126],
3. Reheating [127-131],
4. Stochastic inflationary framework [132-136],

5. Quantum quench [137-148] in Cosmology.
in fig. (1), we have shown a schematic diagram representing the different role of Cosmo-

logical OTOC within the framework of Primordial Cosmology. Then further in fig. (2),
we have shown the diagrammatic representation of two-point & four-point time ordered
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Figure 3: Diagrammatic representation of two-point OTO auto-correlators for the mo-
mentum and field within the framework of Primordial Cosmology.

auto-correlators for the momentum and field. Next in fig. (3), we have shown the dia-
grammatic representation of two-point OTO auto-correlators for the momentum and field
within the framework of Primordial Cosmology. Finally, in fig. (4) and fig. (5), we have
shown the diagrammatic representation of four-point OTO auto-correlators for the field
and momentum within the framework of Primordial Cosmology. Now, we mention the

major highlights of our obtained results in this paper:

e Highlight I:

The computation method presented in this paper helps us to quantify the quantum
auto-correlations within the framework of Primordial Cosmological random quantum
fluctuations. In this article we have computed the expressions for the two-point and
four-point auto-correlated cosmological OTO functions in the quantum regime.

e Highlight II:

We have additionally have studied the classical limits of the two-point and four-point
auto-correlated cosmological OTO functions in terms of the phase space thermal
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Figure 4: Diagrammatic representation of four-point OTO auto-correlators for the field
within the framework of Primordial Cosmology.

weighted average of classical Poisson brackets. Most importantly this computation
will provide the non-standard random behaviour, which are perfectly consistent with
the expectations from the present scenario.

e Highlight III:
The late time behaviour of the four-point auto-correlated OTO functions helps us to

study the equilibrium feature of the quantum correlations which we have computed
from the scalar cosmological perturbations.

e Highlight I'V:
We have provided the detailed computation of the normalized version of the four-

point auto-correlated cosmological OTO functions are completely independent of the
choice of the time dependent perturbation variable in a specific gauge appearing in
the cosmological perturbation theory.

The plan of this paper are organized as follows:
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Figure 5: Diagrammatic representation of four-point OTO auto-correlators for the mo-
mentum within the framework of Primordial Cosmology.

e In the section (2), we discuss the formalism of computing the auto-correlated OTO
functions in the context of Primordial Cosmology.

e In the section (3), we provide the detailed derivation of quantum two-point and

four-point auto-correlated OTO amplitudes and the related OTO function within
the framework of Primordial Cosmology.

e In the section (4) and section (5), we present the numerical results from the quan-

tum two-point and four-point auto-correlated OTO functions and also discuss about
its physical interpretation.

e In the section (6), we discuss the classical limit of the two-point and four-point
OTO amplitudes and the related implications in Cosmology.

e In the Appendix (A)-Appendix (K), we have provided the details of the compu-
tations used in various sections of the paper.
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2 Formulation of non-chaotic auto-correlated OTO functions in
Primordial Cosmology

2.1 Non-chaotic auto-correlated OTO functions

Let us consider two quantum mechanical operators X and Y which are defined at two
different time scale i.e. X(t),X(7) and Y(¢),Y (7). This is somewhat different which
we study to explore the underlying features of quantum correlation functions in terms of
OTOC which will contribute to finally in the framework of quantum mechanical chaos. As
we have elaborately discussed in our previous paper, ref. [53] that to quantify quantum
chaos in terms of OTOC we need to define two different quantum mechanical operators in
two different time scales for which one can treat them two quantum operators which are
actually time scale separated. But in the present context our prime objective is to study
something very unusual from the perspective of quantum chaos. The reason behind this
unusual choice is that our objective is quantify the quantum randomness in general within
the framework of quantum statistical mechanics. For this reason our expectation is we we
define two different quantum operators in both the time scale ¢ and 7 and define the OTOCs
in terms of same quantum operators which belongs to two different time scales then we
will extract the information regarding the non-chaotic but random quantum mechanical
correlation functions using the prescription of OTOC. In the rest of the paper we will
investigate this issue in detail and try to figure out how one can extract the physics of
non-chaoticity with randomness in the quantum regime within the framework of quantum
statistical mechanics made up of micro-canonical statistical ensemble. In this paper, we
will now define two sets of two point and four point OTOC’s which are made up of these
quantum mechanical operators X and Y defined in both the time scales ¢t and 7 2. The
non-chaotic OTOC’s are define in terms of these quantum operators as:

(X (), X(7)])s,
Y (@), Y(7)])s,

[X(8), X(7)]")s,
Y (1), Y (7)), (2.

2 Another important note that we want to made here that, in usual prescriptions of computing OTOCs
the four point quantum correlation function is the most desirable one as it was found that this will capture
the information regarding the quantum mechanical chaos explicitly. It is mentioned in the previous liter-
ature of OTOC related to quantum chaos is that the two point function is expected to decay very first, so
it is not the desirable quantity which people are looking for to describe the phenomena of quantum me-
chanical chaos. However, we don’t have any prejudice regarding defining the two point thermal correlators
in terms of OTOC as we are interested in to cover a huge class of quantum correlation functions which
quantifies the randomness in general. Now random correlators might be or might not be chaotic. Mostly,
in this paper we are interested in to investigate the underlying physics from the non-chaotic OTOCs which
give the information regarding the randomness of fluctuations in the quantum regime.

\‘

2 — point OTOC, :  Yi(t, 1) := —{
2 — point OTOC, :  Yy(t,7) := —(
4 —point OTOC, : C4(t,7) := —(
4 — point OTOC, :  Ca(t,7) == —(

(2.1)
(2:2)
(2:3)
4)
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where the thermal average of any operator is defined as:
Thermal average: (A(t))s = %Tr lexp(—BH) A(t)], (2.5)

where the partition function of the system is defined as:
Partition function: Z = Tr[exp(—FH)]. (2.6)

Explicitly, in terms of thermal averaging one can further write:

2 — point OTOC; : Yi(t,7) := —%Tr lexp(—BH) [X(t), X(7)]], (2.7)
2 —point OTOC, : Y(t,7) := —%Tr lexp(—=BH) [Y(t),Y(1)]]. (2.8)
4 point OTOC, : Cy(t,7) = —%Tr lexp(—BH) [X(1), X()F],  (2.9)
4 — point OTOC, :  Cy(t,7) == —%Tr [exp(—8H) [Y(1),Y(T)’]. (2.10)

One, can further write these contributions in terms of the thermal density matrix as:

2 —point OTOC, :  Yi(t,7):=-Trlp [X(t), X(7)]], (2.11)
2 — point OTOC, : Yi(t,7):==Trp [Y(¢),Y(7)]], (2.12)
4 —point OTOC; :  Cy(t,7) = -Tr [p [X(®), X (7)]], (2.13)
4 —point OTOC, :  Cy(t,7):=-Tr [p [Y (1), Y ()], (2.14)

where in this context the thermal density matrix is defined as:
1
Thermal density matrix: p= ETr lexp(—(GH)]. (2.15)

Now, in the large time limit the thermal average of the following four point function can
be factorized as:

(X(MXOXOX(1)s = (X(1)X(7))s (X()X(t)s + Olexp(=(t+7)/ta)) , (2.16)
2—point disconnected 2—point disconnected Subfleading\rcontribution
(XOX(T)X(1)X(1)s = (X)X (1))s X(1)X(7))sg + Olexp(=(t+7)/ta)) , (2.17)
2—point disconnected 2—point d?gconnected Sub—leading‘rcontribution
YOYQY @)Y (r)s = (Y(1)Y(7))s Y)Y (t)s + Olexp(=(t+7)/ta)) , (2.18)
YOY @Y (@)Y (t)s = (YO)Y(t))s Y (D)Y(r))s  + Olexp(=(t+7)/ta)) , (2.19)

TV Vv
2—point disconnected 2—point disconnected Sub-—leading contribution
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where the two-point disconnected thermal two-point correlators can be expressed as:

2 — point correlator; :  (X(£)X(£))s = —%Tr lexp(—BH) X(OX(®)],  (2.20)
2 — point correlatory :  (X(r)X(7))s = —%Tr lexp(—BH) X(1)X(r)],  (2.21)
2 — point correlators :  (Y(£)Y ()5 = —%Tr lexp(—BH) Y (1Y (¢)], (2.22)
2 — point correlatory : (Y (7)Y (r))s = —%Tr lexp(—BH) Y(1)Y(r)],  (2.23)

where the time scale t; is identified as the dissipation or equilibrium time scale, which is
given by:

1
Dissipation/equilibrium time scale: t;~ = T with kg = 1. (2.24)

Here, T' is the equilibrium temperature of the quantum mechanical system under consid-
eration. It is important to mention here that, the above mentioned four possible four
point thermal correlation function one can able to factorize into multiplication of two dis-
tinctive disconnected two point contributions if one can wait for a large time scale. The
factorization along with the sub-leading decaying contribution is actually expected from
our basic understanding of quantum statistical field theory. When we give a response to
a quantum system it goes to out-of-equilibrium phase and the corresponding correlation
function in quantum regime starts randomly fluctuating with respect to the evolutionary
time scale. During this initial time scale when the initial response is provided in terms
of the initial condition to the quantum system it is not possible to factorize the present
four possibilities of the four point out-of-time-ordered-correlation (OTOC) functions. But
if we wait for long enough time then it is expected that the quantum random fluctuations
achieve the thermodynamic equilibrium. During this time scale one can actually factorize
these four possible four point OTOCs in terms of the products of two disconnected two
point functions and the sub-leading contribution actually decay with respect to the very
late time scale with a finite small saturation value. As a result, from this late time scale,
tq, which is identified to be dissipation time scale, will give the measure of the inverse
temperature at thermodynamic equilibrium.

On the other hand, ([X(t), X (7)]*)5 and ([Y (), Y (7)]*)3, can be expressed in the long
time limit as:

Ci(t,7) = —([X (), X(7)]")s = ~(X(OX (1) X($)X(7))s — (X (1) X (£)X (1) X (t))s
)X (t)

10
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Now using these results considering the large time equilibrium behaviour one can further
compute the expressions for the normalized OTOCs in the present context, which are given
by:

Cl(t, T) =

C(t.7) —o {1 RIKOXOX X))
XOXO(XOXD) L XOXO)XOX)s S

o O(exp(—(t + T)/td)) (227)

XOX0)(X(0)X())s
, {1 3 ?RKY(t)Y(T)Y(t)Y(T))g]}
YOV YY) L VOY )Y ()Y (1))

B O(exp(—(t+7)/tq)) (2.28)

YOYO)Y DY (7))

TV
Sub—leading decaying contribution

In this paper, our prime objective is to compute these leading order contributions in the
context of primordial cosmology, where we chose these two quantum operators as the per-
turbation field operator and its canonically conjugate momentum operator as appearing
in the context of cosmological perturbation theory. To remind all of us again here it
is important to note down again that during the computation of OTOCs we will only
consider the contributions from the same quantum operators in cosmology but defined
in two separated time scale. Here all of these sub-leading contributions will give a cor-
rect understanding of the large time limiting behaviour which helps to further comment
on the equilibrium behaviour of the quantum correlation functions and to estimate the
temperature at thermodynamic equilibrium. In this paper we are very very hopeful to
get distinctive behaviour from the mentioned two OTOCs in the context of cosmology
compared to the result obtained from the cosmological OTOC in our previous paper [53]

Instead of getting a random chaotic behaviour we are very hopeful to get a general
non-chaotic random behaviour out of the OTOCs that we are studying particularly in this
paper within the framework of primordial cosmology. Once we derive these mentioned
OTOCs in this paper then the study of all types of random fluctuations will be completed
and we strongly believe this complete study will be very very helpful to study various
unexplored features of primordial cosmology in the quantum out-of-equilibrium regime. In

11
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the next subsection we will talk about the eigenstate representations of these new class
of OTOCs which will be very relevant for the computation of OTOCs in the context of
quantum mechanical system which have the eigenstate representation of the Hamiltonian
explicitly.

2.2 Eigenstate representation of non-chaotic OTOC in quantum statistical
mechanics

In this subsection our prime objective is to give a simpler representation, which is known
as the eigenstate representation of the OTOC. This can only be possible if the quantum
system under consideration have eigenstates i.e. the system Hamiltonian have eigenstates.
We will explicitly show from a general calculation that how one can express the compli-
cated definitions of OTOCs mentioned in earlier section in a very simpler language. This
representation of OTOCs are very very useful for the computational purpose as it allows
us separately take of the contributions coming from the micro-canonical part of the OTOC
and the thermal Boltzmann factor, where both of them are the building blocks of the total
contribution appearing in the OTOCs in the eigenstate representation. Once we compute
both of these building blocks separately one can get to know the full information regarding
the the quantum randomness which are appearing in the expressions for the total thermal
OTOCs from a quantum mechanical system. Not only that, but also in the eigenstate rep-
resentations of the OTOC the total expressions are computed after taking over sum over
all the individual contributions obtained from all possible eigenstates. In this connection,
it is important to note down here that the from the final answers of the OTOCs one can
actually categorize all classes of available quantum mechanical systems into two families
which we are discussing in detail in the following;:

1. First family of quantum systems:

First family of quantum mechanical systems deal with only the micro-canonical part
of the OTOCs. Because, after taking sum over all possible contributions from the
eigenstates one can find out that for these class of quantum systems the cumulative
contribution actually gives the expression for the thermal partition function for the
class of quantum systems are consideration for this purpose which will further can-
cels with the expression for the thermal partition function which is appearing in the
denominator of these OTOCs to make the consistency with the definition of thermal
average of any quantum mechanical operator at finite temperature over all possible
eigenstates of the Hamiltonian of the system. This makes the final expression for
OTOCs completely dependent on the micro-canonical part of the OTOCs after tak-
ing sum over all eigenstate contribution. One of the well known examples of these
class of models are the Quantum Harmonic Oscillator (QHO) which can be solely
represented by the contributions from the micro-canonical part after summing over
all possible eigenstates of the Hamiltonian of the QHO. In this connection here it
is important to note that, at the perturbation level cosmology with a free massive

12
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scalar field theory in a FLRW space-time can be represented as a Quantum Para-
metric Oscillator with a time dependent frequency in the Fourier space, but instead
of having a harmonic oscillator type of representation within the framework of quan-
tum mechanical framework of cosmology we don’t have any eigenstate 3. Instead
of having a eigenstate in context of cosmology one can define wave function of the
universe and instead of having a discrete eigen energy spectrum in the context of
cosmology we can find a continuous time dependent momentum integrated over all
Fourier modes.

2. Second family of quantum systems:

Second family of the quantum systems are those in which these defined OTOCs
are quantified by the Boltzmann part as well as the micro-canonical part. Also
after summing over all possible quantum states and implementing the definition
of the thermal average of a quantum operator one can find out the final result is
dependent on the inverse of the temperature, which can take care of the behaviour of
the OTOCs when it reaches the thermodynamic equilibrium after waiting for large
enough time in the late time scale and particularly this feature is completely absent
in the context of the first family of the quantum mechanical systems. One of the
simplest example of this class of models are particle in one dimensional potential.
Like just the previous class here also at the perturbation level cosmology with a self
interacting scalar field or considering the interaction between different scalar fields
in a FLRW background one can represent the total theory by a perturbation in the
single Quantum Parametric Oscillator with a time dependent frequency in the Fourier
space for the self interacting case and perturbation in the the interacting Quantum
Parametric Oscillators with different time dependent frequencies in the Fourier space
for the interaction between various scalar field case, but instead of having a very
simple perturbation theory of harmonic oscillator within the framework of quantum
mechanical framework of cosmology we have very complicated version exists because
of the absence of eigenstate *. Instead of having a eigenstate in context of cosmology

3We all know that our universe evolved with respect to the time scale once. So if we want to explain
the background framework of primordial cosmology in the quantum regime then the Euclidean vacuum
state or the Bunch Davies vacuum state or the more generalized De Sitter isommetric a-vacua cannot be
treated as the eigenstate of the quantum Hamiltonian of parametric harmonic oscillator in the Fourier space
representation as we cannot repeat the evolution of our universe. So that time dependent Fourier mode
integrated continuous function of energy cannot be treated as the eigen energy spectrum as appearing in
the present context, where eigenstate of the Hamiltonian play significant role to determine the expression
for OTOCs.

4By applying the general perturbation technique one can actually able to compute the correction in the
energy eigen spectrum if the Hamiltonian of the quantum system have the eigenstate representation. In this
connection one needs to cite the example of simple harmonic oscillator where one can analytically explicitly
compute these corrections very easily and most of us have studied this from all quantum mechanics books
exist in the literature. On the other hand in the self interacting picture or for the case of the interaction
between many scalar field case in the spatially flat FLRW cosmological background computation of the

13
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one can define wave function of the universe and instead of having a discrete eigen
energy spectrum in the context of cosmology we can find a continuous time dependent
momentum integrated over all Fourier modes.

Now we will discuss in detail the construction of eigenstate representation of non-chaotic
OTOCs in which we are in this paper. To elaborate the computation in the eigenstate
representation we will talk about two canonically conjugate quantum mechanical operators
in two two different times scales t and 7 i.e. ¢(t),q(7) and p(t), p(T) respectively. As we
have already pointed and elaborately have discussed in the previous section that once we
consider the OTOCs between same quantum mechanical operators in different time scale it
is expected to have these classes of OTOCs will quantify the quantum fluctuations in terms
of general non-chaotic random correlation functions within the framework of quantum
statistical mechanics. We will further generalize this idea to compute the cosmological
OTOCs in the later part of this paper, though in the context of quantum field theory
of cosmology we don’t have any eigenstate representation. Though in the quantum field
theory of curved space time description we need to compute such classes of OTOCs in a
different way which we will discuss in detail in the later half of this paper explicitly.

In this context we are interested to compute the expressions for the following quantities,
which are given by:

2 —point OTOC; : Yi(t,7) :== —([q(t), ¢(7)]) 5, (2.29)
2 — point OTOC, : Yi(t,7) := —([p(t), p(7)]) 5, (2.30)
4 — point OTOC; :  Ciy(t,7) := —([q(t), ¢(7)]*) s, (2.31)
4 — point OTOC, :  Cy(t,7) := —([p(t), p(T)]*) s, (2.32)

- GO (@@,
4~ point norm. OTOC, = Cu(t7) = Trwemy E iy = ~ e elaams 2o
4 — point norm. OTOC; : Cy(t,7) := Calt7) = — {p(). ()]} 5 ,(2.34)

pOp@)sp(r)p(1))s (PO)P(#)s(p(T)P(7))s

where, f = 1/T (in kg = 1) is the equilibrium temperature of the quantum mechanical
system under consideration for the present study and it is expected that the system will
achieve thermodynamic equilibrium if we wait for a very longer time in the evolutionary
time scales ¢t and 7 under consideration for this problem.

Next, we consider energy eigenstate |n) of the system time independent Hamiltonian
H, which satisfy the following time independent Schroinger equation:

H|n) = E,|n) V n=0,1,2-- 0, (2.35)

quantum correction factors
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where E, represent the energy eigen values associated with the eigen energy state |n).
Using this eigenstate representation one can further write the expressions for these classes
of OTOC:s in the following simpler language:

Yit, 7) = % g exp(—BE,) EV(t, 7), (2.36)
¥i0.7) = 555 Yexpl=E) £ 7). @an
Ci(t,7) = ﬁ ni;o exp(—BE,) DU(t, 7), (2.38)
Colt, ) = % :OO exp(—BE,) D1, 7), (2.39)

where the time dependent diagonal matrix element representing the micro-canonical part
of the OTOCs are given by the following expressions:

EV(t,7) = —(nl[a(t), a(7)] In), (2.40)
EX(t,7) = —(n| [p(t), p(T)] In), (2.41)
DY (t,7) = —(nl[q(t), a(r)]" In), (2.42)
DA (t,7) == —(n| [p(t), p(7)]" ) (2.43)

Also, in the normalised representation the above mentioned 4-point OTOCs further can
be recast as:

Ci(t,7) = m S exp(—fE,) DYt 7). (2.44)
Colt, ) = m S exp(—FE,) D, 7), (2.45)

where the time dependent normalization factors Ny(¢,7) and Na(t, 7) are defined as:

Ni(t,1): = q(t))

(t)s
= 22 B ZeXp —BE;) (jlq(t) ) (ZeXp —BEn) mlq(T)q(T)|m>>, (2.46)
No(t, 1) : = (p(t)p t)

2221(5 ZeXp —BE;) {jlp(t) )(ZeXp ~BEp) m\p(T)p(T)|m>>- (2.47)
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In the present context, in the eigenstate representation of the time independent Hamilto-
nian of the system under consideration the partition function is defined by the following
expression:

= Zexp(—BEi). (2.48)

The above mentioned results actually represent the eigenstate representation of OTOCs
which can be decomposed into two important parts-one part take care of the temperature
dependence through the thermal Boltzmann factor and another part will capture the tem-
perature independent but time dependent contribution of the micro-canonical statistical
ensemble average computed for any arbitrary n-th eigenstate and after getting the contri-
bution for the this any n-th eigenstate we have to take sum over all possible eigenstates
including thee thermal Boltzmann factor. For this purpose we take all values of the number
n, which actually runs from 0 to oo and at the end of the day one can explicitly compute the
useful eigenstate simplified representation of the previously mentioned non-chaotic class of
OTOC:s in the present context.

Now to further simplify the expressions for the two different types of micro-canonical
OTOCs, represented by, D )(t 7) and DY (t,7), it would be very simpler if we can able
to express them in terms of the matrix elements of the two canonically conjugate quantum
mechanical operators defined in the two separate time scales ¢ and 7 i.e. ¢(t),q(7) and
p(t), p(7), respectively, where these matrix elements are explicitly computed by sandwich-
ing between the any n-th arbitrary eigen states. To implement this simplest computational
strategy we need to explicitly use the following quantum completeness condition which can
be written in terms of the energy eigenstates as:

Completeness condition : Z In)(n| =L (2.49)

As a consequence, the micro-canonical part of the 4-point OTOCs can be expressed in
terms of the required matrix elements as:

[e.9]

DO (t,7) == —(n| [q(t), q(r)2 In) = 3 G0 (¢, 7) (Gt 7)) (2.50)
DO(t,7) = — (| (1), fjgf L @A), @s))

where the individual time dependent matrix elements, g,%(tﬁ) and Qﬁﬁ%(tm), can be
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expressed as:

Gon(t,7) = 1i(n|[q(t), q(1)] [m), 2.52
G2 (t,7) = i(n| [p(t), p(1)] |m). (2.53)

Now we take the Hermitian conjugate of both of these matrix elements, which are given
by the following expressions:

—~
Q
5=
—~
\.H‘
3
~—
~—
-
I
I
-~
—~
=
=)
—~
~
~—
L
—~
BN
P
2
-
I
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. .
El
=)
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~
~—
L
—~
BN
=
—
S
~
I
Q
iz
I
—~
\.@F
3
~—
—
[\
ot
e~
~—

la(t), a(T)]" = = [a(t), a(7)], (2.56)
p(t), p(T)]" = = [p(t), p(7)] - (2.57)

Consequently, the micro-canonical part of the 4-point OTOCs can be further simplified as:

[e.e]

DY (t,7) = —(nl[a(t), a(r)]* In) = Y G (&, T)GR(E, 7). (2.58)
DY (t,7) := —(n| [p(t), p(7)]* In) = Y G (t. TG (1. 7). (2.59)

Now, further in the quantum mechanical operator representation the time dependence of
the operators ¢(t), q(7) and p(t), p(7) can be expressed in the Heisenberg picture as:

q(t) := exp(iHt)q(0) exp(—iH?), (2.60)
q(7) == exp(iHT)q(0) exp(—iHT), (2.61)
p(t) = exp(i H)p(0) exp(—iHt) (2.62)
p(7) == exp(iHT)p(0) exp(— (2.63)

Y

(—iHT).

Using this representation the coefficients and the matrix elements as appearing in the
expressions for the micro-canonical part of the two-point and four-point OTOCs can be
further computed as:

EN(t,m) = i(n|lg(t),q(n)] ) = 2 sin(AEp(t = 7)) qur(0)an(0),  (2.64)

k=0

EX(t,7) = i(n|[g(1), q(r)] In) =2 sin(AE(t — 7)) pus(0)prn(0),  (2.65)

k=0
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Gt 7) = i(n| [p(t), p(7)] [m)
=iy [exp(iAE(t—7)) — exp(iAEm(t —7))] ¢nuk(0)grm(0), (2.66)
Gt ) = i(n| [p(t), p()] [m)

= zz lexp(1AE(t — 7)) — exp(iAEgy(t — 7))] pnk(0)pem(0).  (2.67)

b
Il
o

where, we define AFE,,,,, ¢nn(0) and p,,,,(0) by the following simplified notations:

AEyy, = Ep — Ey, (2.68)
Gmn(0) = (m|q(0)|n), (2.69)
Pmn(0) = (m[p(0)[n). (2.70)

Also for this simplification we have used the completeness condition explicitly. Addition-
ally, it is important to note that here we have considered a N particle (many body) non-
interacting Hamiltonian to describe a quantum mechanical system in the present context,
which is represented by the following expression:

N 2
2: Do
H(pl)apN7QI77QN): +U(q177qN) (271)

2m
a=1 @

Now for the simplicity of the further computation we assume that each N particle have
the same mass, which is given by:

vV a=12--N. (2.72)

1
Me = =
2

Consequently, for this simplest physical situation the NV particle Hamiltonian can be further
simplified as:

N
H(ph'" yPN3 (41, 7qN) = Zpi+U(QIJ )QN) (273)
a=1

Using this many body N particle simplest but general form of the Hamiltonian one can
further simplify the required matrix elements as given by the following expressions:

oo

57(1,1) (t’ T) = —<TL| [Q(t)7 q(T)] |n> =2 Z Sin<AEkn(t - T)) an(O)an(O)a (274)
k=0

ED(t, 1) = —(n|[q(t),q(T)] |n) = %Zsin(AEnk(t — 7)) AEAFEk, ¢uk(0)qrn(0), (2.75)
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Gt 7) =i > [exp(iAEk(t — 7)) — exp(iAEgm(t — 7))] quk(0)qim (0), (2.76)
k=0
G2 (t,1) = —i i lexp(IAE . (t — 7)) — exp(iAEgn(t — 7)) AExAErm ¢uk(0)qem(0),  (2.77)
k=0

where we have explicitly used the following information to convert the matrix elements
for canonically conjugate momentum defined at time ¢ = 0 to the matrix elements for the
position operator defined at the same time:

pen(0) = {lp(0) ) = & (0] [H(0),4(0)] ) = £ A (0). (279)

Consequently, the micro-canonical part of the OTOCs can be further simplified as:

‘S‘S)(t> T) =2t Z Sin<AEkn(t - T)) an(())(Jkn(O)a (279)

[c. ol olNe o]

Dg)(t, 7’) = Z Z an(O)ka(O)Qms(O)QSn(O)

[e;P(iZEnk(t — 7)) — exp(iAE,(t — 7))] [exp(iAFEs,(t — 7)) — exp(iAE,,s(t — 7))]

m=

[c ol olNe 9]

= Z Z an 0) @k (0)Gms(0)gsn (0)

m=0 k=0 s=

X [exp(z'@;n(t — 7)) + exp(iA Epms (t — 7))
— exp(iSEpmen(t — 7)) — exp(i Eppms(t — 7)) | (2.81)

[c ol OlNe 9]

1
D7(12)(t77—) = _6 qunk ka O)Qms<O>QSn(0) EnkEkmEmsEsn
X

( AEnk(t — 7)) — exp(iAEg,(t — 7))] [exp(iAEs,(t — 7)) — exp(iAE,,s(t — 7))]

[ex

[c. ol olNe o]

1
m=0 k=0 s=0
X [exp(z'@;n(t — 7)) + exp(iA Eppms (t — 7))
— exp(iA/E\k;n(t —7)) — exp(z’A%s(t -7, (2.82)

where we have introduced a few new quantities, which are given by the following expres-
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sions:
Ams :AEkm+AEms :Ek_Em+Em_Es :Ek_Es = _AEska ( )
ABpmon = Ay + AE,, = Ey — Eyy + Ey — By, (2.85)
A/E;;c:ms :AEnk+AEms :En_Ek+Em_ES7 ( )

which further give rise to the following properties:

ABjms = ~AEon, (2.87)
AEims = —AEpmon. (2.88)

Consequently, using the Eigenstate representation one can write the expressions for the
non-chaotic OTOCs as:

Yi(t, 1) = — 2 D) exp(—BEy) sin(AEw(t — 7)) Guk(0)grn(0) , (2.89)
> exp(=fE;) "0 =
Yo(t,7) = —o SN exp(—BE,) sn(AEu(t — 7)) AEuAEw, 4u(0)gia(0) | (2.90)
2 Z exp(—BE;) "=V k=0
Cft, ) = XP(—BEn) 4t ()i (0) s (0)n (0)
Z eXp(—BEz) m=0 k=0 s=0 n=0
« sin ({ES—M}@—T)) sin ({Ek—w}(t—ﬂ), (2.91)

Cy(t, 7) = — 1 Z Z Z Z exp(—LEL) nk(0)qkm(0)@ms(0)gsn (0)
4Zexp(_6 ) m=0 k=0 s=0 n=0

=0

XAE  AEgAE,,AFE, sin ({Es — M} (t — T)) sin ({Ek — w} (t— 7'))

(2.92)

To compute the normalization factors the following matrix elements play significant role:

(Gla®a®li) = 41(0)a(0), (2.93)
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(mlq(r) qur )Grrm (0 (2.94)
(Jlp(t) pjk )Pk ( )=—— AEjALEy; qx(0)g5%(0), (2.95)
4k=0

1 o0
(m|p(T) pmz )pim(0) = ==Y AEpiAFEim qumi(0)gim(0).  (2.96)
4 £

and using these results the normalization factors N7 and N, are computed as:

DYDY exp(—B(E; + En)) 41(0)41;(0) o (0)grm (0)
M= : (2.97)

(S )

1=0

Z exp(—B(Ej + En)) AEjAE;AE Ay, ¢j1(0)¢5%(0)@mi(0)gim (0)
Ny =2 : . (2.98)

16 (Z exp(—ﬁﬂ-))

=0

Consequently, using the Eigenstate representation one can write the expressions for the
non-chaotic normalised four-point OTOCs as:

4

<~Oo DI exp(—B(E; + En)) qﬂ(O)qu(o)qmr(O)qrm(0)>

Cl (t, 7') =

« sin ( B, — w} (t T)) sin ({Ek - M} (t— T)>, (2.99)
4

(Z DD > ep(=B(E; + En)) BB Eni B qjk<o>qjk<o>qmi<o>qim<o>)

R e L) N (R )]

(2.100)
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Finally, the normalised four-point non chaotic correlators can be further computed as:

X
NE
W
NE
NE
NE

D
B
%

=

+

S
g
=
T
=
<

3
=
=
2.
=

can({m- EE ({5 B )

2

<2 Z > 2 Z exp(—B(Ej + En)) EjpErjBmiLim ij(O)ij(O)Qmi<0)%’m(o)>

<AEwAEmA B AEysin ({ B~ F B o) Yan ({1 - Bt Bl ),

2 2
(2.102)

These that we have derived are very useful to represent the non-chaotic OTOCs in its
eigenstate basis. There exists a lot of integrable and non integrable models in the context
of quantum statistical mechanics which can be written in terms of its eigenstate basis.
For these class of models using the above mentioned general results one can able to com-
pute the expressions for the desired non-chaotic OTOCs as well the normalised four-point
functions in the simplest eigenstate representation of the Hamiltonian of the system under
consideration. We will not explicitly compute any result for a specific quantum model in
this section as our prime objective is compute the expressions for the non-chaotic OTOCs
and the associated normalised four-point functions in the context of quantum field the-
ory of curved space-time, particularly for spatially flat FLRW cosmological background
space-time where the eigenstate formalism of representing OTOC is not applicable any
more. Few more things here we have to point for our understanding purpose of the derived
correlators in the eigenstate representation. It is important to note that the magnitudes
or the amplitudes of the desired micro-canonical part of the two-point functions in the
present context varying sinusoidally with both the time scale associated with any quan-
tum mechanical system under consideration in its eigenstate representation. Further once
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we include the contribution from the thermal Boltzmann factor and take a sum over all
eigenstates of the Hamiltonian of the quantum mechanical system we get an overall expo-
nential fall in the amplitude of the two-point function. It is expected from these expression
that at very low temperature the fall in the amplitude is very large. On the contrary, at
very high temperature the suppression in the Boltzmann factor and consequently in the
overall amplitude of the two-point function. We can see that all of these expressions for
the canonical two point function dependent on the information of the particular quantum
mechanical system under consideration through the matrix elements of the canonically
conjugate variable ¢ at time scale ¢ = 0 and 7 = 0 and the difference in the energy lev-
els of the eigenstates. Both of these contributions are time and equilibrium temperature
independent. So this implies that the overall behaviour of these two point OTOCs are con-
trolled by the canonical thermal Boltzmann factor and the micro-canonical time dependent
correlation functions in the present context. So it is expected that the overall cumulative
contribution of the amplitude of the two-point function show decaying sinusoidal oscillat-
ing behaviour with respect to the time scales under considerations for this study. Now we
will comment on the overall behaviour of the four-point functions derived in the present
context in the eigenstate representation of the Hamiltonian of the quantum system under
consideration. Like previously mentioned for the two-point function in the present con-
text we can interpret the overall amplitude of the unnormalized OTOCs are made up of
two important contributions. These are the canonical thermal Boltzmann factor and the
micro-canonical part of these four-point of the correlators which are appearing from the
square of the commutator bracket. From the derived expressions for the desired four-point
unnormalised OTOCs one can express the micro-canonical part of the quantum correlation
function in terms of the product of two sine functions with different frequencies along with
the contributions from the matrix elements of the canonical quantum operator ¢ and its
conjugate momentum operator p at the time scales, t = 0 and 7 = 0. If we look into closely
to the expressions then one can find that the overall amplitude of the un-normalized four-
point OTOCs will be decaying due to the presence of the time independent exponential
thermal Boltzmann factor and rest of the contribution is oscillatory and time dependent.
This particular generic time dependent part pointing towards the fact that these pair of
four-point OTOCs in which we are interested in this paper will not contribute to describe
the phenomena of quantum mechanical chaos as these correlators give oscillatory decaying
amplitude which will never be negative. However, once we include the contribution from
normalization factor we get a non-chaotic random fluctuating dissipating behaviour from
the normalized four-point OTOCs in this context.
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2.3 Constructing non-chaotic OTOC in Cosmology

For (3 + 1) dimensional spatially flat FLRW space time the infinitesimal line element in
the conformally flat coordinate is described by:

Spatially flat FLRW cosmological metric :  ds* = a*(7) (—dr* 4+ dx*). (2.103)

Here, a?(7) is the overall conformal factor which is actually playing the role of scale factor
in conformal coordinate system. Here we have introduced the concept of conformal time
which can be expressed for different patches of the FLRW universe as:

( 1
_ De Sitter
Ha(T)

T:/T a (2.104)

3(1 (1430,07) 1
M alT ] 2 g , where 0 S Wyeh S 5 Reheating
L (1 + 3wreh) 3

where the scale factor in the conformal coordinate can be expressed as:

( 1
— De Sitter
T
a(r) = , (2.105)
1 e (1+3w,ep) 1 .
MT " where 0 < Wpepy, < = Reheatlng
\ 3<1 + wT@h) 3

2.3.1 For massless scalar field

For massless case the scalar field action in spatially flat FLRW background can be written
in the conformal coordinate as:

s=— [ v=g @0 = [ dr dx () [@0.00x. )" - @u6lx. 7)), (2:106)

from which one can further compute the Hamiltonian for the massless scalar field in spa-
tially flat FLRW background using conformal coordinate as:

= 3X 1 2XT CLQ(T) i XT2 whnere X, T) = X, T
Hr) =[x |t + 2 @) where Tiokr) =00(x 7). (2:107)

In this case the non-chaotic OTOC’s for the massless case are given by:

2 —point OTOC; :  Yi(t,7) = —([¢(t), o(7)]) 55 (2.108)
2 — point OTOC, :  Ya(t,7) = —<[ﬁ(t),ﬁ(¢)}>ﬁ, (2.100)
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4 — point OTOC; :  Ci(t,7) = —

[B(1), o)) 5 (2.110)
> .

>
4 — poin OTOC2 . C2 ,T) = ——= = = = . 2.111
point = T Renenamiey, oY

During inflation (when we fix d = 3) we actually consider massless scalar field i.e. m << H.
In this context one needs to consider the following perturbation in the scalar field in the
De Sitter background:

Field perturbation: ¢(x,7)= o(T) + dp(x,T) (2.112)

~—~ N—_——
Background field in FLRW  Perturbation in FLRW

to express the whole dynamics in terms of a gauge invariant description through a variable:

Perturbation variable : ((x,7) = — ;_;((:)) Sp(x,1) . (2.113)
( dr ) Perturbation in FLRW

—_———
Background contribution

At the level of first order perturbation theory in a spatially flat FLRW background
metricwe fix the following gauge constraints:

0o(x,7) =0, g;(x,7) = a®(7) [(1 4 2¢(x, 7)) ij + hij(x,7)], Oihij(x,7) =0 = hi(x,7). (2.114)

which fix the space-time re-parametrization in FLRW spatially flat background. In this
gauge, the spatial curvature of constant hyper-surface vanishes, which implies curvature
perturbation variable is conserved outside the horizon.

Applying the ADM formalism one can further compute the second order perturbed
action for scalar modes can be expressed by the following action after gauge fixing:

5= %/dT d’x % (%@) [(0:¢(x, ))? — (8:C(x, T))2l . (2.115)

~
Overall time dependent factor

TV
Perturbed kinetic term in first order

Now we introduce a new variable in cosmological perturbation theory, which is known as
Mukhanov Sasaki variable:
a(7) do(7)

Mukhanov Sasaki variable : f(x,7) = 2(7){(x,7), with 2(7) = TR
-

, (2.116)
where, H = dlna(7)/dr is the Hubble parameter in the conformal coordinate. Here this

new perturbation field variable serves the purpose of field redefinition in this context.
Translating in terms of the conformal time and applying integration by parts the above
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mentioned action can be recast in the following form:

1 1 d*2(7)

S= 5 [dr s [0uf0x ) - @)+ 50

(f(x, 7))2} . (2.117)

Now we transform this problem in Fourier space by making use of the following Fourier
transform on the rescaled field variable:

d*k
Fourier transformation in momentum space : f(x,7) = / ( fi(m) exp(ik.x) , (2.118)

2m)3

using which the action expressed in coordinate space can be recast in the momentum space
as:

1
Action for parametric oscillator : S = §/d7' &k | |0: fi(D))? =2 (7) |A(DP] , (2.119)

Kinetic term Potential term
where we define the effective frequency wy(7) as:
I
Effective frequency : wi(7) = K>+ m2g(7) with m2(7) = G ;(QT) -(2.120)
z(t) dr

Here, meg(7) represents the conformal time dependent effective mass parameter which is
appearing due to the cosmological perturbation of the cosmological spatially flat FLRW
metric in the first order and correspondingly the second order contribution in the action
for scalar curvature perturbation. Now one can further compute the expression for this
time dependent effective mass parameter for different cosmological epochs as:

(2
) 72
meg(7) = — = =4 (2.121)
2(3wreh — 1) 1

1
— 0 < wyep, < = Reheati
( (1 4+ Bwyep)? 72 = Wreh = 3 RERCALING

De Sitter

Consequently, the Hamiltonian can be expressed in Fourier transformed space as:

Fourier transformed Hamiltonian density = Hy(7)
7\
7 N\

1 1
1= [ ek SIP + SRR where T(r) =0 flr) , (2122
I;inet?g terl; ) Poteni?iarl term ’

where, the perturbed field satisfy the constraint, f_y(7) = fl(T) = fi(7).
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Now, in terms of scalar curvature perturbation variable the following interesting OTOCs
can be computed explicitly:

2 — point OTOC :  Y{(1,73) = —([{(71), {(72)])s, (2.123)

2 — point OTOC :  Y§ (1, ) = —{([c(n), e (7)), (2.124)
_ poin S ) — ([€(),¢(m2)]*)s

4= point OTOC: Ci(n. ™) = =~ 1 () () (2125)
_ boin S ) — (e (m), He(m2)])s

4 point OTOC Gy ™) =~ O, () (T () Ty 2

Similarly, in terms of rescaled perturbation variable the OTOCs can be recast in the
following forms:

2 — point OTOC : Y/ (r,m) = —([f(n), f(72)])5, (2.127)

2 — point OTOC : Yy (r,m) = —([lI;(1), ;(72)]) 5, (2.128)
_ voin iy — ) F()] )

4= point OTOC: G (n.m) = =7 080 i () £ () (2.129)
- TN (R e Y

47 point OTOC: - G (nm) = =i T (), (L () Ly ()} 220

For both the cases we use a vacua and Bunch Davies vacuum as quantum vacuum state.

2.3.2 For partially massless scalar field

For partially massless case the scalar field action in spatially flat FLRW background can
be written in the conformal coordinate as:

S = —% / d*z /=g [(0¢)* — (cH¢)?]
= %/dT d3x QQ(’T) [((9.r¢(x7 7—))2 _ (alqs(x’ 7.))2 . (CH¢(X, 7_))2]’ (2.131)

and the corresponding Hamiltonian can be expressed in the conformal coordinate as:

= 3% b X(x,T m (%, 7) + AHEP (%, T where II(x,7) = X, T
() =[x gt + S {000 + e 1)} | where T, 7) = 0,00, 7).

2
(2.132)
In this specific scenario, the conformal time dependent effect mass parameter for the par-
tially massless scalar field in spatially flat FLRW cosmological background can be expressed
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as:
( 1
(02 — 2) —, Wwhere ¢ > V2 De Sitter
T
m2(7) = —— Po(r) _ (P -5) (2.133)
) Ar) dr? 72 2(3wyen — 1) 1 1
= —, 0 < wpep < = Reheating
L (1 —|—3wreh)2 T2 3

Since the expression for the conformal time dependent effective mass parameter explicitly
appearing in the expression for the effective conformal time dependent frequency parameter
the rest of the computations will be automatically modified accordingly. Further using
previously defined four set of OTOCs in the previous case here also one can compute the
expression for the non-chaotic sets of quantum mechanical correlators in the context of
partially massless scalar field as well.

2.3.3 For massive scalar field

For partially massless case the scalar field action in spatially flat FLRW background can
be written in the conformal coordinate as:

5=-3 [ a'e V=3 (067 - mie?
= %/ dr dx a*(r) [(0-0(x,7)) = (Bio(x, 7)) — a*(Nmid(x,7)],  (2.134)

and the corresponding Hamiltonian can be expressed in the conformal coordinate as:

1 2
H(r) = / d*x [QQ—HHQ(X, )+ 2 éT) {(0:6(x,7)* + m2¢*(x,7)}| where I(x,7) = d,(x, 7).
a?(t
(2.135)
In this specific scenario, the conformal time dependent effect mass parameter for the par-

tially massless scalar field in spatially flat FLRW cosmological background can be expressed

as:
( mé .
2 o 72 5 my > H De Sitter
2y (r) = ——— 1 An) _ _(F-x) (2.136)

2(3w/}ﬂeh - 1) 1 1 .
5 0 < re < - R h t
3w U Wyep, < 3 cheating

This expression will contribute to the effective conformal time dependent frequency pa-
rameter and consequently the rest of the computations will be automatically modified
accordingly. Further using previously defined four set of OTOCs in the previous case here
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also one can compute the expression for the non-chaotic sets of quantum mechanical cor-
relators in the context of massive scalar field as well. There might be another possibility
to have a conformal time dependent profile for the massive scalar field in the spatially flat
FLRW geometrical background in the context of cosmology. Now it is important to note
that, it is not necessarily to include such time dependence explicitly in the mass profile of
the heavy scalar field. But if we consider this possibility then it is possible to explore many
more unexplored areas of theoretical physics and its underlying connection with primor-
dial aspects of cosmology. One can establish a connection with condensed matter physics,
quantum aspects of statistical mechanics and quantum entanglement, violation of Bell’s
inequality and the generation of long range quantum mechanical correlation appearing in
the context of quantum information aspects of cosmology. We will explore these interesting
features in our upcoming projects, but not in this paper. In this paper we will only look
into the massive field my > H, using which we will explore few other features, which is
also show some new direction in the context of quantum field theory of curved space-time,
particularly in the context of spatially flat FLRW cosmology which is quite consistent with
the observational aspects as well. Using the present set up our objective is to explore the
behaviour of the quantum correlation functions in the out-of-equilibrium regime of the
quantum field theory of primordial cosmology appearing in the early time scale of the evo-
lution of our universe. Not only we will restrict ourself to describe the out-of equilibrium
feature in the early time scale of our universe, but also using the present computation
and methodology used in this paper we will probe the late large time equilibrium features
of the mentioned quantum correlation functions in the context of primordial cosmology.
By studying the conformal time dependent behaviour of these two sets of OTOCs we can
surely study the quantum mechanical random fluctuating behaviour of cosmological cor-
relators starting from a very early time to the late time scale of our universe. Using this
methodology one can further quantify the quantum correlation function in the context of
reheating epoch as well as for the stochastic particle production during the epoch of in-
flationary paradigm, where in both the cases the phenomena of out-of-equilibrium physics
play significant role at the very early time scale. on the other hand, at very late time scale
of the evolution history of our universe the quantum random fluctuation in the cosmo-
logical correlation shows equilibrium feature and from this one can further estimate the
corresponding equilibrium temperature. For this reason, in the rest of our paper we will
explicitly compute these results and will show that how the present methodology can be
applicable to quantify the quantum mechanical behaviour of random fluctuations during
reheating and particle production process during inflation.
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3 Quantum non-chaotic auto-correlated OTO amplitudes and
OTOC in Primordial Cosmology

In this section, our prime objective is to explicitly derive and study the physical outcomes
from two different types of OTOCs which are constructed from field variables appearing in
the context of cosmological perturbation theory written in spatially flat FLRW background.
We will show from our computation that these set of OTOCs play significant role to
quantify the effect of random fluctuations in the quantum regime. Most importantly, our
main claim in this paper is that these set of new OTOCs in the context of primordial set
up of cosmology will describe the non-chaotic time dependent behaviour with respect the
conformal time scale, which is obviously a new information in this literature and have not
explicitly studied earlier. So in this paper we will completely devote our full attention to
justify this big claim through the present computation performed in this paper. Before
perform the detailed computation and going to the very technical details of the present
topic let us first discuss the physical implications of these set of non-chaotic OTOCs in
which we are interested in this paper, which are appended below point-wise:

e Motivation 1:

The first physical motivation of this work is to explicitly provide the result of quan-
tum mechanical correlation function in the context of primordial cosmology when
the system under consideration goes to out-of-equilibrium regime in the early time
scale of the evolution history of our universe. We all know this particular regime
in quantum statistical field theory is extremely complicated to probe through usual
understandings. On the other hand, in the spatially flat FLRW curved background
explaining such phenomena even more harder. Our prime objective is to probe this
extremely complicated physics through some basic and very simple concepts of quan-
tum field theory prescription. This methodology is applicable to explain particularly
the quantum mechanical correlation functions in the epoch of reheating and during
the the stochastic particle production procedure during inflation which was not ex-
plored in this literature earlier. We are very hopeful that our computation and the
derived results can perfectly able to capture the phenomena of quantum randomness
and in this way one can treat the OTOCs to be the significant theoretical probe
through which one can explain the out-of-equilibrium features very easily.

e Motivation 2:

The second physical motivation of this work is to explicitly provide and understand
the equilibrium behaviour of the quantum mechanical correlation functions in the
context of primordial cosmology which we have a plan to derive in terms of the pre-
viously mentioned OTOCs. When we give an initial response to a quantum system in
the context of cosmology it goes to the out-of-equilibrium regime. Now if we wait for
long and consider the late time regime in the evolutionary scale of cosmology then
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it is expected from the basic understanding that the quantum mechanical system
under consideration has to reach the state of thermodynamic equilibrium which can
be understood in terms of the saturation of the desired set of OTOCs at the late time
scale. Our expectation is that to understand this phenomena within the framework
of cosmological perturbation theory in the early universe which will be also helpful
to estimate the thermodynamic temperature of the equilibrium state from the sat-
uration value of the desired OTOCs in the present context. We are very hopeful to
provide the details of the equilibrium behaviour of the quantum OTOCs from cos-
mology at the late time scale which will be be helpful to give a physically consistent
interpretation and estimation of the reheating temperature in terms of the equilib-
rium temperature of the quantum mechanical system under consideration. Apart
from this, one can further give a physical interpretation and estimation of the equi-
librium temperature at the end of the stochastic particle production procedure during
the epoch of inflation. So using the late time behaviour of the cosmological desired
OTOCs one cam give the estimation of reheating temperature as well the tempera-
ture of the universe at the end of inflation by following a proper physically consistent
theoretical framework, which will be further helpful to determine the energy scales
of that specific epoch appearing in the evolutionary time scale of our universe.

e Motivation 3:

The third and the last physical motivation of this work is to explicitly provide and un-
derstand the intermediate behaviour of the quantum mechanical correlation functions
in the context of primordial cosmology which we have a plan to derive in terms of the
previously mentioned OTOCs. Our expectation is the present structure of OTOCs
not only provide the physical understanding of the early time out-of-equilibrium and
late time equilibrium phenomena in the context of primordial cosmological pertur-
bation theory, but also provide the correct and physically justifiable explanation
of the intermediate behaviour of the quantum correlation functions which will able
to explain the phase transition from the out-of-equilibrium regime to the equilib-
rium regime. As far as the previous literatures in the present context are concerned
people have not addressed this issue clearly as in the earlier computations implemen-
tation of this phase transition phenomena was extremely complicated. But from the
present computation our one of the great expectations is to address the intermedi-
ate behaviour of the cosmological quantum correlation functions through the desired
expressions for OTOCs which can further give physical interpretation during the
phase transition from the out-of-equilibrium regime to the equilibrium regime and
the quantum randomness behaviour in the vicinity of the transition region within
the framework of primordial cosmological perturbation theory.
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3.1 Computational strategy for non-chaotic auto-correlated OTO functions

The steps of the specifically computing the desired non-chaotic OTOCs defined in this
paper are appended below point-wise:

1. To compute these OTOCs at first we need find out the analytic classical solution
of the equation of motion of the massless, partially massless and heavy scalar fields
which can describe the super-horizon, sub-horizon limit and horizon crossing phe-
nomena in the spatially flat FLRW cosmological background.

2. After obtaining the classical solution which can describe the physical phenomena
in the asymptotic region- super-horizon and sub-horizon scale in a specific gauge of
cosmological perturbation theory of early universe we further have to find out the
canonically conjugate momentum of the perturbation field variable. Further using
both of these classical solution our job is to promote them in the quantum regime by
writing them in terms of the creation and annihilation operators. Once this job is
done then using that quantum extended operators our job is to compute the square
of the quantum mechanical commutator brackets appearing in the expressions for
the two desired OTOCs on which we are interested in this paper. It is important
to note that, such square of the commutator brackets are of course the fundamental
components which will play significant role to quantify the desired OTOCs.

3. Once we know the full solution in the quantum regime, which can able to describe
super-horizon and sub-horizon, the asymptotic limiting solutions in presence of a
preferred choice of quantum mechanical vacuum state, which fix the initial condition
for the quantum random fluctuations in the context of early universe cosmology then
using that we have to explicitly compute the expression for the thermal average value
of the square of the commutator bracket of the field and its canonically conjugate
momenta, which can be obtained as a by-product of cosmological perturbation theory
in a preferred choice of gauge. Such combinations physically signify the four-point
quantum correlation function in the out-of-time ordered sense.

4. Further we have to derive the expression for another fundamental quantity, which is
the partition function of the quantum mechanical system under consideration for the
cosmological perturbation theoretical set up. This can be done by determining the
quantum mechanical Hamiltonian which actually representing a quantum oscillator
with conformal time dependent frequency. Once this is done then we need to compute
the expression for the thermal trace of the thermodynamic Boltzmann factor. Here
it is important to note that, in the context of quantum field theory the equivalent
representation of the thermal trace operation can be presented in terms of path
integral operation which can be performed in presence of wave function of the universe
defined for a preferred choice of quantum mechanical vacuum state.
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5. Before computing the mentioned OTOCs which are related to connected part of
the four-point correlation functions we need derive the expression for the thermal
two point OTOCs from the perturbation variable appearing in the preferred choice
of gauge in cosmological perturbation theory of early universe °. These two point
functions further have used to normalize the four point desired OTOCs in the present
paper and for this reason can be treated as the fundamental building block in the
present computational purpose.

6. The quantum operator appearing as a by-product of cosmological perturbation theory
which are the fundamental objects used to define the desired expressions for the
OTOCs in this paper we first use the coordinate system basis. But to make the
further simplification we transform both of the quantum operators defined in two
different time scales in to Fourier space where we write both of them in the momentum
basis. We particularly use this simple trick because in the context of cosmology
momentum space description is very simpler and easily understandable compared to
the expressions obtained in the context of coordinate space basis. The prime physical
reason behind this approach is that the quantum correlation functions in the context
of primordial cosmological perturbation theory preserves the overall mathematical
structure under the application of SO(1,4) conformal transformations . But in the
context of quasi De Sitter space this symmetry is slightly broken in the momentum
basis after doing Fourier transformation from the coordinate basis and the amount
of symmetry breaking is proportional to the slowly varying time dependent slow-roll
parameters, which we have explicitly taken into account to get the correct physical
interpretation of the final results of the desired OTOCs in our computations in this

paper.

7. Another important ingredient of the present computation of the desired two OTOC
is deep rooted in the cosmological perturbation theory setup used for early universe
quantum mechanical set up that we are using for the present computation. In this
context, the preferred choice of gauge used for the perturbation set up play a very
significant role to finally quantify the mathematical structure of the OTOCs studied

5Here it is important to note that, for the four-point OTOCs we have observed that at very large
dissipation time scale one can factorize them into connected and disconnected parts. Obviously connected
part carries the physical information, but the disconnected part is actually written in terms of the product
of two two point functions defined at two different time scale which are separated in time scale. Now these
two point functions helps us to normalize these two OTOCs which further is very significant to analyze
the amplitude of the connected part of the desired four-point functions in the present context. Also,
the thermal expectation value of the commutator bracket of two cosmologically relevant operators in the
context of cosmological perturbation theory can be considered to be the relative difference between the
thermal expectation value of two different two point functions which are appearing in the normalization
of the disconnected part of the four-point functions as mentioned earlier.

SHere SO(1,4) represents the De Sitter isommetry group which are preserved under conformal trans-
formations.
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in this paper. For this purpose, unitary gauge, Newtonian gauge, comoving d¢ = 0
gauge choices are very relevant and most commonly used. Out of them in the present
computational purpose we use the comoving d¢ = 0 gauge, which make the final
mathematical structure and the detailed computation of the desired OTOCs very
simpler compared to the performing the derivation in terms of the field ¢ and its
canonically conjugate momentum Il which are appearing directly from the ungauged
version of the cosmological action in spatially flat FLRW background.

3.2 Classical mode functions to compute non-chaotic auto-correlated OTO
functions in Cosmology

After varying the gauged version of the second order action as appearing in the context
of cosmological perturbation theory in the preferred d¢p = 0 gauge and writing in terms
of the redefined perturbation field variable in the momentum space after doing Fourier
transformation we get the following simplified version of the equation of motion of the
classical field:

Mukhanov Sasaki equation (Classical EOM) :

=mZq(7)
1
cd2fk<7—) k? VQ B Z
dr2 + —T fk(T) = O, (31)
= W3(r)

which is commonly known as the Mukhanov Sasaki equation. 1t is actually a second order
differential equation in conformal time coordinate and in momentum space k plays just the
role of a constant parameter. If we closely look into the equation of motion then we see that
it is basically representing a parametric oscillator with conformal time dependent frequency
where the conformal time is playing the role of parameter in this context. Since here the
equation of motion of the Fourier mode of the rescaled scalar perturbation is second order
homogeneous differential equation in conformal time coordinate then the final solution of
this equation can be written in terms of the sum of two linearly independent solutions. For
this reason, two arbitrary constants are also appearing in the total solution which can only
be fixed by the initial choice of the quantum vacuum state. To serve this purpose it us
very common practice in this literature to choose the well known Euclidean vacuum state,
which is actually a false vacuum state in nature. In common practice this Euclidean false
vacuum state is known as the Bunch Davies vacuum. There is an additional possibility
regarding the choice of the vacuum state, which is the most general a-vacua states and
a = 0 can reproduce the solution for the Bunch Davies vacuum state. In this equation of
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motion we define the mass parameter variable v, which is defined for the massless, partially
massless and massive heavy scalar field cases in De Sitter space and for reheating phase
can be written as:

(3
2

9
Vps = U= 4 ”Z — 2, where ¢> V2 DS+partially massless (3 o)

DS-+massless

2
TV where my > H DS-+heav
N —= — —
LV H2 4 ¢ y
and
(
1 2(1 — 3w, .
4 * (i + 3wlfehl)13 Reheating+massless
1 2(1 - 3wreh) . .
ren T it Reheating+partially massless (3.3)

47 (1 + 3wen)?

I 2(1 — 3wpen) )
1 + (1 3wy )2 Reheating+heavy

where the equation of state parameter during reheating epoch is lying within the window,
0 < wpep, < % Here it is important to note that for the reheating case the expression
looks exactly same for the massless, partially massless and heavy scalar field case. The
expression for the equation of state parameters for these three different cases are different,
which implies the physical significance of each cases are different. But the overall magnitude
of the equation of state parameter will lie within the above mentioned window.

Now to proceed further with this equation of motion of the perturbed field variable for
the scalar fluctuations we transform it in a convenient mathematical form which can be
easily understood. We use the following canonical field redefinition to serve this purpose:

1
V=

Canonical field redefinition : Q(z) := fi(7) with z=—kT. (3.4)
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In this new field redefinition the Mukhanov Sasaki equation can be recast as:

dQQ(;U) . ldQ(x) n (1 2

Canonical form of Bessel's equation : - —
dx? x dr x?

) Q) =0.

(3.5)
The most general solution of this canonical form of Bessel’s equation can be written as a
linear combination of the two linearly independent solutions as given by:

Solution for Bessel's equation : Q(z) = [D; J,(z) + D2 Y, ()], (3.6)

where, J,(z) and ), (z) are the Bessel function of first and second kind of order v re-
spectively. Here D; and D, are the two arbitrary integration constants which are fixed by
the choice of the initial quantum vacuum state. Sometimes in the quantum field theory
literature these time independent constants are identified to be the Bogoliubov coefficients
which one can able to compute explicitly in the present context.

Further one can write the the Bessel function of first and second kind of order v in
terms of the Hankel function of first and second kind of order v:

T(e) = 5 [HO (@) + HO ()], (3.7
212_ [HM (z) — HP ()] . (3.8)

14

Here HS"(—kr) and H"(—k7) are the Hankel functions of first and second kind with
order v.
Finally, in terms of the Hankel functions the most general solution can be expressed as:

Solution for Bessel's equation : Q(z) = [C; HWY(z) 4+ Cy, H? ()], (3.9)

where we introduce two new arbitrary constants, C; and Cy, which are defined in terms of
the previously mentioned two integration constants D; and D as:

1 1
Cl - 5 (Dl - ZDQ) 5 C2 = 5 (Dl + 'LDQ) . (310)

Consequently, the most general conformal time dependent solution of the scalar mode
fluctuation equation of motion for any constant mass profile (massless, partially massless
and heavy scalar production during inflation and during reheating) is represented by the
following expression:

Solution for scalar mode function : fi (1) = v/—7 [C; HV(=k7) + Cy HP (=k7)], (3.11)

where C; and Cy are the previously mentioned two arbitrary integration constants which
are fixed by the choice of the initial quantum vacuum state necessarily needed for this
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computation.
The corresponding most general canonically conjugate momentum can be further com-
puted from this derived solution as:

1
W
+Cy (k:TH L(=k7) — HO(—k7) — krHE, (— /w))]. (3.12)

i (r) = 0, fulr) = 1 (kT (—k7) = HO(=kr) = krH) (<k7) )

Further considering, —k7 — 0 and —k7 — 0o asymptotic limits one can write the following
simplified form of the Hankel functions of the first and second kind:

Jim H(—kr) = \/g \/j_lm_exp(—i (br+ AL, (3.13)
Jim HY (k) = \/g \/_l_kTeXp (i {kr + AL, (3.14)
,ETH;OH1< kT) = ;F(u) (—IZ—T) _V, (3.15)
dim HY (k) = —%m) <—%T> - (3.16)
Here we define A, as:
A, = g (,, + %) . (3.17)

Using these asymptotic results of the Hankel functions of the first and second kind the
most general solution for the perturbed field and momentum variable can be expressed as:

L 2a(—kT)2 Y | T(v)
MO T
x[C1 (14 ikT) exp (=i {kT + A, }) —Co (1 —ik7) exp (i {kT + A} })], (3.18)
et r L f, s G (o A
Hk(T)— \/Ek% F(%) |:Cl {1 19,, ]{;27'2 } p( {k +AV })
_¢, {1_%%} exp (z’{kr+Aj})}, (3.19)

where we define the two phase factors A and a new function ¥, as:
1
Af:Ayig:Z{<y+§>i11, (3.20)

- (1), o1
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These results are extremely important for the computation of the desired OTOCs in which
are interested in this paper which we have derived in the the later subsections. To server
this purpose we need to first of all promote both of these classical solutions of the field and
momentum to the quantum level. Since we are following the canonical technique in the
present context for the quantization purpose, we need to express both of these classical
solutions in terms of creation and annihilation operators which we will discuss in the next
subsection of this paper. See the details of the computation in Appendix (A).

3.3 Quantum mode function to compute non-chaotic auto-correlated OTO
functions in Primordial Cosmology

Here in this context, the rescaled perturbation field operator and the corresponding canon-
ically conjugate momentum operator in the quantum regime can be expressed in terms of
the classical solutions obtained in the previous section as:

Field Operator : fi(™) = fu(r) ax + [ () al (3.22)
Momentum Operator : I (1) = I (7) ax + II* (1) a' . (3.23)

Here ay and aik are the annihilation and creation operators of the quantum vacuum state,
which satisfy the following canonical commutation relations:

Canonical commutators : [ak, aT_k,} = (2m)°0° (k + k'),
[, a_i] = 0 = [a;f(,aT_ k,} . (3.24)

Consequently the curvature perturbation and the corresponding momentum operator in
the quantum regime can be re-expressed as:

2 Ji(7)
Ck(T) - Z(T)
_ fi(7) ax + £ (7) aT—k
Z(T)
) ax +C ) aly, (3.25)

(1) Gul(r) dz(7)
o
[(H<k<>ak+H< ) al) = () aceuin o) (552 |- 620
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Here the last term of the above mentioned expression can be further evaluated as:

1 dz(r) 1 da(r) 1dH 1 d%(r)
2(t) dr  a(r) dr  Hdr + (dgb(T)) dr? (3.27)
dr

~
Sub—leading contribution

3.4 Quantum operators for non-chaotic auto-correlated OTO functions

In this subsection, our prime objective is to promote the classical Hamiltonian to the
quantum regime in terms of canonical quantum operators. This quantum mechanical
Hamiltonian operator can be expressed as:

Fourier transformed Hamiltonian—density operator
7\

- 1 1
Quantum Hamiltonian Operator : H(7) := /d3k §H12<(7') + wk( ) f2(7) :
—_———
Kinetic term Potential term

(3.28)
Additionally, it is important to mention that in this quantum mechanical Hamiltonian
operator the following property of the perturbed field and momentum holds good perfectly
in Fourier space:

17) = (Alr) a+ £4(7) al)’
= (Fal) acsct fi(r) of)
= fx(7), (3.29)
fif(r) = (I(r) o+ 11", (1) ')
= (T k(r) @+ (7)o,
— 1 (r) (3.30)

Here we use the following useful facts to satisfy the above mentioned Hermiticity con-

straints:
al =a, — (aik)T —al, (3.31)
) =K@ =fxn) = () =k (3.32)
M}, (r) = My (7 )—ka(T) = ()" =TI (3.33)

As a result, the fundamental parts of the kinetic and potential quantum operators as ap-
pearing in the expression for the quantum mechanical Hamiltonian can be further simplified
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as:

Quantum Kinetic Operator :

SHOEE
= % (Hk(T) ax + 11" (1) aT_k>T (Hk(T) a + 12, (7) atk)

= % (H_k(T) a_y + I (7) GL) (Hk(T) ax + 112, (7) aT—k>

= (a;f{ak + %53(0)) [T (7) 7, (3.34)

Quantum Potential Operator :

A A 1
Iy (7)) (1) = §!Hk(T) a + 11" (1) a2

SRR = (D) foa(r) = SREAlT) ot F14(7) al
= 2R (fulr) et frar) al i) (Ale) act Foade) o)
= Sk0) () s+ 507 o) (Belr) anc+ F(0) L)
- i) (ol + 5500 ) 1) (3.35)

As a result, we get the following simplified expression for the quantum mechanical Hamil-
tonian operator which is written in terms of the quantum number operator (N) in Fourier

space:

Quantum Hamiltonian Operator : H(r) = /d3k (/\7k + %53(O)> [k () + wi(T)] fi(T)]?]
(3.36)

where the quantum number operator (./\Afk) is defined in terms of the creation and the
annihilation operators of the quantum initial vacuum state as:

Quantum Number Operator : N := alay . (3.37)

After introducing the normal ordering one can remove the contribution from the zero point
energy which will give rise to the divergent contribution in the quantum mechanical Hamil-
tonian operator, which actually gives the divergent contribution. This further simplifies
the the expression for the Hamiltonian, which is given by:

Normal Ordered Hamiltonian Operator : : H(7) := /d3k Ni [Tk (7) ] + wi(T)| fi(7)?] -
(3.38)

This result is very useful for the computation of the two desired OTOCs in which we
are interested in this paper as it will contribute to the thermal Boltzmann factor and the
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corresponding thermal partition function which is further computed out of taking the trace
operation performed in terms of the path integral over the wave function of the universe.
The details of this computation will be found in the later sections of this paper.

3.5 Cosmological two-point and four-point “in-in” non-chaotic OTO ampli-
tudes

In this section, our prime objective is to explicitly derive the expressions for the two new
sets of two point and four point desired OTOCs in this paper to study the non-chaotic time
dependent ransom behaviour of cosmologically relevant quantum correlation functions.

3.5.1 Non-chaotic auto-correlators in Primordial Cosmology

To compute this explicitly we need the following information in our hand:

1. Information I:

First of all, one need to start with the quantum mechanical operators in which we are
interested in the context of cosmology, those are the perturbed time dependent field
and the associated canonically conjugate momenta written in Fourier transformed
momentum space. This can easily be done using the obtained asymptotically viable
total conformal time dependent solution of the perturbed field from the classical
Mukhanov Sasaki equation which we are going to write in quantum regime as an
operator by including the creation and annihilation operators of the quantum initial
vacuum state. In the framework of cosmological perturbation theory one can con-
struct the conformal time dependent Hamiltonian density operator in Fourier space
which can be made up of two important components, the kinetic operator and the
potential operator, where both of them can be expressed in terms of the previously
mentioned perturbed field operator and its canonically conjugate momentum oper-
ator in the quantum regime of field space. After constructing the time dependent
Hamiltonian density operator in the Fourier space our next job is to integrate over
all possible momenta spanned over a physically acceptable range to derive the total
time dependent Hamiltonian operator frequently used for the present computation.
Additionally it is important to note that, in the paper we will consider the canonical
technique for the quantization purpose which we will follow throughout the paper.

2. Information II:

In the next step, one needs to explicitly compute the expression for the commuta-
tor and square of the commutator bracket between the two perturbed field variable
quantum operators and the two canonically conjugate momentum variable quantum
operators defined at two different conformal time scales in the classical geometrical
background of spatially flat FLRW space-time specifically in coordinate space repre-
sentation. These are the crucial part which forms the building block of the desired
OTOC:s in the context of cosmological perturbation theory of early universe. In this
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section of the paper we explicitly derive the commutator and square of the com-
mutator or these two operators in terms of two and four parts respectively where
each of the components mimics the role of scattering amplitudes in Fourier space.
In the present context commutator and the square of the commutator bracket in the
Fourier space involved two momenta and four momenta respectively and in both the
cases two different conformal time scale appears which will finally fix the structure
of the desired OTOCs which we want to study in the context of cosmological pertur-
bation theory. If we look into the structure of these commutator and square of the
commutator quantum mechanical operator very closely then one can observe that
these two different momenta and four different momenta are appearing in OTOCs
as we are dealing with the product of two and quantum mechanical operators re-
spectively in this computation. Though the OTOC computed from the square of the
commutator bracket looks like 2 — 2 scattering amplitude in the Fourier space, but
technically these are actually representing the unequal time, out-of-time-ordered four
point quantum correlation function in the context of cosmology. In the quantum field
theory version of the trace operation one need to consider the same quantum initial
vacuum state, which implies the initial and final state both are exactly same, and
identified to be “in” quantum state in the context cosmology. This further implies
that within the framework of primordial cosmology we deal with in-in amplitude
rather than using the usual “in-out” amplitude in the S-matrix formalism, which is
actually a Schwinger Dyson series. Instead of calling this quantity which we want to
explicitly determine in this section as “in-in” amplitude we call these quantities as
“in-in” quantum mechanical correlation functions within the framework of primordial
cosmological perturbation theory.

3. Information III:

Another important issue is to fix the proper definition of the trace operation within
the framework of quantum field theory written in classical spatially flat FLRW curved
cosmological background. In the context of quantum field theory of curved space-
time, particularly in the context of cosmology we have to define the quantum wave
function of our Universe which will help us to set up the equivalent representation
of the thermal trace operation in terms of the quantum mechanical path integral
formulation. To construct the wave function of the Universe as a initial condition one
choose the standard definition of Euclidean false vacuum state, which is commonly
known as the Bunch Davies vacuum state and it basically represents a thermal ground
state in the context of primordial cosmological perturbation theory. In the quantum
field theory of curved space-time literature sometimes this is identified to be the
Hartle-Hawking or Cherenkov vacuum state. In this computation, the most most
generalized choice is the «, § vacua, which is commonly known as the Motta-Allen
(MA) vacua in the context of quantum field theory of De Sitter space time which are
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invariant under all the conformal group SO(1,4) isometries and commonly known
as the «, f-vacua which is CPT violating. Here «, f is a real parameter which forms
a real parameter family of continuous numbers and particularly g is appearing in
the phases. This phase factor is actually the culprit for which in the quantum state
CPT symmetry getting violated. Once we switch off the contribution from this
phase factor by fixing 8 = 0, the one can get back the CPT symmetry preserving
quantum « vacua states. Sometimes the « vacua is characterized as the squeezed
quantum vacuum state. Bunch Davies vacuum state is a very special case of the
generalized a vacua state which can be obtained by fixing o = 0 in the definition of
the quantum vacuum state, which perfectly satisfy the Hadamard condition in the
Green’s functions. Using Bogoliubov transformation one can express the a vacua in
terms of the Bunch Davies state.

4. Information I'V:

Once we fix the definition of the quantum field theory version of the trace operation
in terms of path integral formalism in the Euclidean formalism we can then further
compute the expression for the desired two sets of OTOCs on which we are inter-
ested in this paper. Another important component which will fix the definition of the
OTOC is the thermal partition function for the scalar mode fluctuations obtained
from the primordial cosmological perturbation where the same trick we have to apply
to define the trace operation as mentioned earlier. In this context instead of per-
forming a complete quantum calculation we use the semi classical approximations
for the computations. The primordial perturbations in the spatially flat classical
FLRW background can be written in terms of scalar, vector and tensor modes in
Fourier space using the SVT decomposition from which the quantum fluctuations
are generated. For this reason we will do a semi-classical (not purely quantum or
classical) computation for the computation of OTOC in the framework of primordial
cosmology.

5. Information V:

Last but not at all the least, we have to fix the normalization factor of all the desired
new OTOCs that we have introduced in this paper. In this connection it is important
to remind ourself again that normalixzation factors of these desired OTOCs are
actually made up of product of two disconnected thermal two point functions in the
dissipation time scale t = t; ~ § ~ 1/T, where T is the equilibrium temperature
of the quantum cosmological system under study in the present context. Whatever
result we have obtained for the un-normalized OTOCs we use them and divide them
the mentioned disconnected part of the correlator. This helps to treat the overall
amplitude of four point OTOCs in a dimensionless fashion. Not only that such trick
in normalization in OTOC also helps us to know about the exact time dependence
in the quantum correlator on which we are interested in. More precisely this can be
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done using the previously mentioned equivalent operation of thermal trace operation
in presence of a vacua or Bunch Davies quantum vacuum state in the context of
primordial cosmological perturbation theory. We have explicitly demonstrated the
detailed computation of these normalization factors in the Appendix of this paper.
Please look into the technical details in the Appendix for more details on this issue.

3.5.2 Fourier space representation of the commutator bracket: Application
to two-point non-chaotic auto-correlated OTO functions

Here our job is to compute the following commutator brackets, given by the following
expressions:

Commutator; : [f(x,ﬁ),f(x, 72)] = f(x, ) f(x, TQZ—f(X, ) f(x, le, (3.39)

EF1<>:T1,T2) EFQ(;{,,TLTQ)
Commutators, : [f[(x, ), (x, 7‘2)} = TI(x, 7)II(x, 1) — I (x, 7)II(x, 7). (3.40)
E@l(ZTl,Tz) E@z(ZTl,Tz)

Now we use the following preferred convention for the Fourier transformation of the per-
turbation field and associated momentum operator, which are given by:

flx,m) = / (;zﬂl; exp(ik.x) fi(m1), (3.41)

I(x,7) = 0:, f(x,71) = / % exp(ik.x) &, f(m) = / % exp(ik.x) I (ry),  (3.42)

which we will frequently follow for rest of the computation to fix the definition of the
desired OTOCs defined in this paper.

Next, we explicitly compute the expressions for these individual quantum mechanical
operators in the context of primordial cosmological perturbation theory, I';(x, 71, 72) Vi =
1,2 and ©;(x,71,72) V i = 1,2, which can be expressed in Fourier transformed space by
the following simplified expressions:

A ~

Fl(X, 7'1,Tz) = f(X, Tl)f(x7 7'2)
3 3 “ ~
_ / d’k / THL itk + ka)x) fuo (1) i (72)

(271')3 (271')3
- / é;lig/éﬂl_{)lg eXp(i(kl_FkQ).X) Agl)<k1,k2;7'1,7'2), (343)

where we have introduced a momentum and conformal time dependent quantum mechani-

~

cal operator in the context of primordial cosmological perturbation theory, A (ky, ko; 71, 72),
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which is defined as:

A§1)(k1,k2;71,72) = fie, (11) fren (72)
= Dgl) (klu k2a T1, TQ) x, Ak, + ,Dél) (kla k2a T1, TQ) aT—klak2

+D§) (ki ko 71, 72) a0ty + DY (ki ko7, 7o) 0l al (344
where we have introduced momentum and time dependent two-point OTO amplitudes,
Dgl)(kl, ko; 7, 1) V i =1,2,3,4, which are explicitly defined in the Appendix (B) of this
paper.

A A

Do(x, 71, 72) = 1I(x, 72) f(x,71)

B / é:)lfi / é:)lfﬂ exp(i(ky + ko) x) T, (72) fis (71)

d*k d*k ‘ X
- / (27?)13 / (2@13 exp(i(ky + ko) .x) Al (ky, kyi 7y, 72),  (3.45)

where we have introduced a momentum and conformal time dependent quantum mechani-

cal operator in the context of primordial cosmological perturbation theory, Aél) (ky,ko; 71, 72),

which are explicitly defined in the Appendix of this paper.

Aél)(kbk%ﬁ,ﬁ) = fk1(72)fk2(71)
= Egl)(klak%ﬁﬁz) ak, Qk, + Egl)(kl,kz;ﬁﬁz) aT_klakg

—I—E:(sl)(khkg; Ty, T2) aklaik2 + »Cz(ll)(kth; 1, T2) atklath’ (34

where we have introduced momentum and time dependent two-point OTO amplitudes,
Egl)(kl,kg;ﬁ,’fg) V ¢ = 1,2,3,4, which are explicitly defined in the Appendix of this
paper.

A A

@1 (Xa T1, T2) == H(X7 T1>H(X7 TZ)

d3k d°k : i |
= / ; / = exp(i(ki + ko).x) T, (71) [T, ()

(27)3 ) (27)3
- / é;)lg / é;lg expli(ky + ko) x) AP (k1 ko; 71, 7),  (3.47)

where we have introduced a momentum and conformal time dependent quantum mechani-
cal operator in the context of primordial cosmological perturbation theory, AgZ) (ky,ko; 71, 72),
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which are explicitly defined in the Appendix of this paper as:

AP (1, ke 71, m2) = T (1)1 (72)
= D (ky, koi 71, 72) i axy + DY (Ko, koi 71, 72) al\, ax,
+D§2)(k1, ko; 71, T2) aklaJr_k2 + Df) (k1,ko; 71, 72) aT_klaT_kQ, (3.48)
where we have introduced momentum and time dependent two-point OTO amplitudes,
DZ@) (ky,ko;m,m) V¥V i = 1,2,3,4, which are explicitly defined in the Appendix of this
paper.

A ~

@2(X, T1, 7'2) = H(X7 Tz)H(X7 7'1)

Pk d*k . 8 i
= / ; / : exp(i(ki + ko).x) I, (72)Il, (71)

(2m)3 (2m)3
- / é:;g / é:;; expli(k; + ko)x) AP (K1, ko; 71, 7),  (3.49)

where we have introduced a momentum and conformal time dependent quantum mechan-
ical operator Ay (ky, ko; 71, 72), which is defined as:

AP (ky, ky; 71, 72) = T, (7)TTe, (1)
= L7k, Koy 71, 7) a1y iy + L5 (K Koy 71, 7) aly ax,

+£(32)(k1, ky; 71, 72) akla’T—kz + 5512)(k1= ko; 71, 72) aT—klaT—kw (3.50)

where we have introduced momentum and time dependent two-point OTO amplitudes,
EEQ)(kl, ko;m,m0) V i =1,2,3,4, which are explicitly defined in the Appendix (B) of this
paper.

This further implies that one can explicitly write down the previously mentioned two
commutator brackets along with the thermal Boltzmann factor in terms of the following
simplified expression, which is given by:

ePHm) [f(& ), f(x, 72)]

_ e—ﬁﬁ(n) [F1(Xu T1, 72) — F2(X7 T1, 72)]

_ oAy [ [ LRk [ dhy A (D . A .
— a7 | (s Pl 1) [Al (K1, ko3 71, 73) — Al (kl,k%ﬁ@)]

Py [ Pl , > (1) (1)
=] @ ) @y exp [i (ki + kz) .X] [Vl (k1. ko; 71, 725 ) — V5 (k1,k2;71772;5)] , (3.51)
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e BHm) [ﬁ(x, n), H(x, 72)]

—BH(r1) [©1(x, 71, T2) — O2(x, 71, T2)]

& A3k A3k . A A
— o BH(M) {/ (27r)13 /—(2w)23 exp [7 (k1 + ko) .X] [A?)(kh ko; 71, 72) — Aé” (ki,ko; 74, 7'2)] }

Chy [ Ak ; & (2) 2 (2)
= | @y | mper i (k1 + ko) x] [Vl (ki, ko; 71,70 8) = Vs (ki, ko; 71, 72;5)] . (3.52)

where we define the new sets of quantum mechanical operators in the context of primordial
cosmological perturbation theory, : ng)(kl, ko;m,m0;8): Vi=1,2, Vm=1,2 as given

by the following expression:

A

VO (ky, Koy 71,7 8) = e PHOD A (k) ko, 1) ¥V i=1,2 ¥V m=1,2 (3.53)
Here the thermal Boltzmann factor can be expressed in terms of creation and annihilation
operator by the following simplified expression, as given by:

eBHM) _ o <—ﬁ / Pk <ﬁk + %53(())) Ek(ﬁ)), (3.54)

where we define the conformal time dependent energy spectrum as a function of Fourier
modes relevant for cosmology, Ex(71) by the following expression:

Ex(n) = [[M(m)[” + wie(r) A7) ] (3.55)

where the explicit expression for the conformal time dependent expression for the fre-
quency factor at the time scale 7 = 7, i.e. wy(m) for the cosmologically relevant Fourier
modes participating in the primordial cosmological perturbation theory is mentioned in
the earlier half of this paper. For general readers it is further important to note that these
mode frequencies for all momentum scales play significant role for the quantification of the
randomness in terms of the quantum OTOCs studying in this paper.
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3.5.3 Fourier space representation of square of the commutator bracket: Ap-
plication to four-point non-chaotic auto-correlated OTO functions

Now we explicitly compute the following combinations of the square of the commutator
bracket out of only the cosmologically perturbed field operators and only with the help of
the canonically conjugate momentum operators related to these cosmologically perturbed
field, which are actually given by the following simplified expression:

~ ~

[f(xa 1), f(X, 7'2)]2 = f(Xa Tl)f(X, ) f(x, Tl)f<X7 T5)

J/

= ICgl) X,T1,72)

~

(
—f(X, T2>f<X7 Tl)

JE(Xa Tl)f(X, 72)
= K§1>;,Tl,72)
—f(X> Tl)f(xa TQ)f(Xa Tz)f(x’ 7—1)/
= /Cgl)(vx,n 72)
"‘f(Xa T2)f(x7 7'1)f(Xa TQ)f(X7 7’1)17 (3.56)
= chff(;.n,fz)

+ TI(x, 72)II(x, ) TI(x, 72)TI(x, 71) (3.57)

do0i:10.20944/preprints202102.0616.v1

Now we mention the explicit mathematical structure of these individual operators, ICZ(M) (x,71,T2) Vi=

1,2,3,4, VM =1,2,3,4, which are expressed in Fourier transformed space as:

’Cgli (X7 T1, 7:2) A A
= f(X= Tl)f(xv T2>f<X7 Tl)f(x7 T2)

d’k, d’ky d3ks d3ky ,
(2m)? / (2m)? / (2m)? / ) Pl (ke + ks + ko) x]
fkl(Tl)ka(7_2)fk3(7—1)fk4(7'2)
Pk [ Phy [ PRy [ Pl ,
- / (2m)? / 21)? / 2n)? / ) Ol et ke + ks + k) x]

7\'1(1)(:k17]:{27:k37:k4;7-177—2)7 (358)
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’ng) (X7 Tl) 7—2)
= TI(x, 7)TI(x, 72)TI(x, 71)TI(x, 72)

~ [ | o | o | Gl it i

A

e, (71) ey (72) ey (71) i, (72)

- / (C;Zf)l?» / (ff)23/ (f;f)g?’/ (C;Tk? ewlifarie o tla) A

7:1(2)(1{1)1{271(371(4;7-177—2)7 (359)

where the momentum-time dependent functions ’7A1(1) (ky, ko, k3, ky; 71, 72) and 7A‘1(2) (ky, ko, ks, ky; 71, 72)

are explicitly defined as:

ﬁ(l)(kl,k2>k3,k4;71,7'2)
= Mgl)(kl,kg,kg,k4;71,7'2) Ak, Ak, Ak 30k,
+ MY (
+Mf} (ki, ko, ks, ky; 71, 72) aT_klaT_kQak3ak4 +Mé1)(k1,k2,k3,k4;¢1772) aklakQGT_kSak4
+ MY (ki ko, ks ki 71, 7)ol agaly ai, +M$1)(k1,k2,k3,k4;7-1,7-2) agal g al a,
(ki ko, ks ki, ) aly aly aly i, + MY (kKo K ks T, ) i i, i, 0l
+M10 (kh ko, k3, ky; 71, 7'2) aiklabaksaim
F MY (k1 ko, ks, k71, ) aklatkga@aim + M (K1, ko, ks, ky; 71, 7) aiklaikgak:aailq

1
+ M (k1 ko, ks, ka; 71, 72) aklakgaT_kSCLT_k4 + M (ki ko, ks, ks 71, 7o) GT_klakzaT_kgaT_k4

i 1) . ]
ki, ko, ks, ky; 71, 72) aly ax,ai,ai, + M (k1, ko, ks, ks 71, 72) (K, Q_y, Oks Ok,

+M%)(k1,k2,k3,k4;7'1,7'2) aklatbaikg)aim - Mgé)(kl,kg,kg,k4;71,7'2) atklatbaikg)aim] . (3.60)

ﬁ(z)(kl’kz,ks,kbﬁ,ﬁ)

= M§2)(k17k2;k3,k4;7'1772) Ak, Ak, Ak 30k,

+ M

Mf ki, ko, ks, ky; 71, 72) GT_klaT_k2ak3ak4 —1—./\/15 )(kl,kg,kg,k4;7'1,7'2> akICLkQaT_kSak4
(

2
(ki, ko, k3, ky; 71, 72) aTk Ak, Ak Ak, T+ M( )(k1,k2,k3,k4,7'1,7'2) aklaTk k3 Ak,
1 2
(
M (k1 ko, ks, ka; 71, 7) al ) aw,al + MP (ki ko, ks, ka; 71, 7) a,al, al
2, K3, K4;T1, T2) Ay, Oko Oy, Ok, 7 1, K2, K3, K4, 71, T2) Ak G, A, Aky
(

-+

6
2)
Mé kl;k27k3>k477_177—2) CLTk al kzaT ks Oky +M9 (kl,kz,k3,k4771,72) &1<1ak2(1k3aT k4

+

+M10 (kh ko, k3, ky; 71, 72) GT_klakQak3aT_k4

2 2
+M§1) (k17 k2> k37 k4; 71, 7_2) ak1a’tk2ak3aik4 + MgQ) (k17 k27 k?n k4; 71, 7_2) aikl aikgakBG’ikAl

2 2
+ M) (k1 ko, ks, ka; 71, 72) aklakgatkgaih + M (ki ko, kg, kas 71, 7o) CLT_klCLLQCLT_kgaT_k4

+M§25) (k17 k27 k37 k47 T1, TQ) akla’thGikgaikAL + M&%) (kla kQa k37 k4a T1, 7—2) a/tkl a'T,kQGIT,kSaT,kAL] ) (361)
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where we define, M§L)(k1,k2,k3,k4;7'1,72) Vj=1,---,16, VYL =1,2,in Appendix (C).

KV (x,m1,7) = f(x,7)f(x,71) f(x,71) f(x,72)
:/éf)lzs/é:;g/(275.333/(;:)4 exp [i (k1 + k + k3 + k4) X] fie, (72) fico (71) s (71) fis (72)

Bk [ Py [ Phs [ Py (1)
:/(277-)3/(271')3/(271')3/(271') exp[ <k1+k2+k3+k4) ]75 (k17k2,k3,k4;7'1,7'2),(3.62)

K@ (x, 71, 7) = T(x, 72)1I(x, 71)1I(x, 71)I(x, 72)

B [ By [ Bk [ S
:/ 1/ 2/ 3/ L oxp [i (ki + ko + kg + k) 5] Ty, (72) Py () iy (72) T, ()

2r)2 ) @2r)3 ) (2r)3 ] (2n)3
:/ (2:)13 / é:;s / éf)gg / é:; exp [i (ky + ks + ks + k) x] 727 (q, ko, kg, ka; 71, 72), (3.63)

where the momentum time dependent functions ’7;(1) (ky, ko, ks, ky; 71, 72) and 7\;(2) (kq, ko, k3, ky; 71, 70)
are explicitly defined as:

ﬁ(l)(kl’k27k3,k4;71,’r2)
= 1(1)(1{1, ko, k3, ky; 71, 7o) ai, G, iy 0k, + jg(l)(k17k27k37 ky;71,72) aT—klak2ak3ak4

1

+\73( akla K, k3 0k, +j4 (k17k2,k37k4;7177'2) aiklaik2ak3ak4
1

+\.7( k k27k37k477-17 Ty) Qx akQ _k3ak4+\-76 (kl)k27k37k4;7—177—2> aT_klakgaT_k:gakzl
1

+J4 eal

( )

( )

)(k ko, k3, ky; 71, 72) ax a k2a s U —|—j (kl,kg,kg,k4;Tl,T2) chloLkQaL%ak4
jg(l)(k ko, k3, ky; 71, 72) ax akQakS _k4 +.710 (ky, ko, ks, ky; 71, 72) ozT_klcszakgaT_k4

( )

( )

( )

_I_

+j1(11 ki, ko, ks, ka; 71, T2) ax a kQak?,a K —i—ju (ky, ko, ks, ky; 11, 72) aTk aTk akSaJr ks
+4
+745
Tg (k1,k27k3,k477177'2)

2 2
= \71 )<k1>k27k3ak4;7—177—2) Qxeq Ay A3 Ay + jQ( )(k17k2?k37k4;7_177_2) aT—klakzaksakAL

T T T
k kg,kg,k477'1, T2 ) Ak, Ak, A —k3 —k4+j14 (kl,kQ,kg,k4,7'1,7'2) a_klakza_k3a_k4

k17 k27 k37 k47 71,72 akla/ ko _k3a ky + j16 (k17 k27 k37 k47 T1, T2) a"‘_kl aT_kQGT_kga/Jr_k4:| ) (364)

(kl,k27k3,k477177'2) ax, @ _k2ak3ak4 + j4 (k17k27k37k4§7—177—2> aT_klaT_kzakgam
(k ko, k3, ky; 71, 70) ax ak2a 1 s T Jﬁ (kl,kz,kg,k4;7'1,7'2) aiklakQaiksam
(ki ko, ke, ks 7, 1) angalyal g arg + T80 (K ko ke ka7, ) @l al el a,
+\79(2 (ky, ko, ks, ky; 71, 72) ax ak2ak3aTk + jlo (kq, ko, k3, ky; 71, 70) al "k ak2ak3aT K
(ki, ko, kg, ky; 71, 72) ax a k2ak3 _k4 +«712 (ky, ko, k3, ky; 71, 72) aT_klaT_kQakSaT_k4
(ki, ko, k3, ky; 71, 72) ax ak2a ks aTk + j14 (ky,ko, ks, ky; 11, 72) aTk ax,a’ kSaT ke
( )

(ki ke, ks ki 7, 72) gl oty 0l + T8 (06 ke ko ki) ol af el gaty | (3.65)
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where we define, t7]~(L)(k1,kg,kg,k4;7'1,7'2) Vj=1,---,16,YL = 1,2, in Appendix (C).

ICz(al)(X> 71,7m2) = f(, 1) f(x,72) (%, 72) f(x,71)
:/(2:)13/(2:;23/(2:5)33/(;7:{5)4 exp [i (K + k2 + ks + ki) X fi (1) fiea(72) fis (72) fics (71)

Bk [ Bky [ Phy [ Bl . |
‘/ <2w>3/ <2w>3/ <2W>3/ s Pl (et + ko Ko o ko) 1 757 (e, Ko, K s 7, ), (3.66)

K@ (x, 71, 7) = T(x, 71)TI(x, 72)1(x, 72)11(x, 71)

d*k d*k d*k d*k A . . .
= [ o [ [ [ el -+ ks + k) o Tl (), () ()T ()

2r)2 ) @2r)3 ) (2r)3 ] (2n)3
:/é:)g/é;%/(2333/(%4 exp [i (Ky + Ko + ks + ki) X] T2 (kn, ko, ks, Kis 71, 72), (3.67)

where the momentum and time dependent functions ﬁ(l)(kl, ko, ks, ky; 71, 72) and
75(2) (kq, ko, ks, ky; 71, 72) are explicitly defined as:

7A?a(l)(khkmk:’nk4;7177'2) = [N(l)(k1,k2,k3,k4;7'1,7'2) Ay Qo Ak 3 ALy

+N(1)(k1,k2,k3,k4771,72) Ay, Ok, Ay Ak, +/\/}, (kl,kQ,k3,k4;T1,72) aklaT_kQakga/k4
—|—N(1)(k1,k2,k3,k4,7'1, T2) a_kl _kQakSak4 —|—N (kl,kQ,k37k4;7—1,7—2) ak16Lk2aT_k3ak4
+N, 1)(k ko, k3, ky; 71, 72) a ak2a ks Oks +N (k1,k2,k3,k4;71772> aklaikﬂikgakz;
)(k ko, k3, ky; 71, 2) al —k; _k2 T_k3ak4
)(k ko, k3, ky; 71, 72) ax akQak?)a ” +N1(é)(k1,k2,k3,k4,7'1,7'2) aTk akzakgaT Ky
+N11)(k Ko, ks, ky: 71, 72) ax,al kQaksa Ky —l—./\f12 (ki, ko, k3, ky; 71, 72) aT_klaT_kQakSaT_k4
+N1 (k ko, k3, ky; 71, T2) ax, ax,a’ kgaTk +/\/14 (ky, ko, ks, ky; 71, 72) aTk ax,a’ kgozT ke
AN (ki ko, kg ks 7, 1) agal gty a4+ N (K ko ks, ks 7, 7) @l y oty al el | (3.68)

7A'(2)(k1,k27k:’nk4;7'177'2) = N2 (k17k27k37k4;7—177—2) Ak Aky Ak3 Aky

+M 2)(k1,k2,k3,k4,7'1,72) aly Qx,dix,ak, +N( )(kl,kg,kg,k4,7'1,7'2) aklaTk ey Ak,
+N(2)(k17k2;k37k477'1, ) al Tk _k2ak3ak4+/\f (k1,k2,k3,k4;7'1,7'2) aklakzaT_k3ak4
+N(2)(k ko, ka, ka3 71, 72) al akga ks ak4+/\/ )(k1, Ko, k3, ka3 71, 72) aklaikQaikgah
N(2)(k ko, k3, ky; 11, 2) G —k; _k2 T_k3ak4
N(Q)(k ko, ks, ky; 71, 72) ax akgak3a ” + N2 (ki ko, ks, ka; 71, 72) aTk ey U, 0 ”
)
)
)

. T T T
k kg,kg,k4,7'1, Ty ) Gk a k2ak3 —k4+N12 (kl,kg,kg,k4,7'1,7'2) a_kla_k2ak3a_k4

. i ot
ki, ko, K ks 71, 72) au aipal kga ey + N (ki ko ks ks 71, m) al g aigalyal

(2)(
(2)(
+N1 )(ky, ko, ks, ki; 71, 72) ara ks al k3a Ky +N1 (kl,k2,k3,k4;71,72) aiklaikﬂikgaim , (3.69)
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where we define, ./\fj(L)(kl, ko, ks, ky; 7, 70) Vj=1,---,16,YL = 1,2, in Appendix (C).
ICé(ll)(Xa 7_177—2) = f(X> T2)f<x7 Tl)f<xa TZ).]E(X7 Tl)
A3k A3k d3ks d3ky A A N R
= / (2n)3 / (2n)? / (2n)? / (2r)? exp [i (k1 + ko + ks + Kkq) .X] fie, (72) fieo (T1) fies (72) fies (71)

Eky [ Pky [ Pky [ Py ~(1) .
‘/ <27r>3/ <27r>3/ (27r)3/ ) O o F ke + ks + k) X T (ke K a7, 72),(3.70)
K@ (x, 71, 72) = T(x, 72)T(x, 71)1I(x, 72)I(x, 71)

Ak dky dks Ak, R N . .
_/(27T)3/(27T)3/(27r)3/(27r) exp[ (k1+k2+k3+k4) ]Hk1(72)Hk2(7'1)Hk3(7'2)Hk4(7'1)

A3k, d3ks d3ks d3ky ~(2)
= ki +ks+ks+k ki, ko, k3, ky; 71
/ (27T)3 / (27T)3 / (27)3 / (271') €Xp [? [ ( 1+ Ko+ ks + 4) ] 7?1 ( 1, K2, K3, K4; 71, 7_2)9 (3 7 )

where the functions ﬁ(l)(kl,kg,k3,k4;7'1,7'2) and ﬁ(2)(k1,k2,k3,k4;7'1,7'2> are explicitly
defined as:

~

E(l)(kb k27 k37 k47 71, 7_2>

Q(l)(k17k27k3;k4;71,7'2) Qley Ay A3 Ay + le)(k17k2;k37k4;7'1772) G]L_klakzakgam

+Qg (ki, ko, ks, ky; 71, 72) akla k2ak3ak4 + Q (klakQak3ak4;7—1’TQ) aiklaikgak3ak4
—I—Qél)(k ko, ks, ky; 1, 70) ax (lkg _kgak4 + Qﬁ (ki, ko, k3, ky; 71, 72) &T—k ak?aT—ksak‘l
+Q$1)(k ko, ks, ky; T, ) ax a k2a k3(lk4 + Qsl)(k17k2,k37k477'1,7'2) CLTk ! kzaT kg Tk
+Qg()1)(k ko, k3, ky; 71, 72) ax ak2ak3 _k4 + Qm (k1, ko, ks, ky; 71, 72) aT—klakQGk?’aT_k‘l
+OW (ki ko, ks, ku; 71, 72) i al k2ak3a ko Q1 (ki ko ks, ks, 7) @l al yangal
+9 é (kq, ko, ks, ky; 71, 72) ax a/kg _k3 —k4 + Q14 (k1. ko, ks, ka; 71, 72) aT—k ak2af—k3aik4
0 é (K1, Ko, ks, ka; 71, 72) @, a _k2 _k3 _k4 + Qw (ki, ko, k3, ky; 71, 72) af "a T_k2aT_k3aT_k4 . (3.72)

ﬁ( (k17 k27 k37 k47 T1, 7—2)

Q(Q)(kl,k2,k3,k4371,72) Ax, Ak, (ks Ak, T Q(Q)(khkz,k:z,kzx;ﬁﬁz) Giklakzakgam

(k17k2,k3,k4,7'1,7'2) ay, a T_kQGkgam + Q (k1,k2,k3,k4;7'1772) aT_kla’T_k2ak3ak4
2)(k ko, k3, ky; 71, 70) aklakQa 1My T Q (kl,kg,kg,k4;7'1,7'2) al klakQaikSam
+Q72)(k k27k37k477—177—2) ax _k2 _k3ak4 + Qg )(k1,k2,k3,k4,7'1,7'2) CLT_klCLT_kQCLT_kgCLk4
+Qg(;2 (ki, ko, ks, ky; 71, 72) ax akQak3a o T Q (kl,kQ,kg,k4,7’1,Tg) aTk akQak3aT ke
(ki T) ax _kQGkg _k4 + ng (ki, ko, k3, ky; 71, 72) CLT_klCLT_kQGJkgCLT_k4
) (ky, k2,k3,k4,7-1, ) G, (i, @ ks al D T Q%) (ky, ko, ks, ky; 71, 72) aTk ax,al k3aT Ky
15 ( )

ki, ko, k3, ky; 71,72 ak1G ko _k3 _k4+Q16 (k1,k2,k3,k4771,72) GT_klaT_kQClT_k3aT_k4 ) (3-73)
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where we define, QgL)(kl,k2,k3,k4;Tl,7'2) Vj=1,---,16,V L =1,2, in Appendix (C).
This implies that one can write down the previously mentioned square of the commu-
tator bracket along with the thermal Boltzmann factor as:

o~ BH(m) [f(x, ), H(x, 72)] ?

— ¢ BH(M) [Kgl)(x, T, To) — ICél)(X, T1,To) — /Cz(,,l) (x,71,72) + /Cfll) (x, 71, 72)}

—p(r Bl [ Phy [ Phs [ Pk :
_ M) { / (%)13 / (27T)23 / (%)33 / (271')43 exp [i (k1 + ko + ks + ky) x|

[ﬁ(l)(kh ko, k3, ky; 71, 7'2) - ﬁ(l)(kl, ko, k3, ka; 71, 7’2)

+,/7\;)(1) <k17 k27 k37 k4; 71, 7—2) - ,?\:1(1) <k17 k27 k37 k4a 71, 7—2):| }

~ [ s |t [ o | Gy ettt b5

[]71(1)(1(1, ko, k3, Ka; 71, To; 5) - 172(1)(1(17 ko, k3, Ka; 71, To; 5)

+17§1)(k1,k2,k37k4;71,72;5) - ﬁil)(khk2,k3,k4;71,72;5)] , (3.74)

A~ ~ 2
e BHm) [H(x, n), H(x, 72)]

= P [ (x, 71, 72) = K5 (¢, 71, ) = K ) 4+ K o, )]

g Pk 3k d3k d3k .
— ¢ BH(M) {/ (27r)13 / (27r)23 / (2ﬂ)33 / (27r)43 exp [i (ki + ko + k3 + ky) .x]

[ﬁ(Z)(kl) ko, k3, ky; 71, T2) - 7\;(2)(k1’ ko, ks, ky; 7, Tz)

+7\5(2)(k1, ko, k3, ky; 11, 7'2) - 7\:1(2)<k17 ko, k3, ka; 71, 7’2)] }

_ / (‘;Z“)g / (23;223 / (f;f)?’s / éir’“)g exp [i (ki + ko + ks + kq) X]

[91(2)(1{17 k27 k37 k47 T1, 725 B) - ]72(2)(1{17 k27 k37 k47 T1,T2;5 6)

—’_92%2)(1{17 k27 k37 k47 T1,T2; /B) - 94(2)(1{17 k27 k37 k47 T1,T2; /6):| ) (375>
where we define the new sets of quantum operators in the context of primordial cosmological

perturbation theory set up, 17;M) (ky,ko, kg, ky; 71, 70; 8) Vi=1,2,3,4, VM = 1,2 as given
by the following simplified expression:

VI (ky ko, ks, ks, 70 8) = € PH) Ty ko ks, ks, m) ¥ i=1,2,3,4, M =12 (3.76)

where the thermal Boltzmann factor can be expressed in terms of quantum number oper-
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ator in Fourier transformed space as:

e PHIM) — exp (—5 / d*k (/\71( + %53(0)) Ek(ﬁ)), (3.77)

where we define the conformal time dependent energy spectrum as a function of Fourier
modes relevant for cosmology, Fi(m1) by the following expression:

Ex(m1) == [|e(m0)? + wip (1) fue(1) [?] - (3.78)

3.6 Thermal partition function in Primordial Cosmology: Quantum version
3.6.1 Initial quantum state in Primordial Cosmology

In general, one can consider an arbitrary initial quantum mechanical vacuum state which is
characterised by the two arbitrary constants C; and Cy, which are appearing in the solution
of the Mukhanov Sasaki equation, which represents the classical solution of the background
perturbation in the spatially flat FLRW cosmological background. Also, these arbitrary
constants play very significant role to fix the definition of the quantum wave function of the
universe which is dependent on a specified information of the initial quantum vacuum state
for cosmology. Once this definition is fixed, using this quantum vacuum states one can
further study the correlation function from the quantum fluctuation in the scalar modes
which is contributing in terms of the co-moving scalar curvature perturbation or in terms of
the redefined perturbed field variable. Now, if we say that Cx 12 is the annihilation operator
corresponding to the quantum state as mentioned earlier, then it satisfies the following
criteria in the context of quantum field theory written for the primordial cosmological
perturbation:

Ck712‘61,02> = 0 V k, Wlth ‘\IJ>QVac = ‘61702> (379)

In a most generalized prescription this arbitrary quantum vacuum state can be written
in terms of the ground state, which in cosmology commonly known as the Bunch Davies
Euclidean vacuum state by the following expression:

'_ B 1 iC; bt
W) qvac = |C1,Ca) = 1;[ mexp (— 5 Cikakak) 1¥)sD
1 iCy L
= exp | — 5= ayay | [V)BD (3.80)
N ( 27 4" >

Now we will use the following replacement rule:

;H/(gﬂl;. (3.81)
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Using this further one can express further the arbitrary quantum vacuum state in terms
of the Bunch Davies Euclidean vacuum state as:

1 iCs A’k
Wlavee =161,C) = e (~50 [ Goelal ) e (382)

VG| 267 ) (2

where we have actually identified the ground state as Bunch Davies Euclidean vacuum
state, which is given by:

|0>ground = |‘IJ>BD- (383)

Additionally, it is important to note that the arbitrary quantum vacuum state, |Cy,Ca),
satisfy the following constraint condition:

~ d*p
PCl,Cz|CI>C2> = / (2 )3 PCp 1ch,12|cbc2>

Pp 1 iC:
= H/ () P C;,lch,lz\/mexp (— 2(32f GLGL) |¥)BD
1
d*p 1 iCy
- / (2 )3 p C;.r) 126})712\/@6} P ( 2C2>1k Z kak) |\I}>
&*p 1 ic; [ &k
_/(2 )3 pCPlZCszmexp (_QCT/(QW):S kak) |\Ij>

— 0. (3.84)

Here it is important to note that, the relationship between the annihilation and creation
operator in the a-vacua and the Bunch-Davies vacuum is established by the following

Bogoliubov transformation:

Ck,12 - CT ax — C; aT_k — Ck 12 = Cl a;f( - C2 a_x, (385)
ak=Ci Ca2+C3 Clyyy — al=Cf CL 1, +Co Coicao (3.86)

Here (Cx 12, 611,12) and (ay, al ), are the creation and annihilation operators of the arbitrary
generalized vacua and the Bunch Davies vacuum respectively.

In the context of quantum field theory of spatially flat FLRW cosmology, one can define
the initial quantum mechanical state corresponding to the class of all excited SO(1,4)
isommetric Motta-Allen or («,y)-vacua states, which are characterized by two real param-
eter family o and . Now one can find that this type of vacua is not CPT symmetry
preserving. Following the previously mentioned general construction one can write down
the Motta-Allen or («,y)-vacua states in terms of the well known adiabatic Bunch Davies
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vacuum state by the following expression:

1 ? , d*k
Uy = W exp (—5 exp(—ivy) tanh o /W aLaL) |UsD) , (3.87)

where the integration constants C; and Cs for Motta Allen or (o, ) vacua can be parametrizes
as:

Cy =cosha, Cy=exp(iy) sinha, (3.88)
which satisfy the following normalization condition:
G —C*=1 = cosh’a—sinh®’a=1 V a. (3.89)

Here one can easily observed that, if we fix a = 0 and v = 0, then one can easily get back
the usual quantum adiabatic Bunch Davies vacuum state which are given by, C; = 1 and
Cy = 0. On the other hand if we are interested in CPT invariant quantum vacuum state
then we choose only v = 0 and get CPT invariant SO(1,4) isommetric o vacua states,
which is given by:

1 i d*k
|W,) = [Wap) = \/m exp (—5 tanh a / ok aLaL) YD) , (3.90)

Now, using the definition of the Motta Allen vacua or the o vacua or the Euclidean Bunch
Davies states one can explicitly compute the expression for the desired OTOCs defined in
this paper. In the following section we will derive these results explicitly.

3.6.2 Quantum partition function in terms of rescaled perturbation field vari-
able in Primordial Cosmology

In presence of these SO(1,4) isommetric excited CPT violating Motta Allen or CPT pre-
serving a-vacua states the quantum mechanical thermal partition function can be expressed
as:

Zon(B;m1) = /d\IJaﬁ <lIfaﬁ|e_*8H(”)|\IJaﬁ) exp (—2sinytana) Zpp(B;7m), (3.91)

- | cosh a

! ZBD(ﬁ;Tl), (3-92)

Zo(Bim) = [ d¥, (Wole P10, ) = ———
(i) = [ dy (@ole O 0,) =

which further implies the following connecting realtionship between the thermal quantum
partition functions obtained from Motta Allen vacua, a vacua and Bunch Davies vacuum
state, which is given by:

Zan(B;711) = exp (—2sinytana) Z,(B;71) = |cosha|™! exp (—2sinytana) Zpp(B;m). (3.93)
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where Zgp is the quantum partition function computed from adiabatic Bunch Davies
vacuum as:

Zep(B;m1) = /d\I/BD (Upp|exp (—ﬁ/d3k <aLak+ %53(0)) Ek(n)> |Usp)

— exp (— (1 + %53(0)> / &k In (2 sinh ” E“Q(Tl)» . (3.94)

. where the contribution from the divergent Delta function can be removed after performing

the normal order operation. This implies further we get the following simplified result for
the quantum thermal partition function obtained from the Motta Allen vacua, o vacua
and Euclidean Bunch Davies vacuum state after normal ordering:

c Zany(BiT1) = \cos;hod exp (— [2 sin v tan o + /d3k In (2 sinh 6Ek2(ﬁ)>] ) (3.95)
2 Za(Bim) =2 Zao(Bim) = ]coslha] exp (—/d3k In (2sinh ﬁEl;(Tl))). (3.96)
: Zep(B;11) = Zyo(B; 1) = exp (—/dSk In (2 sinh ﬁEkT(TI))> (3.97)

The detailed technical computation of these results can be found in the appendix of this
paper.

3.6.3 Quantum partition function in terms of cosmological scalar curvature
perturbation field variable in Primordial Cosmology

In this subsection our prime objective is to find out the explicit expression for the quantum
mechanical partition function in terms of the scalar co-moving curvature perturbation
field variable for different choices for the initial vacuum states available in the context of
primordial cosmology. To serve this purpose the time dependent dispersion relation can
be expressed in terms of the curvature perturbation variable as:

Ex(71) = [e(m1) ] + wig (1) fue(1) [°
1 dz(n)|

222(71){‘H§(71)+Ck(71) () dn +w12<(71)|Ck(71)|2}

= 2%(11) (Biee (1) + Dice(1)) (3.98)

where the additional contribution is characterized by a new momentum and time dependent
function, Ay (1), which is defined as:

Bug(r) o= (Wt + el (S5 50 ) . 69w
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where we define the conformal time dependent energy dispersion relation in terms of the
co-moving curvature perturbation variable in the context of primordial cosmological per-

g (wi<n>+< ! d“"(ﬁ)) )|<k<n)|2. (3.100)

turbation variable as:

Fie(m) : = [T(m)

z(m) dn

Now, the normal ordered thermal partition function function obtained from the Motta
Allen vacua, o vacua and Euclidean Bunch Davies vacuum state can be expressed in terms
of the time dependent dispersion relation for co-moving curvature perturbation as:

- (_ {2 dntana s /d3k . <2 il B2%(11) (B c(m1) + Ak,g(ﬁ)))D o

2
me(ﬁ;ﬁ) - | cosh o
exp (—/d3k In (28inh B () (Ek’C(gl) +Ak,<(ﬁ))>)
L Z5(Bim) =2 Zg(Bm) = ooial (3.102)

: Z5p(Bim1) = ZS0(B; ) = exp <—/d3k In <2 sinh 22 (1) (Ek‘(;l) +Ak’<(ﬁ)))). (3.103)

3.7 Trace of two-point “in-in” non-chaotic extension of OTO amplitudes for
Primordial Cosmology

Here we compute the numerator of the one of the 2-point OTOCs for different quantum
vacuum states, which are described by the following expressions:

Tr [e‘ﬁﬁ(“) [f(x, Tl),f(x, Tg)}](a,’y)

' 2
9 ’
:exp( SlnPYJBMIQ)/CIZ‘I’BD II/ T 7 oxp [ik;.x] (Vpp|
| )3
‘7:

| cosh a

2

Z 1 k17k277_177—27 )

=1

[Upp).(3.104)

Ty [e—ﬁfl(n) [f(x, ), f(x, TQ)H

(@)

3k’ 2
|cosha|/ BD H/ 5 exp [tk; x] (Uep| ; kl’k277_177_2a B)| |¥sD). (3.105)
~BH(r1)
T [ 710 [fox, 7). . m}] oo
2
/d\IJBD H/ eXp Zk X] \IIBD| Z 1 kl)k277—177—27 ) |\IJBD> (3106)
=1
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which further implies the following fact:

Tr [e—ﬁﬁ(ﬂ) [f(x, ), f(X’TQ)” = exp (—2sinytana) Tr [e‘ﬂH(Tl) [f(x, ), f(x, 7‘2)”

(a7)
exp (—2siny tan «)

- Tr [e’ﬁﬁ(n) [ﬂ){,ﬁ),f(x7 7'2)”

| cosh a

Here we compute the numerator of the other 2-point OTOC for different quantum vacuum
states, which are described by the following expressions:

Tr [e—ﬁff (r1) [ﬂ(x, ), T(x, TQ)H

(a7)

exp (—2siny tan o d*k;
= av [ik;.x] (W
| cosh a / B H/ 5 xP ik x] (ool

2

Z 2 k17k277_177—27 )

=1

[Upp).(3.108)

Tr [e‘ﬁﬁ(“) [f[(x, Tl),H(x, 7—2):|:|( :

3k’ 2
~ fooay | A0 H/ sexplikx] (Val | 3 V7 kai i ) | Vo). (3.109)
—BH() |1 g
Tr [e [H(x 1), H(x, 7—2):|:|(BD)
2
/d\IJBD H/ eXp Zk X] \DBD| Z 2 k17k277_177—27 ) |\IJBD> (3110)
=1
which further implies the following fact:
Tr [G_Bﬁ(n) [f(X, T1)af(X,7'2)H( : = exp (—2siny tan o) Tr [e‘ﬂﬁ(”) [f(x, Tl),f(X7 TQ)H( :
a7y [0

_ exp (—2siny tan a)Tr [e—ﬁzm) [f(x,ﬁ),f(x, TQ)H

| cosh o

Further, our aim is to compute the individual contributions which in the normal ordered
form is given by the following expression and computed in Appendix:

/d‘I’BD (Uppl|: V 1 (k1,k2,7'17727 B): |¥sp) = /d‘I’BD (Upp| : 67%{(71) 351)(k17k2;7'1,72) ' [¥BD)
Vi=1,2. (3.112)
/d\I’BD (Usp| ? (ki,ko; 71, 72;8) : [¥BD) /d\I’BD (Usp| PHm) A (ki,ko;71,72) 1 |[UBD)
Vi=1,2 (3.113)
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Further, the trace of sum of these individual two sets of two-point “in-in” OTO amplitudes
in normal ordered form can be expressed as:

2
/d‘I’BD (Ugp| Z : ﬁgl)(kbk%ﬁﬂb;ﬁ) . |[¥D)
i=1

= (2n)3fxp <— / d’k In (2 sinh ﬁE“T(ﬁ))) 0° (ki + ka)

——

“ Momentum conservation in OTO amplitude

NV
Micro—canonical thermal partition function

(1) . (1) .
DQ (k17k277—177—2) + D3 <k17k27T177-2)
NS ~~ g NS ~~ >
Individual two point OTO amplitude Individual two point OTO amplitude
(1) . 1) .
- Ly (k1>k2,7'1>7'2> - Ly <k1>k277'1>7'2)
N TV 4 N Vv d
Individual two point OTO amplitude Individual two point OTO amplitude,
353 . .
= (2m)°6" (k1 + ko) Pi(ky, ko; 12, 72; B). (3.114)

2
/d‘I’BD (V| Z : ?52)(k1,kz;ﬁ,72;ﬁ) [ ¥gD)
i=1

= (27r)3iaxp <— / d’k In (2 sinh ﬁE“T(ﬁ))) 0° (k1 + k)

N————

Momentum conservation in OTO amplitude

S/

~
Micro—canonical thermal partition function

(2) . (2) .
DQ (k17k277—177—2) + D3 <k17k27T177-2)
NS ~~ g NS ~~ g
Individual two point OTO amplitude Individual two point OTO amplitude
(2) ) (2) .
- Ly (k1>k2,7'1>7'2> - L (kl,k2771,7'2)
N TV 4 N Vv d
Individual two point OTO amplitude Individual two point OTO amplitude,
353 . .
= (271') ) (k1+k2> P2(k1,k2,T2,7—27/6). (3115)

Here we introduce, Py (ky, ko; 72, 725 ) and Py (ky, ko; 7o, 725 3) are the temperature depen-
dent two-point function, which is defined as:

Pl(kl,kg;TQ,TQ;ﬁ) = exp (_ /d3k In (2 sinh BEkQ(Tl)))

[Dél)(kl,kQ;Tl,’TQ) + D (ki Koy 71, 7) — L5 (ki Koy 71, 7) — Egl)(k17k2§T1aT2)] . (3.116)
Py(ky, ko; 72, 725 3) = exp (— /dgk In (2 sinh BE;(T1)>)

|:D§2)(k1,k2;7'1,7'2) + D§2)(k1,k2;7'1,7'2) - £g2)<k1,k2;7'1772) - £g2)(k17k2§7'1772)] - (3.117)
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3.8 New OTOC:s from regularised two-point “in-in” non-chaotic auto-correlated
OTO amplitudes: rescaled field version

The cosmological OTOC without normalization for different quantum initial vacua can be
expressed as:

1 = R R
=~ s ]
1 (7_177—2) Z(ﬁ, 7_1) rje f(Xa 7_1)7 f(xa 7—2)
d*k, d®k,
=—(2n)? (k1 + ko) . Pk, +k
20 [ Gy | G vl 1) % o)
Momentum conservation in OTO amplitude
D(l)(k Ko D(l) ki ko
Dy (K, 277177'2)1 + D (ki, 2,7'1,7'2)1
Individual two po?gt OTO amplitude Individual two po?r:t OTO amplitude
ﬁgl)(kka;Tl,TQl - §§1)(k1,k2;71,721
Individual two poﬁt OTO amplitude Individual two po%t OTO amplitude
d*k;
= — (27T)3P1(k1,—k1;T1,T2), (3118)
1 = ~ ~
|
2 <T17T2) Z(ﬁﬂ—l) rie (X> 7-1)7 (Xv T2>
d’k, ks
= —(27)3 (k1 + k) . Bk +k
(2m) / (2r)? / @ Pl T ke) X Sl +ka)

Momentum conservation in OTO amplitude

(2) . (2) .
DQ (k17k277—177—2) + D3 (k17k277—177—2)
A ~~ g NS ~~ >
Individual two point OTO amplitude Individual two point OTO amplitude
(2) . (2) .
‘CQ (k17k277—177_2) - £3 (klak277—177—2)
~ NV 4 N TV -
Individual two point OTO amplitude Individual two point OTO amplitude
d*k,
= _/—(27r)37)2(k1’_k1;7_1’7—2>’ (3.119)

where the two-point OTO amplitude functions are explicitly given by the following expres-
sions:

Pi(ke, —kqi;m, 1)t = [Dél)(kly_kl;TlaTQ) +D§1)(k1,—k1;7'1,7'2)
—/ng)(kb—kl;ﬁﬂb) —»C;(gl)(k1,—k1;7'1,7'2)]

= [, (1) i (72) + fiey (11) fr, (72)
— 1, (12) faa (11) = fro (72) fi, (11)] , (3.120)
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Po(ky, —ki;7m,7m) 0 = [D§2)(k1,—k1;7'1772) +D§2)(k1, —ki; 71, 72)

do0i:10.20944/preprints202102.0616.v1

—Ef)(kl, —ki; 7, 7'2) - ﬁég)(kh —ki; 7, 7’2)]

= [H*—kl (Tl)H_kl (7_2) + Hkl (7’1)1_[1*(1 (7_2)

T ()T, (71) — T (1) ()] - (3.121)

Here we define:

DY (ki ki 71, 72) = [ 30, (71) fieo (72), (3.122)
DS (ki ko; 71, 72) = fiey (71) 71y (72), (3.123)
L3 (ki kos 71, 70) = foy (70) fieo (1), (3.124)
£ (ki ka3 71, 72) = fio, (72) fiey (71) (3.125)
and
DP (ki Koy 71, 7) = 1T (1)1, (72), (3.126)
DY (ky, ko; 71, 72) = Tl (7)1, (72), (3.127)
L (ki ko 71, 72) = 115 (72) Ty (11), (3.128)
£§>2)<k1ak2a7—177_2) e, (7)1, (71) (3.129)

Now we need to evaluate explicitly by doing the momentum integration over three volume.
Now to compute this integral one can express the volume element as:

d*k,
(27)°

=4n ki dk, 0<k <L. (3.130)

Here we have taken care of the fact that the individual contribution appearing in the two-
point OTOC momentum integral is isotropic. Also, we have introduced a momentum finite
large cut-off to regulate the contribution of this integral.

Consequently, one can write the following simplified expressions for the two-point un-
normalized OTOC as:

1

Y (m,m) = —%81(7'1772) ; (3.131)
1

Y (r1,7) = —52B2(m,7) (3.132)

where the conformal time scale dependent regularized integrals, By (71, 72) and By (11, 72) as
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appearing in the above expression, are defined as:

Bi(m1,72) 1 = /le:o kY dky [fo, (1) fox (72) 4 fie (72) fii, (72)
— 1 (72) foaa (1) = fia (72) Sy (7))
= (—rE (=) [ 20 m) + 23 () - 2 () - 2 ()| L (3.133)
By(ri, ) : = /k 1L:0 K2 iy [Ty, ()T s () + Th, ()T ()
—Iy, (7o), (1) — T (1) T, (7))

3_, 3_, 2 2 2 2
= (—m)2""(—m)? [Z((l))(Tl,Tz) + Z((z))<7'1:7'2) - Z((3))(7'177'2) - Z((4))(7'1’72)} , (3.134)

where we have introduced the time dependent four individual amplitudes, Z ((f)) (11, 72) Vi, j=

1,2, 3,4:
) L
28 = [ R dk SR () 3159
k1=0
L
Z((21))<T1’T2) = / k% dkl fjkl (T1>f*k1 (T2)7 (3136)
k1=0
L
2= [ R dk fo()fi (), (3137
k1=0
L
Z((i))(Tl’TZ) = / kT dky foy (72) foi (1), (3.138)
k1=0
and
) L
23 (11, m2) 1= / k2 dky T, (1)TT, (72), (3.139)
k1=0
) L
Z((2))<7—1’72) = / K dky T (T)TT g, (72), (3.140)
k1=0
) L
Z((g))(ﬁ,Tg) :z/ ki dky i, (o)1, (71), (3.141)
k1=0
L
Z((42))<71’T2) = / ki dhy T ()T (1), (3.142)
k1=0

which satisfy the following symmetry properties:

) vV 1=1,2 (3.143)

(r1,72) = (=1)~@*DZ{)(
( )V 1=1,2 (3.144)

)
(r1,m2) = (1) 750

T1, T2
T1, T2
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using which the simplified form of the momentum integrated time dependent two-point
two new desired OTOCs can be written as:

=
-

1 —711)27Y(—1)2 7Y

Y'lf(’rl, 7'2) = —2—7r281(7'177'2) — ( 1) 2752 2) [1 + (_1)—(2y+1)] <Z((§))(7'1, 7'2) — Z((zl))(ﬁ, 7'2)). (3145)
1 (—r)d(=m)d

Yéf(Tl,Tg) = —ﬁBQ@H,Tg) = ! 27]'2 2 [1 —+ (—1)7(2y+1)] (Z((g)) (7—17 7'2) — Z((QZ))(Tl’TQ)). (3146)

These expression can be simplified in terms of the slowly varying time dependent phase

factors as:
7)Y (—Ty)2 .

Y{ (11, 7) = (—71) 2752 2) [1 4 exp(—i(2v + 1)7)] (Z((;))(Tl,Tz) - Z((21))(’7'1,7'2)>. (3.147)
(b (—m)t .

Vi (rom) = SO CT i + 1)) (Zg;(ﬁ, ) — Zg))(n,fg)). (3.148)

Now, in the large mass limit we need to replace v — —i|v|, for which we get the following
expressions for the two-point functions:

bl y il | ]
Y{ (11, 7) = (=) 5 (2 2) 1+ exp(=2lv|r) <Z((§))(T1,7'2) - Z((gl))(ﬁﬂ'z))- (3.149)
™ e e
L Boltzmann suppression.
f (=73l (—rp) 2 il @) 2)
Y (1, 7) = — 1+ o2 | (28 m) - 23)(m,m)), (3.150)
™ N’
L Boltzmann suppression_|
where we define:
. ! ! .
Jm Z(m,m) = 2(nm) ¥ 1=12 =23 (3.151)

We need to explicitly evaluate the expression for these above mentioned momentum in-
tegrals which will going to fix the final expression for the two desired two-point OTOCs
in the context of primordial cosmological perturbation theory. We have presented the de-
tailed computation of these all integrals in the Appendix for better understanding purpose
of the two conformal time dependence of each of the contributions.
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3.9 New OTOC:s from regularised four-point “in-in” non-chaotic auto-correlated
OTO amplitudes: curvature perturbation field version

Here we need to compute the desired two-point new OTOCs in terms of the scalar curvature
perturbation and the canonically conjugate momentum, which are given by:

Y, 1) = —mﬂ [e‘ﬁﬁ(“) [é(x, ), I (x, TQ)H = mlflf(ﬁ,m). (3.152)
YE (1, 7) = —mm« [e—ﬁff(ﬂ) [é(x, ), TI(x, TQ)H - my{ (r1,7),  (3.153)

where as a choice of the initial quantum vacuum state we have considered Motta-Allen,
«, Bunch-Davies states, which are the three popular choices of the initial vacuum states
in the present computation.

Now substituting the explicit for of the two-point function that we have derived in the
previous section we get the following expression:

1 Bi(1i,72) (—7'1)%_”(—7'2)%_”

V) = e — ey L O (Z6 ) = 26
(3.154)
By(71, 7o —T1 v —T2 1Y (w41 2 2
Yy (mm) = _271r2 Z(Ti)z(Tz)) - 27r2 Z(T(l)z(T)z) [1+ (=17 (Z((3))(TI’T2) B Z((2))(T1’Tz)

(3.155)

These above mentioned expression can be expressed in terms of the slowly varying confor-
mal time dependent mass parameter which is appearing in the phase factor as:

(7)Y (=m3)7 "

Yf(ﬁ, ) = 272 2(r)a(ra) [1 4 exp(—i(2v + 1)7)] (Z((;))(Tl, Ty) — Z((21))(7'1,T2)>
(3.156)
Yi(ri,m) = <—2772 zZ—(VT(l)—;T);)—v 1+ exp(=i(2v + D)m)] (28 (m,72) = 28 (1, 7))

(3.157)

Now, in the large mass limit we need to replace v — —i|v/|, for which we get the following
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expressions for the two-point functions:

) gy | ]
¢ _ (=) ™(=m)® B ( (1) _ = )
Y7 (11,70) = 27 2(r)2(m0) 1+  exp(—2|v|m) Z 3 (11,72) — Z5(11,72) ). (3.158)
B Boltzmann suppression.
ve( - (=) 2+l (=) 3+l - (—2luln) (Z(2)( ) 20 )) (3159)
2 \T1,T2) = o2 Z(TI)Z(T2) exp v|m (3) T1, T2 (2) T1,7T2) ). .
B Boltzmann suppression.|

Now additionally, few points we have to mention that from the finally obtained answer for
the two-point OTOC’s obtained from the two different set-ups:

1. The results obtained for two point OTOC’s for different types of initial choice of the
quantum vacuum states are same. No specific information of the initial condition
in terms of the chosen quantum vacuum will be propagated in the overall factor
of the final result of the two point OTOC’s. But the information of the initial
quantum vacuum will be there in the momentum integrated function Z((;)) Vi =

1,2 and Z((;)) V ¢ = 1,2 within a finite length cut-off L as it captures the effect of
the full asymptotic solution of the scalar modes and its associated momentum, and
both of them are dependent on the factors C; and Cy which carrying the required
information. In this computation both the quantum and the classical contributions
have been taken care of. But now if we just only concentrate on the quantum
fluctuation part then the most interesting information is coming from the sub-Hubble
or sub-horizon limiting region. By a very careful observation one can explicitly see
that in the sub-Hubble region the final result of the two point OTOCs obtained
from different types of the initial quantum states will give approximately the same
answer and can solely described by the well known Euclidean Bunch Davies initial
condition. This is quite interesting fact appearing in the context of two-point OTOC
computation, because if we recap the similar computation of time ordered or anti
time ordered correlators or any equal time two point correlators within the framework
of cosmological perturbation theory, then we find that the final result, which we call
in cosmologist’s language power spectrum in the Fourier transformed space always
captures the explicit information regarding the initial quantum vacuum state even
in the super-Hubble region where the quantum effects dominates over the classical
super-Hubble contribution.

2. In the presence of very heavy mass particle, which is within the framework of cos-
mology is identified by the limiting situation, m > H, where H is the characteristic
Hubble scale one need to take the analytical continuation of the mass parameter v
to the imaginary axis such that, v — —|v|. As a consequence of this we get a expo-
nential Boltzmann suppression by a factor of exp(—2|v|r), which can be be treated
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as a correction term in the final expressions for the two-point OTOCs. Now if the
magnitude of the mass parameter |v| is extremely large then one can simply drop
this exponential Boltzmann factor in the final expression for the two-point OTOCs
and can be written as:

Large |v| (|v| — o) approximation :
"y Ha(i, 72, [V])

Ylf(7'1,7'2) ~ 2—7T2V:())12)(7'1,Tg). (3.160)
Ho(T1, T2, |V

Y2f(7'1772) ~ ATWVQ(TI,@), (3.161)
Hq (71, 7o, |V])

¢ ~ 1\/15 712 (1)

e O E A A (3162
Ho (11, 7o, |V

}/24(71,72) ~ MV%(H,E), (3.163)

272 z(1y)2(72)
where we define a new function H; (7, 72, |v|) and Ha (71, 72, |v|), which are given by:
Hi(11, 72, |V]) = (—11)" (—72) 1+ 3 In(—m) ) [ 1+ 5 In(—7) |, (3.164)
HQ(Tl, T2, |V|) = (—7'1) (—7'2) 1+ 5 111(-7'1) 1+ 5 111(-7'2) s (3165)

Here it is important to note that, to define this function we have used the following

expansion:
(=) M ()M L4 8 (=) + -], ¥V k=1,2&j=1,2 (k# )
. 1 3
‘ with 51 = 5, 52 = 5, (3166)

where we have considered the fact that, |v| > §; V j=1,2 and |v| — oo to get the
leading and the sub-leading or the next to leading order contribution, which is used
for the further simplification of the obtained result for the two point OTOC in the
large |v| limit.

We also have introduced the following symbolic representation for the sake of sim-
plicity and clarity:

V:(?,iz)(TbTZ) = lim (Z((;))(Tlﬂb) - Z((;))<7—1>7—2)> vV 1=1,2. (3.167)

|v]—o0

On the other hand, if the magnitude of the mass parameter is small then one can
expand the exponential Boltzmann factor in the Taylor series and keep upto the
linear order term in v in the expansion. This will give rise to an overall contribu-
tion, which is given by, 2 (1 — |v|7) and the corresponding two-point OTOCs can be
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approximately written as:

Small |v| (Jv| — 0) approximation :

Ti(11, 72, |V
Y (r,7) = %Agﬁ(ﬁ,@). (3.168)
To(1, T2, [V
Y{ (11, 7m2) = %Agg(ﬁ,@), (3.169)
¢ _ Ti(71, 72, |V]) (1)
W) = g ety T (8.170)
Y2C(71>T2> = —75(7'1,7'2, ) Ag(ﬁﬁz), (3.171)

272 z(1)z(12)

where we define a new function 71 (7, 72, |v|) and T3(71, 7, |v|), which are given by:

Ti(r1, 7, V) = (=71)2(=12)2 (14 i|v| In(=71)) (1 +i|v|In(—m)) (1 — |v|7), (3.172)
To(r1, 72, V) = (=71)2 (=72) % (1 + i|v|In(—71)) (1 + || In(—7)) (1 — |[v|7) . (3.173)
Here it is important to note that, to define this function we have used the following
expansion:
(=) W 2 (=) L4 iyl In(=my) -], ¥V j=12&k=1,2 (j #k)
. 1 3
‘with 51 = 5, 52 = 5,(3174)

where we have considered the fact that, 0, > |v| V j=1,2 and |[v| — 0 to get the
leading and the sub-leading or the next to leading order contribution, which is used
for the further simplification of the obtained result for the two point OTOC in the
small |v| limit.

We also have introduced the following symbolic representation for the sake of sim-
plicity and clarity:

AR(mm) = i (25 (r )~ 2(nm) ¥ =12 (3.175)

[v|—0

. One can also consider various important cases, described by the mass parameter
value v = 0, v = 3/2 and v = 1/2. Here v = 3/2 represents the massless field
limiting situation and v = 1/2 representing the conformally coupled case, where we
have my = V2 H. On the other hand, v = 0 represents the situation, where we have
my = 3H/2. Here one can treat both ¥ = 0 and v = 1/2 in the partially massless
field category.

. We have explicitly shown that the two-point OTOCs defined in this work is com-
pletely independent of the choice of the coordinate system and at the end only depend
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on the time scale on which the cosmologically relevant operators in perturbation the-
ory are separated in time scale. To define properly we define these operators in terms
of a specific space coordinate point but at different time scales and found that the
final answer of the two-point OTOCs are only dependent on time scale.

5. From the present computation we found that the final expression for the two-point
OTOCs are completely independent on temperature even though we start with a
thermal canonical statistical ensemble in the trace formula of the two-point OTOCs.
It implies that, we will get ultimately the description in terms of statistical ensembles
following the present description within the framework of cosmological perturbation
theory, which is obviously a quite interesting observation to point out in the present
context of computation.

6. Now if we fix the conformal time coordinate of the two operators, 71 = 7 and 7 = 7,
that means if both the cosmologically relevant operators are defined at the same
time coordinate (time separation vanishes) then two-point OTOCs show divergence.
On the other hand, if we compare the obtained result with the expression for any
two point equal time cosmological correlators of the perturbation field variables then
the amplitude of the such correlators which we commonly identified to be the Power
spectrum within the framework of cosmology will found to be finite. So this obser-
vation implies that just by converting OTOC to ETOC one cannot get correct and
finite answer. This is because of the fact that, OTOC deals with completely out-
of-equilibrium phenomena and ETOC deals with completely equal phenomena. It is
expected that after taking very large late time limit it is possible to achieve equilib-
rium in any one of the time coordinates involved in the cosmological operators, but
to get a complete equilibrium description in ETOC one needs to follow a completely
different approach starting from the definition.

7. After doing simple computation one can explicitly show that in the present context
the one-point and three point function is explicitly zero and can be written as:

(Foe s = (51;7_>Tr [e970) fxm)] =0, (3.176)
(fiGx,7))s = (61;T)Tr [0 fi(x, )] = 0. (3.177)
; ; ; 1 _BH(r) } ; ; _
(Foem)foem) foum)s = 5T O flx ) [ ) fxm)| =0, (3.178)
1

I‘G_Bﬁ(T)AXTlAXTgAXTg =0. .
(5;T)T[ I(x, 7)(x, 72)TI(x, )] 0. (3.179)

Here we have used the well known Kubo Martin Schwinger condition, which basically
deals with the time translational symmetry at finite temperature and using this fact
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one can explicitly show that the above two combinations of the three point function
for the cosmological perturbation theory are explicitly vanishes in the present context.
Not only these combinations, but also the other possible cross correlated three point
function will become similarly zero. If we do the computation for the primordial
cosmological scalar perturbations at explicitly in zero temperature then one can
explicitly find non-zero but small answers for all the possible three point correlators
using the concept of ETOC. Using the Kubo Martin Schwinger condition one can
further show that any odd N-point function at finite temperature the corresponding
contribution vanish due to the time translational symmetry. For these mentioned
reason OTOCs are not defined in terms of any odd N point function within the
framework of out-of-equilibrium quantum field theory. All even N point OTOC are
normalised with appropriate factors which are actually appear from the expansion in
the large time dissipation time scale t ~ 3 = 7!, which is basically proportional to
the equilibrium temperature of the quantum system under consideration at very late
time limit. On the other hand, since one cannot decompose the any odd N point
thermal correlators in symmetric combinations and each correlators are trivially zero
there is no normalization is possible to express these correlators. So the only physical
informations are appearing from all even N point correlators. For N = 2 we get the
two point OTOCs which are don’t need to normalize because in this computation
these are treated as the smallest building block for the computation. Any other even
N > 2 point correlators can be normalized in terms of the combinations of the N = 2
point disconnected part of the OTOCs which are basically appearing in the large time
dissipation time scale as previously we have mentioned. In our previous paper [|, we
have provided the detailed computation of a specific type of two-point and four-point
OTOC out of which one can able to extract various unknown physical information
within the framework of cosmological perturbation theory described in the out of
equilibrium regime of quantum field theory. In this paper we actually go beyond
this understanding of the OTOC and can able to provide two new sets of two point
and four point OTOCs which we believe can able to give few other informations
regarding the quantum system under study within the framework of cosmological
perturbation theory in the out of equilibrium regime of the quantum field theory. In
the next subsections, we are going to provide the detailed computations of the “in-
in” OTO amplitudes and the related four-point OTOCs from the primordial scalar
perturbations.
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3.10 Trace of four-point “in-in” non-chaotic auto-correlated OTO amplitude
for Primordial Cosmology

Now, we will explicitly compute the numerator of the first type of four-point OTOC
constructed out of cosmological perturbation field variable for different quantum vacuum
states, which is given by:

i [ [ ), fx )|

(0r7)
. 4
exp(—2siny tan «) / / d3k; .
= aw k.
| cosh a BD 31:[1 (2m)? exp [ik;.x]
4
<\IJBD| Zv(l)(klakQak37k4a7—1;7—27 ) |\I/BD> (3180)
=1

T 0 [ fex ]|

1 ARk
= Teoshal /d\I’BD H/ (27T)j3 exp [ik; X] (Vpp|
j=1

i o500 [, ), Fox )] |

[Ugp). (3.181)

4
Z%l)(kla ky, k3, ky; 71, 723 )
i=1

(BD)
d*k;
/d\IJBD H/ 5 exp [ik;.x] (Upp|

On the other hand, we will explicitly compute the numerator of the second type of four-
point OTOC constructed out of cosmological perturbation field momenta variable for dif-

4
Z (k17k27k37k477—177_2a )

=1

Usp). (3.182)

ferent quantum vacuum states, which is given by:

(e7)
: 4
exp(—2sm’ytana)/ /d3kj .
= dv k;.
[cosh o BD ]1;[1 (2m)? exp [ik;.x]
4
(Usp| ZVZ-(Z)(kl,k2,k3,k4;7'177'2;5) |UBD). (3.183)
i=1
o . . 2
Tr |:6_5H(7'1) [H(X, Tl),H(X, 7'2)] }
()
4 A
|cosha| /d\PBD H/ 5 exp [ik; x| (Upp| ;Vz@)(khk2,k3,k4;7'1,7'2;5) |Upp). (3.184)
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=

Tr {eﬁﬁ(“) [fi(x, 7)., Ti(x, )| 1

/d\I/BD H/

Further, our aim is to compute the individual contributions which in the normal ordered
form are given by the following expression and explicitly computed in the Appendix of this

(BD)

- exp [ik; x] (Upp| Zv (ky, ko, k3, kg: 71, 72;8) | [Ugp). (3.185)

=1

paper:
/d\I/BD (Ugp| : VI (ki, ko, ks, ku; 1, 7; 6) : [Wep)
:/dquD (Upp| : e PH) T (k) ko, ks, ka; 71, 7) : D), (3.186)
/d\IfBD (Ugp]| : VP (ki, ko, ks, ku; 1,725 8) : | ¥eD)

/\

= /d\IJBD <\I/BD| . €_BH(TI 7; (k17k2,k3,k4,7'1,7'2) |\IIBD> \V/ Z = 1,2,3,4. (3187)

Further, the trace of sum of these individual four-point “in-in” OTO amplitudes in normal
ordered form can be expressed as:

4
N E
/dq/BD (Upp| Y VIV (ki ko, ks, ki 71,723 8) ¢ [Upp) = (27)% exp (—/d3k In (QSinh BkT(Tl)))

=1

4
Z \6)1(12),(1) (k17 k27 k37 k4a T1, 7—2)1 {53 (kl + k4) 53 (k2 + kS) + 53 (kl + kg) 53 (kg + k4)}

=1

TV TV
Individual four point OTO amplitude Momentum conservation in OTO amplitude

+ 0 W(ky, ko, ks, ky: 71, 7) {8% (ky + ko) 8% (ks + k) + 6% (ky + ky) 6 (ko + k) }

TV
Momentum conservation in OTO amplitude

+ g)gi)’(l)(kl, ko, kg, ka1, m) {00 (K + ko) 67 (ks + k) + 67 (ki + k) 6% (ko + k) }

TV
Individual four point OTO amplitude

Individual four pomt OTO amplitude

TV
Momentum conservation in OTO amplitude

+ Ok ko Ky ka1, m) {07 (ki + ko) 0° (ks + ka) + 6% (o + k) 6° (ko + ki) }

TV
Individual four point OTO amplitude

TV
Momentum conservation in OTO amplitude

+ Ok ko Ky ka1, m) {07 (ki + ko) 07 (ks + ka) + 6% (ki + ka) 6% (ko + kg) |

NV
Individual four point OTO amplitude

TV
Momentum conservation in OTO amplitude

+ O W (ki ko kg ka; 71, 7)) {0° (ki 4 Ks) 0° (ko + k) +0° (ki + k) 67 (ko + ko) |

~
Individual four point OTO amplitude

~
Momentum conservation in OTO amplitude

Vi=1(= MD), 2(= -gW),3(= NV), 4(= —0QW). (3.188)
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and

4
% E
[ e (Wan| S0V ki, mi ) ¢ (V) = (20)° exp (‘ [ (z sinh 227 I;(ﬁ)))
=1

Z ;(—)Z(li)7(2)(k17k27k37k4;7-177—2)

{53 (k1 +ka) 0° (ko + k3) + 6° (ky + ks) 6% (ko + k4)}

=1 . R .
Individual four point OTO amplitude

+ 96(51.)7(2)(1{17k27k37k4;7_177—2)/

TV
Momentum conservation in OTO amplitude

(6% (ky + k) 0% (ks + k) + 0% (kg + k) 0% (y + kg) }

TV
Individual four point OTO amplitude

+ 59?)’(2)(1{1,k2,k3>k4;71,7'2)/

Momentum conservation in OTO amplitude

{6° (ki + ko) 0° (ks + k) + 0° (k1 + ks) 6” (ko + ki) }

TV
Individual four point OTO amplitude

+ 9&27(2)(k1ak27k37k4;7—177—22

TV
Momentum conservation in OTO amplitude

{6% (k1 + ko) 0° (k3 + ka) + 6° (ki + k3) 6% (ko + ku) }

TV
Individual four point OTO amplitude

+ \®§i1)7(2)(k1ak27k37k4;7—177—22

TV
Momentum conservation in OTO amplitude

{53 (ki + ko) 6 (k3 + ky) + 0% (k; + ky) 6% (ko + k3)}

~
Individual four point OTO amplitude

+ ?g?,(2)(k17k27k37k4;7—177—22

Momentum conservation in OTO amplitude

{6% (k1 + ks) 6 (ko + ka) + 0% (k1 + ky) 6° (ko + k3) } |,

~
Individual four point OTO amplitude

~
Momentum conservation in OTO amplitude

Vi=1(= MP),2(= =% 3= N?) 4= -Q?).

Here it is important to note that the dispersion relation in general has to be different
for different choices of the initial quantum vacuum state. But if we look into the physically
important quantum mechanical fluctuations in the sub-Hubble region (—k7 > 1) then
in the dispersion relation only the contribution from the Bunch Davies vacuum state will
appear and play significant role. The other vacuuam states only will change the overall
normalization factors which we are exolicitly taken care of in this computations.
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3.11 New OTOC:Ss from regularised four-point “in-in” non-chaotic auto-correlated
OTO amplitudes: rescaled field version

3.11.1 Without normalization

The desired cosmological OTOCs without normalization for arbitrary vacua can be ex-
pressed as:

(61; e {6_6%) o0, o7 2]

= —(2)° / éirk)lg / (‘;?’7223 / (‘f;f)?;, / éig‘g exp [i (ki + ko + ks + kq) .x]

(C/’il) (k1> k27 k37 k47 71, 7—22 {(53 (kl -+ k4> 53 (k2 + kg) + 53 (kl —+ k3) (53 <k2 -+ k4>}

-

Ci(r,m) = —

Four—point OTO amplitude Momentum conservation in OTO amplitude

+ & (kKo ko i 71 m) {87 (ko) 67 (ks ko) + 6% (o + k) 6% (o o+ ko)
Four—point OTO amplitude Momentum conservation in OTO amplitude

+§7(1)(k17 k1, k3, k3; 71, 7'22 i53 (kl + kz) &’ (ks + k4) +6° (kl + k3) 6° (k2 + k4>}4
Four—point OTO amplitude Momentum conservation in OTO amplitude

+ €y (ki ko Ky ks 1, 72) {87 (ke +k2) 8° (kg 4 k) 4 8° (ko + ko) 6 (ko + k) )
Four—point OTO amplitude Momentum conservation in OTO amplitude

+ &) (ki ko, ks, ks 71,73) {0° (ki + k) 0° (ks + k) + 6 (ke + k) 8° (ko + ko) }
Four—point OTO amplitude Momentum conservation in OTO amplitude

+§fé)(k1, ko, ks, ky; 71, 72)4 {6% (ki + k) 6° (ko + ky) + 0% (ky + ky) 6° (ko + k3) }

Four—point OTO amplitude Momentum conservation in OTO amplitude
d3k, A3k, (1) 1)
=— 3 3 {54 (ki, ko, —ko, —ky; 71, 70) + &7 (ku, ko, —ky, —ko; 71, 72)
e | @

+65" (ki ko, —ka, —ki; 71, 72) + E (K, ko, —ky, —ka; 71, 72)
+E (K, Ko, =K1, —ko: 71, 72) + EX (K1, Ko, —Ka, —ky: 71, T2)
+51(§)(k1, ko, —ky, —ko; 1, 70) + 51(;,)(1{1, ko, —ko, —ki; 71, 72)
+EW (i, —ki, ko, —ka; 71, 72) + &g (ku, — ki, ko, —ko; 71, 72) + €17 (ki, —ki, ko, ko 71, 72)} (3.190)

where we have introduced new four-point OTO amplitude functions, &(,} ) Vm = 4,6,7,10,11,13,
which are defined as:

4
555)(k1,k2,k3,k4;ﬁ,72) = Z@gL)’(l)(kl,kz,ks,k4;7'1,7'2) = M%) - \77)(11) +Nr(nl) - Qgrlz)a (3-191)
i=1
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and

g™ | [ )]

— —(2m) / (‘;?;5)13 / (‘;?;223 / (23;233 / (C;]_C)“ exp [i (ki + ko + ks + kq) X]

7 (ki ko, kg, ka; 71, 7) {0 (ki + k) 6% (ko + kg) + 0% (ki + k) 6% (ko + ka) }

Cl(r, ) = —

Four—point ()"rfo amplitude Momentum conservat?iron in OTO amplitude
5‘2 (ki koo, kg, ks 71, 72) {07 (ko + ko) 6% (ks + k) + 67 (ki + k) 8° (ko + ks) |
Four—point OTO amplltude Momentum conservation in OTO amplitude

+§7 (kl,kl,kg,kg;Tl,TQZ {(53 <k1—|—k2> (53 (k3+k4)+(53 (k1+k3> (53 <k2+k4>}1
Four—point O"rI‘O amplitude Momentum conservat?i?)n in OTO amplitude

+ €10 (i, ko, ks, ks 71, 7) {07 (K + ko) 8% (kg + k) + 0% (o + k) 0° (ko + k) }

J

Vv Vv
Four—point OTO amplitude Momentum conservation in OTO amplitude

+§ff)(k17 ko, k3, k45 71, 722 {53 (k1 + k2) &’ (ks + k4) +6° (kl + k4) 6’ (k2 + k3)}

S

Vv Vv
Four—point OTO amplitude Momentum conservation in OTO amplitude

+€1(§)(k17 k27 k37 k47 1, 7_2)1 {53 (kl + kS) 53 (k2 + k4) + 53 (kl + k4) 53 (kg + k3)}

J/

Vv TV
Four—point OTO amplitude Momentum conservation in OTO amplitude

A3k Bk
B _/ (27)13 / (27)23 {gf)(kl’ ky, —ko, —ki; 71, 72) + &EQ)(kl, ko, —ki, —ko; 71, 72)

—|—8é2)(k1, ko, —ko, —ki; 71, 70) + 57(2)(1{1, ko, —ki, —ko; 71, 72)
+51(g)(k1, ko, —ki, —ko; 71, 72) + 51(?)(1(171(2’ —ks, —ki; 71, 72)
+EP (ky, ko, ki, —ko; 71, ) + EP (K1, ko, — ko, —k1; 71, 72)
+EP) (i, —ki, ko, —ko; 71, 1) + &5 (ku, — ki, ko, —ko; 71, 72) + E17 (i, —ki, ko, —ka; 71, TQ)} (3.192)

where we have introduced new four-point OTO amplitude functions, ED vm = 4,6,7,10,11,13,
which are defined as:

4
EX) (ki ko, ks, ks 71, 72) = Z@%) (ki ko, k3, ky; 71, 7) = MP — 7@ + NP — 0D (3.193)

To understand the structure of these functions more clearly one can further write them
in terms of the redefined field and its canonically conjugate momenta, for the two specific
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types of OTOCs as:

£ (ki ka, —ko, klaTlaTQ S (1) fo, (7 )f—kz 72) o0, (T1) foteo (1) ok, (72)
fowo (72) foxe, (1), (3.194)
- 72) [k, (T1) iy (71) foiea (T2)
fikQ(Tlf ( ( )7 (3-195)

2) f-
S (72) fiey (71) fry (

1) f-1, (T2
(

(T (
N )k (1) = f2
£ (ki ko, —ki, —ko; 71, 7o fkl(ﬁ)ffb(T) ka (71) fx
( 2) [k (T1) — f2

Tz)f ( (

_|_
~
| %
=
iy

56(1)(k1’k2>—k2’—k1371, T2 ffkl(Tl)fkg(ﬁ)ka(Tl)f k1(72) Tl)f kl(TQ)
+ 23 (T1) frea (T2) fry (72) foea (1) — o, (72) fieo (1) Sy (72) foay (71), (3.196)
ED (K1, ko, —k, ko 71, 72) = fiey (T1) o1y (72) i (71) Ftea (T2) — oy (72) £y (70) iy (1) f ot (72)

+fie (70) 24, (72) [, (T2) fea (T1) = oy (72) f2, (1) fie, (72) foio (1), (3:197)
Elo (ki ko, ke, ki 11, 72) = 4, (1) fiea (7o) fae () iy (72) = 20, (72) fiea (1) fre () iy (72)

+ 0 (T1) fieo (72) fo1 (72) fiey (T1) — 2k, (72) fieo (T1) fics (72) f2k, (1), (3:198)
EL (i, ko, —ka, —ki; 71, 72) = fies (1) Fra, (72) Foiea (70) fity (72) = fie (72) £ 4y (71) Fota (70) fi, (72)

+fier (1) f2a, (72) [ =Ka(72) fic, (1) — fiy (72) [ 20, (T1) foiey (72) i, (1), (3:199)
Ely (1, ke, —ki, —koi 71, 7) = fia (1) fio (7o) fiy (M) iy (72) = i (72) fia (M) i, (1) iy ()

+ fier (1) frea (72) fr, (72) i, (T1) = fiy (72) fro (1) S, (72) fii, (7)), (3.200)
EX (ki ko, —ko, —ki571,72) = fi (71) fio (72) frey (71) S, (72) — ficr (72) fieo (1) fr, (71) S, (72)
+fier (1) fre (72) fry (72) i, (T1) = fiey (72) freo (1) fr, (72) fie, (7)), (3.201)

EV (K, ki, ko, ko 71, 72) = fiey (1) fity (72) F oy (1) ftea (T2) — o (72) i (70) F 1y (1) f ot (72)
+fk1(71)f§1 (Tz)ﬁk2 (72) fo1> (1) — fra (ﬁ)ffil (Tl)fikQ (72) f1, (71), (3.202)
Elo (K1, =k, ko, —koi 71, 72) = f11, (1) faes (72) frea () iy (72) = Foae, (72) Fres (71) fis (1) £, (72)
+ 2k (1) foiey (72) frea (72) fry (T1) — 24, (72) foiey (T) i (T2) fry (1), (3.203)
EY (i, —ki, ko, —ko; 71, 70) = fie (71) fiy (72) fieo (71) fiy (72) = Sy (72) fi (1) fico (70) fry (72)

iy (70) fiy (72) fra (72) Fiy (1) — i (72) i, (1) fis (T2) fi, (1), (3.204)

and

EP (ki ko, —ko, —ki3 11, 70) = Iy (1)1 (o) Ty ()T, (72) — 05 (1) IT () Ty (1) Tk, (72)
Iy (m)IT <2>H ()L, (1) — T, ()T (1) igy (7o) i, (1), (3.205)

EF (ki ko, —ky, —ko; 71, 72) = 1%y ()T (7)o, (1), (72) — T, (7)I0 . (70) T, (1) Ty (72)
HIT5 () IT <2>H o (7o) iy (1) — Iy (o)1 ()T, (1) (11), (3.206)

£ (ki ko, —ka, —ky3 11, 7o) = I (1) Ty (1) TI, (1) T (72) — Ty, (7o) M, () I, (7)) T, (72)
+II* kl(Tl)sz(TQ)Hl*c (o) y, (1) — 1%y (7o) Ty (7)) IT (72) T e, (7)), (3.207)
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EP) (ky, ka, —ky, —ko; 71, 72) = ey (7)1 g, (7o) T, (7)1 ey (72) — Ty (7) T, (7)) T0, (72)TT ey (72)
T, (7)TT y (7)TEL, (7)1 ey (71) — Ty (7)1, (1) T, (72) T (71),  (3.208)
E10 (K1, ko, =k, =k 71, 75) = 1%y (71) ey (72) s, (7)1}, (72) = 11, (72) Ty (7) T, (1) T ()
—I—H’ikl(ﬁ)ﬂk2 (TQ)H_kl(TQ)HiiQ(Tl) -1, (7o) ey (71) i, ()17, (1), (3.209)
E (k1 ko, —ka, —ky; 71, 70) = I (7)1, (1) iy (71)TIg, (72) — i, (7o) Iy () I, () LT, (72)
+11y, (Tl)Hth (o)1, (7’2)1_[1*(1 (11) — I, <7—2)Hik2 (1), (7'2)1_[;;2 (r1), (3.210)
E13 (K1, ko, =k, —ko; 71, 75) = T, (71) iy (72) T, (7)1, (72) — T, (72) Tl (7)1, (7)1, (72)

e, (70) e, (72)I0, (72) I, (1) — T, (72) e, (70) I, (72) 10, (71), (3.211)
£ (ki ko, —ko, —ki; 71, 72) = i, (71) ey (70) 1T, (70)TTE, (72) — ey (7) T, (72) 1T, ()T, (72)
A, (710) I, (72) I, (7o) I (1) — T, (72) e, (1) Ui, (72) 10, (71), (3.212)

EP (ky, =k, ko, —ko; 11, 70) = Iy, (70)TIE, (7)1 ) (7)1 gy (72) — Tl (1) T, (7)TT 4 (7)1, (72)
e, (70)TT, (72) Ty (1) T sy (71) — T, (1) T, (7) Ty (72) iy (1), (3.213)
Ef) (ki, —ki, ko, —koy 71, 72) = I (70)TT i, (72) iy (7)1, (72) — T (72) T, (72) iy (72) T, (72)
—I—H’ikl(ﬁ)ﬂ_kl (7’2)Hk2(7'2)1_11*(2 (1) — Iy, ()T, (1), (TQ)HiZQ(Tl), (3.214)
EY (ki, ki, ko, —ko; 71, ) = Ty, (1) Ty, (7o) Ty (71) T3, (72) — T, (72) 1T, (72) iy (72) T, (72)
+11y, (7’1)1_[;1 (7)), (TQ)HI*{Q (11) — Ty, (72)1_[1";1 (71) 1, (7_2)]:[;;2 (11), (3.215)

All these functions signify the amplitude of the desired two types of OTOCs which are
expressed in terms of the contributions from the four-point functions. For the further
simplification we have to consider symmetry properties of the above mentioned amplitudes
under the exchange of the momenta appearing in the third and fourth position i.e. if we
replace —ky — —k; and —k; — —ko, which are given by the following expressions:

ED (K, Ky, —ko, k571, 1) = EV(Ky, ko, =k, —ko; 7, 7o)V = 1,2, (3.216)
51(? (ky, ko, —ko, —ky; 71, 70) = EF (ky, ko, —ky, —ko; 71, 7o)V = 1, 2. (3.217)

Using these exchange symmetry properties the desired OTOCs one can further simplify
the results as:

d*k d*k
Cl(r1,7) = —/ (27r)13 / (27r;3 {2 (&El)(kl,kz,—kz,—kl;Tl,Tz) +51(Q(k1,k2>—kl,—k2571,72)>

+gél)(k1, kg, —kg, —kl, 71, 7'2) + 57(l)<k1, kg, —kl, —kg, 71, Tg)
+51(f))(k1, ky, —ki, —ko; 71, 72) + 51(?(1{1, ko, —ko, —ki;71,72)
+g’§l)<k1, —kl, kg, —kg, 71, 7'2) + gl(é)<k1, —kl, kg, —kg, 71, TQ) + 51(l1)<k1, —kl, kQ, —kQ, 71, Tg)}
Vi=1,2. (3.218)
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In this computation the volume elements of the momentum integrals as given by the
following expression:

(ECR
= ]C,L dl{?l sin 91 d@z ngﬁl s

s(2m)t o (2m)8 L

where 0 < k; <oo, 0<0;,<m, 0<¢;<2r Vi=12 (3.219)

Here we need to put cut-off 0 < k; < L V i = 1,2 to regulate the only magnitude
of the momentum dependent radial integral and consequently we can write the following
regulated expressions for the desired OTOCs, as given by:

1 L L
C[(Tl,@):—m/o k2 dk:l/o k2 dk,
{2 (52”(1{1, k27 —kg, —kl, 7'1,7'2) + 51(é)<k17 kg, —kl, —k27 7'1,7'2)>
+(€él)<k1, kg, —kg, —kl, 71, ’7'2) + gél)<k1, kg, —kl, —kg, 71, ’7'2)
+51(Q<k17 ko, —k1, —ko; 71, 7'2) + 51(11)<k17 ko, —ko, —ky; 71, 7'2)
+5§l)(k1, —ki, ko, —ko; 1, 2) + gfé)(kh —ki, ko, —ko; 71, 2) + 51(l1)(k1, —ki, ko, —k2;7'1772)} ;
Vi =1,2.(3.220)

Further, we define the following time dependent regulated amplitudes, which are explicitly
appearing in the expressions for the two types of desired OTOCs studied in this paper:

L L
IO, ) ;—/ k2 dkl/ k2 dky 28 (K1, ko, —ko, —ki: 71, 72),  (3.221)
k k

1=0 2=0
L L
IV (1, 1) = / k2 dky / k2 dky 280 (ki ko, —ko, —ki: 71, 72),  (3.222)
k1=0 ko=0
L L
IV (1, 1) = / k2 dk, / k2 dky EV (K1, K, —ko, k1371, 72),  (3.223)
k1=0 ko=0
L L
I, 1) = / k2 dk, / k2 dky EV (ki ke, ki, —ko: 71, 72),  (3.224)
k1=0 ko=0
l L L l
IV (71, 1) ::/ k2 d/ﬁ/ k2 dky EV) (K1, K, —k1, —ko; 71, 72),  (3.225)
k1=0 ko=0
l L L l
IO (1, 72) ::/ )2 dk:l/ k2 dks Y (K1, ko, —ko, —k1;71,7),  (3.226)
k1=0 ko=0
L L
I (1, 1) = / k2 dky / k2 dky EV (K1, Ky, ko, —ko; 71, 72),  (3.227)
k1=0 ko=0
l L L l
IV (1, ) ;=/ )2 dk:l/ k2 dky EV) (ky, ki, ko, —ko; 71, 72),  (3.228)
k1=0 ko=0
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L L
IV (r1,7) ::/k_o k2 dkl/k_o k2 dky (ki —kq, ko, —ko; 71, 7),  (3.229)

where [ = 1, 2 for the two types of OTOCs. Consequently, the OTOC can be expressed in
terms of the four-point time dependent amplitudes as:

7
1
Clrm) = 15 > e T m) V=12 (3.230)

Once we determine all of them then the structure of the desired OTOCs i.e. the time
dependent behaviour in the OTOC will be fixed. Here it is important to note that the
weight factors for each individual contributions are given by the following expression:

’ wj(.l):l V j=34,--,9 Vi=1,2. (3.231)

After computation for [ =1 OTOC we have found that:

IV (r,7m) = (—m)" 2 (—m)> ¥ ixﬁ”(n,@) = (=D)*ZV(r, ),  (3.232)
=1

IV (1) = (—m)" (=) QVZX (11, 72) = (-1)*TV (1, 7),  (3.233)

I (1) = (—m) "% (—m) QVZX (11, 72) = (-1)*TWV (1, 7),  (3.234)

I (1) = (—m)" 2 (—m)" 2“ZX (1, 72) = (-1)*TV (1, 7),  (3.235)

I (7)) = (—1) " (=)' QVZX” (r,7) = (=1)*ZM(r,7),  (3.236)

I (r, 1) = (—m)" 2 (—m)'" QVZX (11, 72) = (—1)*TM (1, 7),  (3.237)

I () = (—n) ¥ (—m)' QVZX (r,72) = (=1)*ZM (1, 7),  (3.238)

I () = (—n) ¥ (—m)'” 2”2)(‘ (r,7) = (=)*ZV(r, 7). (3.239)
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and for [ = 2 OTOC we have found that:

I, 1) = (—1) ¥ (—n)* 2"ZX (1, 7) = (=)"ZP(r, 1),  (3.240)
I (r, 1) = (—1) ¥ (—m)* 2VZX (1, 7) = (=)¥TP(r,7m),  (3.241)
IP(r, 1) = (—m) 2 (—m)* QVZX (1, 72) = (-1)*TP (1, 7),  (3.242)
I (1) = (—1)* ¥ (—n)* QVZX (1, 72) = (-1)*TP (1, 7),  (3.243)
I (1, 1) = (—1)* 2 (—n)* 2”ZX (11, 72) = (-1)*T (1, 7),  (3.244)
I§2)(71,Tg) = (—1) (1) 2”2X2) (11, 72) = (—1)2”I§2)(T1,72), (3.245)
I (1, 1) = (—1)* 2 (—n)* QVZX (11, 72) = (—1)*TP (1, 7),  (3.246)
TP (r1,m) = (—7)* % (~m)* ZVZX (11,73) = (=) T2 (r1, 7). (3.247)

Further using these above mentioned results of the integrals the un-normalised OTOCs
can be expressed as:

f [ v T ] CT) () QS v
Ci(m,m)= |1+ (=1)" + 5(_1) omt(— 1)1 ZXZ' (11, 7). (3.248)
I 1 i=1
- 7 1 (320 (_ - \3—2v 4
Cy(rm) = |1+ (1) + 5(_1)21, ( 75;4(—(1)4?_)1 S xPNmm). (3.249)

i=1
3.11.2 With normalization

Further, the normalisation overall factor of OTOC, which is given by the following expres-
sion:

1 4

N (1, 7) = —— S— = , 3.250
( ) (Fr) F )l f () f(r))s  Fi(m)Fi(72) ( )
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L N .
N ) = R )y Falr) () (3251

where the time dependent functions Fi(7;) and Fa(7;) for all ¢ = 1,2 are defined in the
Appendix explicitly. For further details please look into the Appendix for the detailed
computation of the normalisation factor of both of the OTOCs.

Finally, the normalised OTOCs in the present context can be computed as:

) = <f<rl>f<:§§;2}zfz7>f<72>>ﬁ
-~ 2w
_ {1 (D 4 g( 1)2”} : ((__17)1411—_12;(1;2));;) jl XD m), (3.252)
and
Cl(r1,m) cg‘ (Tl’ 72)

- 4}_2 ) Zw 71,72)

= [ ;‘1)”} 2(513);5?%” 2 AT ), (52

=1

which is obviously a new result in the context of primordial cosmology and we are very
hopeful that this result will explore various unknown physical phenomena happened in
early universe. The detailed explanation of this obtained result will be discussed in the
later half of this section.

Now we will discuss about two limiting results, which is commonly known as the large
mass and small mass limit of the field perturbation. Here we will explicitly study the
analytical behaviour of the two types of the derived OTOCs in the present context of
discussion. This is only because of the fact that by seeing the derived expression for the
complicated structure of the OTOCs one cannot comment on the features of them without
numerically plotting the behaviour. The derived limiting results in this subsection will
going to help us to understand the underlying physical features of these two types of
OTOCs without explicitly performing in numerical computations using the derived full
results in this section.

First of all we discuss about the large mass limiting situation, which can be easily
obtained by performing an explicit analytical continuation in the mass parameter v to
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—i|v|. One can argue here that for this computation v to ¢|v| is not at all allowed as this
will give rise to the over/excessive particle production in the four point OTOC spectra
computed in the two explicit cases that we are studying in this paper. Now after doing
the mentioned allowed analytical continuation in the mass parameter we get the following
results for the OTOCs that we can obtain in the large mass limiting case:

—_——

; 7 . (—T )1+2z\u|( ) L2l 4 T
cl(n,m) = [1 4+ (=1) 74 —(—1)—21|V|} Z ). (3.254)
2 2(—1)~ i) -7:1(71)-7:1( i=1

and

—_——

; 7 , o \3+2ilv] (. \3+2il] 4 —
Cilnom) = [1+(_1)4W|+§<_1>2”V|} ). , i) X (ry, 1), (3.255)
2(—1)~ Wl Fy (1) Fa (7o) =1

P e N i g

where Fi (1), Fi(12), Fa(71) and Fa(72) are the normalization factors for the two OTOCs
for the large mass limiting situation which is obtained by taking analytical continuation

in the mass parameter v to —i|v|. Also, the functions Xi(l)’l(Tl,Tg) and Xi(2)’1(7'1,7'2) can
be similarly obtained by doing the same analytic continuation in the large mass limiting
situation. The explicit expressions are very cumbersome to write, so that we have only
given the expressions for these functions for any general mass parameter v. Using these
expressions by taking the above results one can explicitly compute the behaviour of these
functions in the large mass limiting situation.

Now further one can simplify the above mentioned two results of the OTOCs by using
the following expansion:

(—7)" M (=) L (=) -], Y R =1,2& 5 =1,2 (k # )
) 1 3
‘ with (51 = 57 52 = 5, (3256)

where we have considered the fact that, |v| > 0; V j = 1,2 and |v| — oo to get the
leading and the sub-leading or the next to leading order contribution, which is used for
the further simplification of the obtained results for the four point OTOCs in the large
|v| limit. Using this result we get the following simplified results for the two types of the
desired OTOC:s studied in this paper:

Cl(r,m) ~ |1+ (=)~ 4 ;(—1)_2ily] (1 + %hﬂ(—ﬁ)) <1 + %1n(—72)>
CnPMm)™ sy st
X2<_1)7(4@'|y|+1)‘7_‘1(7-1)‘/'_/'1z7_;) Zzl i ( ’ )7 ( . )
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and

2 2

20 () 2ilv| 4 ——
o CECRIT S X010, (3,259

cg@,/m ~ |14 (=1) 74 ¢ z(—1)2“"} (1 + gln(—ﬁ))Q (1 + §1n(—7'2)>2

2(=1)~ WD Fy (1) Fa(ma) =1
Next we discuss about the small mass limiting result for the two derived desired OTOCs
in this paper. Here we have use the following expansion for the case when the mass
parameter is sufficiently small:

(—) M =2 (=) L4y In(=) + -], ¥V j=1,2&k=1,2 (j#k)
1 3

‘with 0y ==, 0y == 3.259

W1 1 2 ) 2 2 ) ( )
where we have considered the fact that, §; > |v| V j =1,2 and |v| — 0 to get the leading
and the sub-leading or the next to leading order contribution, which is used for the further
simplification of the obtained result for the two point OTOC in the small |v| limit. In this
limiting case these two desired OTOCs can be further simplified as:

cf(r,7) ~ {1 + (=1)74 4 §<—1>2“"} (1+ il In(=m))* (1 + ifp| In(—72))’
8(=71)(=T72) : Xil%/lzﬁ 3.260
X(_1)—(4i|u|+1)m@; o), )
and
cf(riom) ~ {1 + (=1)7 4 4 §<—1>”'”] (1+ il In(=7))* (1 + ify| In(~—7))’
« S(-n)’(-m)” Xf”’/larg).(azm)
(—1)~WilvHD) Fy (1) Fo(m) o

Here Fi(71), Fi(m2), Fa(m1) and Fy(72) are the normalization factors for the two OTOCs
for the small mass limiting situation which is obtained by taking analytical continuation

in the mass parameter v to —i|v|. Also, the functions Xi(l)’l(ﬁ,ﬁ) and Xi@)’l(ﬁ,rg) can
be similarly obtained by doing the same expansion in the small mass limiting situation.
The explicit expressions are very cumbersome to write, so that we have only given the
expressions for these functions for any general mass parameter v. Using these expressions
by taking the above expansions one can explicitly compute the behaviour of these functions
in the small mass limiting situation.
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3.12 New OTOC:Ss from regularised four-point “in-in” non-chaotic auto-correlated
OTO amplitudes: curvature perturbation field version

3.12.1 Without normalization

Here we need to perform the computation for the un-normalised OTOC in terms of the
scalar curvature perturbation and the canonically conjugate momentum associated with
it, which we have found that is given by the following simplified expression:

1 * . . 1
C1C(T1’T2) = —WTI“ {e—ﬁH(n) [C(X, Tl)a C(X, TZ)] 2}( | _ mq(ﬁ’ﬁ)’ (3.262)
a s 11 a
and
Cs(r1,72) = —mn [e—ﬁfl(n) [ﬁ(x, ), T(x, 72)] 2]( | _ m(g (11,72).  (3.263)
o s 11 «

3.12.2 With normalization

The normalised OTOC in terms of the scalar curvature perturbation and the canonically
conjugate momentum associated with it, which is basically the computation of the following
normalised OTOC, in the present context:

CC(Tl ) = Cf(71,7_2) :Nc(ﬁ ) Cg(ﬁ ) (3.264)
s Cr)Cm)plCm)c(n))s e
and
CIC(TMTZ) = 05(7—1’7_2) :N§(7'1,7'2) CQC(Tl,TQ) , (3265)

(T (7)1 (71)) 5 (He (70)He (1)) 6

where the normalisation factor to normalise OTOC is given by:

$(11,72) = L = 2 ()2 () = 22(1) 22 ()N (1, 7
M) = e e~ Al Fim) - (W AT ), (3260
and
N3 (r1,7m3) = ! _ M) a2 N (7). (3.267)

(e (r)Me (1)) s (e (m) e (11))p — Fa(m1) Falre)
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Consequently, the normalised OTOC computed from the curvature perturbation variable
is given by the following expression:

4

(—=7)' (=)' IRV
— D)W LE (1) Fi () X, (11, 72). (3.268)

=1

(_7_1)3—21/(_7_2)3—21/ 4 @1
X" . (3.2
_1)4V—1f2(7.1)f2(7_2) i (T17T2) (3 69)

i=1

4v 7 2v
Cé(m,m) =Cl(m, 1) = [1 + (=" + 5(—1) ] 2

CS(m, ) = Cl(m, ) = [1 + (=D + g(—l)%} 2
Here all the unknown time dependent functions Xi(l)’1 (11,72)Vi=1,2,3,4and XZ-(Z)’1 (11, 72) Vi =
1,2, 3,4 originated from the two types of OTOC correlations are explicitly computed in

the Appendix. Here one can explicitly show that by taking the large mass and small mass
limiting approximation as performed in the previous subsection we get the same results

in the present context for the normalized OTOCs presented in terms of the curvature
perturbation field variable and its canonically conjugate momentum variable.

4 Numerical analysis I: Interpretation of two-point non-chaotic
auto-correlated OTO functions

For L = 1000, 7 = —100 and a« = 0, v = 0 (BD vacuum)

[T " " " T i " i T i i " T " i i T i " i ]
= " ]
S ]
RS ]
= [ 4
S oap ]
S— C ! ]
T e ] = 3/2 E
8 3 '
| qo0-M | |V| = 5/2 L
e |v| = 7/2 :

T - vl = 9/2 ]

10-21 [ ) ‘ ) ) ) ) .

-1000 -800 -600 -400 -200 0

1Time scale (1)

Figure 6: Behaviour of the two-point auto-correlated field OTO function with respect to
the time scale T' for Bunch Davies vacuum for different mass parameters.

In this section, our prime objective is to numerically study to give interpretation of
the obtained results for the two-point auto-correlated field and momentum OTO functions
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For L = 1000, 7 = —100 and a« = 1/2, v = 0 (x vacua)
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Figure 7: Behaviour of the two-point auto-correlated field OTO function with respect to
the time scale T for « vacua for different mass parameters.

For L = 1000, 7 = —100 and o« = 1/2, v = 1/2 (M A vacua)

+ T T -
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Figure 8: Behaviour of the two-point auto-correlated field OTO function with respect to
the time scale T' for Motta Allen vacua for different mass parameters.
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For L =1000, v~ =0, T"= —200 and 7 = —500

10t [ T ’ T T T ’ ’ ’ T ]
© é
m— .
N [l i -
e T e 1
= ]
;:: 01 |v| =1/2 3
- ]
= o - — ‘ ]
= || 3/2 .
= o ]
| 1wo-E |I/| _ 0/2 .
E — || =7/2 ]
----- - |I/| = 9/2 E
1072 | ‘ ‘ . ‘ .

-4 -2 (1] 2 4

Vacuum parameter («)

Figure 9: Behaviour of the two-point auto-correlated field OTO function with respect to
the vacuum parameter a for o vacua for different mass parameters.

For L =1000, o« =1/2, T' = —200 and v = —500
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Figure 10: Behaviour of the two-point auto-correlated field OTO function with respect
to the vacuum parameter v for Motta Allen vacua for different mass parameters.
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For L. = 1000, T"= —200 and = —500
10" - m
= '
E 10™ - m
.,.__,: 10" |- m
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Figure 11: Behaviour of the two-point auto-correlated field OTO function with respect
to the mass parameter |v| for Motta Allen, o vacua and Bunch Davies vacuum for different
mass parameters.

within the context of primordial cosmological perturbation theory studied analytically in
the previous section of this paper.

The detailed interpretation of the two-point auto-correlated field and momentum OTO
functions are appended below point-wise:

e In fig. (6), fig. (7), fig. (8), fig. (66), fig. (67), and fig. (68), conformal time dependent
behaviour of the two-point auto-correlated field and momentum OTO functions with
respect to the two time scales are explicitly shown. From these plots it is clearly
observed that with respect both the time scales the two-point auto-correlated field
and momentum OTO functions show random fluctuating behaviour. The amplitude
of the fluctuations are very small for the result obtained from the Bunch Davies
vacuum, « vacua and Motta Allen vacua state.

e For both the cases it is observed that, we get the significant distinguishable features
in the time dependent two-point auto-correlated field and momentum OTO func-
tions for partially massless or heavy scalar fields. This behaviour of the two-point
auto-correlated field and momentum OTO functions is explicitly depicted in fig. (11),
fig. (64) and in fig. (65). From these plots one can clearly see that for the results
obtained using Bunch Davies vacuum, « vacua and Motta Allen vacua state initial
conditions the two-point auto-correlated field and momentum OTO functions signif-
icantly decay very fast in a non-standard fashion with respect to the magnitude of
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the mass parameter |v| for partially massless and heavy scalar fields in primordial
cosmology. On the other hand, in fig. (9), fig. (10), fig. (69), and in fig. (70) if we
change the quantum initial conditions by changing the vacuum state by introducing
a vacua and the non-standard Motta Allen vacua then a clear distinctive features
can be observed by changing the vacuum parameter o and ~ respectively. We have
explicitly have shown the behaviour of the two-point auto-correlated field and mo-
mentum OTO functions for « = 1/2 and a = 1/2,7 = 1/2, where in both cases
it is clearly observed that the correlation decays very rapidly with the increase in
the magnitude of the mass parameter |v|. There is as such no significant change we
have observe from the plots that we have drawn for a = 0, (Bunch Davies vacuum)
a=1/2 (a vacua) and o = 1/2,v = 1/2 (Motta Allen vacua) cases respectively.

e Also we have observed from the plots that the random fluctuations with respect to
the conformal time scale show decaying time dependent behaviour at very late time
scale. First of all all of them showing a saturating behaviour and then it increases
at a particular value in the time scale and then these plots are showing decaying
features. This large peak value of the two-point auto correlated spectra is obtained
at the scale when the two time scales of the theory becomes comparable. Physically
this is a very crucial fact as it show at this particular time scale we are actually
getting zero information. from the two-point auto-correlations. Only the preferred
information can be extracted from very early time scale as well as at very late time
scale after the peak.

5 Numerical analysis II: Interpretation of four-point non-chaotic
auto-correlated OTO functions

Now comparing the results of the four-point auto-correlated field and momentum OTO
functions we get the following outcomes which we have mentioned point-wise:

1. Before normalising the four-point auto-correlated field and momentum OTO func-
tions, the results computed from rescaled field & moemntum and the curvature per-
turbation field variable and its conjugate momenta the sides are not at all same
and connected via a time dependent Mukhanov Sasaki variable dependent conformal
factor (2(71)z(72)) "2 in the final results.

2. After normalising the four-point auto-correlated field and momentum OTO functions,
the results computed from rescaled field & moemntum and the curvature perturba-
tion field variable and its conjugate momenta the sides are not at all same. In this
case particularly for the computational purpose is the best one as we really don’t
need care about the origin of the quantum operators in the cosmological perturbation
theory.
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For |v| =1/2 ,L = 1000, and ™ = —100
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Figure 12: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale T" for Motta Allen and a vacua and for Bunch Davies vacuum for the
mass parameter |v| = 1/2.

For |\v| =3/2,L = 1000, and 7 = —100
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Figure 13: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale T' for Motta Allen and « vacua and for Bunch Davies vacuum for the
mass parameter |v| = 3/2.
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For |v| =5/2,L = 1000, and ™ = —100
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Figure 14: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale T for Motta Allen and « vacua and for Bunch Davies vacuum for the

mass parameter |v| = 5/2.
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Figure 15: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale T for Motta Allen and a vacua and for Bunch Davies vacuum for the

mass parameter |v| = 7/2.
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Figure 16: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale T" for Motta Allen and a vacua and for Bunch Davies vacuum for the
mass parameter |v| = 9/2.
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Figure 17: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale 7 for Motta Allen and a vacua and for Bunch Davies vacuum for the
mass parameter |v| = 1/2.
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For |v| =3/2 ,L = 1000, and 7 = —100
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Figure 18: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale 7 for Motta Allen and « vacua and for Bunch Davies vacuum for the
mass parameter |v| =
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Figure 19: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale 7 for Motta Allen and a vacua and for Bunch Davies vacuum for the
mass parameter |v| = 5/2.
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Figure 20: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale 7 for Motta Allen and « vacua and for Bunch Davies vacuum for the
mass parameter |v| = 7/2.
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Figure 21: Behaviour of the four-point auto-correlated field OTO function with respect
to the time scale 7 for Motta Allen and « vacua and for Bunch Davies vacuum for the
mass parameter |v| = 9/2.
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Figure 22: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T for « vacua for the mass parameter |v| = 1/2.
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Figure 23: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T" for « vacua for the mass parameter |v| = 3/2.
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Figure 24: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T for « vacua for the mass parameter |v| = 5/2.
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Figure 25: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7" for « vacua for the mass parameter |v| = 7/2.
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For |v| =9/2 , L = 1000, and 7 = —100
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Figure 26: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T for « vacua for the mass parameter |v| = 9/2.
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Figure 27: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for a vacua for the mass parameter |v| = 1/2.
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Figure 28: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for a vacua for the mass parameter |v| = 3/2.
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Figure 29: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for o vacua for the mass parameter |v| = 5/2.

Next, we give the interpretation of the obtained results for the normalised four-point auto-
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Figure 30: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for o vacua for the mass parameter |v| = 7/2.
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Figure 31: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for a vacua for the mass parameter |v| = 9/2.

correlated field and momentum OTO functions computed in the present set up point-wise:

e In our computed four-point auto-correlated field and momentum OTO functions two
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Figure 32: Behaviour of the four-point auto-correlated field OTO function with respect
to the mass parameter |v| for Motta Allen and « vacua and Bunch Davies vacuum.
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Figure 33: Behaviour of the four-point auto-correlated field OTO function with respect
to the mass parameter |v| for Motta Allen and « vacua and Bunch Davies vacuum.

time scales are involved. During the study of the behaviour of the four-point auto-
correlated field and momentum OTO functions we have actually have fixed one time
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For L= 1000, T" = —500 and m = —501
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Figure 34: Behaviour of the four-point auto-correlated field OTO function with respect
to the mass parameter |v| for Motta Allen and « vacua and Bunch Davies vacuum.
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Figure 35: Behaviour of the four-point auto-correlated field OTO function with respect
to the vacuum parameter « for o vacua with mass parameter |v| = 1/2.

scale and have studied the time dependent dynamical behaviour with respect to the
other time scale. We have found that the behaviour with respect to both 71 = T
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For |v| =1/2, L = 1000, T'= —200 and ™ = —500
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Figure 36: Behaviour of the four-point auto-correlated field OTO function with respect
to the vacuum parameter « for « vacua with mass parameter |v| = 1/2.
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Figure 37: Behaviour of the four-point auto-correlated field OTO function with respect
to the vacuum parameter « for o vacua with mass parameter |v| = 1/2.

and 7, = 7, using both Bunch Davies, o and the generalised Motta Allen vacua as
initial choice of quantum vacuum state. See fig. (12), fig. (13), fig. (14), fig. (15)
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For |v| =1/2, L = 1000, T"'= —500 and 7 = —200
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Figure 38: Behaviour of the four-point auto-correlated field OTO function with respect
to the vacuum parameter v for Motta Allen vacua with mass parameter |v| = 1/2.

For |v| =1/2, L = 1000, T'= —200 and ™ = —500
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Figure 39: Behaviour of the four-point auto-correlated field OTO function with respect
to the vacuum parameter v for Motta Allen vacua with mass parameter |v| = 1/2.

and fig. (16), fig. (17), fig. (18), fig. (19), fig. (20), fig. (21), fig. (51), fig. (52),
fig. (53), fig. (54), fig. (55), fig. (56), fig. (57), fig. (58), fig. (59) and fig. (61) to know
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Figure 40: Behaviour of the four-point auto-correlated field OTO function with respect
to the vacuum parameter v for Motta Allen vacua with mass parameter |v| = 1/2.
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Figure 41: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T' for Motta Allen vacua with mass parameter
lv| =1/2.
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For |v| =3/2,L = 1000, «« = 1/2 and + = —100
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Figure 42: Behaviour of the relative change in four-point auto-correlated field OTO

function with respect to the time scale T' for Motta Allen vacua with mass parameter
lv| = 3/2.
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Figure 43: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T' for Motta Allen vacua with mass parameter
lv| =5/2.
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Figure 44: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T' for Motta Allen vacua with mass parameter
lv| =17/2.
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Figure 45: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale T' for Motta Allen vacua with mass parameter
lv| =9/2.
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Figure 46: Behaviour of the relative change in four-point auto-correlated filed OTO
function with respect to the time scale 7 for Motta Allen vacua with mass parameter
lv| =1/2.
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Figure 47: Behaviour of the relative change in four-point auto-correlated filed OTO
function with respect to the time scale 7 for Motta Allen vacua with mass parameter
lv| = 3/2.
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For |v| =5/2 ,L = 1000, o« = 1/2 and T" = —100
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Figure 48: Behaviour of the relative change in four-point auto-correlated filed OTO

function with respect to the time scale 7 for Motta Allen vacua with mass parameter
lv| =5/2.
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Figure 49: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for Motta Allen vacua with mass parameter
lv| =17/2.
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Figure 50: Behaviour of the relative change in four-point auto-correlated field OTO
function with respect to the time scale 7 for Motta Allen vacua with mass parameter

lv| =9/2.
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Figure 51: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale T" for Motta Allen, a vacua and Bunch Davies vacuum with mass
parameter |v| = 1/2.
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Figure 52: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale T for Motta Allen, a vacua and Bunch Davies vacuum with mass
parameter |v| = 3/2.
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Figure 53: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale T" for Motta Allen, a vacua and Bunch Davies vacuum with mass
parameter |v| = 5/2.
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Figure 54: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale T for Motta Allen, a vacua and Bunch Davies vacuum with mass
parameter |v| = 7/2.

about the detailed conformal time dependent feature of the normalised four-point
auto-correlated field and momentum OTO functions. In the conformal time scale all
of these plots varies from, —oo (Big Bang) to 0 (present day universe), and show
significant distinctive features in the time scale.

e If we fix the time scale, 75 = 7 and study the behaviour of four-point auto-correlated
field and momentum OTO functions with respect to the scale 7y = T then we found
that as we approach from very early universe to the late time scale the normalised
correlators show random non-standard non-chaotic behaviour.

e Additionally we have found that we can get the desired features from the obtained
results can be visible only when the mass parameter, v can be analytically continued
to —iv. So massless De Sitter possibility (v = 3/2) is not allowed. Consequently, we

have the following options:

1. Partially massless De Sitter case is one of the possibilities, where we can esti-

mate the following parameter from the present understanding:

9
—iv = 1/1 — ¢ where ¢>V2, (5.1)
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which implies the following bound on the mass parameter:

1
> — . 5.2
= (52)
This is consistent with the plots obtained for the following values of the mass
parameter:
1 31 bt T 9
Sy e e g 5:3)

2. Massive De Sitter case is one of the possibilities, where we can estimate the

following parameter:
m? 9
=0\ — < - 5.4
y= iy 2 (5.4)

Since we have studied the case for v > /2, we get the following bound on the

mz\/gH. (5.5)

3. Reheating case is the last possibility, where we can estimate:

mass of the heavy field:

w

' <v< ! for 0< Wrep < (56)

N |
N
W

After fixing both the time scales at far past, the behaviour of four-point auto-
correlated field and momentum OTO functions with respect to the mass parameter
is depicted in the fig. (32), fig. (33), fig. (34), fig. (61) for Bunch Davies, o and Motta

Allen vacua as quantum mechanical vacuum state.

After fixing both the time scales at far past and fix v = i/2, the behaviour of
four-point auto-correlated field and momentum OTO functions with respect to the
vacuum parameter o and «y depicted in the fig. (35), fig. (36), fig. (37), fig. (38),
fig. (39), fig. (40), fig. (62), fig. (63).

All the momentum dependent integrals are divergent at oo, for which we have intro-
duced an UV regulator at L = 1000 (large value). This makes the final results of
four-point auto-correlated field and momentum OTO functions numerically conver-
gent.

Further we define a relative change in normalized four-point auto-correlated field
and momentum OTO functions where the relativeness is defined with respect to the
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definition of quantum mechanical vacuum state, given by:

CP(Ti7 Oj,’}/) _Cp(Tia o = 07’7 = O)

(. 4 J

R(p) ) = Motta A‘lfen vacua Bunch Da;ires vacuum v i = 1T ’2
®) () e (1), 2(7)

Bunch Davies vacuum

& ¥V p = 1(Field auto correlator), 2(Momentum auto correlator). (5.7)

In fig. (22), fig. (23), fig. (24), fig. (25), fig. (26), fig. (27), fig. (28), fig. (29), fig. (30),
fig. (31), fig. (41), fig. (42), fig. (43), fig. (44), fig. (45), fig. (46), fig. (47), fig. (48),
fig. (49), fig. (50), we have explicitly shown the behaviour of the relative change
in normalized four-point auto-correlated field and momentum OTO functions with
respect to the two time scales. Here the relative change we have studies for a =
1/2,7v =12, a =1/2,7 =1, and o = 1/2,y = 3/2 with respect to a = 0 for all
previously allowed values of the mass parameters for partially massless and heavy
scalar fields. From this relative change one can also study the large or small deviation
from the Bunch Davies result compared to the other results obtained from all non
standard quantum vacuum states.

e Also, we have to mention here that the computed four-point auto-correlated field and
momentum OTO functions are independent of any specific choice of the coordinate
system. If we go through the computation then we see that even we have started
defining the four-point auto-correlated field and momentum OTO functions in real
space, after taking Fourier transformation and applying the momentum conservation
appearing in terms of Dirac Delta functions, the exponential factor which capture
all the momenta and real space coordinate will be unity. Finally, we get a momen-
tum integrated cut-off regulated results for the four-point auto-correlated field and
momentum OTO functions which only depend on the two dynamical conformal time
scales on which we have defined the rescaled perturbation variable and its canonically
conjugate momenta. This is quite good outcome. In the generalised prescriptions,
when one introduces the quantum operators in a specific time and coordinate sys-
tem it always appears that in the final result it captures the effect of inhomogeneity
in the space-time coordinate. In the context of spatially flat FLRW cosmology we
have found that the final result of four-point auto-correlated field and momentum
OTO functions captures the effect of inhomogeneity. This is because in cosmology
we are actually interested in the time evolution of the quantum operators which are
separated in time scale, which is one of the crucial constraint in the definition of any
general four-point auto-correlated field and momentum OTO functions. But such
four-point auto-correlated field and momentum OTO functions don’t capture the
inhomogeneity.
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e The final result of four-point auto-correlated field and momentum OTO functions are
not explicitly dependent of the factor 5 = 1/7 which is appearing in the expression
for thermal partition function. This further implies that the final results are also
independent of the thermal partition function computed for Primordial Cosmology.

6 Classical limit of non-chaotic auto-correlated OTO amplitudes
and OTOC in Primordial Cosmology

6.1 Computational strategy for non-chaotic auto-correlated OTO functions in
the Classical limit

In this section, our prime objective is to study the classical limit of the four-point auto-
correlation functions that we have explicitly derived from the quantum descriptions. In the
following subsections we will derive the classical limiting results which will be consistent
with the super-horizon late time limiting behaviour of the cosmological auto-correlated
functions.

In this subsection we will illustrate our computational strategy to study the classical
limit of the cosmological four-point OTOC derived in this paper:

1. First of all, we have to take the quantum to classical map. For this purpose we
consider the classical mode function and its canonically conjugate momentum which
we have derived in the earlier section of this paper.

2. Next, in the classical limit we use the Poisson Brackets of the classical mode func-
tion and its canonically conjugate momentum variables in cosmological perturbation

theory.
3. In the classical limit the definition of quantum trace will be replaced by phase
dfy(7)dIIy (T) . . .
space volume measure, ST T— which mimics the role of path integral mea-
0

ka(T)DHk<T)
2

4. Also during this computation we have to include an additional thermal Boltzmann

in the classical limit.

sure,

factor which is serving the purpose of thermal weight factor during taking the phase
space average over the classical micro-canonical statistical ensemble.

5. Next, we compute the expression for the classical thermal partition function for
cosmological perturbations which is consistent with the quantum result computed
from completely different formalism. To compute the classical partition function
one need to compute the expression by following the principles of classical statistical
mechanics. very carefully. Though we will show that the final expressions for the
classical limit of auto-correlated OTOs are independent of the partition function for
the cosmological scenario in which we are interested in.
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6. Last but not the least, we compute the expression for the normalisation factor for
the classical limiting version of the auto-correlated OTO functions. by following the
above mentioned general formalism.

6.2 Classical limit of cosmological two-point “in-in” non-chaotic OTO ampli-
tudes

To compute the classical limit we start with the Poisson bracket of these cosmologically
relevant canonically conjugate operators, which are given by the following expressions:

(e, S mben = [ 555 [ G5 et + ko))

(2m)?
[{fkl (7_1>7 sz (7_2>}PB + {ka (7_1)’ fk1 (TQ)}PB] ) (61)
(T m) G )b, = [ 5 [ s explill 1))
[{Hkl (Tl)a sz (7_2>}PB + {Hk2 (Tl)7 Hkl (7_2)}PB] : (62)

In the Fourier transformed space, the individual Poisson brackets are given by the following

€XPressions:
{fia (1), fro (72) Y pg = (27)°6° (k1 + ko) Ra(71,72), (6.3)
{fio (1), fra (72) Y pig = (27)°6° (ks + k1) Ra(71,72), (6.4)
{T, (1), i, (1) pg = (271)°6° (k1 + k) R(71,72), (6.5)
{Th, (1), iy (72) Y pg = (271)°6° (ks + ki) Ro(71,72), (6.6)

which further implies that following symmetric result:

{fis(11), fix(72)}pp = {f1a(T1), fica (72) }p = (27)°6° (ks + ko) Ra(71,72),  (6.7)
{T, (11), They (12) Y pp = {They (11), T, (72) }p = (27)°0°(ky + ka) Ra(71,72),  (6.8)

which is appearing due to the fact that the three dimensional Dirac Delta function is
symmetric under the exchange of two different momenta. Now for the further purpose we
define the two-point random classical correlation function Ry(71, 75) and Ra(71, 72) by the
following expressions:

R1(71,72) : :Wl(Tl—TQ) (6-9)
Ry(m,7) - = Wa(r — 1), (6.10)
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For |v| =9/2, L = 1000, and 7 = —100
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Figure 55: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale T' for Motta Allen, a vacua and Bunch Davies vacuum with mass
parameter |v| = 9/2.

where Wy (1, — 75) and Wy (1 — 73) are the two window functions which are defined as:

Wl(Tl - 7—2) = \/<77Noise(7—1)77Noise(7—2)>> (611)
Wa(ri = 1) = /(T (1) i (72)): (6.12)

where the two-point noise and its associate canonically conjugate momentum correlation
functions at the classical level are given by the following expressions:

<7]N0153(7-1)7]N0153 7-2 \/errnel 2) = \/G"l(:e)rnel(T2 - Tl = \/Gl(cle?rnel |Tl - T2|)’ (613)
2
<H77Noise (Tl)HnNolse \/errnel \/errnel T2 - 7—1 \/Gl(ce)rnel |7-1 - T2|)' (614)
where Gl({e)mel(ﬁ — 7y) and ermel( — 73) are known as the noise kernel which are both

time translational symmetric Green’s functions. As a consequence, we get the following
symmetry properties in the classical correlation functions:

Ri(71,72) = Ru(m2, 1) \/ermel (|71 = 72l), (6.15)
Ry(m1,m) = Ra(m, 1) = \/ G211 — 7). (6.16)
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Figure 56: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale 7 for Motta Allen, o vacua and Bunch Davies vacuum with mass
parameter |v| = 1/2.

6.3 Classical limit of cosmological four-point “in-in” non-chaotic OTO ampli-
tudes

Further, in the classical limit we compute the following two types of the square of the
Poisson brackets instead of computing the commutator brackets which is the key ingredient
in the quantum calculation, given by:

{f(x,m), f(x, 7'2)}%3 ={f(x,7), f(x,72)tpg {/(x, 1), f(X,72) }pm
{H(X7 1), H(X7 7—2)}%B = {H(Xa 7—1)7 H(Xv 7-2)}PB {H(X7 1), H(Xa 7—2)}PB :

To compute the above mentioned expression we need to use the following Fourier trans-
formations:

f(x,m) = / % exp(ik.x) fi(), (6.19)

d*k

e exp(ik.x) O, f(m) = / 'k

(27)?

which will be extremely useful for the computation of the classical limiting results of the

(x,71) =0, f(x,7) = / exp(ik.x) Ix(m),  (6.20)
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For |v| =3/2, L = 1000, and T" = —100
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Figure 57: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale 7 for Motta Allen, o vacua and Bunch Davies vacuum with mass

parameter |v| = 3/2.

previously mentioned two specific type of four-point OTOCs in terms of the square of the

Poisson brackets.
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For |v| =5/2, L = 1000, and T" = —100
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Figure 58: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale 7 for Motta Allen, a vacua and Bunch Davies vacuum with mass
parameter |v| = 5/2.

Using these inputs we get the following simplified results in the classical limit:

{f(X, 7_1)7 f(X7 7_2)}%’B

£ s

[{fic (71), frea (72) b {fis (T1), frcu (72) b + { S (71),
+ {fi (1) fia (72) }pg { fics (1), fie (2) b + { fica (T1),
+{fia(11), i 1(7'2)}PB {fiai(m), f 3(7'2)}PB+{sz(7'1
+{fies (1), fi (72) }pg { fica (1) fia (72) }pg + { fics (71),

(1), fieu (72) (71), fiea (72) (
( (

).
fis(T2) }pp 1 fie (1), fia (72) o
Jia(72) b { fica (11
Jei(72)pp { fi (11
fia(72) b { fic (11
i (72) (
(72) (

)

i (72) }pp
ks (72) b

ki (2) }pB
ks (T2)
(72)

T1
1
+{fies (1) fiea (72) o {fier (71), fra (72) Yo + {fiea (1), i (72) Yo { fla (T1), fies (72) P

+{fk4(7'1) sz Tz)}pB {fk3(71)7fk1(7'2)}PB +{fk4 1), fk3 T2 }pB {fk2 T1), Jk (T2 }pB]
:(2@6/{2;13/&;23/(‘;;?;/&:3 exp (i(ky + ko + k3 + kq).x)
[6%(k1 + ko)0° (ks + ka) + 0% (k1 + k3)5° (ko + ka)

)
) /
) i
) /
) /
): [

\_/\/\/\_/\/\-/

+6%(ky + ky)8% (ks + ko) + 0° (ko + k3)8° (kg + ki)
+6% (ko + k1 )63 (ky + k3) + 6% (ko + ky)6% (ky + ks)
+0% (ks + k1)8° (ks + ko) + 6° (ks + ka)6° (k1 + ky)
+6%(ks + ky)8% (kg + ko) + 0° (kg + k1)6° (ko + ks)
0% (ks + k)0 (ks + kit ) + 8% (ks + k3)8% (ko + k1)] Gielnar (1T — 7]). (6.21)
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For |v| =7/2, L = 1000, and T = —100
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Figure 59: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale 7 for Motta Allen, o vacua and Bunch Davies vacuum with mass
parameter |v| = 7/2.
{H(X7 7-1)7 H(X7 7-2)}%’B
d*k; d®k, d®ks d®k,
= k; + ko + k3 + ky).
[ oy | ooy | s itttk i
{1, (71), The (72) } pg {1y (72), T, (72) g + {Thiy (71), Thes (72) Y pg {1iex (72), T, (72) }p
A {he, (1), ey (72) }pg {Thes (71) iy (72) }pg + {Thhex (71), T (72) Y pig {Thhes (71), Ty (72) Yo
+ {Il, (71), e, (72) Y pg {1k (71), iy (72) Yo + {1liee (71), iy (72) o {1, (72), iy (72) g
+ {llies (72), ey (72)  pig {Thhes (72), ey (72) o + {1y (71), T, (72) Yo {1y (71), 1y (72) Yo
+ {I, (1), ey (72) Y pg {1k, (72), Wi, (72) Ypg + {Ts (71), Ty (72) Y pg {1k, (72), i, (72) }p
+ {Hk4 (T )7 sz (7_2)}PB {Hks (Tl)7 Hkl (T2>}PB + {Hk4 (Tl) Hks (7_2)}PB {Hk2 (7_1)7 Hkl (7_2)}PB]

= (27)° / g;; / gj:;g / g;?; / g’;‘; exp (i(ky + ko + ks + ky).x)

[6% (k1 + ko )% (ks + ka) + 0° (k1 + k3)8° (ko + ky)

+6% (kg + kq)6% (ks + ko) + 6% (ko + k3)6% (ks + ki)
+6% (ks + k1)6% (ks + ks) + 6% (ks + ky)8° (k; + ks)
+6%(ks + kq)8% (kg + ko) + 0° (k3 + k2)6° (kg + ky)
+6% (ks + kq)6% (k1 + ko) + 6% (ky + kp)6% (ko + k3)
0% (ky + k)8 (ks + k) + 0% (ky + k3)0% (ks + k)] G (I — ma]). (6.22)
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For |v| =9/2, L = 1000, and T" = —100

(7)

107°

L |

= 0,7 =0 (BD vacuum) '

0TOC, (C

10_1\3:_ ________ o = 1/2’ v =0 ((]{ vacua)

— a=1/2,v=1/2 (MA vacua)

10_25 ; 1 1 1 1 1
-10000 -8000 -6000 -4000 -2000

Time scale (T)

Figure 60: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the time scale 7 for Motta Allen, o vacua and Bunch Davies vacuum with mass
parameter |v| = 9/2.
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Figure 61: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the mass parameter |v| for Motta Allen, o vacua and Bunch Davies vacuum.
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Figure 62: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the vacuum parameter « for a vacua.
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Figure 63: Behaviour of the four-point auto-correlated momentum OTO function with
respect to the vacuum parameter v for Motta Allen vacua.
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Figure 64: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the mass parameter |v| for Motta Allen, o vacua and Bunch Davies vacuum.
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Figure 65: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the mass parameter |v| for Motta Allen vacua.
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Figure 66: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the time scale T' for Bunch Davies vacuum.
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Figure 67: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the time scale T for a vacua.
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Figure 68: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the time scale T' for Motta Allen vacua.
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Figure 69: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the vacuum parameter « of « vacua.
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Figure 70: Behaviour of the two-point auto-correlated momentum OTO function with
respect to the vacuum parameter v of Motta Allen vacua.

where we have used the following crucial facts:

{fk Tl fk T2 }PB 27T 353( +k \/Gﬁ)ernel |T1_T2|)7

{I, (1), L, (72) } ppg = (27T>353(ki+kj)\/G£(23rnel(|7—1 — o).
where 1#jVi,7,=1,23, 4. (6.23)

It is important to point that, the individual contributions appearing in the previously
mentioned 12 contributions can be evaluated as:

{ (1), i, (72) Yo L (71); fien (72) Yo = (27)°0° (s +15)0° (K1 + ki) Gl (|71 — 721),
{Tie, (1), i, (72) } o {1 (1), T, (72) g = (271)%6° (k; + K)8% (i + ko) Gimpner (71 — T2).
where 1#j7#l#mVi,j,l,m=1,234. (6.24)

In this computation we introduce two conformal time dependent coloured noise kernels

Gﬁlmel(h 1 — T2|) and Gélmel(lﬁ — 73|), which are defined as:
G%)ernel("rl - 7-2|> = W%(Tl - 7—2)7 (625)
Gglrnel(h-l - T2|> = Wg(Tl - 7—2)- (626)

On the other hand, if we consider the Gaussian white noise we have the following properties:
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1. For white noise two-point classical auto correlation functions are time translation

invariant, which are kind of expected from this analysis.

. Random white noise also have the following properties:

(mwn(71)) =0,

(mwn () 1w (7)) = Gigrnar(IT1 = 72l) = Wi(m = 7)) = By 8(|m — 7)),

(pwn (7)o nwn(Ty)) =0 VN =357,

(pwn (T1) - nwn(Tv)) = Cfcle}mel(ﬁ’ e TN) ST A +7yv) VN=468,
and

(M (1)) =0,

(g (1) g (72)) = Gt (171 — 72]) = W(Im1 — 7a])) = By (|7 — 7).

(e (1) = oo - (7)) =0 VN=3,57---,

(Mygyne (T1) -+ -+ ,n (Th)) = Cl(i,)mel(ﬁa e TN) BT A +7v) VN=4,68,

where nwn(7) and II are the conformal time dependent white noise field vari-

MTWN
able and its canonically conjugate momentum variable. Also, By, By (# B;) and

C(l)

kernel
N =2 and N = 4,6,8,--- even point classical auto correlation functions. Here

(71, , TN, Cl(fgmel(ﬁ, .-+, 7y) are the amplitudes of the spectra of any

all even point amplitudes are non-zero and all odd point amplitudes become zero for
Gaussian white noise contributions, which are again sourced from random fluctua-
tions.

From the mentioned results further we get the following features:

1. Here time dependent noise kernels describe the randomness of quantum mechanical

fluctuations at the classical limit.

. If we compare the obtained result in the classical limit with the quantum version
of the four-point auto-correlated results then it is clearly observed that for both the
cases we get same twelve contributions in the classical limit. But in the quantum
case we have different individual contributions for these mentioned twelve terms in
the auto-correlations.

. Also in both classical and quantum results momentum conservation is established
via momentum dependent three dimensional Dirac Delta function contributions.
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6.4 Cosmological partition function: Classical version
6.4.1 Classical partition function in terms of rescaled field variable

In this section our objective is to compute the partition function in the classical regime. In
terms of the rescaled perturbation field variable and its canonically conjugate momentum
we define the following classical partition function:

ZClassical(ﬁ;Tl) = //DJ;?H exXp (_BH)

_ I;Iexp (—5 [Ekéﬁ) + % In (1 — exp(—@Ek(ﬁ))D

_ I;Iexp <—ln (2 sinh 5EkT(Tl>>)

= exp <— / P’k In <2 sinh M“T(Tl))) . (6.35)

Now if we compare the above result with the quantum result obtained in the previous

section, then we get the following interpretation:

\ZClaSSical(ﬁ;ﬁ)J =: Zpp(B;m) :=|coshal| : Z,(B;71) = |cosha| exp(2sinytana) : Z,,(B;71) : .

TV Vv
Classical result Quantum result

(6.36)

The good part is that, from the above expression we found that the expression for the
classical partition function and normal ordered partition function for Cosmology computed
using quantum techniques are exactly same. This is somewhat expected from the basic
understanding of the present set-up which we are considering in the present context of
discussion and also helps us a lot to correctly take the classical limit of the result computed
using quantum field theory techniques. In short, the above interpretation shows that the
classical result of the partition function that we have separately computed is perfectly
consistent with the quantum result.

6.4.2 Classical partition function in terms of curvature perturbation field vari-
able

In this section our objective is to compute the partition function in the classical regime. In
terms of the curvature perturbation field variable and its canonically conjugate momentum
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we define the following classical partition function:

D(DIL
Classwal(ﬁ?Tl - // C AN eXp (_BH)

= exp (—/dgk In (2 sinh %Ekc(ﬁ)>> : (6.37)

Now if we compare the above result with the quantum result obtained in the previous
section, then we get the following interpretation:

Zélasswal(ﬂ,ﬁ) ZI%D(B 1) := |cosha| : Z5(8;m) := | cosha| exp(2sinytana) : Zgw(ﬁ;ﬁ) s
Classu::a.rl result Quantlrrrn result

7é ZCIassical(fﬁ; 7—1) . (638)

6.5 Classical limit of cosmological two-point non-chaotic OTOC: rescaled field
version

Next, we will explicitly compute the previously mentioned two types of two-point OTOC
using the above mentioned results. In the classical limit, the prescribed two-point functions
are given by the following expressions:

DfDII
}/I{CIassical(Th 7—2) - ! // f exXp (_6 H) {f(X, Tl)? f(X7 7_2)}PB

ZClassical (ﬁa Tl

1 Df DH
= ex H
ZClasswal(ﬁa Tl / / P ( /8 Z

-~

= ZcCiassical (ﬁ”—l)

, [ &k, [ Pk, _ ,
><2(27T) /(27()3/(27T)3 exp(z(k1+k2).x)5 (k1+k2)W1(71—7'2)

— 2 Wi(r — 7o) / %, (6.39)
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Vormon(r1:7) = 5o [ [ 2T exp (<8 1) {16x,m). 10 7)o

ZClassical (Ba Tl

_ 1 //DfDHeXp( BH)

ZCIaSSlcal ﬂa 7—1

~~

= zClassxcal(ﬁle)

do0i:10.20944/preprints202102.0616.v1

Bk Bk
><2(27r)3/ 1/ 2 exp (i(ky + ko).x) 63 (ky + ko )Wa (11 — 7)

(2m)* ) (2m)?

=2 Wy(r — 1) / é:);

This result is divergent because of the presence of term volume in general. To get the
finite contribution in the classical limit we regulate the momentum integrals by putting
the cut-off scale L, for which the momentum range are given by, 0 < k; < L. By applying
this regulator we get the following regulated results:

d’k, ot L?
/sz—ﬂ/k‘l:ok’l dklzw . (641)

After substituting the above regulated volume factor finally we get:

3 A
le{Classical(TbTQ) = %Wl (7_1 - 7_2) = ﬁ Gi{lrnel(’,rl - 7_2|) ) (642)
/ L L [a@
}/2,Classical(7-177_2) = QWQ(’H - 7_2) = ﬁ C:Kernel(h—1 - TQl) : (643)

Here the regularised volume factor, L3/372, is the two-point time independent amplitude
of the cosmological two-point OTOCs in the classical limiting approximation. From the
above mentioned result one can consider a situation when we have 71 = 7 = 7 in the
classical limiting situation. In that case, we get further simplified results for two-point
functions which are given by the following expressions:

LS

le{Classical(T’ 7-) = ﬁ = 3_ \/ Kernel (644)
L3 L /

}g{CIassical(7—7 7—) = 37'('2 Kernel (645)

This result only exists when the window functions, W;(0) and W2(0), and the corre-
sponding Green’s functions GKemel( ) and GKemel( ) are finite in the classical limiting
approximation to describe the coloured non-Gaussian noise and white Gaussian noise re-
spectively.

Now to demonstrate the explicit role of a non-Gaussian coloured noise and Gaussian
white noise in the present context of discussion one can further consider the following
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mathematical structures of the corresponding Green’s functions/window functions:

.

A
= exp <—£|7'1 — Tg\) : Coloured Noise
g 2
Wi(r —m) = (6.46)
lim —) White Noise
Cl—>0
\
and
(A
=2 exp (—Em — Tg]) : Coloured Noise
V2 2
Wy(r — 7o) = (6.47)
) B, ‘Tl - 7'2|2 . .
1 — —_—— White N
kcllllo ANG: exp( 2 ite Noise

where A1, A; and By, B, and Cy, C,, represent the conformal time independent amplitudes
of the coloured and white random classical noise respectively in the present context. Also,
~v1 and 7y, represent the interaction strength of the dissipation in the context of coloured
noise in classical regime.

Now from the general mathematical structure of the white noise it is evident that,
G%Lmel(O) — 0o and G

Kernel(0) — 00 is giving diverging contribution for 7y = 7 = 7

case. So appearance of the possibility of the equal time limit is completely discarded as it
gives overall diverging contribution in the classical limit of the two-point functions in the
present context. On the other hand, in the equal time limit we have:

_ A

G%?arnel(o) " = W%(()) ’ (648)
2) A, 2
GKernel(O) - I - W2(O) (649)

for the coloured noise case. This implies for coloured noise equal time limit exists and one
can write down the following simplified expression for the classical limit of the two-point
function as:

? A,
lej,cCIassical(Tv T) = ﬁ q ’ (650)
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L [A,
}/QJ,CCIassical<7_7 T) - ﬁ % . (651)
Similarly for the equal time limit case with white noise profile we have:
W1 (0) = lim ———— 6.52
0= % evr (6.52)
W5(0) = lim ——— 6.53
2(0) TR (6.53)

for the coloured noise case. This implies for coloured noise equal time limit exists and one
can write down the following simplified expression for the classical limit of the two-point

Y/ (r,7) = Ly B, (6.54)
1,Classical T)= 372 CiIBO ‘Cllﬁ ) :

L B,

function as:

f -
)/Z,Classical(7—7 T) - 37T2 CEIEO |CQ|ﬁ . (655)
But for unequal time case both the results exist and we get:
(1 A —
= =L exp —M , Coloured Noise
3m2\ m 2
le{Classical<T17 T2) =3 (656)
L B, |7' 1— T 2|2 . .
\ 3.2 (Erilo Cilv/r exp (_C—% White Noise
and
(13 A —
/= exp —M ) Coloured Noise
3 2 Y2 2
Yé{Classical (7_17 7—2) = (657)

L B, |71 — To|? . .
\ 33 Cl;r_rgo Col/r exp <_C—§ White Noise

Since in general, both of the two-point correlations are generated from different source, i.e.
rescaled field variable and its canonically conjugate momenta it is expected to have:

YVZJ,cClassicaI (7—17 7-2) 7é YVZJ,cClassicaI (7—17 TZ) : (658)
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This is simply because of the fact that:

Al # A, (6.59)
B, # B, (6.60)
C, # Cy, (6.61)
T F Ve (6.62)

6.6 Classical limit of cosmological two-point non-chaotic OTOC: curvature
perturbation field version

Here we need to perform the similar type of the computation for the classical version of
the two-point OTOCs that we have derived in the previous subsection, but here we have
to derive the results in terms of the scalar curvature perturbation and the canonically
conjugate momentum associated with it, instead of using the rescaled field variable and
its conjugate momenta. Here we have found the following simplified expressions:

1 DCDH
Y Classical (71 72) = / S exp(—BH (1)) {¢(x, ), (%, ) }pp
Classwal 5 7_1
1
- myl{Classical(Tl’E) .
A _
il exXp <—M) ) Coloured Noise
L3 gt 2
3 6.63
3n22(11)2(72) x | |2 ( )
li ! _Im = White Noi
\ cxoo \[ [Cilva eXp( C? ite Noise
and
1 D(DII
ol = 7 [ PR ) (s, T 7
ZClassmal 6 ) Tl
1
- m}é{CIassical(Tla'@) .
(
A _
W o <_M) ; Coloured Noise
L3 N 2
I 6.64
e |n—nf? (6.64)
li 1 T — T2 White Noi
\ C;rgo |G|V exp( Cz ite Noise
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Since in general, both of the two-point correlations are generated from different source, i.e.
rescaled field variable and its canonically conjugate momenta it is expected to have:

YVZC,Classical (7-1 > TZ) 7& YVZC,Classical (7-1 ) TQ) = YvQ{Classical (7-1 ) 7—2) 7& YvQJ,cCIassical (7-1 ) 7—2) : (665)

6.7 Classical limit of cosmological four-point non-chaotic OTOC: rescaled field

version
6.7.1 Without normalization

In this subsection, our prime objective is to explicitly compute the classical limiting result
of two un-normalized cosmological four-point OTOC in terms of the Poisson Brackets,
which is given by the following simplified expressions:

1 DfDII
C{Classical(Tb TQ) - = ZClassical(ﬁ; 7_1) / o €xp (_5 H) {f(xa 7-1)7 f(X, T2)}§’B
1 DfDII
= -0 H
ZClassical(ﬁ; Tl) / 2m P ( 6 1

v~

= ZClassical(BETl)

o [ Pk [Pk [ Py [ Bk |
<" [ 555 [ o | Gy | G P e K k)

[6% (k1 + ko)0® (ks + ka) + 0% (k1 + k3)8° (ko + ky)
+6%(ky + ky)63 (ks + ko) + 6% (ko + k3)63 (ks + kg

)

+6% (kg + k1)8% (kg + k3) + 0° (ko + kq)6® (k; + ks)

+0% (ks + k1)6% (kg + ky) + 6% (ks + k)6% (ky + ky)

+6% (ks + ky)6% (ki + ko) + 6% (kg + k1)6% (ko + ks)

+0° (ks + ko)8° (ks + ki) + 6° (ks + k3)6° (ko + ki) |
Gicbena(I71 = 721), (6.66)

and
1 DFDII
S last D= —B H) {11 11 :
Cetmsen(7:7) = oo [ [ ZT e (- 1) {116 7). T o
— o [ [E e o )

ZClassical(ﬁ; Tl) 2

(.

~
= ZClassical(/j:,Tl)

o [ Pk [ Pk [ dPky [ dPky |
< [ 55 [ o | Gy | G P e K k)
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[6% (k1 + ko)0° (ks + ka) + 6% (ky + k3)8° (ko + ku)

+6%(ky + ky)8® (ks + ko) + 0° (ko + k3)6° (ks + ki)

+6% (kg + k1)6% (kg + k3) + 67 (kg + kq)8° (k; + ks)

+6% (ks + k1 )63 (ky + ko) + 6% (ks + ko) 8% (ky + ky)

+6%(ks + ky)8® (kg + ko) + 0° (kg + k1 )6% (ko + ks)

+0° (ks + ko)8° (ks + ki) + 6° (ks + k3)6% (ko + ki) |
Gicerner(IT1 = 72). (6.67)

where in the classical limiting version the thermal partition function is given by the fol-
lowing expression:

ZClassical(ﬁ; 7_1) = €XP (_/d3k In (2 sinh ﬁEkT(TD>) , (668)

where the individual details and derivation of this equation is given in the previous sub-
section.

Now, after doing a simple computation in the present context we get the following
simplified results for the un-normalized version of the regulated classical limit of OTOC,
which are given by the following expressions:

d®k, d*k,

C{Classical<7—177—2> =12 G%Lrnel(h—l - T2’)/ (271')3 / (271')3 ) (669)
d*k d*k
2 1 2

O;,Classical(Tlv 7-2) =12 G%Lrnel(h—l - 7-2|)/ (271')3 / (271_)3 : (670)

These results are actually divergent which are appearing from the all space volume integral
on the momenta. Though the rest of the part of the classical result which is completely
momentum independent is not divergent at all. Now to get the finite sensible contribution
out of the above mentioned volume integrals we regulate the momentum integrals by
putting the cut-off scale L, for which the momentum range are given by, 0 < k; < L and
0 < ky < L for both the cases. Further applying this trick we get the following volume
regulated results, which are given by:

&3k, A3k, 1 [F L LS
= k2 dk k2 dky = . 6.71
[ | g = [ = (6:71)

Further substituting the above mentioned regulated factors finally we get the following

simplified results for both the classical limiting version of the correlators:

LS 1
O] Classicar(1:72) = 5 Gicemnar(I71 = 72]) (6.72)
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LS 9
Cg,Classical(Tb T2> = Q G%(?arnel(h—l - 7-2)| ) (673)

From the above mentioned result one can next consider a pathological situation when we
have 71 = 7 = 7 in the classical limit. In that case, we get further simplified answers,
which are given by:

LS 1
O{,CIassicad(T? T) = 371'4 G&(q)arnela]) ) (674)
/ LY e
C12,Classica1(7—7 7-) = 37'('4 GKernel(O) ) (675)

It is important to note that here in the above context these results only exist when
G%Z}rnel(o) and G(Z)

Kerno (0) both are finite in the classical limit separately for the coloured

non-Gaussian noise as well for the white Gaussian noise respectively.

Now to precisely demonstrate the explicit role of a non-Gaussian coloured noise and
Gaussian white noise one can further consider the following conformal time dependent two
point classical correlation functions:

(Al

G(l)

Kernel('Tl - 7—2|) - <

( A2

2
Gi{)ernel(h—l - 7_2|> =

where Aq, As and By, By, represent the overall conformal time independent contributions
that appearing in the context of the coloured non-Gaussian and white Gaussian random
classical noise respectively. Also it is important to mention that, v, and ~, are the strength
of the dissipation in the context of coloured non-Gaussian noise for the two consecutive
cases respectively.

Now from the general structure of the white Gaussian noise one casn write GY (0) =

Kernel
B; §(0) — oo and Gglmel(O) = B, §(0) — oo giving diverging contribution for 7 = 7
case. So appearance of the possibility of the equal time limit is completely discarded as
it gives overall diverging contribution in the classical limit of the four-point cosmological
OTOC. On the other hand, in the equal time limit we have, Gkerne1(0) = A/ for the

non-Gaussian coloured noise case. This implies for coloured noise equal time limit exists
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— exp(—m|m — m2]) , Coloured Non-Gaussian Noise

| B d(m — o) White Gaussian Noise

— exp(—"e|m — m2]) , Coloured Non-Gaussian Noise

| B2 d(m — 7o) White Gaussian Noise
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and one can write down the following simplified expression for the classical limit of the
four-point cosmological OTOC as:

A LS
CL s o 6.78
Class1cal(T7 7—) 377_(_4 ’ ( )
A LS
f _
C1Classical(7—7 T) - 3771_4 (679)
But for unequal time case both the results exist and we get:
(
A, LS ,
31 1 exp (—y1|m1 — 7»|) , Coloured Noise
YT
C'{,Classical(TlJ 7-2) = (680)
B,L°
o — White Noise
\ 37'('4 ( 1 2)
(
A,L° .
2 — exp (—92|m — 12|) , Coloured Noise
3ym
Cg,Classical(Tl’ TZ) = 9 (681)
B,LS . .
2 — (11— 72) White Noise
( 37

6.7.2 With normalization

The normalisation factors of classical limit of the two types of the desired OTOCs for the
rescaled field variable and its canonically conjugate momenta can be computed as:

3674 3674
Nf assica (7_17 7—2) = = ) (682)
e LOW(0) LGl pa(0)
367 367
NZ{Classical (Tl? Tg) (683)

Now, considering the examples of non-Gaussian coloured noise and Gaussian white noise
we get the following answer for the normalization factor:

36~y
% , Coloured Noise

Nlijlassical(TbT?) = ! (684)
0 White Noise
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and
36~y
L;/—ZT , Coloured Noise
NQ{Classical(Tb 7—2) - 2 (685)
0 White Noise

Then the classical limiting version the normalized four-point OTOCs can be expressed in
terms of the contribution of phase space averaged Poisson Bracket squared as:

f f f G%Lrnel(h—l — 7—2‘)
Cl,Classical (7—1’ TQ) = Nl,Classica1<Tl7 TQ)Cl,Classical(Th 7—2) =12 ) (686)

(2)

G erne (‘Tl B 7—2’)
C;,Classical(’rh 7—2) = NZ{Classical(Tlﬁ TQ)Og,Classical(Tl’ TQ) =12 < K (2)1 : (687)
GKernel<0)

This is a very useful result as it translates everything in terms of the time translation

1
&(lrnel ( | T1—

invariant noise field and its canonically conjugate momenta Green’s functions, G

T2|) and G

Kernol (|71 — T2|) Tespectively.

Now, further considering the examples of non-Gaussian coloured noise and Gaussian
white noise we get the following simplified results for the classical limit of the normalized
four-point OTOCs, which are given by:

12 exp (—y1|m — 1|) , Coloured Noise
C{,Classical(T:l? 7_2) = . (688)
0 White Noise

and

12 exp (—72|11 — 1|) , Coloured Noise
C{Classical<7—17 7_2) - . (689)
0 White Noise

6.8 Classical limit of cosmological four-point non-chaotic OTOC: curvature
perturbation field version

6.8.1 Without normalization

Here we need to perform the computation for the classical version of the un-normalised
two types of the OTOCsSs in terms of the scalar curvature perturbation field variable and
the canonically conjugate momentum associated with it, which we have found that for the
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two separate cases given by the following simplified expression:

1 DCDII

¢ _ ¢ —BH(m1) 2

C’1,Classical (7-17 7—2) - Zélassical(ﬁ, 7_1) / / o € {C(X, 7_1)7 C(X7 TQ)}PB
1

- 22(7'1)2:2(7'2) Cl,Classical(TlvTQ) ) (690)
and
1 D(CDIL _ 9
C5 Crassicat (715 72) = //—Ce SHED (T (x, 71), T (, 7
2,Classu:al( 1 2) Zélassicm(ﬁ,Tl) ot { C( 1) C( 2)}PB

1
= 22(1)22(n) C; Crassical (71, 72) -

(6.91)

6.8.2 With normalization

The classical version of the normalised four-point two types of the desired OTOCs in terms
of the scalar curvature perturbation field variable and its canonically conjugate momentum,
which are basically the computation of the following normalised OTOCs, can be written

as:
CC . (7'1 7'2)
C; Classical (T1: T2) = L Dlassioals = NY Gtassicat (71 ) C Grassicar (71, 72) 5 (6.92
1,Cla551cal(1 2) <C(T1)C(Tl)>B<C(T1>C(T1>>ﬁ l,Classmal(l 2) 1,C1asswal(1 2) ( )
and
CC . (7'1 T2>

Cs Classical (1, T2) = 2 Dlesslcnl = N5 ctassicat (T1> 72) CS Glassical (1, 72) 5 (6.93
2,Cla551ca1< 1 2) <H(<7—1)HC(7-1>>ﬁ<HC<7—1)H((Tl)>ﬁ 2,Classma1( 1 2) 2,Cla551ca1( 1 2) ( )

where the normalisation factors to normalise the classical OTOCs are given by:

1
RO ARDE
¢ T1,T2) = 1
NaCtasien (7 72) = T T e e ()0

Nlc,Classica1<T17 TQ) = < = 2 (T1)22 (TQ)NI{Classical(Th TQ)? (694)

= 22(Tl)ZQ(TQ)NZJjCIaSSicaI(Tl’ 7—2)' (695)

Consequently, the classical limit of the normalised four-point desired OTOCs computed
from the curvature perturbation field variable and its canonically conjugate momentum
field variable are given by the following expressions:

¢ f Gglrnel(h—l B TQ')
Cl,Classical(Tl7 7-2) = Cl,Classical(Tl7 7-2) =12 1) ) (696)
GKernel(())

¢ f Gglrnel(h—l B TQ')
C2,Classical(7—17 7—2) = C2,Classical(7—17 7-2) =12 1) : (697)
GKernel<0)
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Now, considering the examples of non-Gaussian coloured noise and Gaussian white noise
we get the following answer for the classical limit of normalized four-point two types of
desired OTOCs are given by:

12 exp (—y1|m1 — 1|) , Coloured Noise

e _pf _
Cl,ClaSSical(Th 7-2) - Cl,Classical(T17 7_2) - : (698)

0 White Noise

and

12 exp (—7e|m — 1|) , Coloured Noise

¢ _pf _
CZ,Classical(Tlv 7-2) - CZ,Classical(T17 7-2) - : (699)

0 White Noise

7 Summary and Outlook

To summarize, in this work, we have addressed the following issues to study the random
non-chaotic features of Cosmological OTOCs:

e First of all in this paper we have provided a computation using which it now possible
to derive the expressions for the two specific types of OTOCs made up of cosmological
scalar perturbation field variable and its associated canonically conjugate momen-
tum variable auto-correlations to study the feature of randomness without having
chaotic behaviour in Primordial Cosmology set up. It is expected that our presented
computation and finding for the two new types of cosmological OTOCs in this paper
will surely be helpful to understand the quantum field theoretic features of random
non-chaotic cosmological events in detail. Apart from using the presented method-
ology in the present context of discussion, we believe that these results will also be
used in other contexts of cosmological phenomena to study similar type of random
non-chaotic events appearing in the time line of the universe.

e The computation is presented by making use of the well known Euclidean vacuum
i. e. Bunch Davies vacuum, CPT invariant o vacua and CPT violating Motta Allen
vacua as a choice of initial quantum mechanical vacuum state. In each cases we get
very distinctive features in the auto-correlated two types of OTO functions studied
in this paper. We have studied this issue analytically as well as numerically in detail
in this paper, which completely physically justify our prescription proposed in this
paper.

e In general the construction of OTOC’s demands to have two quantum mechanical
operators defined at two different time scales, which are same operators for auto-
correlations and different operators for cross-correlations. In this paper, we exactly
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follow the same strategy to define auto-correlated two different types of OTO func-
tions within the framework of primordial cosmological perturbation theory for scalar
mode fluctuations in quantum regime. To construct these crucial auto-correlated
OTO functions we use the scalar mode field variable and its associated canonically
conjugate momenta which according to the mathematical construction are defined in
two different conformal time scales. To study the behaviour of the two types of the
auto-correlated OTO functions we freeze one of the conformal time scales between
the two and study the dynamical feature with respect to the other conformal time.
By doing this analysis we have found that the dynamical features with respect to
both the time scales for the two different types of auto-correlated OTO functions
are significantly different and all of them describes distinctive randomness at out-
of-equilibrium without having any specific chaoticity. For both the cases we have
explicitly studied the long time behaviour of these two types of auto-correlated OTO
functions. We found that the obtained behaviour from the numerical plots are per-
fectly consistent with the expectation from the present set up within the framework
of Primordial Cosmology. The most interesting part of this finding is that using
the present methodology it is now possible to probe various cosmological aspects
at out-of-equilibrium using quantum field theory calculations in terms of quantum
mechanical correlation functions. Also we are very hopeful regarding the fact that
these results can be verifiable in near future cosmological observational probes.

e By doing the analysis we have found that at very early epoch of our universe during
random cosmological events quantum fluctuations generated from the scalar pertur-
bations goes to the out-of-equilibrium phase. Then the auto-correlators decay in a
non-standard fashion with respect to the conformal time scale up to very late time
scale of the universe. After that the system reaches equilibrium and one can per-
form all the possible computations in quantum regime. This computation can be
applicable to describe the particle production phenomena during reheating epoch.

e Also, we have found that the derived cosmological OTOCs at finite temperature is
dependent on two time scale and independent of any preferred choice of the coordinate
system. The derived expressions for the cosmological OTOCs are homogeneous in
nature with respect to the space coordinate, or its Fourier transformed momentum
coordinate. We also have found that the final results obtained for the two different
types of cosmological OTOCs are independent of the partition function which we
have computed for Primordial Cosmological perturbations for scalar fluctuation. It
is important to note that, the obtained features in these auto-correlations are exactly
mimics the feature obtained for OTOCs computed from inverted harmonic oscillator
having a conformal time independent frequency. Here one can exactly map the
stochastic particle production problem in cosmology in terms of finding from inverted
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harmonic oscillator with time dependent frequency because both the set-up describes
the same underlying physics.

e Also we have found that the presented analysis is valid for partially massless (m ~ H)
or massive (m > H) spin-0 scalar particle production in the primordial universe.

e Further we have studied the classical limiting behaviours of the two-point and four-
point two types of auto-correlated OTO functions in terms of the phase space aver-
aged of Poisson brackets and the square of the Poisson brackets to check the con-
sistency with the late time behaviour in the super-horizon region of cosmological
perturbations, which supports classical behaviour.

e Finally, in this paper we have shown that the normalised auto-correlated OTO func-
tions is completely independent of the choice of cosmological perturbation field vari-
able and the associated canonically conjugate momentum in a specific gauge.

The future prospects of this work is as follows:

e We are very hopeful that our obtained results in this paper for the two different types
of auto-correlators can be probed by future observations with significant statistical
accuracy and can be treated as benchmark using which one can study the out-of-
equilibrium features in primordial cosmological perturbation theory. To know about
the implications of our derived results one can further extend the present methodol-
ogy for various cosmological events as well where random quantum fluctuations play
significant role in the time line of our universe. Till date this is not very well studied
fact and for this reason it will be interesting to study these mentioned aspects in
detail.

e The presented methodology can also extended to derive the auto-corrected OTO
functions in the context of bouncing cosmology. It is expected to get different random
feature in the context of bouncing paradigm. But it is not even clear till date how
exactly and which respect it will be different due to having lack of understanding the
present formalism in broader perspective. For this reason it will be very interesting
to study out-of-equilibrium features in quantum regime from bouncing cosmology
framework and compare the results obtained from the presented analysis in this

paper.

e The explicit role of quantum entanglement in the present framework is not also
studied yet. Till date the explicit role of quantum entanglement phenomena [149-
176] have been studied within the framework of cosmological perturbation theory
finding the quantum correlation function in the equilibrium regime. But it is not
studied in the out-of-equilibrium regime in presence of quantum entanglement. So it
will be interesting to investigate such possibilities in detail. Most importantly, the
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role of cosmological Bell’s inequality violation [177-182] can also be tested to know
about the long range effect in the cosmological correlation functions.

e [t is also very important to verify the connecting relationship between the quantum
circuit complexity [183-195] and OTO correlators [53, 196] within the framework of
Primordial Cosmology setup. Till date the work have been done on both the sides
separately in the cosmological framework. But no effort have been made to connect
this two theoretical ideas.
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A Asymptotic features of the scalar mode functions in cosmo-
logical perturbation theory

The Mukhanov Sasaki equation for the scalar modes can be expressed as:

1
2

i) (. VT
il K

fx(T) =0. (A.1)

The most general solution of the above mentioned equation of motion is given by the
following expression:

fi(r) = V=7 [Ci HD(=kT) + Co HP(—kT)], (A.2)

where C; and Cy are two arbitrary integration constants which are fixed by the choice of the
initial quantum vacuum state. Here HS" (—k7) and H,El)(—k‘T) are the Hankel functions
of first and second kind with order v.

However, from the general structure of the obtained solution for the rescaled field and
for the canonically conjugate momentum it is difficult to extract the physical information
out of that for the computation of OTOCs which we need in this paper. For this reason the
asymptotic solutions are really helpful, which can be obtained by taking the limits k7 — 0
and kT — —o0,. In these limiting situations we need to determine the behaviour of the
Hankel functions of the first and second kind of order v. After taking these asymptotic
limits we get the following simplified results for the Hankel functions:

2 1 i 1
: M — /2 —3 _= Z
leiniloo H(—kT) \/; — exp(—ikT) exp < 5 (1/ + 2>) ; (A.3)
2 1 i 1
: (2)(_ — _4/Z ' = Z
kTh_gr_loo H? (—kT) \/; — exp(tkT) exp < 5 <1/ + 2)), (A.4)

i W(_fr) = L _k_ -

lelmOHl, (—kT) F(l/)( 2) , (A.5)
i Q)(_fr) = _t kT -

lelmOHl, (—kT) F(y)( 2) . (A.6)

Here k7 — 0 and k7 — —oo asymptotic limiting results are used to describe the super-
horizon (k7 < —1) and sub-horizon (k7 > —1) limiting results in the context of primordial
cosmological perturbation scenario.

Now we consider the following Laurent expansion of the Gamma function as appearing
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in the super-horizon limiting approximation of the Hankel functions:

2 2
I'(v) = % —y + % (72 + %) v — % (73 + % + 2§(3)> 24+ 0%, (A7)

~~
Small contribution

where v is known as the Euler Mascheroni constant and ((3) is the Riemann zeta function
of order 3.

Further using this result the Hankel functions of the first and second kind of order v
can be simplified as given by the following expression:

. —v 2

Y P G W NN Y S-S

lelr_%Hy (—kT) - ( 5 ) L v+ 5 v+ 5 v+ , (A.8)
. —v 2

@y L (kT 2 1f . ™

lelglOHV (—kT) - ( 2) [1/ v+ 5 v+ 5 v+ ) (A.9)

Now, in the super-horizon limit (k7 < —1) and sub-horizon limit (k7 > —1) the asymp-
totic form of the rescaled field variable and the corresponding canonically conjugate mo-
mentum computed for the arbitrary quantum initial vacuum can be expressed as:

Super — horizon limiting results (k7 < —1) := Classical behaviour

lim fi(1) = \/%%F(V) (—%) - (C, — Cy), (A.10)

k70
lim T (7) = \/%ﬁ (y - %) (v) (-k—;)(wé) (€ —C), (A.11)

and

Sub — horizon limiting results (k7 > —1) := Quantum behaviour

Jimfil(r) = \/g [cl exp (—i {zw n g (y + %) })
—Cy exp (i{ng (w%) }ﬂ (A.12)
JimT(r) = %\/% [Cl exp (—i {kr +3 (u + %) })
+Cy exp (z’{kr+g (u+%) })] (A.13)

Combining the behaviour in both the super-horizon and sub-horizon limiting region we

get following combined asymptotic most general solution for the rescaled field variable and
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momenta computed for the arbitrary quantum initial vacuum can be expressed as:

x [Cl (1 + ikr) exp (—i {kT n g (y n %) })
—Cy (1 — ikT) exp (z {;W v g <,,+ %) })} |
(A.14)

x {cl {(%—V)%—Fl} exp(—i{k7+g<u+% })
e {1 0T (i ()]

These general asymptotic expressions are extremely important to compute the expressions
for the OTOC’s in the later subsections. To server this purpose we need to promote both
of these classical solutions to the quantum level.
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B Quantum two-point OTO amplitudes for Cosmology

B.1 Definition of OTO amplitude Al(kl,kQ;Tl,Tg)

In this subsection we define a very important momentum and conformal time dependent
two-point OTO amplitude, which is given by the following expression:

Ay (k1 ko 71,72) = fi (1) fieo (72)
= fio (M) fiea (72) 1y 1y + [730, (71) i (72) @'y i,
i (1) 11y (12) @il s, + 4, (1) f14, (m2) @l aly,
= Di(ki, ko; 71, 7o) ax, ax, + Da(ky, ko; 71, 72) a/T_kla/kg
+Ds5(ky, ko; 71, 72) aklaT_k2 + Dy(ky, ko; 71, T2) aT_klaT_kQ, (B.1)

where we have introduced momentum and time dependent four individual two-point OTO
amplitudes, D;(ky, ko; 71, 72) V i =1,2,3,4, which are explicitly defined as:

Dy (ki  ko; 71, 72) = fie, (T1) freo (72), (B.2)
Dy(ki, ko; 71, 72) = 7 (71) fio (T2), (B.3)
Dy(ky, ko; 71, 72) = fi, (11) [24, (T2), (B.4)
Dy(ki, ko; 11, m2) = fo, (1) f2, (T2)- (B.5)

These contributions are really helpful to compute the two-point OTO amplitudes and the
corresponding momentum integrated OTOC, which we have discussed earlier in this paper.
B.2 Definition of OTO amplitude AQ(kl,kQ;Tl,Tg)

In this subsection we define a very important momentum and conformal time dependent
two-point OTO amplitude, which is given by the following expression:

A2(k1,k2;7177'2) = ﬁkl(Tl)ﬂkz(TZ)
= i, (72) i, (71) @iy @y + 117 (72) Ty (71) @l iy
L, (72) 112, (71) OLklaik2 + 112 ()12 (71) aiklaikQ
= Li(ki, ko; 71, 72) ax, G, + Lo(ky, ko; 71, 72) aT_kla’kQ
+L5(ky, ko; 71, 72) aklaT_kz + L4(ky, ko; 71, 72) aT_klaT_kQ, (B.6)

where we have introduced momentum and time dependent four individual two-point OTO
amplitudes, £;(ky,ko;7m,m) V i =1,2,3,4, which are explicitly defined as:

/31(k1,k2;7'177'2) = Hk1(7'2)Hk2(71)7 (B-7)
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Lo(ki, ko; 71, m0) = 7y (72) 1, (71), (B.8)
£3<k1a k2a T1, TQ) - Hkl (T2)H*—k2 (7—1)7
Lok, ko; 1, 12) = 115y (12)IT7, (1) (B.10)

These contributions are really helpful to compute the two-point OTO amplitudes and the
corresponding momentum integrated OTOC, which we have discussed earlier in this paper.
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C Quantum four-point OTO amplitudes for Cosmology
C.1 Definition of OTO amplitude 7, (k, ko, k3, kq; 71, 72) and 7,2 (ky, ko, ks, ka; 71, 72)
The function ’7A'1(1)(k1, ko, k3, ky; 71, 72) is defined as:

7\'1(1)(1{17 k27 k37 k47 1, T2>

(1) .
= M (k17k27k3,k4,7'1,72) Ay, Ak, Ak 30k,

+M§ )(kl,k27k3,k4,7'1,7'2) ak2ak3ak4 + ./\/l3 (kl,kg,kg,k4,T1,7'2) aklaT_kQakSQI<4

+M4(11 (ki, ko, ks, ka; 71, 72) al Tky _k (k4 Ok, +M5 )(kl,kQ,kg,k4;Tl,7'2) i, A, @ T_k ax,

+Mé1)(k ko, ks, ky; 71, 72) al 1, Ty @ _k3ak4+/\/l7 (kl,kg,kg,k477'1,’7'2) aklaT_kQ(zT s Ok

+M§;1 (ki, ko, ks, ky; 71, 72) a_kl _kQCLT kga’k4 —i-./\/lg (kl,kg,kg,k4,Tl,T2> (i, Ay Al @ T_k4

+M% (ki, ko, ks, ky; 71, 72) al akga'k3a ” +/\/l11 (ki, ko, ks, ky; 71, 72) aklaJr k2ak3aT ks

F MY (ki ko, kg, ka; 71, 1) al _kQakg aty,

+M% (ki ko, k3, ka3 71, 72) ax akza kga k4 +/\/114 (ki, ko, k3, ky; 71, 72) a’ klakzaT k3a1k4
+M§15)(k1,k2,k3,k4,7'1,7'2) akla k2a kga K T ./\/l (kl,kg,kg,k4;71,7'2) aJr_klaJr_kQaT_kga]L_k4], (C.1)

where we define new sets of functions, /\/lé-l)(kl, ko, kg, ky; 71, 72) Vji=1,---,16, as:

M (k1 ko, K, i 71,72) = fiy (71) fio (72) fiy (70) fra (72), (C2)
MEY (k1 ko, ks, ks 71,72) = foi, (71) fiea(72) fiey (71) s (72), (C.3)
M:(;l)(k ko, k3, ky; 71, 72) = fie, (T1) fo, (72) fier (71) frea (T2), (CA4)
M (k1 ko, ks, ki 71, 72) = S (7). (72) fia (1) s (72), (C.5)
M (K1, ko, ks, ka; 71, 70) = fiey (1) fiep (72) o4, (1) i (72), (C.6)
M (k1 ko, ks, ks 71, 70) = [F3, (70) i (72) s (1) i (72) (C.7)
M (K ko, ks, kas 71, 7) = fieg (71) Fo, (72) iy (70) i (7). (C.8)
M (kg ks, ki 71,72) = i (1) f 1 (72) o, (70) fra (72) (C.9)
MY (k1 ko g, ka; 71, 7) = ey (71) fieo (72) iy (71) 4, (72), (C.10)
MG (ki ko kg, ks 71, 72) = S (71) fro (72) fra (72) S, (72) (C.11)
M (k1 Ko ks K 71, 72) = fie (T0) 16, (72) fi (71) 1y (72), (C.12)
M (k1 ko, K, ks 71, 72) = foi (71) i (72) fey (71) o, (72) (C.13)
MY (ky, ko, ks, k3 7, 70) = fiy 1) fieo (72) [0 (70) f 4, (T2), (C.14)
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M (k1 ko kg ki 71, 70) = Fr (1) s (72) Foa (7)o, (72) (C.15)
M (ki ko, ko ks 71, 70) = i (70) iy (72) oy (70) £k, (), (C.16)
MG (ki ko ko ks 71, 70) = i (70) Fra (72) Foae (70) i, (72) (C.17)

The function 7,% (ky, ko, ks, k43 71, 7) is defined as:

ﬁ@)(kl) k27 k37 k47 T1, T2)

_ (2) .
= |IMi7(ki, ko, ks, ky; 71, T2) ax, Gk, i, 0,

+M§ )(kl,k27k37k4;7—177—2> akgakgak4 + M3 (k17k27k3,k4a7—177—2) aklaT_k2ak3ak4
+M4(12)(k ko, k3, ky; 1, 70) al kla N —|—./\/l5 )(kl,kg,kg,k4;ﬁ,7'2) aklak2aTk Ak,
+MP Ky, Ko, ks, ka; 71, 72) @l ak2 M Gy + MY (ki ko kg ks 71, 7) angal g al ) a,
+Mé2 (ky, ko, ks, ky; 71, 72) a_kl _kz T_k A, +M92)(k1,k2,k3,k4,7'1,7'2) (1, Ay Qi @ T_k4
FM) (ki ko, ks, ka1, 72) aly angagal y, + M (ki ko, ks, ki 71, 72) argaly agal
+MP (K1, ko, k3, ka; 71, 72) a_kla_k2ak3 aty,
+ M (ki ko, ks, ka: 71, T2) i, eyl k3a k4+M14 (ki, ko, ks, ku; 71, 72) aly angal  al
+M§%)(k1,k2,k3,k4,7'1,7'2) akla kza k3a " —|—./\/l (kl,kg,kg,k4;71,7'2> aT_klaJr_kzaT_k3a]L_k4], (C.18)
where we define new sets of functions, M;Q)(kl, ko, kg, ky; 7, 72) Vji=1,---,16, as:
MP (K1, ko, ks, ka; 71, 72) = I, (71) i, (72) I, (71) I, (72) (C.19)
M (K1, Ko, ks, Ka; 71, 72) = 1T (7)), (72) e, (71) T, (72) (C.20)
M (ky, ko, ks, ky; 71, 70) = T, (7)1 g (72) gy (7)), (72), (C.21)
M (ky, ko, ks, ky; 71, 70) = Ty (7)1 (72) T (71) T, (72), (C.22)
M (K, Ko, ks, ka; 71, 70) = T, (70) iy (7)1, (71) T, (72), (C.23)
M (ky, ko, ks, ky; 71, 70) = Ty (70) Ty (7)1 (71) Ty, (72) (C.24)
Mi(ki, ko, ks, ky; 7y, 70) = i, (70) 117 (7)1 (70) T, (72), (C.25)
MP (K, Ko, kg, k3 71, 79) = [T (7)1 (7)1 (1) T, (75) (C.26)
M (ky, ks, ks, ky; 71, 72) = Ty (71) ey (72) e (7)1 (72), (C.27)
M) (ky, ko, ks, ky; 71, 70) = Ty (70) ey (70) ey (7)11y (72) (C.28)
M (y, ko, ks, ky; 71, 70) = T, (7)1 g (70) ey (70)11 o (72), (C.29)
M (ky, ko, ks, ky; 71, 70) = Ty, (7)1 (70) Ty (71) T, (72) (C.30)
M (ky, ko, ks, ka; 71, 7o) = T, (71) Ty (72) Ty ()11 (72), (C.31)
M (K1, Ko, kg, ka3 71, 70) =TT (79) ey (7)1 (70)TTy (75) (C.32)
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M(Q)(kb ko, ks, ky; 71, 70) = I, (7o) 1T (7o) IT7 (7o) IT7y (T2), (C.33)
M(2) <k17 k27 k37 k47 71, 7-2) = Hikl (Tl)HikQ (7-2)ij3 (Tl)Hi}q (TZ) (C34>

C.2 Definition of OTO amplitude 7, (ki, ko, ks, ka; 71, 72) and 7,2 (ky, ko, ks, ka; 71, 72)
The function 7," (ky, ko, ks, ka3 71, 7) is defined as:

ﬁ(l)(kl) k27 k37 k47 T1, T2)
= (1) (kla k?a k3a k4a 71, 7—2) Ak, Ok, Aky Ak, + \72(1) (k17 k27 k37 k47 1, 7—2) aikl Ak, Qx5 Ak,

. T T
ki, ko, k3, ky; 71, 72 akla k2ak3ak4+\.74 (k17k27k37k4,7'1,7'2) Ay, Oy, Ay 0k,

(1 . . 1 T
ki, ko, ks, ka; 71, 72) ax ak2a k3ak4+\7(j (k17k2,k37k4,7'177'2) a_y, Oko Oy, Ok,

1)
+\.77( k k27k37k4;7-17 To) Gk, A kzaTkak4+t78 (k17k27k37k4;7-177-2) &T_kla-r_kQ(lT_k‘gakzl

& )
( )
( )
+\79(1 (ki, ko, k3, ky; 71, 72) ax CLk2ak3 —k4+\710 (ki, ko, ks, ky; 71, 72) T_klakgakg, T_k4
( )
( )
( )

1(11 ki, ko, ks, ky; 71, 70) ax a k2ak3a Ky —i—jlg (ki, ko, k3, ky; 71, 72) aTk aTk akg,aJr ”
1(3} ki, ko, k3, ky; 71, 2) ax, ax,a _k3 —k4+j14 (ki, ko, k3, ky; 71, 72) T_k ax,a T_kS T_k4
+j1(; ki, ko, ks, ky; 71,70 akla k2a7k3a7k4 +j16 (kq, ko, k3, ky; 71, 70) al klaibatkSaT k4] , (C.35)
where we define new sets of functions, Jj(l)(kl, ko, ks, ky; 7, 70) Vji=1,---,16, as:

(k17k27k3>k477—1,7—2) Jie (72) freo (71) fies (71) frea (72), (C.36)

D (ki ko, ks ks 71, 7) = f7 (72) fieo (1) fiea (71) fica (72). (C.37)

~73(1 (ki, ko, k3, ka; 71, 72) = fie, (72) [ 70, (1) fres (1) fra (T2), (C.38)

T (k1 Ko K, ks 71, 72) = 4 (72) 1 (1) fies (7) s (72), (C.39)

T3V (k1 k. ks, ki 71, 72) = fie (72) fr (7). sy (71) fra (), (C.40)

Jél (ki ko, ko Keas 71, 72) = 24, (72) fio (70) £, (70) fis (72) (C.41)

TV (K1, ko, kg, ks 71, 7o) = fiey (72) o4y (T0) oy (71) fiea (72), (C.42)

T (ki ko, ks, kay 71, 72) = Fo, (72) Foaey (70) iy (71) fica (72) (C.43)

Ty (K1, Ko, ks, ki 71, 72) = fie (72) frw (70) frs (70) i, (72), (C.44)

T (ki ko ko, ki 71, 72) = 4, (72) fro (71) fiea (1) f 21, (72) (C.45)

T (k1 ke K, ks 71, 72) = fie (72) 16 (7) s (70) 1, (72), (C.46)

Tt (ki ko K, ks 71, 7) = [, (72) 1, (1) frs (7)1, (72) (C.47)

T (1, ko, ks, ki 71,72) = fie (72) fro () sy (7)1, (72), (C.48)

T (K1, ko, ks, ks 71, 7o) = [, (70) fieo (70) Foay (71) i, (72) (C.49)
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T (k1 ko, ks, ki 71, 70) = fiey (72) o1, (1) F oy (70) ok, (72), (C.50)
T (K1, Ko, ks, Kas 71, 72) = 30 (72) i (1) iy (1) o, (72) (C.51)

The function 7, % (ky, ko, ks, ka3 71, 7) is defined as:

7\i2(2)(1{17 k27 k37 k47 T1, TQ)

2 2
2 (ke ko, kg, K 71, 2) iy iy Qg i, + T (Ko, Ko, ks, kg 71, 7) al . a,ai,ax,

—|—j3( )(kl,kQ,k3,k4,ﬁ,Tg) ax, a _k2ak3ak4 + .74 (kl,kg,kg,k4;7'1,7'2) aT_klaT_kQaksak4L
+J(2 (k1, ko, ks, ky; 71, 72) ax ak2a s (ks +j6 (kl,kg,kg,k4;71,7'2) aiklakzaikgahl
+j7(2)(k ko, ks, ky; 1, 7o) ax _kz _kgak4 —i—Js (kl,kg,kg,k4;71,7'2) aJr_klan_kQaT_k3ak4
+\79(2)(k ko, ks, ky; 1, 70) ax ak2ak3aT k4 —I—jlo (kq, ko, k3, ky; 71, 72) aTk ak2ak3aT ke
+j1(12)(k Ko kg, k3 71, 72) ag,al kzakS _k4 —i—jlz (ky, ko, k3, ky; 71, 72) &Jr_klaT_kQaksaT_k4
+j1(§)(k ko, k3, ky; 71, T2) a, ax,a _k G_k +j14 (ki, ko, k3, ky; 71, 72) T_k ax,a T_k3 T_k4
+ T2 (K, ko, Ky, ks 71, 7) aal oty al o + T (o, ko ks, Ky 71, 7) @l oty al ol k4], (C.52)
where we define new sets of functions, %(2)(k1, ko, ks, ky;m, ) Vj=1,---,16, as:
) (ky, Ko, K3, Ka; 71, 72) = e, (72) e, (71) i, (71) i, (72), (C.53)
(k ko, k3, ky; 71, 70) = 117y (7o) e, (7)) I, (71) e, (72), (C.54)
J3(2 (ki1 ko, kg, ky; 71, 70) = Ty, (7o) 1Ty (7)) ey (70) T, (72), (C.55)
T (K1, ko, kg, ka; 71, 79) =TTy (1) (71) Ty (70) e, (72), (C.56)
T (K, o, ks, ka3 71, 7o) = T, (79) ey (71T, (71) T, (72), (C.57)
(k ko, ks, ky; 71, 7o) = 117 (72) I, (70) 1T (70) Iy, (72) (C.58)
j7(2 (ky, ko, ks, ks 71, 72) = ey (7)1 (7)) (72) e, (72), (C.59)
T (K1, Ko, kg, ka; 71, 7o) =TT (1)1 (1) TT% . (71) T, (75) (C.60)
jg(l (k1 ko, ks, ky; 71, 75) = [y, (79) iy (71) T (72115, (72), (C.61)
T (ky, ko, ks, ka; 71, 7o) = Ty (70) ey (7)) gy (7)) 11 (72) (C.62)
TP (ky, ko, ks, ku; 71, 70) = T, (72) Ty (7)) ey (70)11 . (72), (C.63)
T4 (1, ko, Ky, K 71, 7) = T (7)1, () Ty (71T, (72) (C.64)
T (1, %, Ky, K 71, 7) = Tl (70)Thiey (71) f4, ()4, (72), (C.65)
T3 (ki ko, ks, ka 71, 7) = 17 (7) g (7)1 4 (7)1, (72) (C.66)
T13) (k1 ko, ks, Kai 71, 72) = T, (7)1, (7)1 4, (7)1, (72), (C.67)
Tig (ki ko, Ky, ks 71, 75) = T (22) 4, ()T, (7)1, () (C68)
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C.3 Definition of OTO amplitude 7, (ky, ko, ks, ky; 71, 72) and T3 (ky, Ko, k3, ka; 71, 72)
The function ﬁ(l)(kl, ko, k3, ky; 71, 72) is defined as:

ﬁ(l)(kl,k2,k37k4;7'177'2)
= N(l)(kl,kg,k3,k4;7'1,7'2) A, Ak, Qs A,y +N(1)(k1,k2,k3,k4;7'1,72) aTk ey Qs Ok,
+N(1)(k1,k2,k3,k4,7'1,72) ax,al 16, Oes Ok +N( )<k1,k2,k3,k4,7'1,7'2) aTk aTk yes Ok,
+N(1)(k ko, ks, ka; 71, 72) ax akg _k3Gk4 +N( (ki, ko, ks, ky; 71, 72) T_k Ak, a T_ksak4
+/\/'(1)(k ko, kg, ka; 71, 7) argal g al g + NS (ki ko ks, ks i, ) @l g aly aly an
)(k ko, k3, ky; 71, 72) ax akgak3 _k4—|—./\f10 (ky, ko, ks, ky; 71, 72) Jr_klakzak3 T_k4
+N1 (ki ko, kg, ka; 71, 72) agal akga K, PN (ki ko, ks ks 7, ) aly alyargal
—I—Nl (k ko, k3, ky; 71, 72) ax, ak,a _k3 _k4+./\f14 (ky, ko, ks, ky; 71, 72) T_k Uy, @ T_k3 T_k4
+N5( )

kl,kg,kg,k4,7'1,7'2 akla k2a ksa k4 +N16 (kl,kg,kg,k4,7'1,7'2) CLTk CLT kQaT kS(IT k|0 (069)

where we define new sets of functions, ./\/'j(l)(kl, ko, ks, ky; 7, 70) Vji=1,---,16, as:
NI (K1, ko, ks, Ka; 71, 72) = fiey (1) fieo (72) fies (72) fres (T1), C.70
N (k1 ko, ks, ks 71, 72) = fi (70) 1, (1) fies (72) fiea (70), C.71
NP (ko ko kg ke 71, 72) = Sie (70) 73, (72) fry (72) fres (1), C.72
N (ki ko, ks, ks 71, 72) = Fop (70) Foae (72) fieg (72) fiea (1), C.73
N Ky, ko, ks, ki 71, 72) = fer (71) fieo (72) 2 (72) fiea (72), C.74
N (1, o, ks, ke 71, 72) = Fop (70) fieo (72) o4y (72) fiea (1) C.75

(C.70)

(C.71)

(C.72)

(C.73)

(C.74)

(C.75)
N?(k17k2,k3,k4;71ﬁ2) 1(Tl)fikg(72)f—k3(7—2)fk4(71) ( )
N (k1,k2,k3,k4,7'177'2) fikl(Tl)f_k2(7'2)f_k3(7'2)fk4(7'1) ( )
o (k1 ko, ks, ks 71, T) = fiey (71) fieg (72) fica (72) 73, (1), (C.78)
)(k ko, k3, ka; 71, 72) = I (71) fieo (T2) fies (T2) fo, (T1) (C.79)
(ki ko ks, kas 71, 7) = fie (70) 516, (72) fia (72) 1y (1), (C.80)
) (ki ko ks, Ky 71, 70) = S (1) oy (72) fiea (72) 1, (70) (C.81)
1 ( ) (C.82)
W ) (C.83)
5 ) (C.84)
6 ( ) (C.85)

ki, ko, k3, ky; 71, 72 Jia (70) fica (72) i, (72) f2i, (71),
S () fieo (72) f o, (72) f 24, (T)
Jia (70) f2, (72) [y (72) [, (T1),
fr kl(Tl)fikg(TQ)fjkg(TQ)fik4(7—1)

k k27k3)k4;7—17 T2
k k27k37k4;7-17 T2
kla k27 k37 k4a T1, T2
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The function 7A§(2) (ky, ko, ks, ky; 71, 72) is defined as:

7\;,(2)(]:{17 k27 k37 k47 T1, T2>

= N(Q)(k1,k2,k3,k4;7'1,7'2) Ak, Ak, Ak Aky +N(2)(k1,k2,k3,k4;7'1,7'2) atklakzakgalq

(kl,kz,k3,k4,7'1,72 ax, a _k2ak3ak4 +N’4 (kl,kQ,k3,k4;7'1,72) &T_klaT_kQ(lkgam
+J\/'(2)(
+N(2)(k k25k37k4;7—15 T2) Ak _k2 _k3ak4 +-/\/’8 )(k17k27k37k4;7_177_2) aT_klaT_k2aT_k3ak4

)
ki, ko, k3, ky; 71, 72) ax ak2 _k ak4+./\/ (kl,kg,kg,k4;7'1,7'2) CLT_klalQaT_ksal<4
)
+N(2)(k ko, k3, ka; 11, 2)6L L Ak, Ok @ _k4+N(2)(k1,k2,k3,k4;7'1,7'2) T_klakQGkgaT_M
)
)
)

. T T T
k k25k37k477—1a T2) ax _k2ak3 _k4+N12 (k17k27k37k477_177_2) a_kla_kQGkga_k4

(2)(
+N1 (K1, Ko, kg, ks 1, 7o) i aiga M —k4+N14 (k1 ko, k3, ky; 71, 72) aly a,aly ol
2

kl,kg,kg,k4,7'1,7'2 akla k2a k3a7k4+/\/'16 (kl,kg,kg,k4,7'1,7'2) CLT klaikQaikgaT k|0 (086)

where we define new sets of functions, ./\/'j(2) (ky,ko, kg, ky; 7, 70) Vji=1,---,16, as:

NV (ki ko, ks, ks 71, 72) = T, (71) Tl (72) iy (72) T, (72), (C.87)
NI (ky, Ko, kg, K 71, 72) = T, (72) T g (71) Ty (72) T, (11, (C.88)
N (y, ko, ks, ka; 71, 72) = T, (7)1 4 (7) T, (72) e, (73, (C.89)
N (ky, ko, kg, ka; 71, 72) = Ty (7)TT o (70) i (72) T, (71, (C.90)
N (K, ko, kg, ka; 71, 72) = Ty (71) iy (12) T, (72) e, (79, (C.91)
N (ky, ko, kg, ks 71, 70) = Ty (7)), (7o) Ty (70) T, (7)) (C.92)
N (ky, kg, kg, Ky 71, 72) = Ty (1) Ty (1) T, (72) T, (73), (C.93)
N (ko kg, kg 71, 70) = Ty ()T (1) Ty (7) T, (1) (C.94)
/\/<2 (ky, ko, ks, ky; 71, 72) = Ty (71) ey (72) ey (7)1 4, (71), (C.95)
(k ko, ks ky; Ty, 1) = 110 (71) i (72) i, (72) 115, (71) (C.96)
(k ko, ka, ky; 7y, o) = T (7)1 (7o) I, (72) 115, (1), (C.97)
<2>(k ko, kg, kg 7, 7o) = T (7)1 (70) T (7)1 (71) (C.98)
(2)(k ko, ks, ky; 71, 72) = i, (70) I, (72) I (72) 115 (1), (C.99)
(k ko ks, kyy 71, mo) = 17y (70) i, (72) 117, (72) 117, (71) (C.100)
(k ko, ks, ky; 71, 70) = I, (7o) 1T (7o) 1T (o) IT7 (70), (C.101)
N16 (ky, ko, ks, ky; 11, 72) = H*kl(T1>H*k2(TQ)H*kg(TQ)H*k4(T1> (C.102)
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C.4 Definition of OTO amplitude 7, (k, ko, k3, kq; 71, 72) and 7,2 (ki ko, ks, ka; 71, 72)
The function ﬁ(l)(kl, ko, k3, ky; 71, 72) is defined as:

ﬁ(l)(k17 k27 k37 k47 T1, T2>

= |01 (k1 ko, ks, ku; 71, 7o) g iy iy ar, + Q5" (K, o, s, ks 7, 7) al . G, Gy i,

+05 (ki ko, g, ky; 71, 7) @y al 1o (ks Ay T 01" (ky, ko, ks, ky; 71, 7o) al aly axa,
1)
—|—Qé k k2,k37k4,7'1, To ) Qi ak2 _k3ak4—|—Q6 (kl,kg,kg,k4,7'1,7_2) T_k Ak, T_kgak4
1 (1
—{—Q$) ki, ko, ks, ky; 71, 70) ax a k2a 1 M T Q8 )(kl,kg,kg,k4,’7'1,7'2) aTk al k2aJr 165 Oy

—
@,_.
=

)
)
)
k ko, ka3, ky; 71, 7o) ax, x, i, @ _k4+Q10 (ki, ko, ks, ky; 71, 72) T_kla’kgakg T_k4
)
)
)

—{—lel ki, ko, k3, ky; 71, 70) ag,a kZakSaTk + Q12 (kq, ko, k3, ky; 71, 70) aTk aTk ak3aT Ky

+Q§;13 ki, ko, k3, ky; 71, 2) ax, ax,a _k3 _k4 + Q14 (ki, ko, k3, ky; 71, 72) T_k (x, @ T_k3 T_k4

+Q15 ki, ko, ks, ky; 71, 7 akla kQa k3a ot Q16 (ky, ko, k3, ky; 71, 72) aTk al kQCLT kga | (C.103)

where we define new sets of functions, Q;l)(kl, ko, kg, ky;7,72) Vji=1,---,16, as:

le)(k1,k2,k3,k4,ﬁ,72) Sie (72) fieo (71) fies (72) frea (T1), (C.104)
O (K1, ko, g, ks 71, 70) = o, (70) 1o (1) frs (72) fiea (1), (C.105)
Q% (K1, ko, K, ks 71, 70) = fiey (72) 4, (71) fiy (72) iy (1), (C.106)
O (ki ko, K, ki 71, 72) = [, (72) 4oy (1) fics (72) s (71). (C.107)
O (ki ko, K, ks 71, 70) = fiey (72) ey (71) 1, (72) s (1), (C.108)
O (ki ko, K ki 71, 72) = [*4, (72) fieg (71) 1y (72) i (1) (C.109)
O (ki ko, ks, ka; 71, 72) = fi T2) [ 1, (T1) [ 4 (72) fiey (7)), (C.110)
QL (ke Tea, ko Keai 71, 72) = S (72) f 4, (1) 2, (72) s (1) (C.111)
Qél)(kl,k2>k3,k4,ﬁﬁ2) = [ (72) fieo (T1) fics (72) f 1, (1), (C.112)
Qlg (k1. ko, ks, ks 71, 72) = [740 (72) fiea (71) fica (72) f 21, (71) (C.113)
lel)(k17k27k37k4,7-1,7_2) = fi (72) [0, (T1) fies (72) [ 2, (T1) (C.114)
lez)(khk%k& ky; 71, 72) = fr, (7o) [, (T1) fies (T2) foo, (T1) (C.115)
QlF (ki ko, ks, kii 71, 72) = fi 72) fiea (T0) [ 4, (T2) [, (7)), (C.116)
Q) (ki ko o ks 71, 7) = [, (72) fieo (T) 4y (72) o, (71) (C.117)
O (ki ko, K, ka; 71, 72) = fiey (72) Faey (1) iy (72) e, (1), (C.118)
Qe (ke koo, ko ks 71, 72) =S54 (72) f 0 () [, (72) S (1) (C1119)
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The function ﬁ@) (ky, ko, ks, ky; 71, 72) is defined as:

ﬁ@)(kl? k27 k37 k47 T1, T2>
Q(z)

. (2) . T
(k17k2,k3,k4,7'1772) Qy; Ak, Qi3 Ok, + Qz (k17k27k3,k4,7'1772) Ay, ko Ok30ky

2) T T T
k17 k2? k3> k47 T1, TZ) Qx, a—kgak3ak4 + Q4 (kh k2> k37 k47 71, 7-2) &—kla—kgaksalq

2
_’_Qé) k k27k37k477—177—2 aklakg _k ak4 + QG (k17k27k3;k4;7—177-2) T_klakgaT_k?,ak4

(
( )
(ky, ko, ks, ky; 71, 72) ax
+Q5(;2 (k ko, k3, ka; 71, 2)
+O (ky, ko, s, ky; 71, 70) ax
+Q§ ( )
5 ( )

where we define new sets of functions, Qg?

ng)(k1>k2,k3,k4771772)
O (k. ke, kg, ks 71, 72) =
Q§2)(k17k27k3,k47ﬁ, o) =
QP (ky, ky, ks, ky; 71, 75) =
Q%) (K, ky, ks, ky; 71, 75) =
Q% (1, ky, ks, ky; 71, 75) =
QP (K, ky, ks, ky; 71, 70) =
QP (1, ko, ks, ks 71, 70) =
QP (1, ko, ks, ka; 71, 70) =
0 (ky, ko, ks, ka; 71, 72) =
0P (ky, ko, ks, ka; 71, 72) =
O (k. ko kg, ks 71, 72) =
Q%)(k ko, ks, ky; 71, 2)=
0% (ky, ko, ks, ky; 71, 72) =
0P (ky, ko, ks, ky; 71, 72) =
Q%) (ky, ky, ks, ky; 71, 75) =

k17k27k37k477—177—2 akla k2a,k3a,k4 + QIG (k17k27k3ak477—177-2) a

T T
—kzak?, —k + QlZ (k17 k27 k37 k47 T1, 7_2) a_kl a_kzak3a_k4

1.

)(k17k27k37k4;7—177-2) v] - 17 e

Hkl(72)Hk2(Tl)Hkg(Tz)Hk4(71)
IT% 3, (7o) iy (70) iy (72) i, (71),
e, (7)1, (72) Mg, (72) i, (71),
“i (T2) Iy, (71) iy (72) i, (1),
e, (72) e, (7)1, (72) i, (71),
T2y, (7o) e, (72) Iy (72) e, (71)
e, (7)1, ()T (72) i, (71),
Iy ()T, () ITE g (72) Tk, (71)
Iy, (72) i, (71) i, (72) 12y, (71),
Iy, (72) i, (70) g, (72) 112y, (71)
e, (72) 12, (70) e (72) I, (72),
IT* k( o) 12 kg(Tl)Hk3<7_2)H*—k4(Tl)
e, (72) e, (7)1, (7)1, (7)),
Iy (7o) ey (72) Iy (72) T2y (71)
e, (7)1, () Iy (7o) T2y (7)),
7, ()12 ko ()12 k3 ()12 k4 (1)

'.:1

157

—kz —k3ak4 + QS )(k17 k27 k3> k47 71, TZ) aT—kl aT—kgaJr—k3ak4

T i
Ak, Ak, Ak 4 _k4+Q (k1,k2,k3,k4,7'1,72) Ay, My k3 Ay,

1

k kg,kg,k4,7’1, T2 ) Ak (Ik2 —k3 —k4+Q14 (kl,kg,k37k4,7'1,7'2) T_k ak2 T_k3 T_k4

klaikgaikgaT K | » (C-120)

, 16, as:
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D Computation of classical limit of four-point “in-in” OTO am-
plitudes for Cosmology

In this section, our prime objective is to explicitly compute the classical limiting version
of the four-point ”in-in” OTO amplitudes appearing in the expression or OTOC. To serve
this purpose in the classical limit we explicitly compute the following square of the Poisson
bracket, given by:

{fGe ), fxm)}ps = {f(x, 7). f(x,72)}pp {F (%, 70), F(x. ) Yo (D.1)
{£G¢, ), 0%, 72) }pp = {110x, 71), T1(x, 72) }pps {T1(%, 71), 1%, ™) }pg -~ (D.2)

Now we use the following convention for the Fourier transformation, which is given by:

d*k ,
foxm) = [ s explike) flm). (D3)
(2m)
3 3
(2m)? (2m)?
which will be very useful for the computation of the classical limiting result of four-point

OTOC in terms of the square of the Poisson bracket.
Consequently, we get the following simplified result:

exp(tk.x) Ik (m), (D.4)

M(x,7) = 0r, f(x, ) = / exp(ik.x) O, fi(T1) = /

{f(X, 7—1)’ f(xa 7_2)}%3B
A’k 3k, d’ks d’ky ‘
= [ o | e | o | Gy et k0
[{fkl (Tl>7 fk2 (TQ)}PB {fk3 (7_1)7 fk4 (7_2)}PB

+ {1 (11), fis (72) Yo {fi2 (T1), fia (T2) } o
{1 (1), fri (72) Yo { fics (71), fio (72)
+ {fie (1), fis (72) }p { fxa (T1), fit (T2) }p
+ {fie (1), fiet (72) Yo {fxa (T1), fis (T2) } o
+{/ie (1), frei (72) Yo { fi (1), fis (72) o
+ {fis(11), fict (72) }p {f1a (T1), fio (T2) }p
+ {/fis(11), fiz (72) Yo {fx1 (T1), fia (T2) } o
+ {1 (1), fri (72) Yo {fi (1), fio (72) o
+ {fici(11), fict (72) }p {fi2 (1), fics (T2) }p
+ {/fii(11), fie (72) Yo {fis (T1), [ (T2) } o

+fa(n), fis(72) g {fie (1), fia (72) Fog] - (D.5)
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{H(X> 7—1)7 H(X7 7—2)}%B
A’k A’k d’k d’k
:/ - / ; / - / = exp (i(ks + ko + ks + ky) X)

(2m)? ) (2m)3 ) (2m)* ) (27)?
{1k, (71), i (72) }p {Hk (71), iy (72) o
+ {I, (71), Iy (72) g {Ticx (71), i, (72) b
+ {1k, (71), I, (72) g {Tis (71), iy (72) s
+ {Ilk, (71), Iy (72) g {Tke (71), Tk, (72) s
+ {I, (1), i, (72) o {Tkc, (71), iy (72) s
+ {I, (71), I, (72) g {Tk, (71), iy (72) s
+ {1y (71), 11T 1(7'2)}PB {H, (71), sz(TQ)}PB
+ {I, (1), I, (72) g {Tit (71), i, (72) s
+ {I, (71), I, (72) Yo {Tk, (71), iy (72) s
+ {1k, (71), i, (7'2)}PB {Hi, (71), Hka(TQ)}PB
+ {I, (1), I, (72) g {Tics (71), i, (72) s
+ {Ihe, (71), Tk, (72)}PB {1, (71), T, (7'2)}PB] . (D.6)

Now, here our job is to explicitly compute each of the Poisson brackets, which are appearing
in the above mentioned twelve terms. The explicit computation gives the following result:

N EINGY 0 fi; (1) 0 fi,(11) Of;(2)
{fki(71)7fkj(T2)}PB B <8fkp(72)3ﬂkp(7') 8Hk (7 )8fkp 72) )

= (2m)°8° (k; + J,)0°(k; + ke, ) U (m, 7 (%fk ) &pfkm)

O Iy, (12) Ok, ILi, (72)
O fi; (11) O, fici (Tl))

aijkj( ) akinj (72)

= (27m)*0° (k; + k) Uy (11, 72) Vi (71, 72)

= (27)*0°(k; + k;) Ra(m, 7). Vi#j with i,j=1,2,3,4. (D.7)

= (27’(’)3(53(1{, + kj)Ul(Tl,Tg) (

Here we define the overall time dependent amplitude as:
Ri(71,72) = Ui(71, 72) Vi(71, T2), (D.8)

where we have used the following crucial facts:

Ofi(n) _ 7)363 (k; T, T
(afkp(72)> = (2m)°0° (ki + k,) Uy (71, 12), (D.9)
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(akjfk]-<7'1) R NGY

O 1L, (12) O T, (7'2)> = Vilrm). (D.10)

Similarly, one can compute:

Oy, (1) Ol (11) Oy, (1) Ol (72)
(I 0T, ) b = (G )~ M) T )
33 3 O, Il (71) akaki<7_1)

= (27)*0%(k; + k,) 0% (k; + k,,)Us(71, 72) <a (™) 8kifkp(72))
ak Hk (71) 81( Hkl(ﬁ))
ak fk (72) 61( fx (72)
= (27r)353(ki +k;)Us (711, 72)Va(11, T2)
= (27)°0°(k; + k;) Ro(m1, 7).  Vi#j with i,j=1,2,3,4.(D.11)

= (2m)°6°(k; + k;)Us(71, 72) (

Here we define the overall time dependent amplitude as:
R2(7—177—2) :UQ(Tl,TQ)VQ(Tl,TQ), (D]_Q)

where we have used the following crucial facts:

(G2 = or8 ks + kUt ). D)
(

(31( Al (1) aijki(Tl)) — Va(, )
ak fk (TZ) akifkj(TQ) I

Here from these computed Poisson brackets we can extract the following sets of crucial

(D.14)

information, which will further helps us to understand more about the classical limit of
the four-point OTO amplitudes in the present computation:

1. The time dependent part as such very complicated as it contain the information re-
garding classical version of random stochastic quantum fluctuations in the primordial
universe. In the present context it is hypothesized by a random function R4 (7, 75)
and Ry(71, 72) which incorporate the two conformal time scales in the results.

2. Also it is important to note that, Ri(m,72) and Ry(71,72) are homogeneous and
isotropic functions, which captures the dynamical effect of the spatially flat FLRW
background. For this reason the random functions, Ry(7,7) and Ra(m, ) are
completely ¢ and j momentum index independent. This is actually the outcome of
the stochastic randomness in the present context. Due to having this fact these
random functions, Ry(7, 72) and Ry(71, 72) are non-zero in the present computation.
This is the non-trivial result as in the usual classical field theory these two correlators
gives vanishing contribution without having any random fluctuations in the theory.
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3. Moreover, the interesting to point here that, one can explicitly separately write
down the contribution of the inhomogeneity and time dynamics in Fourier space
after computing the classical Poisson brackets.

4. Finally, the appearance of the three dimensional Dirac Delta function confirms the
momentum conservation in the Fourier space in the classical two point OTO micro-
canonical amplitudes.

Further, we compute the square of the Poisson brackets, which after performing the Fourier
transformation can be expressed as:

0 fx, (7'1) afk (1) Ofi, (1) Of;(72)
0fi,(12) Oy, (12) ML, (72) O fic, (7o)
<3ka 1) Ofin ()  Ofig(m1) O (T2>>
0 fx,(12) Oy, (72) 8Hkq(7'2) 0 fx, (12)
= (2m)%0° (k; + k,)0° (k; + k,)8° (k; + k,)0° k,)

O, fri;(11) O, fi, (1)

U? (7'17 2) <aijkp<7'2) - 8kinp(7'2))
<5kqfkm(7'1) B akqfkl(ﬁ))
O i, (T2) O Ik, (72)
= (2m)°8%(k; + ;)83 (k; + Kk, ) U3 (71, 1) V3 (71, 72)
= (27)%0%(k; + k;)0%(k; + k) R3(71, 7).
Vit jAL#m with 0,4k 1=1,234.
(D.15)

{ham)s o (72) o, Ui (72)s o (72) s = (

S
Jx,
(k, +

and

OTly, (Tl) Olly,(m1) Ol (1) Olly, (72))
Of,(72) Oll, (72) Ol (7o) Ofi, (T2)
<8Hk 1) Olly, (7)) Oy, (1) Olly, (7'2))
7'2)
kq)

(T (7). T, (72)} g, (T (7). T, (72) s = (

8ka T2 8Hkp(7'2) 6Hkp(7'2) afkp(
= (2m)%0° (k; + k,)8° (k; + k,)8° (k; + k,)0°

(k,, +

O, 1, (11) O, I, (1)
U (Tl,TQ) < ) ))
(1)

ak]‘ fkp (TQ akz fkp <T2
<8kqﬂkm(71) Ok, J1, )
akmfkq(TQ aklfkq(TQ)

)
= (2m)°6%(k; + k;)6° (ki + k) U3 (71, 72) V3 (71, 72)
= (2m)%0° (ki + k;)6% (ki + ki) RS (71, 72).
Vi jALAm with i,5.k1=1234
(D.16)
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Consequently, we get the following simplified results:

d*k d*k d*k d*k ,
{fx,70), f(x,72) o = (27T)6/ (2ﬂ)13 / (2ﬂ)23 / (2753 / (27T)43 exp (i(ky + ko + ks + k4).x)
4
> 5 (ki + k;)0%(k; + k) R2(7y, 7). (D.17)
1,5,l,m=1i#j#l#m

~
Contribution from 12 terms

(T ) TG ) = ) [ [ 8 [ 250 [0 ek +lea K+ k)

4
Z 53(1(7, + kj)53(kl + km) R%(Tl, ’7'2). (Dlg)
i,j,l,m:l,i;éj;él;ém

~
Contribution from 12 terms

S

S

Here, the explicit computation gives following product identity of the Dirac Delta function:

4

Z 53(kz + kj)53(kl + km) — [53(k1 + k2)53(k3 + k4) i 53(1{1 n k3)53(k2 N k4)
i,g,l,m=1i#jAl#m

+6° (k1 + ka)0” (ks + ka) + 6% (K + ks)o?

( )8°( ) +0°( )0°( )
+6% (kg + k1 )6% (kg + k3) + 8% (ko + ky)8° (ky + ks)
+6% (ks + k1 )63 (kg + ko) + 6% (ks + ko) 8% (ky + ky)
+6° (ks + kq)6% (kg + ko) + 6% (ky + ky1)0° (ko + k3)
+63 (kg + ky)6% (ks + ky) + 6% (ky + k3)d°( )

Now, we give the following proposal to quantify the random function R?(7y, 7), which is
given by the following expression:

R% (7—17 7-2) = <77N0ise (T1>77Noise (T2>Z y (D20)
Contribution from rand:),m noise field correlation
R% (T17 T2) = \<]'_'[T]Noise (Tl)HnNoise (T2>>J ? (D21)

Contribution from random momentum correlation

where Nnoise(7;) Vi = 1,2 and I, .. (7;) Vi = 1, 2 represent the conformal time dependent
random noise field and momentum functions.
Also it is important to note that the two consecutive noise kernels is time translation
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invariant, for which we have written as:

(11Noise (1) INoise(72)) = Gignrmer (71, 72) = Gomer(IT1 — 72]), (D.22)
2 2
(M natee (T iosee (72)) = Gt (71, 72) = Gigpnea (171 — 21). (D.23)

Additionally, the conformal time dependent noise satisfy the following constraint condi-

tions:
(MNoise(T3)) = 0, Noise = Gaussian, Non — Gaussian, (D.24)
(MNoise (T1)MNoise (T2) MNoise (73)) = 0, Noise = Gaussian, (D.25)
(MNoise(T1)MNoise (T2) ... NNoise(Tn)) = fl(\ylt),ise(ﬁﬂb, s TN) #0 VN > 2,
Noise = Non — Gaussian. (D.26)
and
(I noiee (73)) = 0, Noise = Gaussian, Non — Gaussian, (D.27)
(I osee (T osee (T2) INoise (T3)) = 0, Noise = Gaussian, (D.28)

<H77Noise (Tl)HnNoise (7-2) """" 1_[77Noise (TN)> = f(NQgise(T17 7—27 RS TN) ?é 0 v N Z 27
Noise = Non — Gaussian. (D.29)

After substituting this result in the previously computed expression for the amplitude we
get the following simplified expression:

{F(x.7). f(x,72)} o
= (27)° H/ dSk)}; exp (ik,.x) Z & (ki +k;)8% (ki + ki)

2
( " i,5,l,m=1i£j#l#m
XGglrnel(’Tl - 7—2‘)7 (D30)

and
{H(X’ Tl)v H(Xv 72)}%B
=) / é:)g exp (ik,.X) > 5 (k; + k)03 (k; + k)

i,4,l,m=1,i£j£l#m
nglrnel(’Tl - 7—2‘)- (D31)
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E Computation of the trace of the two-point amplitude in OTOC

Now, we will explicitly compute the numerator of the OTOC for quantum Motta Allen
vacua, which is given by the following expression:

Tr [6_’8&(71) [f(X; 1), f(x, 7—2)” (ayy

)
exp(—QSinytana)/ /d3k1 / d*ky ,
= v ki +ko).

| cosh o o (2m) J (2m)? ol +a)

<‘1’BD| [@gl)(kbk%ﬁﬂb%ﬂ) - @(21)(1(1,1(2;7'1,7'2;5) |‘I/BD>- (El)
and

Tr [e_gﬁ(ﬂ) [ﬂ(x, Tl)aﬂ(X’TQ)H( )
a7y

exp(—2sinytana) / / d*k, / d*ky ,
= v ki +ko).
| cosh a @¥eD (2m)3 ) (2m)3 exp [f (ki + ko) x|

<‘1’BD| [@9)(1(1,1(2;7'1,7'2%5) - @(22)(1(1,1(2;7'1,7'2;5) |‘I/BD>- (EQ)

Further, our aim is to compute the individual contributions which are given by:

/d\I’BD <\I’BDW§1)(k1,k2;71,72;5)“I’BD> :/dq]BD (Vsple™ BH() A (ki,ko; 71, 72)|UsD), (E.3)

~

/d‘IJBD <\IJBD|@é1)(k17k2§7'177'2§5)“IJBD> :/d‘I’BD (Upple™ BH(m) A (k1,k2;T1,T2)!‘I’BD)- (E.4)
and

d¥gp <\I[BD|$52)(klak2§7'177_2§6)|\11BD> —/d‘PBD (Usple™ BH(m) A (ki,ko; 71, 72)|¥BD), (E.5)

~

dUsp <\IJBD|§22)(k1ak2;7—1a7—2;5)|\PBD> :/d‘PBD (Upple™ BH(m) A (k17k2;7'1,7'2)|‘IfBD>- (E.6)

——

Let us evaluate one by one each of the contributions, which are given by:
d\I/BD <\I/BD|6_[3H(T1) aklak2|\IIBD> = 0, <E7)

d¥gp (Ugple P gy CLT,k2 UeD)

= (2m)° exp (— (1 + %(53(0)) /d3k In (2 sinh 6EkT(Tl)>> 0’ (ki + ko), (ES8)

——
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/d\I’BD <\IJBD’€_’BFI(T1) atklakQWBD>
= (27)%exp (— (1 + %53(0)) /d3k In (2 sinh ﬁE“T(Tl)» P (k +ky), (E9)
/ QWsp (Teple ™™ ol [Wgp) = 0. (E.10)
Further, introducing the normal ordering we get:

/d‘IfBD \IJBD’ 5ﬁ(T1) CLleLk2 . |\IJBD> = 0, (Ell)
/d‘I’BD (Upp| : € ~pH(m) (g, ! 'x, ' |¥BD)

= (27)%exp (—/d3k In (2 sinh BE“T(TI)» 0 (ki +ko), (E.12)

/d‘DBD (Upp| : e BH ) aT_klak2 | UsD)
E
= (27)? exp (—/dgk In (2 sinh BkT(Tl))) 6 (k; +ky), (E.13)
/d‘I’BD (Ugp| : e A of a'\, : [¥pp) =0. (E.14)

Consequently, the individual contributions can be computed as:

/d‘PBD (‘I’BD|@§1)(k17 ko; 71, 72; 8)| VD)

= (27)% exp <— (1 + %53(0)) /d3k In (2 sinh 5E“T<Tl))> 0% (k1 + ko)

[Dgl) (kl, kg, 71, TQ) + D:gl) (kl, kg, 71, TQ)] 5 (E15)

/d‘I’BD (\I’BDWQ)(kl, Ko; 71, To; 5)|‘I’BD>

= (27)% exp (_ (1 + %53(0)) / &’k In (2 sinh E“;ﬁ))) 53 (ky + ko)

[‘Cgl)(klakQQTlaTZ) +£:(2,1)(k1,k2;7'1,7'2)] ) (E-16)

/d‘l’BD (‘I’BD ﬂ (kl,kz,ﬁ,ﬁ, )|quD>
= (2m)3 exp ( + ) 4’k In (2 sinh ﬂE‘;(Tl)» 8 (k1 + ko)

k17k2,7'1,7'2)+D (kl,k2,7'1,7'2)] (E.17)
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/d\I’BD (Upp|VY (ky, ko; 11, 723 5)|UsD)
= (27)% exp <— (1 + %53(0)) /d3k In (2 sinh ﬂE‘;(Tl)» 8 (k1 + ko)

1289 (1, eoi 7, 72) 4+ £ (et K 1, ) | (E.18)

Consequently, the individual contributions can be computed in the normal ordered form
as:

/d\I’BD <\I/BD|$§1)(k1ak2;71772;5)|\PBD>
= (2m)% exp (— / d°k In (ZSinh BE“Q(T”)) 5 (k1 + ko)

[Dél) (k17 k27 1, 7—2> + Dél) (k17 k27 T1, 7—2)] ) (Elg)

/d\I/BD (Upp| V& (ki ks; 71, 79; 8) | WeD)
= (27)% exp (—/d3k In (2 sinh M“T(Tl))) 6°(ky + ko)

(2861, o3 71, 72) + £ (1 Ky 71, m) | (E-20)
/d\IJBD (WBDW?)(kbkz;Tsz;ﬁ)\‘I’BD>

= (27)” exp (—/d3k In (2 sinh BE‘;@)) (ki + ko)

[D§2) (kb ko; 71, 7'2) + Déz) (kb ko; 71, 7'2)] ) (E-Ql)

/d‘I’BD (‘I’BDW?(kl,kQ;71772;5)|‘I’BD>
= (27)% exp (—/d3k In (2 sinh BE‘;(Tl))) 5 (ki + ko)

[552)(1(1, ko; 71, 72) + 5:(32) (ki, ko; 74, 72)] , (E.22)
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F Computation of the trace of the four-point amplitude in OTOC

Now, we will explicitly compute the numerator of the OTOC for quantum «a vacua,which
is given by the following expression:

~ . . 2
Tr [e_ﬂH(Tl) [f(x7 71) f(x, 7'2)] }
exp(—2sin ytana) / / d3k1 / d*k,y / d?ks / d?ky
= d¥sp
| cosh af (2m)3 ) (2m)3
exp [i k1+k2+k3+k4) ]
(Usp| [Vl (ki, ko, k3, ky; 71, 795 )
V(l)(klyk27k37k4;7—177-2;/8)

(k17 k27 k37 k47 T1, T2 5)
pit )(k17k27k37k4;7—177—2;6> |‘IIBD> (Fl)

and

_ . . 2
Tr [eﬁH(”) [H(X, 1), I(x, 7'2)} }
9 3 3 3 3
exp(—2sin ytana) d k1 d kQ d’ks d°ky
= d¥Bp
| cosh o (2m)3 ) (2m)3
GXp k1 + k2 + k3 + k4) ]
(Usp| [Vl (ki, ko, ks, ky; 71, 72; )
A(Q)(kla k27 k37 k47 T1,T2; ﬁ)

+V3 (k17k27k3ak4a7—177-2)5)
()(k17k27k3>k4;7—177-2;ﬁ) |\IIBD>' (Fz)

Further, our aim is to compute the individual contributions which are given by:
/d‘I’BD (Wep VY (ki ko, kg, ka; 71, 79; 8) | WeD)
_ / AWsp (Uple 70 FO (k) Ky, ks, ks 71, 7)| Un), (F.3)
/d‘PBD (Upp V5" (k1. ko, ks, ka; 71, 7: )| Up)

= /d‘I’BD <\I’BD|6_M{(H) 7\5(1)<k17k2ak37k4§7_177_2)|‘1}BD>7 (F4)
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/d‘IfBD <\IJBD|]/}3E1)(k1;k27k3ak4§7—1772§6)|\I]BD>
:/dquD (Upple ?7) T.W(ky ko, kg, ky: 71, 7) | Upp),  (F.5)
/d‘I’BD (Wgp Vi (ki ko, ks, ka; 71, 79; 8) | WeD)
—~ / dUpp (Upple P T (k) Ky, ks, ky; 71, 72)|¥np).  (F.6)
and
d¥sp (Vep|V{” (ki, ke, ks, ka; 71, 72: 8)|¥pp)
- / dUsp (Upple ) T2 (k) ky, ks, ka; 71, 72)| gD, (F.7)

VYBD ‘I’BD|V2 (k1, ko, ks, ku; 71, 72; 8)|VBD)

/
/ d
= / dUgp (Upple P T2 (k) ko, ks, ka3 71, 72)| D), (F.8)
/d‘I’BD ‘IJBD|V3 (ki, ko, k3, ky; 71, 72; B)|¥BD)

_ / AW (Upple T TO (1 1y, ke, ki 71,7) [ Unn). (F.9)
/d‘I’BD \I’BD|V4 (ki, ko, ks, ky; 71,725 3)|¥BD)

= / dUgp (Upple P Tk, ko, ks, ku; 71, 72)| D). (F.10)

Let us evaluate one by one each of the contributions, which are given by:

/d\I/BD (‘IJBD]e_’Bﬁ(“) A, Ay Ok O, | UBD) = 0, (F.11)
/d\IJBD (Upple™ BH() k A, Qx5 0k, | YBD) = 0, (F.12)
/d\IIBD (Upple™ BH(m) aklaikzakgak4|\PBD) =0, (F.13)
/d\I’BD (Upple™ BH() atklaik2ak3Gk4|\PBD>

= (2m)%exp (— (1 + %53(0)) /d3k In (2 sinh BE“Q(H)»

[6% (k1 +ka) 0% (ko + k3) + 6° (k1 + k3) 6° (ko + ka)] . (F.14)

/d\IlBD <\IJBD|€_ﬁﬁ(T1) aklakzaikgak4|\IJBD) == 0, (F15)
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/d\pBD (Wpple ™ o\ ayaly a,[VeD)

= (2m)% exp (— (1 + %53(0)) / d°k In (2 sinh BE“T(H)»

(6% (k1 + ko) 0% (ks + ka) + 6° (ki + ku) 6% (ko + k3)] |
/d\I’BD <\IJBD|€_/BFI(T1) aklaikQGEkgak4|\I’BD>
= (2m)% exp (— (1 + %53(0)> /d3k In <2 sinh BE“;H)))
[53 (k1 + ko) 0° (k3 + ka) + 6° (kq + k3) 6% (ko + k4)] )

dVpp (Ugple 4 CLT_klaT_kQaT_kgakA‘I’BD) =0,

d\IfBD <\I/BD|€_’3H(T1) aklakQak?)aikJ\IJBD) = 0,

—— —

d\IfBD <\IJBD ’ eiﬁH(Tl) &T_kl Ak, Ak, (lT_k4 | ‘I/BD>

= (27m)%exp (— (1 + %53(0)) /d3k In (2 sinh ﬁE‘;(Tl)))

[6% (k1 + ko) 0° (ks + k) + 6° (ki + ks) 6% (ko + k4)] |
/d\I’BD <\IJBD’€_5H(T1) aklaT_k2ak3aT_k4‘\I]BD>
= (2m)%exp (— (1 + %53(0)) /d?’k In (2 sinh BEI;(Tl))>
(6% (k1 + ko) 6° (ks + ky) + 6% (ki + ka) 6° (ko + k3)] |,

/d\IfBD <\I/BD|€_’BH(T1) atklaikQak?)aikA\IlBD) =0,

/d‘IfBD <\IJBD|676H(T1) aklak2a1k3aik4|‘1’BD>

= (27)%exp (— (1 + %53(0)) / d’k In (2 sinh 5E“T(Tl))>

[6% (k1 + k3) 0% (ko + k) + 6° (ki + ky) 6% (ko + k3)] |

d¥Vsp <\I/BD’67ﬁH(T1) aT_klakQaT_kSaT_kJ\I!BD) =0,

d\I/BD <\I’BD|6_BH(T1) CLklaJr_kzaJr_k3aT_k4|\IlBD> = O,

—— —

d\I/BD <\IJBD|€_’BH(T1) atklaikQaikgaik4|\PBD> =0.
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Further, introducing the normal ordering we get:

/d‘IfBD <\IJBD| . 675[:[(7—1) Ak, Ak, Ak5 Ak, - ’\I]BD> = 0, (F27>
/d‘I’BD (Upp| : e BHm) of !, Ok, Q15 Ok, < | ¥BD) = 0, (F.28)
/d\I/BD (Upp| : e PHM aklaikQaksam : |[¥gp) =0, (F.29)

<\I/BD| . 6_5H(Tl) CLT klaT_kQG/kgak4 . |\IJBD

)
= eXp( /dk In QSinhBEkQ(Tl))>

[6% (k1 + ka) 6 (ko + k3) + 6% (k1 + k3) 6° (k2 + ka)],  (F.30)

/d\I/BD \IJBD’ —BH(m) aklakQatksam : |\IIBD> = 0, (F31)
/d\DBD (Upp| : e Y aT—klakgaT_ksam : |¥BD)

= (2m)%exp (—/d3k In ( 2sinh M‘;(Tl)))

[0% (ky + ko) 6% (ks + k) + 0% (ky + kq) 8 (ko + ks)],  (F.32)
)

/d\I’BD (Usp| : e PH() aklaT_kQaT_k3ak4 . | ¥sp

= (27m)%exp (—/dgk In ( 2sinh 55;@)))

[6% (k1 + ko) 6° (ks + k) + 6% (kg + k3) 6° (ko + kq)],  (F.33)

/d\IfBD (Upp| : e —BH™) ¢ klatkzaT 1%, © |[¥BD) =0, (F.34)
/d\IfBD <\IJBD’ : eiﬁﬁ(ﬁ) aklakzakga K4 |‘I}BD> = 0 (F35)
/ dUsp (Uppl| : e 1™ ol ay,ar,a’y, : [Vpp)

= (27)% exp (—/d3k In ( 2sinh BE“T(TI)»

[6% (k1 + ko) 0% (ks + ky) + 6° (k1 + ks) 6% (ko + k4)],  (F.36)
)

/d‘IfBD <\IJBD| : eiﬁH(Tl) Ak, CLT k2ak3 —k4 |\IIBD

= (2m)% exp (—/d3k In ( 2sinh BE‘;(TI)»

[6% (ki + ko) 0% (ks + ky) + 6° (k1 + ky) 6% (ko + k3)],  (F.37)

/d\IfBD <\IJBD’ BH(TI) a —k; GT —ko akga k4 |\IJBD> = 0 (F38)
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/d\I/BD (Upp| : e BH(T) ak, akQaTk a’y, : . [Upp)

= (27)%exp (—/d3k In ( 2sinh ﬁE‘;(Tl)))

[6% (k1 +k3) 0% (ko + ky) + 6° (k1 + ku) 6% (ko + k3)| . (F.39)

/d\I/BD <\IJBD| —BH (Tl) a —k CL1(2(I]L ks CL —ky - |\I/BD> == 0 (F40)
/d\I/BD <\IJBD’ : G_BH(Tl) ax, CZT kQaT ks —k4 |\IJBD> = 0 (F41)
/d‘I’BD (Upp| : e P GT_klaT " ks _k4 . [¥pp) = 0. (F.42)

Consequently, the individual contributions can be computed in the normal ordered form

as:

/d\I’BD (Upp| : 171(1)(1(1,1{27k3,k4;7177'2;5) . [¥BD)

= (27)%exp (— /d3k In (2 sinh BE“T(H)»

[Mff)(kl, ko, k3, ka; 71, 72) {0° (ki + ka) 0% (ko + ka) + 6% (ki + k3) 0% (ko + ka) }
+ M (et g, s ks i, 7o) {0° (ki + ko) 6° (ks + k) +6° (ki + ky) 6% (ko + k) }
F MW (ky, ko, kg, k11, 1) {07 (kg + ko) 0% (kg + ky) + 6% (ky + k) 8% (ko + ku) }
+ My (g, s ks 71, 7o) {0° (ki + ko) 6° (ks + k) + 67 (ki +ks) 0% (ko + k) }
F MY (ki ko kg, k71, 1) {07 (kg + ko) 0% (kg + ky) + 6% (ky + k) 8% (ko + k) }
FME (1 Ko, Ky, e ) {0 (O Ka) 0% (ks + ) 4+ 6° (ks + k) 8 o+ Ky)} ] (F43)

/d‘I’BD <‘IJBD| : 172(1)(1{1,1(27k37k4;7'1,7'2;ﬁ) : |‘I’BD>

= (27)% exp (— /d3k In (2 sinh BE“T(H)))

Tk ke g, Keas 71,72) {07 (4 i) 6 (g o+ Kg) + 07 (ko + ks) 67 (Ko + Ko}
+ 75 (ki ko, ks, kay 71, 72) {0° (ko + ko) 6% (ks + ) + 6% (ke + k) 6% (ko + ko) }
+T7 a Teo K i 71, ) {0° (k- Keo) 6 (I ) + 0 (lr +Ky) 07 (Jo + )}
+j1(0 (ky, ko, k3, kg; 71, 72) {(53 (k; + k) 0° (ks +ky) + 0% (kg +ks) 6° (kg + k4)}
+ T (ki ko, ks, ks 71, 70) {07 (ka4 ko) 62 (ks + ky) + 6% (K + ky) 6% (ko + ks) }
T (k1 ko, g Ky 1, 72) {07 (o 4 Ky) 87 (ko + ko) 4+ 0% (ko + ki) 7 (ko + ko) } |, (FL44)

171


https://doi.org/10.20944/preprints202102.0616.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2021 d0i:10.20944/preprints202102.0616.v1

/d\I’BD (Upp| : 9§1)(k1,k2,ks,k4;71772;ﬁ) | UgD)

= (27)%exp (— /d3k In (2 sinh BE“T(H)))

N (1 ko, e, s 7, 72) {0 (1K) 87 (ko + Ka) + 07 (K + Kg) 0% (Ko + ko) }

TN (1, ko, g, ke 71, 1) {07 (K + ko) 8% (ks + k) + 0% (kg + kq) 8° (ko + k) }

AN (p ko, kg, k7, 7o) {8% (ky + o) 8% (ks + k) + 67 (kg + k) 67 (ko + k) b

TN (ki Ko, s, ka7, 1) {07 (K + ko) 8% (s + k) + 0% (K + k) 8% (ko + k) }

<1>(k ko, ks, ky; 71, 72) {67 (ky + ko) 6 (ks + ka) + 0% (kg + ky) 6% (ko + k) }
O (K, ko, ks, ka; 71,72) {08 (K + Ks) 0% (Ko + Ka) + 6% (ky + ky) 6% (ko + kg)}} . (F.45)

/d‘I’BD (Upp] %1)(1{1,1{27k3,k4;7177'2;5) . [¥BD)

= (27)% exp (— /d3k In (2 sinh BE“T(H)»

[ O (ky, ko, ks, ki 71, 72) (0% (kg + Ka) 0 (ko + ks) + 0% (ky + ks) 6% (ka + k)

}
+Qé1 (ki, ko, kg, ka; 71, 72) {53 (ki + ko) 6° (k3 + ky) 4 0% (k; + ky) 6% (ko + k3)}
+OM (ki ko, ks, ku; 71, 72) (6% (k1 + ko) 8% (ks + k) + 6% (ky + k) 6% (ky + ki) }
+Q%)(k1’ ko, K3, ka; 71, 72) {53 (ki + ko) 6 (k3 + ky) 4 0% (k; + ks) 6% (ko + k4)}
+Q1) (ki ko, ks, ks 71, 72) {0% (K1 + ko) 0° (ks + k) + 0% (ki + k) 6% (kp + ks) }
O (1, Ko K ki 7, m) {07 (1 + Kg) 0% (o + i) + 67 (ks + Ka) 87 (Ko + ko) } | (FL46)

and

/d\I’BD (Upp| : 91(2)(1(1’1(2,ks,k4;71,72;5) . [¥Bp)

= (27)%exp (— /d3k In (2 sinh BEkT(Tl)))

M (kKo e, e 7, 72) {07 (K +Ky) 6 (s + Kg) + 07 (ke + kg) 0 (ks + K}
+MP (ki ko, ks, k71, 72) 0% (ki + ko) 0° (ks + ka) +0° (K + k) % (ko + k) }
+M(72) (ki ko, k3, ks 71, 73) {53 (ki + ko) 6% (k3 + kq) + 0° (ky + k3) 6% (ko + k4)}
FME ko, K i, ) {8° (1 -+ o) 6% (ks + k) o+ 6° (s + K)o + K )
+M§21 (k1, ko, ks, ka; 71, 72) {53 (ki + ko) 6% (k3 + ky) 4 0% (ky +ky) 6% (ko + k3)}
M (ki Ko K ki 71, m2) {07 (K + g) 6 (Ko o K)o+ 6% (Ko + i) 6 (ka Ko ], (FL47)
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/d\I’BD (Upp| : 92(2)(1(1,1(2,ks,k4;71772;ﬁ) | UgD)

= (27)%exp (— /d3k In (2 sinh BE“T(H)))

[jf)(kl, Ko, ks, Ka; 71, 72) {67 (Ky + Ka) 0% (Ko + ks) + 6% (ky + ks) 6 (ko + ki) }
+j6(2 (ki, ko, ks, ka; 71, 72) {6% (ki + ko) 6% (ks + ka) 4+ 6° (ki + ka) 6° (ko + ks) }
) (ky, ko, kg, Ky; 71, 2) {6° (k1 + k) 0° (k3 + ka) + 6% (k1 + k3) 6% (ko + ka) }
+jm (ki, ko, k3, ka3 71, 72) {6° (ki + ko) 6% (ks + ky) + 6° (ky + k3) 0° (ko + ka) }
+ 72 (ky, ko, k3, ka; 71, 72) {6° (k1 + ko) 6° (k3 + ka) + 6% (k1 + ka) 6% (ko + k3) }
+$3 (k1, ko, ks, ka; 71, 72) {6 (ki + k3) 6% (ko + ka) 4+ 0° (ki + ka) 6° (ko + kg)}} ,  (F.48)

/d‘I’BD (Upp| : 9§2)(k1,k27k3,k4;7177'2;5) . |[¥gD)

= (27)% exp (— /d3k In (2 sinh BE“T(H)»

[ 4(2) (k17 k27 k37 k47 T1, 7—2) {63 (kl + k4) 53 (kg —+ k3) + 53 (kl + k3) (53 (k2 —+ k4)}

AN (ky, ko, kg, k7, 70) {0% (ky + ko) 6% (ks + k) + 67 (kg + k) 67 (ks + k) b
AN (ky, ko, kg, ka7, 1) {6° (Ko + ko) 82 (ks + ka) + 6% (K1 + k) 8% (Ko + k) }
AN (k1 ko, kg, k7, 1) {8% (ko + ko) 6% (ks + k) + 67 (kg + k) 67 (ko + k) b
TN (K1, Ko, ks, ka7, 7) {0 (K + ko) 8% (s + k) + 0% (K + kq) 8% (ko + k) }
+N13 (k, Ko, ks, k71, 72) {0° (K + ks) 0 (ko + ky) + 0% (kg + k) 0% (ko + kg)}} . (F.49)

/d‘I’BD (Upp| : 94{2)(1{1,1(27k3,k4;7'1>7'2;5) . [¥BD)

= (27)%exp (—/d3k In (2 sinh BE“Q(TI)))

O (k1. o, ey Ky 71, 72) {07 (Ko 4 i) 87 (ko + k) + 0% (Ky + Kg) 67 (ks + k)

}
+O) (ky, ko, kg, k71, m2) {07 (ky + ko) 0% (kg + ky) + 6% (ky + k) 8% (ko + k) }
+Q7 (ki ko K ey 71, 72) {0° (ki + ko) 6° (ks + k) + 67 (ki +ks) 6 (ko + ky) }
+O (ko kg, e 71, 72) {8° (et + ko) 8 (kg + ko) + 0% (ko + k) 6% (ko + k) }
+OP (1, ko, ks ks 71 m0) {0% (K + ko) 07 (ks + k) + 0° (o + ki) 0% (ky + Kes) )
+O (ki o g, ki 71, ) {6° (ki + Ky) 0% (o + i) + 6% (Ko + k) 8% (ke + ko) } | (F.50)
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G Time dependent two-point amplitude in OTOC

We define the following momentum integrated time dependent amplitudes, which are given

L
By(T,7): = / K dky Pi(ki, —ki; T, 7)
k

1=0
L
- / R b [P (D) () fia (T ()
_fikl (T)f—k1 (T) - fk1 (T)le (T)}
— (—T)%_V(—T>%_V [Z((ll))(Tl,TQ) + Z<(21))(71,7'2) = Z((é))(ﬁ,ﬁ) - Z((i))(ﬁﬂb)} , (G.1)

and

L
By(T,7) : = / K dki Pa(ki, —ki; T,7)
k

1=0

L
[ Rk [ (DT () + I (DI, (7)
k1=0
I (P (T) = Tl (1)1, ()]
= (=T (=13 [ 28 (rm) + 28 (rm) = 25 (rm) = Z3)(mm)] (G2)

where we have introduced the time dependent four individual amplitudes, Z ((1.1)) (T,7)Vi=

1,2,3,4 and 7% T,7)Vi=1,2,3,4, which are given by the following expressions:
(4)

29 = [ R A ) (@3)

zgjrn = | B dks [, (1) (7), (G.4)

Ziy(T.7) = /k ILO ki dky fio (7)Fi (T), (C.5)

Z)(T.7) = /k ILZO kL dky o (7)o (T), (G.6)
and

2y (T.7) = K dky T (715, (7). (@.7)

Z8(r) = [ b I (DT ), @3)
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L

2 (T, 7) = /k B kY dky T, (7)1, (T), (G.9)
L

Z((T,7) = /k Rk T (1) (T), (G.10)

which we are going to explicitly evaluate in this Appendix.
Now before going to evaluate the individual contributions from the symmetry properties
of the momentum dependent amplitudes we have derived the following results:

24 (T,7) = (=1)~ 0 z0(T, 7), (G.11)

ZG(T,7) = (=170 20T, 7), (G.12)
and

25 (1, 7) = (1)@ (T, 7), (G.13)

ZG(T,7) = (=17 2T, 7), (G.14)

using which the simplified form of the momentum integrated time dependent amplitudes
can be written as:

|
<
Lom—
—_
+

(_1)—(2u+1)] (Z(l)(T,T
—v [1 + (_1)—(2u+1)] (Z(l)(T,T

[SICEE ST
~—
|
N
=
—~~
~
3
N~—
~—
—~
Q
[S—Y
ot
S~—

|
N

w
iy
~

\1
Nt
—
Q
—_
=

Consequently, the desired two-point OTOCs can be computed in the present context as:
! 1 1, N1, —@1)] () (1)
Y1 (T7 T) = _ﬁBl(T; 7-) = (_T)2 (_T)2 [1 + (_1) } (Z(g) <T7 T) - Z(l) (T7 T)) ) (G17)
1
Y/ (1,7) = =55 By(T,7) = (=T)3(=r)3 " [L4 (=1) 7] (z<2>(T, 7 — 2T, 7)) (G.18)

3
2

®3) (1)

The expressions for (Z(%) (T, 1) — Z((ll)) (T, 7')) and (Zg)) (T, 1) — Z((f)) (T, 7')) are given by

the following expressions:

(A - B?)

- (T
—T*(—iL(T = 7))*T (4 = 2v, =i L(T — 7))
~T?(iL(T — 7))*T(3 — 2v,iL(T — 7))
~T*GL(T — 7))*T(4 — 2v,iL(T — 7))

—7*(—iL(T — 7))*T'(3 — 2v, —iL(T — 7))

2(—iL(T — 7))*T(4 — 2v, =i L(T — 7))

-2 <—T2(—iL(T — 7—))2”{‘(3 —2u,—iL(T — 7))

.
-7
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—7?GL(T — 7))*T(3 — 2v,i L(T — 7))

—7?(iL(T — ))2”r(4 2v,iL(T — 7))

(=T)T(5 — 2v)(—iL(T — 7))*

+T(3 = 20)(T — 7)° ((—iL(T — 7)) + (iL(T — 7))*)
+0(4 —2v)(T — 7)* ((—iL(T — 7))* + (iL(T — 7))*)
—7TT(5 — 2v)(iL(T — 7))*

+27T (=i L(T — 7))*T'(3 — 2v, —i L(T — 7))
27T (—iL(T — 7))*T(4 — 2v, —i L(T — 7))
+7T(—iL(T — 7))*T(5 — 2v, =i L(T — 7))

7)
+27T(iL(T — 7))*T(3 — 2v,iL(T — 7))
+27T(iL(T — 7))*T'(4 — 2v,iL(T — 7))

+7TGL(T — 7)*T(5 — 2v,i L(T — T))) : (G.19)

i (A% — B?) L%
AT>(T — 7)1

—ATvrT(—2v)(—iL(T — 7))*
—AT* T (= 2v) (- @L(T 7)*
+8T?v7? T (—2v) (=i L(T — 7))*
427370 (—2v) (—iL(T — 7))*
— 4T3l (—2v)(—iL(T — 7))*
+TT(=2(v + 1)) (—iL(T — 7))*
427 T (=2(v + 1) (=i L(T — 7))*
— 4T (=2(v + 1)) (—iL(T — 7))*
+7 0 (=2(v + 1)) (=i L(T — 7))*
—16TV* T (—2(v + 1)) (—iL(T — 7))*
—ATT°T(=2(v + 1)) (=i L(T — 7))*
+16Tvr*T(=2(v + 1)) (=i L(T — 7))*
AT VT (—2(v + D)) (—iL(T — 7))*
+6T*7°T(=2(v + 1)) (=i L(T — 7))*
+24T*° 7T (=2(v + 1)) (=i L(T — 7))*

2 2
<Z((3)) (T’ T) - Z((l)) (Ta T)) - -

(2T73F(—2u)(—iL(T —7))%

176


https://doi.org/10.20944/preprints202102.0616.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2021

—24T*vr T (—2(v + ) (—iL(T — 7))*
— 4T (=2(v + 1)) (=i L(T — 7))*
—AT*T(=2(v + 1)) (=i L(T — 7))*
—16T3 70 (—2(v + 1) (—iL(T — 7))*
+16T°vrD(=2(v + 1)) (—iL(T — 7))*
+4T*7°T(1 — 2v) (=i L(T — 7))*

4T3y (=20, —iL(T — 7)) (—iL(T — 7))
—T0(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*

— 427 T (=2(v 4+ 1), =i L(T — 7)) (=i L(T — 7))%
+4vT'T(=2(v + 1), =i L(T — 7)) (=iL(T — 7))*
—7(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
FI6TV2 T (=2(v + 1), —iL(T — 7)) (—iL(T — 7))
AT (=2(v + 1), —iL(T — 7)) (—iL(T — 7))
16T (=2(v + 1), —iL(T — 7)) (—iL(T — 7))*
—AT"WT(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
—6T*7T(—2(v + 1), =i L(T — 7)) (—iL(T — 7))*
24T 720 (=2(v + 1), —iL(T — 7)) (=i L(T — 7))*
+2UT?0r T (=2(v + 1), —iL(T — 7)) (—iL(T — 7))
HATWE(=2(v + 1), =i L(T — 7)) (=i L(T — 7))
+AT3 T (=2(v + 1), = L(T — 7)) (=i L(T — 7))*
F16T? V27T (=2(v + 1), —iL(T — 7)) (—iL(T — 7))*
—16T3vrD(=2(v + 1), —iL(T — 7))(—iL(T — 7))*
—T*T(—2v — 3, —iL(T — 7)) (—iL(T — 7))*

— 47D (=20 — 3, —iL(T — 7)) (—iL(T — 7))*
AT T (=20 — 3, —iL(T — 7))(—iL(T — 7))*

—7* (=20 — 3, =i L(T — 7)) (=i L(T — 7))*

F16T 27T (=2v — 3, —iL(T — 7)) (—iL(T — 7))*
+ATTT (=20 — 3, =i L(T — 7)) (=i L(T — 7))*
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—16Tvr*T(—2v — 3, —iL(T — 7)) (—iL(T — 7))*
—4T*PT(=2v — 3, —iL(T — 7))(—iL(T — 7))*
—6T*7°T(—2v — 3, —iL(T — 7)) (—iL(T — 7))*
24T (— 20 — 3, —iL(T — 7)) (—iL(T — 7))*
+24T?0 7T (=20 — 3, —iL(T — 7)) (—iL(T — 7))*
+AT*VI (=20 — 3, —iL(T — 7)) (—iL(T — 7))*
+4T37T (=20 — 3, =i L(T — 7)) (=i L(T — 7))*
H16T32 7T (—2v — 3, —iL(T — 7))(—iL(T — 7))*
—16T3urD (=20 — 3, —iL(T — 7)) (—iL(T — 7))*
+2T*T (=2 — 1, —iL(T — 7)) (=i L(T — 7))*
—4vr' (=20 — 1, —iL(T — 7))(—iL(T — 7))*
427 (=20 — 1, —iL(T — 7)) (— z’L(T 7))

+4T1/273F( 2v—1,—iL(T —7))(—iL(T — T))ZV
3T (—20 — 1, —iL(T — 7))(— T - )"
ATV (=20 — 1, —iL(T — 7))

(~iL(T = 7))
+2T87°T (=2 = 1, ~iL(T = ))(=iL(T — 7))
ST (=20 — 1, —iL(T = 7))(=il(T = 7))*

— ATl (=20 — 1, =i L(T — 7)) (=i L(T — 7))*
—37%T(—2v — 1, =i L(T — 7)) (=i L(T — 7))*
4T3 (—2v — 1, —iL(T — 7)) (—iL(T — 7))*
+4T?*v7r0 (=20 — 1, —iL(T — 7)) (—iL(T — 7))*

—AT?*7*T(1 — 2v, =i L(T — 7)) (=i L(T — 7))*
+2T(iL(T — 7))*7°T(—2v)

—ATv(iL(T — 7)) 730 (—2v)

—AT*(iL(T — 7))*'7°T(—2v)

+8T°v(iL(T — 7)) 7°T(~2v)

+2T3GL(T — 7)) 7T (—2v)

—ATv(iL(T — 7))* 7T (~2v)

+T*GL(T — 7))*T(=2(v + 1))

HATW(L(T — 7)) T(=2(v + 1))
—AT'w(L(T — 7)) T(=2(v + 1))
+41%(i 2Hr(—2(v + 1))

L(T - 7))
—dw(iL(T — 7)) 7T (=2(v + 1))
HL(T — 7)) 7T (=2(v + 1))
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—16TV2 (i L(T — 7))* 7T (=2(v + 1))
—ATGL(T — 7))*7°T(=2(v + 1))
+16Tv(iL(T — 7))*7°T(=2(v + 1))
+6T2(iL(T — 7))*7°T(=2(v + 1))
24TV (i L(T — 7))*7°T(—2(v + 1))
—24T*v (i L(T — 7))* 7T (=2(v + 1))
—AT*GL(T — 7))*7T(=2(v + 1))
—16T*V*(iL(T — 7))*7T(=2(v + 1))
+16T°v (i L(T — 7))* 7T (=2(v + 1))

+(1 - 2v)? ((—z’L(T —7)* + (iL(T — T))2”>
(T — 7)*T(—2v —3) + (2v — 1) ((—@'L(T — 7))

+(iL(T — T))2”> (T —7)* (27% = 2v7T + 7T + 27°) T(—2v — 1)

+AT?*(GiL(T — 7))*7°T(1 — 2v)
—2T(iL(T — 7)) 7°T(=2v,iL(T — 7))
ATV (i L(T — 7)) 7T (—2v,iL(T — 7))

+AT?* (i L(T — 7)) 7°T(—2v,i L(T — 7))
—8T?v(iL(T — 7))* 70 (=2, i L(T — 7))
—2T3(iL(T — 7)) 70 (—2v,i L(T — 7))

ATV (i L(T — 7)) 70 (=20, iL(T — 7))
~TAGL(T = 7)) T (=2(v + 1),iL(T = 7))
—ATY2(GL(T — 7)) T(=2(v + 1),iL(T — 7))
HT W (IL(T — 7)) T(=2(v + 1),iL(T — 7))

— 4G L(T — 7)) 7T (=2(v + 1),i L(T — 7))
+4v(iL(T — 7)) 7 T(=2(v + 1), iL(T — 7))
—GL(T — )7 T (—2(v 4+ 1),iL(T — 7))
+16TV2(iL(T — 7)) 7°T(=2(v + 1),i L(T — 7))
+ATGL(T — 7)) 70 (—2(v + 1),iL(T — 7))
—16Tv(iL(T — 7))*7°T(=2(v + 1),iL(T — 7))
—6T2(iL(T — 7)) 7T (=2(v + 1),iL(T — 7))
—24T*V* (i L(T — 7)) 7*T(—=2(v + 1), iL(T — 7))
+-24T?v(iL(T — 7))* 7T (=2(v + 1),iL(T — 7))
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FAT3(iL(T — 7)) 70(=2(v 4+ 1),iL(T — 7))
+16T3 V(i L(T — 7)) 70(=2(v + 1),iL(T — 7))
—16T°v (i L(T — 7))*7T(=2(v + 1),iL(T — 7))
~T*GL(T — 7))*T(=2v — 3,iL(T — 7))

— ATV L(T — 7))*T(—2v — 3,iL(T — 7))
+AT* (i L(T — 7))*T(—2v — 3,iL(T — 7))
—42(iL(T — 7)) 7*T(=2v — 3,iL(T — 7)
+4v(iL(T — 7))* 7T (—2v — 3,iL(T — 7))
~GL(T — 7)) 77 (—2v — 3,iL(T — 7))
16TV L(T — 7)) 7T (—2v — 3,iL(T — 7))
+AT(iL(T — 7))*7°T(=2v — 3,iL(T — 7))
—16Tv(iL(T — 7))*7°T(—=2v — 3,iL(T — 7))
—6T?(GL(T — 7)) 7T (—2v — 3,iL(T — 7))
—24T*V*(iL(T — 7)) 7°T(=2v — 3,iL(T — 7))
+24T*v (i L(T — 7))* 7T (=20 — 3,iL(T — 7))
HAT3 (i L(T — 7)) 70 (=20 — 3,iL(T — 7))
16TV (i L(T — 7))* 7T (—2v — 3,iL(T — 7))
—16T°v (i L(T — 7))*7T(=2v — 3,iL(T — 7))
2T (i L(T — 7))*T (=20 — 1,iL(T — 7))
—AT*v(iL(T — 7))*T(—2v — 1,iL(T — 7))
—4v(iL(T — 7))* 7T (=2v — 1,iL(T — 7))
26 L(T — ) 7T (—2v — 1,iL(T — 7))
+ATV*(iL(T — 7))*7°T(=2v — 1,i L(T — 7))
—3TGL(T — 7)) 7°T(—2v — 1,i (T — 7))
+ATv (i L(T — 7))* 7T (=2v — 1,iL(T — 7))
2T L(T — 7)) 7°T(=2v — 1,iL(T — 7))
—8T*V*(iL(T — 7))*7°T(—2v — 1,i L(T — 7))
—3T*GL(T — 7)*7T(=2v — 1,i L(T — 7))
HAT* VG L(T — 7)*7T(=2v — 1,i L(T — 7))
ATV (i L(T — 7)) 70 (=20 — 1,iL(T — 7))

)

—AT?*(GL(T — 7))*7°T(1 — 2v,i L(T — T))> : (G.20)

For massive fields one can obtain the above mentioned results for the two types of the

180


https://doi.org/10.20944/preprints202102.0616.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2021 d0i:10.20944/preprints202102.0616.v1

integrals by taking the analytic continuation from v to —i|v|.
Now in the super-horizon limit we get the following simplified results for the two point
integrals:

(28r.m) - 2g)r.m)) = T (F<3 — 20) ((—IL(T = 7)) + (L(T = 7))

+(—iL(T — 7)) (=3 = 2v, —i L(T — 7))

—(GL(T — 7))*T(3 — 2v,iL(T — T))) . (G.21)

@ @ I
(28 @ -z1m) = 5

(A2(T — 73 (—2v — 3) = I'(—2v — 3, —iL(T — 7)) (—i L(T — 7))*

—B*(T — 7)*(I'(—2v — 3) = I'(=2v — 3, —iL(T — 7)) (—iL(T — 7))*
+4A2A(T — 7)*(T'(—2v — 3) = T(—=2v — 3, = L(T — 7)))(—iL(T — 7))
—4B*A(T — 7)3(T(—2v — 3) — I'(—2v — 3, =i L(T — 7)) (—iL(T — 7))*
3 ) )2
)

—4A (T — 7)3(T(—2v — 3) = T(—2v — 3, =i L(T — 7)))(—iL(T — 7))*
+4B*v(T — 7)*(D(=2v — 3) — I'(—2v — 3, =i L(T — 7)) (=i L(T — 7))*
—2A*T*T — 7)(I(—2v — 1) = ['(—2v — 1, —iL(T — 7)) (=i L(T — 7))*
+2B°T*T — 7)(T(=2v — 1) = T(=2v — 1, —i L(T — 7)))(—iL(T — 7))*
H4A*T*u(T — 7)(D(=2v — 1) = T'(—2v — 1, = L(T — 7)) (=i L(T — 7))*
—AB*T*u(T — 7)(T(—2v — 1) = T'(—2v — 1, =i L(T — 7)) (—iL(T — 7))*
+2A* 7% (1 — T)(T(=2v — 1) = T(=2v — 1, =i L(T — 7)))(—iL(T — 7))*
—2B%7* (1 = T)(T(=2v — 1) = ['(—2v — 1, =i L(T — 7)) (=i L(T — 7))*
—4A*vr* (1t - T)(T(-2v — 1) = (=20 — 1, =i L(T — 7)))(—iL(T — 7))*
(T = 7)) (=iL(T = 7))*

T)( )
+4B* v (r = T)(I'(—2v — 1) = T'(=2v — 1, = L(T — 7)
— 44 A’LT*r*(T(1 — 2v) — T(1 — 2v, =i L(T — 7)))(—iL(T — 7))*~
+4B%*LT*r*(I'(1 — 2v) — T'(1 — 2v, =i L(T — 7)) (—iL(T — 7))*~
+AXT — 1)’ (iL(T — 7)) (T(=2v = 3) = [(—2v — 3,iL(T — 7)))
+4 AT — 73 (GL(T — 7)) (0(—2v — 3) = T'(—2v — 3,iL(T — 7))
—4A*(T — 7)*(iL(T — 7))*(I'(—2v — 3) — I'(—2v — 3,iL(T — 7)))
+4B*(T — 7)*(GiL(T — 7))*(T(—2v — 3) — I'(—2v — 3,iL(T — 7))
+B2(iL(T — 1)) (1t = T)*(I'(—2v — 3) — ['(—2v — 3,iL(T — 7)))

)
)
)
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+4B*V2 (G L(T — 7))* (1 — T)*(T(=2v — 3) — I'(—2v — 3,iL(T — 7)))

—2A*T*(T — 7)GL(T — 7))*(I(—2v — 1) = I'(=2v — 1,i L(T — 7)))
+2B*T*(T — 7)(iL(T — 7))* (T(=2v — 1) = ['(=2v — 1,iL(T — 7)))
H4A*T* (T — )G L(T — 7))*(0(—2v — 1) = I'(—2v — 1,iL(T — 7))

N*([(—2v — 1) = T(=2v — 1,iL(T — 7)))

—4B*T*v(T — 7)(iL(T —
+2A2(iL(T — 7)) 7%(r — T)(I'(—2v — 1)
—2B?GiL(T — 7))*7*(r = T)(I'(=2v — 1) —
—4A*v (i L(T — 7)) 7*(r — T)(I'(—2v — 1) —

+4B*v(iL(T — 7)) 7%(r — T)(I'(—2v — 1) —
—4iB?’LT*(iL(T — 7))* '72(T'(1 —

—I'(—2v - 1,iL(T —71)))
I(—2v — 1,iL(T —7)))
(—2v — 1,iL(T — 1)
I'(—2v —1,iL(T — 1)
—TI'(1 —2v,¢L(T —71)))

)

)™ )
) )

2v)

+4A%LT?* (G L(T — 7))* ' 72(T(1 — 2v) — T'(1 — 2v,i L(T — T)))> (G.22)

Further in the sub-horizon limiting case the two-point time dependent integrals turns out

to be:
(2807 - Zrm) = - =B <F<5 ~ 20) (LT = ) + GLT - 7))
+(—iL(T — 7)) (=T'(5 — 2v, =i L(T — 7)))
—(GL(T — 7))*T(5 — 2v,i L(T — T))> : (G.23)
2 2 i(A* - B*) L™ 2 - 2w
(Z((3))(T, ) — 23T, T)) - T = (—2T D(=2v)(=iL(T — 7))
+4v T (—=20) (=i L(T — 7))*
—27°T(—2v)(~ Z'L(T )%
+AT*VT (—2v)(—iL(T — 7))*
FATTT(=20) (—i L(T — 7))*
—8TvrT(—2v)(—iL(T — 7))*
42720 (—2v, —i L(T — 7)) (—iL(T — 7))*
—4u7?T(—=2v, —iL(T — 7)) (—iL(T — 7))*
42720 (—2v, —i L(T — 7))(— zL( — 7))
— ATl (=2v, —iL(T — 7)) (=i L(T — 7))
—ATTD(=2v, =i L(T — 7)) (=i L(T — 7))*
+8Tvrl(—2v, —iL(T — 7)) (—iL(T — 7))*
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—TT(—2v — 1, —iL(T — 7)) (—iL(T — 7))*
—AT*T(—=2v — 1, —iL(T — 7))(—iL(T — 7))*
— 427 (=20 — 1, =i L(T — 7)) (=i (T — 7))
F AT (—20 — 1, —iL(T — 7)) (—iL(T — 7))*
—720(=20 — 1, —iL(T — 7)) (=i L(T — 7))*
+AT* VT (=20 — 1, —i L(T — 7)) (=i L(T — 7))*
+8TV* D (—2v — 1, —iL(T — 7)) (—iL(T — 7))*
42770 (—2v — 1, =i L(T — 7)) (—iL(T — 7))*
—8TvrT (=20 — 1, —iL(T — 7)) (=i L(T — 7))*
+ATTT(1 — 2u, =i L(T — 7)) (=i L(T — 7))*
—2T*(iL(T — 7))*T(—2v)

+AT?*v(iL(T — 7))*T(-2v)

FAV(iL(T — 7)) 720(=2v) — 2(iL(T — 7)) 70 (—2v)
+AT(iL(T — 7))* 70 (—2v)

—8Tv(iL(T — 7))*7T(—2v)

+(1—2v)° ((—z’L(T —7)* + (L(T - T))2”> (T —7)°T(=2v — 1)

—4T ((—iL(T —7)* + (iL(T — T))2”> (1 - 2v)

+2T*(GL(T — 7))*T(=2v,iL(T — 7))
—AT?v(i L(T — 7))*T(—2v,i L(T — 7))
—4v(iL(T — 7))*7°T(=2v,iL(T — 7))
+2(i L(T — 7))* 70 (=20, i L(T — 7))
—ATGL(T — 7)) 70(=2v,i L(T — 7))
+8Tv(iL(T — 7)) 70 (—2v,i L(T — 7))
~T?*(iL(T — 7))*T(—2v — 1,iL(T — 7))
—AT*V?*(iL(T — 7))*T(=2v — 1,iL(T — 7)
+4AT*v (i L(T — 7)) T'(—2v — 1,iL(T — 7))
— 42 (iL(T — 7))* 70 (=2v — 1,i L(T — 7))
+4v(iL(T — 7)) 70 (=2v — 1,iL(T — 7))
—(iL(T — 7))*7°T(=2v — 1,iL(T — 7))
+8TV?(iL(T — 7))*70(=2v — 1,i L(T — 7))
+2TGL(T — 7)) 70(=2v — 1,i L(T — 7))
—8Tv(iL(T — 7)) 70 (=2v — 1,iL(T — 7))

)

+AT(iL(T — 7)) 70(1 — 2v,i L(T — 7))> (G.24)
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H Time dependent four-point amplitudes in OTOC

We define the following momenta integrated time dependent amplitudes for [ = 1,2, which
are given by:

L L
IO, ) ;:/ k2 dkl/ k2 dky 28 (ky, ko, —ko, —K1: 71, T2), (H.1)
k k

1=0 2=0
L L
IV (1, ) ::/ k2 dk:l/ k2 dky 260 (ki K, —ko, —ki: 71, 72), (H.2)
k1=0 ko=0
L L .
Ts(m1, 72) :—/ K2 dk1/ k2 dky EV (K, ko, —ko, —k1: 71, T2), (H.3)
k1=0 ko=0
l L L l
IV (1, 1) ::/ k2 dk:l/ k2 dky EV (K, ks, —k1, —ko: 71, T2), (H.4)
k1=0 ko=0
l L L l
IO, 1) = / k2 dk, / k2 dky ED) (ki ko, —k1, —ko: 71, T2), (H.5)
k1=0 ko=0
l L L l
IV (1, 72) ;:/ k2 dk:l/ k2 dks EY (1, ko, —ko, —k1; 71, T), (H.6)
k1=0 ko=0
l L L l
Y (1, ) ::/ k2 d/ﬁ/ k2 dky EV (K, =k, Ko, —Ko: 71, T2), (H.7)
k1=0 ko=0
l L L l
IV (1, 72) ::/ )2 dk:l/ k2 dky ED) (K1, —k1, ko, —ko: 71, T2), (H.8)
k1=0 ko=0
l L L l
IV (11, ) ::/ k2 dk:l/ k2 dky £V (K1, —k1, Ko, —Ko: 71, T2). (H.9)
k1=0 ko=0

From the symmetry properties of the momentum dependent amplitudes we have derived
the following results for [ = 1,2, which are given by:

—

Iél)(Tl,Tg) = (—1)4”I§ )(7'1,7'2) with weight we = 2, (H.10)
IV (r, 1) = (=1D)*ZY(r, 1) with weight ws = 1, (H.11)
IV(r,7) = (-1)*TV(r,7)  with weight w, = 1, (H.12)
Iél)(Tl,Tg) = (—1)2”I§l)(7'1,7'2) with weight ws =1, (H.13)
IV (r, 1) = (=1D)*ZY(r,m)  with weight we = 1, (H.14)
IV(r,7) = (-1)*TV(r,7)  with weight w; = 1, (H.15)
Iél)(Tl,Tg) = (—1)2”I§l)(7'1,7'2) with weight wg =1, (H.16)
IV, ) = (-1D)*TV(r,7)  with weight wy = 1. (H.17)

The details of the all of these regularised four-point integral computations we have given in
the following subsections. These computations are useful to construct the final expression
for the cosmological OTOC.
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H.1 Computation of Il(l)(ﬁ, 73) and If) (11, 7T2)

First of all we evaluate the amplitude integral for [ = 1, which is given by:

L
70(T,7) = /

k=

L @ (_T)1—211(_7_)1—2V 4 .1
k%dkl / kgdk284 (kh k27 _k27 _kla T7 T) = ( 1)4,, E ,Xz ' (Ta T)7
0 ka=0 o i=1

(H.18)

where we define four time dependent functions, X i(l)’l(T, T)V i =1,2,3,4, which are given
by the following expressions:

X1(1),1 _

lLf2u (AQ + B2)L3f2u N (AZ + BQ)TQLE)*QV
32 3—2v 5—2v
+AB2 ST (—iT)**(T'(5 — 2v) — I'(5 — 2v, —2iLT))
AB22 3T~ (I'(4 — 2v) — T'(4 — 2, 26 LT))
+ T2
+AB2* AT (iT)*>(T'(5 — 2v) — (5 — 2v, 2iLT))
—AB2*3(—iT)*3(I(3 — 2v) — (3 — 2v, —2iLT))
—AB2*3GT)*3(T(3 — 2v) — (3 — 2v, 2iLT))
iAB2% =3 (—iT)>(T'(4 — 2v) — T'(4 — 2v, —2z'LT))>
+
TS
y 32(A? + B*)L°T? N 32(A% + B?)L?
5—2v 3—2v
iABAY+Y(—i LT)>T'(3 — 2v, —2iLT)

T3
iABAY T (—iLT)*T(4 — 2, —2iLT)
_ =
iABAY(—iLT)2T(5 — 2u, —2LT)
_ o
iABAY T (iLT)*T(3 — 20, 2iLT)
+
T3
iABAY ' (iLT)*T (4 — 20, 2iLT)
+
T3
{ABA*(iLT)*T(5 — 2v, 2% LT)
+
T3
iABA* (20 — TT(5 — 20) ((—iLT)% — (iLT)?)
H.19
* (20 = 3)T° (F.19)
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XOT - () (B?(r(3 —2v) = T(3 = 2, —iL(T — 7))) (=i L(T —7))*

(T —71)3
B*(T + 7)(T'(4 — 2v) = T'(4 — 2v, =i L(T — 7)))(—=iL(T — 7))*
+ (T — )t
B?*T7(T'(5 —2v) — T'(5 — 2v, =i L(T — 7)))(—iL(T — 7))*
* (T —71)°
ABGL(T + 7))*(T'(3 — 2v) = T'(3 — 2v,i L(T + 7)))
_I_
(T +71)3
A2GL(T — 7))*7(T(4 — 2v) = T'(4 — 2v,iL(T — 7)))
* (T —7)t
+AB(T —7)GL(T +7))*(T(4 —2v) —T(4 — 2v,iL(T + 7))
(T +71)*
A*T(GL(T — 7)) 7(0(5 — 2v) = (5 — 2v,iL(T — 1)))
+ (T — 1)
_AZ(iL(T — 7)) —2v) —T(3 —2v,iL(T —7)))
(T —7)3
CATGL(T —71)*(0(4 = 2v) = T(4 = 2v,iL(T — 7)))
(T —71)4
_AB(—iL(T + ) (['(3 —2v) — T'(3 — 2v, —iL(T + 1)))
(T+71)3
_AB(—iL(T + ) (T(4 —2v) — T(4 — 2v, —iL(T + 7))
(T +71)3
CABTT(—iL(T +7))*(0(5 = 2v) = (5 = 2v, —iL(T + 7))
(T +71)5
CABTT(L(T +7))*(T(5 — 2v) = T'(5 — 2v,iL(T + 7)))
(T +7)°
AXT(3—2v) —T'(3 —2v, —iL(T — 7)) (—iL(T — 7))*
(T —71)3
AXT(4—2v) —T(4 —2v, —iL(T — 7)) (=i L(T — 7))*
+ (T — 1)
CATT(T(5 —2v) = T(5 = 2v, —iL(T — 7)) (=i L(T — 7))*
(T —71)°
B2(iL(T — 7))*(T'(3 — 2v) — T'(3 — 2v,i L(T — 7)))
+ (r— 1)
+AB(@'L(T +7)*(T(3 —2v) —T(3 —2v,iL(T + 71)))
(T +71)3
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_'_BQ(iL(T —N)*7(T(4—2v) —T'(4 - 2v,iL(T —1)))

(T —7)!
+ABT(2’L(T +7)(0(4—2v) —T(4 — 2v,iL(T 4+ 7)))
(T + 7)1
+ABT(iL<T + 7)) (T4 —2v) =T (4 —2v,iL(T + 7))
(T +7)*
+B2T(z’L(T —7N)*7(T(5—2v) —T(5 — 2v,iL(T — 7)))
(T —=7)°
+ABTT(iL(T +7)*(C(5 —2v) —T'(5 — 2v,iL(T + 7)))
(T +7)p
B?*T(GL(T —7)*(T'(4 — 2v) — T'(4 — 2v,i L(T — 71)))
(T —7)*
AB(—iL(T +7))*(T'(3 — 2v) = T'(3 — 2v, —iL(T + 7)))
B (T+7)°
ABT(—iL(T + 7))*(T(4 — 2v) — T'(4 — 2v, —iL(T + 7)))
B (T + 1)
ABT(—iL(T +7))*(T(4 — 2v) = T'(4 — 2v, —iL(T 4+ 7)))
- (T +7)*
ABTT(—iL(T +7))*(T'(5 — 2v) = T'(5 — 2v, —iL(T + 7)))
_ T ) (H.20)
- 1, (A2LSP2(—L)%  (A24 BY)L3(—L)> Br%(—Ly% B r(—L)*%
X5 =t ( 5_2s 3—2v T T o
+AB22V_3(iT>2V+1(F(4 —2v) —T'(4 —2v,—2iLT))
+AB22”_5(Z'7')2V+1(F(5 —2v) —I'(5b — 2v, —2iLT))

+AB2* 572 (—ir)*(D(5 — 2v) — (5 — 20, 2iL7))

+AB2* 3 (i)* *((3 — 2v) — (3 — 2v, —2iL7))

+AB2% 73 (—ir)?(T(3 — 2v) — (3 — 2v,2iL7)))

<32(A2 + B%)L°T? N 32(A?+ BY)L3 N iAB4Y (2v — T)T'(5 — 2v) ((—iLT)* — (iLT)*)

5—2v 3—2v (2v —3)T

IABA N (—iLT)T(3 — 2v, ~2iLT) iABA"+ (—iLT)*T(4 — 2v, —2iLT)
- 73 - 73

iABA (—iLT)T(5 — 2v, ~2iLT) iAB4"+*'(iLT)*T(3 — 2v, 2iLT)
- +

T3 T3

ABATLGLT)*T (4 — 2v,2iLT  AB4Y (iLT)*T'(5 — 2v, 2iLT

ABI LTV 0 HIT) | (ABYGLT) T~ 20 50T)) _—
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X0 () <BQ<P<3 —2) = T3 = 2, —iL(T = 1)))(~iL(T —7))*

(T —1)3
B?*T(I'(4 — 2v) — T'(4 — 2v, =i L(T — 7)))(—iL(T — 1))
+ (T — )t
 BPr(T(4—2v) T4 =20, —iL(T — 7)) (=i L(T — 7))*
(T —71)*
_BQTT(F(5 —20) = T'(5 = 2v, —iL(T — 7)) (=i L(T — 7))*
(T —T)°
A2(GL(T — 7))*(T(3 — 2v) = T'(3 — 2v,iL(T — 71)))
* (r—1)3
+AB(@'L(T +7)*(T(3 —2v) —T(3 —2v,iL(T +71)))
(T +71)3
A2GL(T — 7))*7(T(4 — 2v) = T'(4 — 2v,iL(T — 7)))
+ (T — 1)
+ABT(’iL(T +7)*((4 —2v) = T4 — 20,1 L(T + 71)))
(T +71)*
ABT(iL(T + 7))*(T'(4 — 2v) = T(4 — 2v,iL(T + 7))
_.I_
(T +71)%
A*TGL(T — 7)) 7(0(5 — 2v) = '(5 — 2v,iL(T — 7)))
* (T — )
+ABTT(iL(T +7)*(T(5 —2v) = T(5 = 2v,iL(T + 71)))
(T +71)°
_AQT(iL(T — )4 —2v) = T4 - 2v,i (T — 7))
(T —71)*
_AB(—iL(T + N3 —2v) —T(3 —2v, —iL(T + 7))
(T+71)3
_ABT(—iL(T + TN (T(4 — 2v) — T(4 — 2v, —iL(T + 1)))
(T +7)4
_ABT(—Z'L(T + 7)) (4 —2v) —T(4 - 2v,—iL(T + 7)))
(T +71)*
_ABTT(—iL(T + ) (T(5 — 2v) — T'(5 — 2v, =i L(T + 7)))
(T +71)5
AXT(3 —2v) —T'(3 —2v, —iL(T — 7)) (—iL(T — 7))*
(T —1)3
+A2T(F(4 —20) —T(4 —2v, —iL(T — 7)) (=i L(T — 7))*
(T —71)4
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A2r(T(4—2v) = T(4 — 2u, —i L(T — 7)) (=i L(T — 7))*

(T —71)*
_A2T7'(F(5 —20) = T(5 —2v, —iL(T — 7)) (—iL(T — 7))*
(T —71)5
AB(iL(T +7))*(D'(3 — 2v) — I'(3 — 2v,iL(T + 7)))
+
(T +71)3
B2(iL(T —7))*7(T(4 — 2v) — T(4 — 2v,iL(T — 7)))
+ (T —71)*
ABT(iL(T + 7)) (T'(4 — 2v) — T'(4 — 2v,iL(T + 7)))
_l’_
(T +71)4
ABT(iL(T 4+ 7)) (T'(4 — 2v) — T'(4 — 2v,i L(T + 71)))
+
(T +71)*
B?*T(L(T —7))*7(T'(5 — 2u) —I'(5—2v,iL(T —71)))
" (T =77
ABTT(iL(T + 7))>('(5 — 21/) ['(5—2v,iL(T +71)))
+
(T +7)5
CBPGL(T —7)*(T(3 = 2v) = T'(3 = 2v,iL(T — 7)))
(T —7)3
_B2T(z’L(T — N4 —2v) —T(4—2v,i L(T — 7))
(T —71)4
CAB(—iL(T + N(T(3 —2v) — T'(3 — 2v, —iL(T + 7)))
(T +71)3
_ABT(—iL(T + ) (T(4 — 2v) — T(4 — 2v, —iL(T + 7))
(T +7)4
_AB7(—iL(T + ) (T(4 — 2v) — T(4 — 2v, —iL(T + 1)))
(T +71)%
ABTT(—iL(T +7))*(T'(5 — 2v) = T'(5 — 2v, =i L(T + 7)))
_ o ) (H.22)

In the super-horizon limit we get the following simplified results:

X1(1),1 _

lL_QV 8(A% + B*)L3 B iABAY(—iLT)*(T(3 — 2v) — (3 — 2v, —2iLT))
8 2 —3 T3

iABAY(iLT)*(T'(3 — 2v) — (3 — 2, 2iLT))>
+ e

(A2 + B2)L*% (B2TLY%  AB4"2(—iT)>* Y (I'(4 — 2v) — T'(4 — 2v, —2iLT))
2 —3 + 4 —2u + T4
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+AB22 3 (—iT)**(I'(3 — 2v) — (3 — 2v, —2iLT))

+AB2» 3T 3(T(3 — 2v) — T'(3 — 2v, 2iLT))) (H.23)

X2(1),1 _ (_Lg)—m, _A2(z'L(T — N3 —2v) —T(3 —2v,iL(T — 7))

(T —71)3
AB(GL(T+T))*(I'(3 — 2v) — T'(3 — 2v,i L(T + 7)))
+
(r+T)3
_AB(—iL(T + T)>(T(3—2v) —T(3—2v, —iL(T +7)))
(t+T)3
+Bz(—iL(T — N3 —2v) —T(3 - 2v,—iL(T —7)))
(T —71)3
A (—iL(T — 7))*(T'(3 — 2v) — T'(3 — 2v, —iL(T — 7)))
(T —71)3
AB(GL(T 4+ T))*(I'(3 — 2v) — T'(3 — 2v,i L(T + 7)))
+
(r+T)3
_AB(—iL(1 +T7))*(T(3 — 2v) = T'(3 — 2v, —iL(T + 7))
(t+1T)3
+Bz(iL(T — )3 —2v) =T —2v,iL(T —71))) (H.24)
(r—=T)3
X?El),1 _ _%L—zu ((A2 + 3BQ_)(2;L)3—2V 1 AB (_22,,_3) (—iT)QV_g(F(3 —2v) = T'(3 — 2v,2iLT))

—AB2¥73(iT)* ('3 — 2v) — I'(3 — 2v, —22’LT))>

8(A2+ B)L?  iABA(—iLT)*(I(3 — 2v) — (3 — 2v, —2iLT))
2V — 3 T3

(H.25)

iAB4" (i LT)*(I'(3 — 2v) — ['(3 — 2v, 22’LT)))
+ e

X1 (L) (AQ(—iL(T —))2(T(3 (—Tzi);gr(s — 2w, —iL(T — 7))
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L ABGL(7 + T)*(I(3 —2v) = (3 = 2v,iL(T +7)))

(t1+T)3
_AB(—iL(T + T)* (T3 —2v) —T(3—2v,—iL(T +7)))
(r+T)3
| B(L(T — 7)*(T(3 - 2v) — T(3 = 2u,iL(T — 7))
(T —71)3
A2(iL(T — 7))*(T(3 — 2v) — T'(3 — 2v,iL(T — 71)))
(r—T)3
AB(iL(r +T))*(D'(3 — 2v) — (3 — 2v,iL(T + 7)))
+
(t1+T)3
_AB(—L(t +T7)*(0(3 — 2v) = T'(3 — 2v, —iL(T + 7)))
(t+T)3
BT =) (0 (—T2i)53r(3 — 2v, —iL(T — ﬂ))) (H.26)

In the sub-horizon limit we get the following simplified results:

1
Xl(l)vl — _T4L—2V

3 + AB2% 7P (—iT)*5(T'(5 — 2v) — I'(5 — 2v, —2iLT))

(A2 + BQ)L5—2V
5—2v

+AB2* 7 (iT)*~(D(5 — 2v) — I'(5 — 2v, 2 LT )))

32(A% + BH)L®  iAB4*(—iLT)*(T'(5 —2v) — T'(5 — 2v, —2iLT))
_|_
5—2u T5

(H.27)

iAB4"(iLT)*(D(5 — 2v) — (5 — 2u, 2iLT))>
T5

A2GL(T — 7))*(T(5 — 2v) = T'(5 — 2v,iL(T — 7)))

Xt = 22 (- L) (

(T —7)°
AB(—iL(t +T)*(T(5—2v) —T'(5b — 2v, —iL(T + 71)))
B (r+T)°
AB(GL(t+T))*(T(5 —2v) —T'(5 — 2v,iL(T + 1))
B (r+T)°
+BQ(—iL(T — NP5 — 2v) — T(5 — 2u, —iL(T — T)))>
(T —71)°
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(Az(—@'L(T — )(T(5 = 2v) = T'(5 — 2, —iL(T — 7)))

(T —T)°
AB(—iL(t +T)*('(5 —2v) = I'(5b — 2v, —iL(T + 71)))
+
(r+T)>
_AB(L(T + T)>(T(5—2v) —T'(5 — 2v,iL(T + 1)))
(r+T)>
+B2(iL(T — NG5 —2v) —T(5 = 2v,i L(T — 7)) (H.28)
(r—=T)°
D1 _ L oo [ALO(=L)® w50 \2u—5 :
Xt = —55 7 T°L (5_—2” — AB2*75(im)»5(D(5 — 2v) — T'(5 — 2v, —2iL7))

Ww—5(_ . _\w—b 9N T(F _ : B*(—L)>*
+AB2° 2 (—iT)?>(I'(5b — 2v) — (5 — 2w, 2iLT)) + -
—2u

32(A% + BY) L  iAB4(—iLT)*('(5 —2v) — I'(5 — 2v, —2iLT))
+
5—2v 75

(H.29)

iAB4"(iLT)*(D(5 — 2v) — I(5 — 2v, 22‘LT))>
T5

A2(—iL(T — 7))(0(5 — 2v) — (5 — 2, —iL(T — 7))

Xt = 27 (—13) 7 (

(T —71)5
L AB(—L(r + T))* (D5 = 20) = I'(5 = 20, ~iL(T + 7))
(t+T)>
ABGL(r + T)?(T(5 — 2v) — T'(5 — 2v,i L(T + 7)))
B (r+T)°
 BP(iL(T — 7))*(T(5 — 2v) — T(5 — 2v,iL(T — ﬂ)))
(T —71)°
A2GL(T — 7))2(T(5 — 2v) — T'(5 — 2v,i L(T — 7)))
(r—=T)°
L AB(—L(r + T))* (D5 = 2v) = I'(5 = 20, ~iL(T + 7))
(t+T)>
ABGL(r + T)?(T(5 — 2v) — T'(5 — 2v,iL(T + 7)))
B (t+T)

192


https://doi.org/10.20944/preprints202102.0616.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2021 d0i:10.20944/preprints202102.0616.v1

| BT — 1) (15 (—T2i>T;5F(5 — 2v, (T = Tm) (H.30)

Here we have introduced two factors A and B which are defined as:

3 1 [ T(v) T 1

A=27 — - = RaKe: H.31
el oGP 3y

3 1 | T(v) N 1
B=2"32 — exp (z {— (1/ + —) }) Cs. (H.32)

a[r @) A

Here for general vacuum state we choose:

Motta Allen vacua : Cy = cosha, Cy = exp(ivy)sinha, (H.33)
o vacua : Cy = cosha, Cy =sinha, (H.34)
Bunch Davies vacuum: C; =1, C; =0. (H.35)

Next, we evaluate the amplitude integral for [ = 2, which is given by:

) L L ) (—T)3 21/(_7_)3 o 4 @)1
(T, 7) = /k Kidk, /k Kdka€ (ky, o, —kz, —ki; T,7) = =G > XN,
1=0 2=0 i=1

(H.36)

where we define four time dependent functions, X i(2)’1(T, T)V i =1,2,3,4, which are given
by the following expressions:

1 2
6L (—L?)

—2v

X = (—4”“ABL(2V — 1)(0(—2v) — T(—2v, —2iL7))(—iL7)* "

—2¥TABL(1 — 2v)*(T(=2(v + 1)) = D(=2(v + 1), —2iL7))(—iL7)* "
—2*TABL(1 — 2v)*(T(—2v — 3) — (=20 — 3, =2 L7))(—iL7)**
22 ABL(1 — 2v)*(I(—2v — 1) = ['(—2v — 1, —2iL7))(—iL7)* !
—2* T ABL(2v — 1)(I'(—2v — 1) [(—2v —1,-2iL7))(—iL7)* "
—2* T ABL(T'(1 — 2v) — (1 — 2v, —2iL7))(—iL7)* !

—4""TABL(2v — 1)(iL7)* 1 (I'(—2v) — I'(—2v, 2iLT))

22 ABL(1 — 2v)*(iL
27 ABL(1 — 2v)?(iL
22T ABL(1 — 2v)*(iL
—2¥ T ABL(2v — 1)(iLT)*~

)" (I (= ( 1)) = P(=2(v + 1), 2iL7))
)21 (-2v — 3) — I'(—2v — 3,2iL7))
) N D (=2v — 1) = (=20 — 1,2iL7))
2N (—2v — 1) [(—2v —1,2iLT1))

193


https://doi.org/10.20944/preprints202102.0616.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2021 d0i:10.20944/preprints202102.0616.v1

=22 UABL(iLT)* "1 (P(1 = 2v) = T(1 — 2v, 2iL7))

4A%], 4B%L 5A? 5B? 4A%)? 4B%)?
T " 1T  @L+D? @L+L)? (L+D)2 (Lt L)
12A%y 12B%v A? B2
i (2vL + L)72 N (2vL + L)r?  L3(2v+3)7*  L3(2v + 3)7*
4A%1°? 4B%)?
L2 +3)rt L3(2v +3)rt
14% AB%v )
+ -
L3(2v +3)t*  L3(2v + 3)714

<4ABe3im/L2u (iLT)QZ/fl

(4/(T(1 = 2v, —2iLT) — T(1 — 2v))(—iLT)* — *T + 1) T~
1

1—2v

(4/(T'(2 — 2v) — (2 — 2v, =21LT))(—iLT)* — 2ie* " LT + 2iLT) T~*)

+ (2ABe*™ L~ (iLT)>!

1 ,
__<2ABe3z7ruL72u(iLT)2ufl
14

(4/(T(1 = 2v, —2iLT) — T(1 — 2v))(—iLT)* — T 4+ 1) T7)
1
2v+1
(22y+1r(_2y)(_z~LT)2u+1 _ 221/Jr1F(_21/7 —27;LT>(—Z'LT)2V+1 + €2iLT - 1) T72(1/+1))
1
v+
(—4" LT (=20 — 1)(—iLT)>
FA T LPTT (<20 — 1, =20 LT)(—iLT)* + 1T — 1) 772("+)
1
T+l
(2270 (—20) (—iLT)* " — 2210 (=20, —2iLT) (=i LT)? ™ + 1T — 1) 77201Y)
1

w41
(2270 (—20) (—iLT)* " — 2270 (=20, —2iLT) (=i LT)* ™ + 1T — 1) 772010)

+ (3ABe3i7r1/L72(l/+1) (ZLT)QV

_|_

: (ABe3i7rVL72(l/+1) (Z'LT)QVfl

(4A363i7ruL—2(u+1) (iLT)2VV2

<4ABe3i7rl/L—2(l/+1) (iLT)2VV

+ (ABe3i7r1/L72(u+2) (ZLT)zV

2v+ 3

(223 LPT°D(=2(v + 1)) (—iLT)*
_22u+3r(_2<1/ + 1)7 —QZLT)(—ZLT)2V+3 + e27ZLT . 1) T—2(V+2))
1

3 <4AB€3i7ruL—2(u+2) (iLT)QVI/2
1%

+
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(223 LT (—2(v + 1)) (—iLT)*

—22 B (=2(v + 1), =2 LT) (=i LT)*3 4 X7 — 1) T2 2)
1

2w +3

(2234 L°T°D(=2(v + 1)) (—iLT)>

—22V+3F(—2(V + 1)’ —2iLT)(—iLT)2V+3 + €2iLT _ 1) T—2(u+2))

(4AB€31'7WL—2(1/+2) (Z'LT)QVV

+

(4AB*™ i L= 3(iLT)*v
v+1
(="' L*T?T(—2v — 1)(—iLT)*

+4 AT (=20 — 1, —24LT)(—iLT)* + ¥ — 1) T72%)

1 )
= . (47;ABe3z7wL72V73 (iLT)QVl/2
14

(—4" ' LPT?T(—2v — 1)(—iLT)*
AT LPTPT (=20 — 1, =20 LT) (—iLT)* + 7 — 1) T~27%)
(A% + BHT(—2v — 3)
LATAD (—2(v + 1))
4(A? + B (—2v — 3)
LATAT (—2(v + 1))
8ABVI(—2v —3)  5(A?+ B?)['(-2v—1) 4A%°T(—2v —1)

LT (—2(v + 1)) L2T2T(—20) L2T2T(—20)
4B*T(=2v — 1)  8ABV’T(—2v —1) 8ABvI'(—2v —1)
L2721 (—2v) L2720 (—2v) L2T2T(—2v)
1

+L2T2(2V - 1) (4ABV2 (_,l'221/+1673i7r1/L2V+11'\<_2V)T21/+1

+22u+16—3i7ruiL2u+11—1(_2V’ QZ-LT)TZV—i—l _ 6—2iLT + 1))
1 .
4AB o -22u+1 —3z7rl/L21/+1F _2 T2u—|—1
+—L2T2(2y " 1>( v (—i e (—2v)
_'_221/+1673i7r1/iL21/+1F(_2V, 27;LT>T2V+1 _ 672’L’LT 4 1))

+ 4ABv (221/+36—3i7r1/,&'L21/+3F(_2<V + 1)>T2V+3

1
LT +3)0
_i221/+36—3i7rl/L21/+3F(_2(V 4 1)7 27;LT)T2V+3 o e—QiLT + 1))

1
WO
_41/+16—3i7rl/L2u+2F(_2V _ 17 2,L~LT)T2V+2 _ 6—2iLT + 1))

<4ABZI/ (41/+1673i7wL21/+2F(_2V - 1)T21/+2

1 . v _—3imv 12V 2v
+ﬁ(4ABz (—47e™™L*I(1 — 2v)T

+4¥e ¥ LPD(1 — 2v, 20 LT) T — e > 4+ 1))
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1 ‘
= (9AB (4" —3imv ‘L2VF 2_9 T2V
T 207 (7€ LY T(2 - 2v)

—id"e P LPT(2 — 20, 20LT)T? + 2 (1 — e **7) LT))

(26AB (=47 ™ L* (1 — 2v)T*

 LTv ' ‘
+4Ye ™ LPD(1 — 20, 20 LT) T — e > + 1))

1 . -\ 2v —2i(LT+nv), 2 ( qv+1 2iLT 72142 2v+2
—m(42(—2) ABe v (4 (& L F(—QV— 1)T
_4u+1€2iLTL2u+2F(_2V _1, 2iLT)T2”+2 4 eBimv (_1 i e2iLT))>

1 ,

_ ' AB 4u+1 —3z7rVL21/+2F 9 —1 T2u+2
RO (47 (=2v—1)
_4V+16—3i7r1/L2u+2F(_2y _ 1’ 2?:LT)T2V+2 _ e—ZiLT + 1))
1

:2v+1 _—3imv 7 2v+1 2v+1

+221/+1673i7w2~L21/+1F<_2V’ 2iLT)T2”H _ e ALT 1))
1
- LATA(2u + 3)
_Z~22u+362iLTL2y+3F(_2<V + 1),22’LT)T2”+3 4 BT (_1 + 62z’LT)))
1
- LATA(2u + 3)
_Z'221/+3€—3i7r1/L2V+3F(_2(V +1), 22’LT)T2”+3 LT 1))
6ABI(—2v — 1)  12(A? + B)uI'(—2v — 1)
R E L2T?T(—2v)
8ABVT(—2v — 3) 2ABT(—2v — 3)
CLATT(=2(v +1))  LATT(—2(v + 1))
A+ BD(=20 —3) | 4(A%+ B)D(1 - 2v)  SABI(1- 2y)> (H37)

(4ABefi(2LT+37ru) 1/2 (22u+362iLTiL2V+3F(_2(V + 1))T2u+3

(AB (221/+3673i7r11iL21/+3F(_2(y 4 1))T2y+3

LT (—2(v 1 1)) T2 - 2v) T2 - 20)
=y
16T474(T + )

(ww ((LT = L7)?)™ (D(=20) = T(=20,iL(T = 7)) (~iL(T = 7)) >

—AATvr? (LT — Lr)?)™ (D(=2v) = D(=20,il(T = 7)) (~iL(T = 7))
—24%T%r (LT — Lr)*)™ (D(=20) = T(=20,iL(T = 7)) (~iL(T — 7))~
ATy (LT — Lr)?) ™ (D(=2v) = D(=20,il(T = 7)) (~iL(T —7)) ™
—4A2TVA(T — 7)? (LT — L7)%)*

(D(=2(v + 1)) = D(=2(v + 1),iL(T — 7)))(=iL(T — 7))~
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—A*T(T — 7)* ((LT — LT)2)2V (T(=2(v + 1))
—D(=2(v + 1),iL(T — 7)) (—iL(T — 7))~*
HAATT =) (LT = Lr)?)™ (T(=2(v + 1)
—T(=2(v + 1),iL(T — 7)) (—iL(T — 7))
+AX(T — 1)1 (LT — L7)%)™ (D(=2(v + 1))
~T(=2( + 1), iL(T = ) (LT >> o
LAAA(T — 7 (LT — Lr )2 V+1))
—T(=2(v +1),iL(T — 7)))(—iL(T ))
AR = )7 (LT = L) (P2
(=2 +1),iL(T — 7)) (=t L(T — 7))~
— AT —7)* (LT — Lr)?)* (T(~2v - 3)
—I(=2v — 3,iL(T — 7)) (—iL(T — 7))~*
_4A2y2(T—7') ((LT—L ) ) (F(—QV—?))
T— 1L
)

v+1))

—2v

r

—I(=2v =3 Z'L( TIN=L(T = 7)™
+4A%(T — 1) (LT — L7)*) ™ (I (—2v - 3)
—T(-2v -3 zL(T ) (—iL(T — 7))
+H2A°TA(T — 7) (LT — L7) ) (F( 2 — 1)

—I'(—2v — 1,iL(T —7)))(—i — 7))

—AA’T*(T — 7) (LT — L7) ) (D(—2v — 1)
—I(—2v — 1,iL(T — 7)))(—iL(T — 7))~
HAATV(T — 7)1 (LT — L7)?)™ (T(=2v — 1)

~T(-2v—1 zL(T ) (- ZL(T 7))
+APT(T — 7)1 (LT — L7)?)* (T(~2v — 1)

~T(—2v — 1,iL(T — 7)))(—i (T 7)) 2
—4ATv(T —7)7 (LT — L7)*)™ (D(=2v — 1)

—T(-2v—1 ZL(T ) (=i L(T — 7))~

—2A%72(r — T) (LT — L))" (D(~2v — 1)

—I'(— 2V— LiL(T — 7)) (—iL(T — 7))~
+4A%v7*(r = T) ((LT — L7) ) (T(—2v — 1)

—I'(=2v — 1,iL(T — 7)) (—iL(T — 7))~ v
—2B°T7*(T(=2v) — (2w, =i L(T — 7))) (=i L(T — 7))*
HAB w7 (D(=20) = D(=20, —iL(T = 7)) (=iL(T = 7))
+2B°T*r(T(~2v) — T(=2v, —iL(T — 7)))(=iL(T — 7))*"
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—4B*T?*v7(T(—2v) — T(—2v, —i L(T — 7)) (=i L(T — 7))*

+AB*TVA(T — 7)*(T(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)) (—iL(T — 7))*
+B*T(T — 7)*(D(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
—AB*Tu(T — 7)*(T(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)))(—iL(T — 7))*
—B*(T — 7)*7([(=2(v + 1)) = T(=2(v + 1), = L(T — 7)) (=i L(T — 7))*
—A4AB*A(T — 7)*r(T(=2(v + 1)) = D(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
+4B* V(T — 7)*7(0(=2(v + 1)) = T'(=2(v + 1), = L(T — 7)) (=i L(T — 7))*
+B*(T — 7)*(['(—2v — 3) = T(—2v — 3, =i L(T — 7)))(—iL(T — 7))*
+4B*V*(T — 7)*(T(=2v — 3) = (=20 — 3, —iL(T — 7)) (=i L(T — 7))*
—A4B*u(T — 7)*(T(—2v — 3) = I'(—2v — 3, =i L(T — 7)) (=i L(T — 7))*
—2B*(T — 7)7*(I(—2v — 1) = I'(—2v — 1, —iL(T — 7)))
+4B*v(T — 7)7*(0(=2v — 1) = (=20 — 1, =i L(T — 7))
—2B*T*T — 7)(T'(—2v — 1) = T(=2v — 1, —iL(T — 7)))
+4B*T*u(T — 7)(T(—2v — 1) = T(=2v — 1, —i L(T — 7)))(—iL(T — 7))*
—AB’Tv* (T — 7)7(T(=2v — 1) = (=20 — 1, —iL(T — 7)) (=i L(T — 7))*
~B*I(T — 7)7(['(—2v — 1) = T'(—2v — 1, =i L(T — 7)) (—iL(T — 7))*

+4B*Tv(T — 7)7(D(=2v — 1) = I'(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
—4iB?LT*7*(T'(1 — 2v) — T(1 — 2v, =i L(T — 7)) (=i L(T — 7))**

H4A% LT (LT — L7)?)* (D(1 — 2v) — D(1 — 20, iL(T — 7)))(—i L(T — 7)) "2~
+2ABTT(iL(T + 7)) (L*(T 4+ 7)*)* ((=2v) — T'(=2v, —iL(T + 7)))
—4ABTvr(iL(T + 7))~ (LX(T + 7)%)* (T(~2v) — T(=2v, —iL(T + 7))
F2ABT*r(iL(T + 7)) (L3(T + 7)?)™ (T(=2v) — T(=2w, =i L(T + 7)))
—4ABT* 7 (iL(T + 7))~ (LX(T + 7)%)* (0(=2v) — T(=2v, —iL(T + 7))
—2ABT7*(iL(T + 7))*(T(—2v) — T'(=2v,iL(T + 7)))

+4ABTvr? (i L(T + 7)) (T'(—2v) — T(=2v,iL(T + 7)))

—2ABT*7(i L(T + 7))*(I'(—2v) — T'(=2v,iL(T + 7))

+4ABT?vr (i L(T + 7))*(D(=2v) — T'(=2v,i L(T + 7)))

—4ABTVH(T + 7)2(iL(T + 7))~ (LX(T + 7)*)* (T(-2(v + 1))

—D(=2(v +1), —iL(T +71)))

—ABT(T + 7)?(iL(T + 7))~ (L*(T + 7)*)* (*(=2(v + 1))

—T(=2(v + 1), —iL(T + 7))

HAABTY(T + 7)2(L(T + 7)) (L*(T + 7)%)* (T(=2(v + 1))

—D(=2(v + 1), —iL(T +7)))
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2v

—4ABVT(T + 7)*(iL(T + 7)) (L*(T + 7)*)" (T'(-2(v + 1))
—I(=2(v+ 1), —iL(T + 1))

—ABT(T + 7)*(iL(T + 7))~ (L*(T + 7)2)2” (D(=2(v + 1))

—T(=2(v 4 1), —iL(T + 1)))

+4ABur(T + 1)2(iL(T + 7))~ (LX(T + 7)%)™ (T(=2(v + 1))

—T(=2(v + 1), —iL(T + 7))

+4ABTVA(T + 7)*(iL(T + 7))*(D(=2(v + 1)) = T'(=2(v + 1),iL(T + 7)))
+ABT(T + 7)2(GL(T + 7))*(T(=2(v + 1)) = T(=2(v 4+ 1),iL(T 4 7)))
—4ABTv(T + 7)*(iL(T + 7))*(T'(=2(v + 1)) = T(=2(v + 1),iL(T + 7)))
H4AABV*T (T + 7)2GL(T + 7))* (T (=2(v + 1)) = T(=2(v + 1),i L(T + 7)))
+ABT(T + 7)*(iL(T + 7))*(T(—2(v + 1)) = T'(=2(v + 1), iL(T + 7)))
—4ABvT(T + 7)?GL(T + 7))*(T(=2(v 4+ 1)) = T'(=2(v 4+ 1),iL(T + 7)))
—4ABV* (T 4 7)*(iL(T + 7))~ (L*(T 4+ 7)?) #(T(-2v —3)

—I(=2v =3, —iL(T +1)))

—AB(T + 7 (iL(T + 7))~ (LX(T + )%™ (D(~2v — 3)

—I(=2v —3,—iL(T +71)))

+4ABU(T + 7P (iL(T + 7))~ (LA(T + 1)?)* (T(~2v — 3)

—I'(=2v -3, —iL(T +71)))

+4ABV(T + 7)3(iL(T + 7))* (T(—2v — 3) — T'(=2v — 3,iL(T + 7)))
+AB(T + 7)3(iL(T + 7))*(I'(—2v — 3) — I'(—2v — 3,iL(T + 7))
—4ABV(T + 7)*(iL(T + 7))*(0(—2v — 3) — F( 2v — 3,iL(T +7)))
+2ABTX(T + 7)(iL(T + 7)) (LX(T + 7)?)* (T(—2v — 1)

—T(=2v —1,—iL(T +71)))

+2ABTA(T + 7)(GiL(T 4+ 7))~ (L*(T 4+ 7)%)* (T(=2v — 1)
—T'(=2v—1,—iL(T +71)))

—4ABur (T + 1) (iL(T + 7))~ (LA(T + 1)?)* (D(=2v — 1)
—T(=2v—1,—iL(T +171)))

—4ABT*(T + 7)(iL(T + 7)) (L*(T + 7)%)* (P(=2v — 1)
—I(=2v—1,—iL(T +71)))

—4ABTV*r(T + 7)(iL(T + 7))~% (LT 4+ 7)%)* (T(=2v — 1)
—T'(—2v—1,—iL(T +71)))

—ABTT(T + 7)(iL(T + 7)) (L*(T + 7)*)* ("(=2v — 1)
—T(=2v—1,—iL(T +171)))

+HAABTvr(T + 7)(GL(T + 7))~ (LX(T + 7)%)* (T(=2v — 1)
—TI(=2v—1,—iL(T +71)))
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—2ABT*(T + 7)(iL(T + 7))*(T'(—2v — 1) = T'(=2v — 1,iL(T + 7)))

—2ABT*(T + 7)GL(T + 7))*(T(=2v — 1) = (=20 — 1,iL(T + 7)))

+4ABvT*(T 4+ 1) L(T + 7))*(I(=2v — 1) = (=20 — 1,iL(T 4 7)))

+4ABT*v(T + 7) G L(T + 7))* (T(—2v — 1) = T'(=2v — 1,iL(T 4 7)))

+4ABTV*r(T + 7)(iL(T + 7))*(T(—2v — 1) = T(=2v — 1,iL(T + 7)))

+ABTT(T + 1) L(T 4 7))*(I(=2v — 1) = I'(—2v — 1,iL(T + 7)))

—4ABTvr(T + 7)GL(T + 7))*(T(=2v — 1) = I'(=2v — 1,iL(T + 7)))
4ABT?*2(iL(T + 7))*(T'(1 — 2v) — (1 — 2v,iL(T + 7)))

* T+

4ABT*T(iL(T + 1) (LA(T + 1)*)* (D1 = 20) = T(1 — 2v, —iL(T + 7)))>

T+

(2A*T(2v — V)7*(T + 7)(T(=2v) — T(—2v, —i L(T — 7)) (—iL(T — 7))*

+2A*T*(1 — 2v)7(T + 7)(T(—=2v) — (=20, —i L(T — 7)) (=i L(T — 7))*

+AT(1 = 20)2(T — )T + 7)(D(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
—A(1 = 20)2(T = 7)*7(T + 7)(D(=2(v + 1)) = D(=2(v + 1), =i L(T — 7))) (=i L(T — 7))*
+A2(1 = 2)4(T — 7)*(T + 7)(0(=2v — 3) = [(=2v — 3, —iL(T — 7)) )(—iL(T — 7))*
+2A%2u — )T — 1) 7*(T + 7)(I(=2v — 1) = T'(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
+2A*T? (20 — 1)(T — 7)(T + 7)(T(=2v — 1) = (=20 — 1, =i L(T — 7)) (=i L(T — 7))*
—T(A—-2Av)*(T —7)71(T+7)(T(=2v — 1) = I(—2v — 1 —z’L(T ) (—iL(T — 7))*

—4i A2 LT* (T + 7)(0(1 — 2v) — T(1 — 2v, =i L(T — 7)) (=i L(T — 7))~
+2B*T(1 — 2v)(iL(T — 7))*7*(T + 7)(T(=2v) — ['(=2v,iL(T — 7)))
+2B*T?(2v — V) (i L(T — 7))*7(T 4+ 7)(T'(=2v) — ['(=20,iL(T — 7)))
+2ABT (1 — 2v)7*(T + 7)(—i L(T + 7))*(T(—=2v) — ['(=2v, —iL(T + 7)))
+2ABT?*(1 — 2v)7(T + 7)(—iL(T + 7)) (T'(—2v) — T'(=2v, —i L(T + 7))
+2ABT (2v — 1)7(T + 7)(iL(T 4 7))*(0'(—=2v) — D(=2w,iL(T + 7)))
+2ABT?*(2v — D) 7(T + 7)(i L(T + 7))*(I'(—2v) — I'(—2v,iL(T 4 7)))
—B*T(1 —2v)%(T —7)?

GL(T — 7)) (T 4+ 7)(T(=2(v + 1)) = T(=2(v + 1),iL(T — 7)))
+B*(1 —20)*(T — 7)*(GL(T — 7)*7(T + 7)(T(=2(v + 1)) = T(=2(v + 1),iL(T — 7)))
—ABT(1 = 20)*(T + 7)}(—iL(T + 7))*(T(—=2(v + 1)) = T'(=2(v + 1), =i L(T + 7)))
—AB(1 = 2v)*7(T + 7)*(—iL(T 4+ 7))* (T (=2(v + 1)) = T(=2(v + 1), =i L(T + 7))
+ABT(1 —2v)*(T 4 7)*GL(T + 7))*(T(=2(v + 1)) — T'(=2(v + 1),iL(T + 7))
+AB(1 = 2v0)*7(T + 7)*GL(T + 7))*(T(=2(v + 1)) = T'(=2(v 4+ 1), i L(T + 7)))

—B*(1 —2v)*(T — 7)*GL(T — 7))*(T + 7)(T'(=2v — 3) — T'(=2v — 3,iL(T — 7)))
—AB(1 — 2v)*(T 4+ ) (=i L(T 4 7))*(I'(=2v — 3) — I'(—2v — 3, —iL(T + 7))

— =
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+AB(1 = 2v)*(T + 7)* (i L(T + 7))*(0(=2v — 3) = T'(=2v — 3,iL(T + 7)))
+2B*T*(1 — 2v)(T — 7)(iL(T — 7))*(T + 7)(T(—=2v — 1) = I'(=2v — 1,iL(T — 7)))
+2B*(1 — 2v)(T — 7)(iL(T — 7))*7*(T + 7)(I'(—2v — 1) = T'(—2v — 1,iL(T — 7)))
+T(B = 2Bv)*(T — 7)(iL(T — 7))*7(T + 7)(I'(=2v — 1) = I'(=2v — 1,iL(T — 7)))
+2AB(1 = 20)73(T + 7)*(—iL(T + 7))*(T(—2v — 1) = T(=2v — 1, —i L(T + 7)))
+2ABT?*(1 — 2v)(T + 7)*(—=iL(T + 7))*(0(=2v — 1) = ['(=2v — 1, =i L(T + 7)))
—ABT(1 — 2v)*7(T + 7)*(—iL(T + 7))*(I'(—2v — 1) = T(=2v — 1, =i L(T + 7)))
+2ABQ2v — D)7*(T + 7)*(iL(T + 7))*(0(—2v — 1) = I'(—2v — 1,iL(T + 7)))
+2ABT?*(2v — 1)(T + 7)?(GL(T + 7))* (T(=2v — 1) = T'(=2v — 1,iL(T + 7)))
+ABT(1 — 2v)*7(T + 7)*(GL(T + 7))*(0(=2v — 1) = ['(=2v — 1,iL(T + 7)))
—4iB*LT*(iL(T — 7))* '7*(T + 7)(T(1 — 2v) — T'(1 — 2v,i L(T — 7)))
—4ABT?*7*(—iL(T + 7))*(C(1 — 2v) = (1 — 2v, =i L(T + 7))

+4ABT?*T2(iL(T 4 7))*(T(1 — 2v) — T(1 — 2v,iL(T 4 7))), (H.38)

1
X?Ez); _ 1

T (—13)™™ <4ABe3””L‘2”(z'LT)2”‘1 (47(D(1 = 2v, =2iLT) — T(1 — 2v))(—iLT)*

_e2LT 1) T2

+

5 (2ABe*™ L™ (iLT)* " (4*(T'(2 — 2v)
— zlV

~T(2 — 2v, —2iLT))(—iLT)*

—2ie®" LT + 2iLT) T~%)
1 )

—~(2AB*™ L™* (iLT)* ' (4*(I'(1 — 2v, —2iLT)
1%

~T(1 - 2v))(—iLT)* — ¥ + 1) T7%)

+

| (3AB€3i7wL72(1/+1) (iLT)2V (221/+1F(_2V)(_7;LT>21/+1
—22V+IF(—2V, —QZLT)(—ZLT)2V+1 + eQiLT o 1) T*Q(l”rl))
1 .
_'_?(ABeZSmVLfﬂVJrI) (,L'LT)Zufl (_41/+1L2T2F(_2V . 1)(—ZLT)2V
1%

+4“+1L2T2F(—2y — 1, =2iLT)(—iLT)* + T — 1) 772+0)

2 — 4AB€3WVL (V+1)(iLT)2VV2 (22”+1F(—2u)(—iLT)2”+1
1%

(

221/+1F( 2V, _ZZLT)(_ZLT)ZVJrl + eZ’iLT . 1) T*Q(V+1))
(
(—

2 — 4ABe Szm/L 2(v+1) (?:LT)QVV (22V+1F(_2y)(_iLT)2V+1
14

22V+1F 2y’ —QZLT)(—ZLT>2V+1 + €2iLT . 1) T—?(V—i—l))
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+21/1+ . (AB63i7ruL—2(1/+2) (Z-LT>2V (22”+3iL3T3F(—2(1/ + 1))(_Z~LT)2V
22”+3I‘(—2(V +1), —QiLT)(—iLT)2V+3 4 LT _ ) 2(v+2) )

+2y1+ 5 ABEH™ L2 GLT) v (22 LT T (=2(v + 1)) (—iLT)>
22u+3F(_2(V +1), —2iLT)(—iLT)2”+3 4+ LT _ ) 2(v+2) )

- 2y1+ 5 (ABEH™ LD GLT) w (2 LA TPT (~2(v + 1)(—iLT)>

—22 B (=2(v + 1), =2 LT) (=i LT)*3 4 ¥ — 1) T2 12)
+%+1(4AB@3”"Z'L‘2”‘3(2'LT)2”V (—4"T' L*T*T(—2v — 1)(—iLT)*
+4" LT (=20 — 1, —=2iLT)(—iLT)* + ¥ — 1) T727%)
—VLH(szABe?WL WIGLT) v (=4 LPTP0 (=20 — 1)(—iLT)*

+4" T LPTPT (=20 — 1 —2@LT)( iLT)» + T — 1) T727%)
AT (—2v — 3) T(—2v —3)
LATT(—2(v + 1)) L4T4P( 200+ 1))
4A%2V°T(—2v — 3)  AB*T(—2v — 3)
LTT(—2(v + 1)) | L*TAT(—2(v + 1))
8ABYT(—2v —3)  5A(—2v — 1) 5B(—2v — 1)
T (1) | 2T (—20) | LT (—2w)
4A2°T(=2v — 1)  4AB*°T(—2v —1)
L2777 (—2v) L2T7T(—2v)
8ABVT(—2v — 1) N 8ABvI'(—2v — 1)
L2T°T(—2v) L2T°T(—2v)
+L2T2(;l/ " 1) (4ABI/2 (_Z’22V+1e—3i7rVL2V+1F(_2V)T2V+1
ol Simy [ I (_y i [T) T+ — =L 4 1))

1 .
+L2T2(2V - 1) (4ABV (_Z~22u+1ef3z7ruL2u+1F(_2y>T2u+1

_’_22V—|—16—3i7ruz~L2u+1I1(_2y’ ZZ-LT)T2V+1 _ 6—2iLT + 1))
1 ,
4AB 221/—1—3 —3imv -L21/+3P -9 1 T21/+3
+L4T4(2y+3)< v ( e (—2(v+1))
_Z-221/+3673i7wL21/+3F(_2(y T 1), 27;LT>T2V+3 _ 672’L’LT 4 1))
1 .
4ARi 4V+1 —37,71'1/L2V+2F 9y —1 T21/+2
+L3T3(y—|—1)< iv (4" e (—2v —1)
_4l/+16—3i7r1/L2l/+2F(_2V . 1’ 2Z-LT)T21/+2 o e—ZiLT + 1))
+4AB@' (—4ve 3™ L2D(1 — 20)T? + 4¥e 3™ L2 D(1 — 20, 2iLT)T% — e %17 4 1)
LT
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| 2AB (eI (2 — )T — e STIPT(2 — 20, 2LT)T* +2 (1 — e ) LT)

LT(1—2v)
20AB (—4¥e 3™ L2 (1 — 2v)T% + 4¥e 3™ L* (1 — 2v, 20LT)T? — e 21T 4 1)
LTv

e
I3T3(v + 1)
_4V+162iLTL21/+2F<_2U _ 1, 27;LT)T2V+2 + €3i7rV (_1 + eQiLT)))

472(_2-)21/AB6721‘(LT+7W) 2 (41/+1€2iLTL21/+2F(_2V . 1)T21/+2

1 .
- v+l —3imv 7 2v+2 20+2
_4u+1673i7r1/L21/+2F(_2V _ 1’ QZ'LT)TQV+2 _ efZiLT + 1))
1

-02v+1 —3imv 1 2v+1 2v+1

+22u+16—3i7rVZ-L21/+1F(_2V7 2Z-LT>T2V+1 _ e ALT 1))
_ L4T4(;y 3 <4ABe—i(2LT+37ru)V2 (22u+3€2iLTZ~L2u+3F(_2(V + 1))T21/+3
_Z-22u+362iLTL2u+3F(_2(V +1), QZ-LT)T2V+3 + BT (_1 + eQiLT)))

1
LAT(2v + 3)
_Z-22u+36—3muL2u+3F(_2(y +1), 22’LT)T2”+3 _ e ALT 1))

6ABT(—2v —1) 12A%I(—2v—1) 12B%I(—2v —1)
© LT?0(-2v)  LPT?D(=2v)  L2T2T(—2v)

8ABVT(—2v — 3) 2ABI(—2v — 3)
CLATAT(=2(v + 1))  LAT'T(=2(v + 1))

4A%0T (—2v — 3) 4B*T(—2v — 3)

AT (—2(v + 1)) LATT(—2(v + 1))

4A’T(1 —2v) 4B’T'(1 —2v) 8ABI(1-—2v)

I(2—2v) re—2v)  T@2-2w)

(AB (22V+3e—3i7rl/iL2u—|—3F(_2(V + 1))T2V—|—3

(—4”+1ABL<2V — 1)(D(=20) = (=20, =24L7))(~iL7)*"

—2HABL(1 — 2v)*(T(— (v +1)) = D(=2(v + 1), =2iL7))(—iL7)*
—2"TABL(1 - 20)*(I(=2v = 3) = I'(=2v — 3, =2iL7))(—iL7)*""
—2"HABL(1 — 2v)*(T(=2v — 1) = T(=2v — 1, =2iL7))(—iL7)*""
_22”+3ABL(2V —1)(T(—2v — 1) I(—2v—1, —ZiLT))(—Z'LT)QVfl

1
—2* T ABL(I(1 — 2v) — I'(1 — 2v, —2iL7))(—iL7)*
— 4" ABL(2v — 1)(iL7)* 1 (I'(—2v) — T'(=2v, 2iL7))
22 TABL(1 — 2v)?(iL7)* (I (— (1/ +1)) = T(=2(v + 1),2iL7))
—2WPABL(1 — 2v)*(iL7)* Y (T(—2v — 3) — ['(—2v — 3,2iL7))
—22TVABL(1 — 2v)?(iL7)* ' (I(—2v — 1) — I'(—2v — 1,2iL7))

T
T
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— 2% ABL(2v — 1)(iL7)* Y (I(—2v — 1) —
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[(—2v —1,2iL7))

_22V+1ABL<Z-LT)2V—1(F(1 _ 2,/) — F(l — 2V, 22LT>)

N 4A%L N 4B?L 5A? 5B
1-2v 1-2v (2vL+L)r> (2vL+ L)7?
4A%2 4B?V?
(2vL+ L)t (2vL+ L)1
n 12A% n 12B%v
(2vL + L)r?  (2vL+ L)7?
A? B?
D32+ 3t L3(2v +3)7!
4A%? 4B?1*
L3(2v +3)r*  L3(2v + 3)74
4A% 4B%*v
H.39
+L3(2V + 3)74 * L3(2v + 3)T4> ( )
@1 _ (-L3) ™
* 1674T4(1 + 1)

GAw%(@T_Lﬂ%%wvaw—r«wML@—Tm«%uT—ﬂr”

—4A*Tvr* ((LT — L) ) (D(—2v) — T(—2v,i L(T — 7)) (—iL(T — 7))~
(

—2A°T*r (LT — )) (I'(=2v) — T(—2v, i L(T —

+4A*T?vr (LT

)
—D(=2(v + 1), i L(T = 7)) (=i L(T = 7)
HAATY(T — 7)? (LT — L7)%)* (T(~2

7)

—D(=2(v + 1), i L(T = 7)) (=i L(T =

2v

)
+AX(T — 1)’ ((LT — L7)*)™
—I(=2(v + 1), iL(T )))( iIL(T = 7))"
+4A*V(T — 7)1 (LT

—D(=2(v +1),iL(T = 7)))(=iL(T — 7))~
—4A%(T — 7)%r (LT — L7)?)™ (T(=2(v + 1))
—D(=2(v +1),iL(T = 7)))(=iL(T = 7))~
—AXT - 7)* (LT — L7)*)* (T(=2v — 3)

(
—I(—2v — 3,iL(T — 7)))(—iL(T — 7)) ~*

204

)
(v
(M'(—2(v +

L)) (D(=2(v + 1))

PN (LT = 7))

) (T(—2v) — T(=2v,i L(T — 7)))(—iL(T — 7))~
—AA’TV(T — 1) ((LT Lt ) 2 (T(=2(v + 1))

T (=2(v +1),iL(T — 7)) (=i L(T — 7))

—A*T(T — 7)* ((LT — LT)2) (T(=2(v +1))
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—4A2(T — 7)* (LT — L7)?)™ (T(=2v — 3)
—T(-2v -3, zL(T TIN(—iL(T — 7))~
F4A?U(T — 1) (LT — L7)?)™ (T(=2v — 3)

—I'(— QV—SZL(T (=i L(T — 7))~
(

F2APTA(T T)(LT L)) (D(=20 — 1) = T(=2v — 1,iL(T — 7)))(—=iL(T — 7))
—4A’T?U(T — 7) (LT — L7)?)* (T(=20 — 1) = T(=2v — 1,iL(T — 7)))(—iL(T — 7))~
+4A2Tu (T )7 (LT — L)) (D(=2v — 1) = T(=20 — 1,iL(T — 7)) (=i L(T — 7))~

FAXT(T — )7 (LT — L)) (D(=2v — 1) — D(=2v — 1,iL(T — 7)))(~ ZL(T )

(=
(

_4A2T,,( — ) (LT - LT) 2 (T(=20 — 1) = T(=2v — 1,iL(T — 7)))(—iL(T — 7))~
—2A%(r = T) (LT = L7)?)™ (D(=2v = 1) = (=20 — LiL(T — 7)))(—=iL(T = 7))~
+4A2u72 )(LT L)) (D(=2v — 1) = T(=2v — 1,i (T — 7)))(=iL(T — 7))~
—2B*T7*(I'(—2v) — T(—2v, —iL(T — 7)) (=i L(T — 7))*
+4B*Tvr*(D(—2v) — D(—2v, —i L(T — 7)))(—iL(T — 7))*
+2B*T*7(I(—2v) — T(—2v, —iL(T — 7)) (—iL(T — 7))*

(
—4B*T?*v7(T(—2v) — T(—2v, —iL(T — 7)) (=i L(T — 7))*
+4AB*TVA(T — 7)*(T(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)) (—iL(T — 7))*
+B*T(T — 7)*(T(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
—AB*Tu(T — 7)*(T(=2(v + 1)) = T(=2(v + 1), =i L(T — 7)))(—iL(T — 7))*
—B*(T — 7)*7([(=2(v + 1)) = T'(=2(v + 1), = L(T — 7)) (=i L(T — 7))*
—AB*A(T — 7)*r(T(=2(v + 1)) = D(=2(v + 1), =i L(T — 7)) (=i L(T — 7))*
+4B* V(T — 7)*7(0(=2(v + 1)) = T'(=2(v + 1), = L(T — 7)) (=i L(T — 7))*
+B*(T — 7)*(I'(—2v — 3) — I'(—2v — 3, —i L(T — )))(—@'L(T — 7))
+4B*V*(T — 7)*(T(=2v — 3) = I'(=2v — 3, —iL(T — 7)) ( L(T — T))Q”
—4B*u(T — 7)*(T(—2v — 3) = I'(—2v — 3, —iL(T — 7)))(— )2
—2B*(T — 7)7*(T(—2v — 1) = T'(—2v — 1, =i L(T — 7)))(—
+4B*v(T — 7)7*(0(=2v — 1) = (=20 — 1, —iL(T — 1)
—2B*T*(T — 7)(T(=2v — 1) = (=20 — 1, =i L(T — 7)))(—
+4B*T?*v(T — 7)(T(=2v — 1) = T(=2v — 1, =i L(T — 7)))(—i
—AB*TVA(T — 7)7(T(—2v — 1) = T(=2v — 1, —i L(T — )))( L(T — T))2"
—B*T(T — 7)7(['(—2v — 1) = ['(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
+4B*Tv(T — 7)1(0(=2v — 1) = I'(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
—4iB?’LT*7*(T'(1 — 2v) — T'(1 — 2v, —i L(T — 7)) (—iL(T — 7))*!
FAA% LT (LT — L7)?)* (D(1 — 20) — T(1 — 20, i L(T — 7)))(—i L(T — 7)) "2~
+2ABTT2(iL(T + 7)) (L*(T 4+ 7)*)* (T(—2v) — T'(=2v, —iL(T + 7)))
—4ABTvr*iL(T + 7))~ (LX(T + 7)%)* (T(~2v) — T(=2v, —iL(T + 7))
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+2ABT? 7 (i L(T + 7)) (L*(T 4 7)%)* ('(=2v) — T(=2v, —iL(T +7)))
—4ABT* 7 (iL(T + 7))~ (LX(T + 7)%)* (T(=2v) — T(=2v, —iL(T +7)))
—2ABT7*(iL(T + 7))*(D(=2v) — T'(=2v,i L(T + 7)))
+4ABTvr?(iL(T + 7)) (T(—2v) — T(=2v,i L(T + 7)))
—2ABT*7(i L(T + 7))*(I'(—2v) — (=20, iL(T + 7))
+4ABT?vr (i L(T + 7))*(D(—=2v) — T'(=2v,iL(T + 7)))
—4ABTVA(T + 7)2(L(T + 7)) (L*(T + 7)%)* (T(=2(v + 1))
—I(=2(v + 1), —iL(T + 7))
—ABT(T + 7)2(L(T + 7))~ (L*(T + 7)%)* (*(=2(v + 1))
—T(=2(v+1),—iL(T +71)))
HAABTY(T + 7)2(GL(T + 7))~ (L*(T + 7)%)* (D(=2(v + 1))
—I(=2(v + 1), —iL(T + 7))
—4ABVT(T + 7)2(iL(T + 7)) (LX(T + 7)?) (T(=2(v + 1))
—I(=2(v + 1), —iL(T + 7))
—ABT(T +7)*(iL(T + 7))~ (L*(T + ) (D(=2(v + 1))
—T(=2(v+1),—iL(T +71)))
+4ABuT(T + 7)*(iL(T + 7))~ (L*(T + 7)2)2” (T(=2(v + 1))
—I(=2(v + 1), —iL(T + 7))
+4ABTVA(T + 7)*(iL(T + 7))*(I'(—2(v + 1))
—I(=2(v +1),iL(T 4 71)))
+ABT(T + 7)?GL(T 4+ 7))*(T(=2(v + 1))
—T(=2(v +1),iL(T +71)))
—4ABTv(T + 7)*(iL(T + 7))* (T(=2(v + 1))
—I(=2(v +1),iL(T 4 71)))
+4ABVT(T + 7)2(iL(T + 7)) (T (=2(v + 1))
—I(=2(v +1),iL(T 4 71)))
+ABT(T + 7)*(iL(T + 7))*(T(-2(v + 1))
—I(=2(v +1),iL(T +71)))
—4ABvT(T + 7)?(L(T + 7))*(T(=2(v + 1))
—I(=2(v +1),iL(T 4 7)))
—4ABVA(T + m)*(iL(T + 7))~ (LT + 1)?)* (D(=2v — 3)
—I'(=2v =3, —iL(T +71)))
—AB(T + 7)*(iL(T 4 7))~ (L*(T 4+ 7)%)* (T(=2v — 3)
—I'(=2v —3,—iL(T +71)))
FAABU(T + 1) (iL(T + 7))~ (LA(T + 1)) (D(~2v — 3)
—I'(—2v —3,—iL(T +71)))
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+4ABVA(T + 1) (G L(T + 7))* (T(=2v — 3) — I'(=2v — 3,iL(T + 7)))
+AB(T + 7)*(iL(T + 7))*(T'(—2v — 3) — T'(—2v — 3,iL(T + 7))
—4ABv(T + 1) L(T + 7))*(I'(=2v — 3) — I'(=2v — 3,iL(T 4 7)))
F2ABT*(T + 1) (iL(T + 7))~ (LT + 7)*)* (T(=2v — 1) = T(=2v — 1, =i L(T + 7)))
F2ABTX(T + 1) (iL(T + 7))~ (LT + 1)?)* (D(=2v — 1) = T(=20 — 1, —iL(T + 7))
—4ABur (T + 1) (iL(T + 7))~ (LT + 1)?)” (T(=2v — 1) = (=20 — 1, —iL(T + 7))
—4ABT*u(T + 7)(iL(T + 7))~ (LT + 7)*)* (T(=2v — 1) = T(=2v — 1, =i L(T + 7)))
—4ABTV*7(T 4 7)(GL(T + 7)) (LX(T + 7)%)* (T(=2v — 1) = T(=2v — 1, =i L(T +7)))
—ABTT(T + 7)(iL(T + 7)) (L*(T 4+ 7)*)* ("(=2v — 1) = [(=2v — 1, —iL(T + 7)))
HAABTvr (T + 7)(GL(T 4 7))~ (LT 4+ 7)%)* (D(=2v — 1) = T(=2v — 1, —iL(T + 7)))
—2ABT*(T + 7)(iL(T + 7))*(T'(—2v — 1) = T'(=2v — 1,iL(T + 7)))
—2ABT*(T + 7)GL(T +7))*(T(=2v — 1) = I'(=2v — 1,iL(T 4 7)))
+4ABvT*(T + 7)GL(T 4 7)) (D(=2v — 1) — ['(=2v — 1,iL(T + 7)))
+4ABT?*v(T + 7)(iL(T + 7))*(I'(—2v — 1) = T'(=2v — 1,iL(T + 7))
H4AABTV*T(T + 7) G L(T + 7))*(T(=2v — 1) = (=20 — 1,iL(T + 7)))
+ABT7(T + 7)(iL(T + 7))*(I'(—2v — 1) = T'(—2v — 1,iL(T + 7))
—4ABTvr(T + 7)GL(T + 7))* (T(=2v — 1) = (=20 — 1,iL(T + 7)))

4ABT?*7*(iL(T + 7))*(T(1 — 2v) — T'(1 — 2v,iL(T + 7)))
+ T+
4ABT*7*(iL(T + 7)) (L*(T + 7)*)* (D(1 — 2v) — T(1 — 2, —iL(T + T)))>

T+

<2A2T(2V — D)73(T + 7)(I'(—2v) — I'(—2v, =i L(T — 7)) (—iL(T — 7))*

+2AT*(1 — 2v)7(T + 7)(T(=2v) — T(=2v, —i L(T — 7)))(—=i L(T — 7))*
+APT(1 = 20)2(T = 7)X(T + 7)(D(=2(v + 1)) = D(=2(v + 1), =i L(T = 7)) (=i L(T = 7))*
—A*(1 = 20)*(T = 7)*7(T + 7)(D(=2(v + 1)) = T(=2(v + 1), =iL(T — 7)))(=iL(T — 7))*
+A2(1 = 20)(T — 7)*(T + 7)(['(—2v — 3) — T'(=2v — 3, —i L(T — 7)) (—iL(T — 7))*
+2A%2v — 1)(T — 1)7*(T + 7)(I'(—2v — 1) = T(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
+2A*T? (20 — 1)(T — 7)(T + 7)(T(=2v — 1) = (=20 — 1, =i L(T — 7)) (=i L(T — 7))*
~T(A-2A0)*(T — 7)7(T +7)(T(=2v — 1) = [(=2v — 1, —zL(T IN(=iL(T — 7))*

—4i APLT*P(T + 7)(T(1 — 2v) = T(1 — 2v, =i L(T — 7)) (=i L(T — 7))
+2B*T(1 — 2v) (i L(T — 7))*7*(T + 7)(T(=2v) — ['(=2v,iL(T — 7)))
+2B*T*(2v — 1) (i L(T — 7))*7(T + 7)(0(—2v) — I'(—2v,iL(T — 7))

)
+2ABT (1 — 2v)7*(T 4 7) (=i L(T + 7))*(D(=2v) — T'(—2v, =i L(T + 7)))
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+2ABT?*(1 — 2v)7(T + 7)(—iL(T + 7))*(T'(=2v) — T'(=2v, —i L(T + 7))
+2ABT (2v — )7*(T + 7)(GL(T + 7))*(I'(—2v) — I'(=2v,iL(T + 7))
+2ABT?(2v — 1)7(T + 7)GL(T + 7)) (T(—=2v) — T'(=2v,iL(T + 7)))
+7)(T(—2w+1)) —[(=2(v+1),i(T —7)))
+B*(1 = 20)3(T — 7)*(iL(T — 7))*7(T + 7)(I(=2(v + 1)) = ['(=2(v + 1),iL(T — 7)))
—ABT(1 —2v)*(T 4+ 7)*(—iL(T + 7))*(I(=2(v + 1)) = T'(=2(v + 1), =i L(T + 7)))
—AB(1 = 2v)*7(T 4 7)3 (=i L(T + 7))*(T(=2(v + 1)) = T(=2(v + 1), =i L(T + 7)))
+ABT(1 —20)*(T 4+ 7)*GL(T + 7))*(D(=2(v + 1)) — I'(=2(v + 1),iL(T + 7))
+AB(1 = 2v)?7(T + 7)*(iL(T + 7))*(T(=2(v + 1)) = T'(=2(v + 1), iL(T + 7)))
~B*(1 = 2v)3(T — 7)3(GiL(T — 7))*(T + 7)(I'(=2v — 3) = I'(=2v — 3,iL(T — 7)))
—AB(1 = 20)*(T + 1) (—iL(T + 7))*(I'(—2v — 3) — ['(—2v — 3, —iL(T + 7)))
+AB(1 — 2v)2(T 4+ ) G L(T + 7))*(T'(=2v — 3) — I'(=2v — 3,iL(T + 7)))
+2B°T*(1 — 2v)(T — 7) (i L(T — 7))*(T + 7)(T'(—2v — 1) = T(=2v — 1,iL(T — 7)))
+2B*(1 — 2v)(T — 1) (i L(T — 7))*7*(T + 7)(I'(—2v — 1) = I'(—2v — 1,iL(T — 7))
+T(B - 2Bv)*(T — 7)(iL(T — 7)*7(T + 7)(T'(=2v — 1) = T'(=2v — 1,i L(T — 7)))
+2AB(1 = 20)73(T + 7)*(—iL(T + 7))*(I'(=2v — 1) = I'(=2v — 1, =i L(T 4 7)))
+2ABT*(1 — 2v)(T + 7)*(—iL(T + 7))*(I'(—2v — 1) = ['(—2v — 1, —iL(T + 7)))
—~ABT(1 —2v)*7(T 4 7)*(—iL(T + 7))*(I'(—2v — 1) = I'(=2v — 1, =i L(T + 7)))

(

(

(

=BT (1 —20)*(T — 7)*(iL(T — 7))*(T

+2AB2v — D)72(T + 7)*(iL(T + 7))*(I'(—2v — 1) = T(=2v — 1,iL(T + 7)))
+2ABT?*(2v — 1)(T + 7)*GL(T 4+ 7))*(0(=2v — 1) = ['(—2v — 1,iL(T + 7)))
+ABT(1 = 2v)*7(T + 7)*(iL(T + 7))*(I'(=2v — 1) = T'(=2v — 1,iL(T + 7)))
—4iB*LT*(iL(T — 7))* '72(T + 7)(T(1 — 2v) — (1 — 2v,i L(T — 7)))
—4ABT?*7*(—iL(T + 7))*(C(1 — 2v) = (1 — 2v, =i L(T + 7))

+4ABT?* (i L(T + 7))*(I(1 — 2v) — (1 — 2v, i L(T + ﬂ))) (H.40)

In the super-horizon limit we get the following simplified results:

B L= 4 A% n A? 4 A%y n 4A2LT* n 4A%T?
T 16T\ I32v +3) D32 +3) 32w +3)  2w-—1  2Lu+L
SA%T?

i LT iAB2* P23 (i LT)* T'(—2v — 3,2iLT)
1%

+iAB2* 1 (4v' 4+ 200° + 3107 + v — 5) T°T'(—2v — 3) ((—iLT)* — (iLT)*)
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—iAB2* 13 (1 — 20)*T3(—iLT)*T(—2v — 3, —2iLT)

+iAB2* T3 (—i LT)*T(—2v — 1, -2 LT)

—i AB4" 2T (—iLT)*T(—2v — 1, —2iLT)

—iAB2* T3 (—i LT)* (1 — 2v, —2i LT)

+iAB2* T3 (i LT)*T(—2v — 3,2iLT)

—iAB2*" T3 (i LT)*T(—2v — 3,2iLT)

—iAB2* T3 LT)* T (—2v — 1,2iLT) + iAB4" 2vT3 (i LT)* T (—2v — 1,2iLT)

+iAB2* T3 (i LT)* (1 — 2v, 2iLT)

N 4B*? N B? 4B%v N 4B2LT*
L32v+3) L32v+3) L3(2v+3) 2v-—1

ABT?  8BXT? )

vl v+l
<4A2y2(_L)—21/ A2(—L)  4A2Lri(—L)%

L3(2v + 3) L3(2v + 3) 2v—1
4A*T2(—L)"%  8A*wr*(—L)™% N 4A*y(—L) 23
2Lv+ L 2Lv+ L 2v+ 3

+iAB22 5213 (—im) 2 T (—2v — 3, 2i LT)
+AB2*3(1 — 2v)2 74 (iT)* T (—2v — 3, —2iLT)
+ABA" Pyt (im)? N (—2v — 1, —2iL7)
+AB22 A (im0 (1 — 2v, —2iL7T)
+iAB22 33 (—iT)*T'(—2v — 3, 2iL7)
+i AB4Y 2y (—iT)* T (=2 — 1, 2iLT)
+iAB2* 3 (i) (1 — 2v, 2i L)
+AB2* P yr? (—ir)* T (—2v — 3,2iL7)
+AB22 372 (i) 0 (=20 — 1, —2iL7)
+AB22 372 (—ir )2 M (—2v — 1,2iL7)
—iAB2™ 7 (v 4 200° + 317 + v — 5) 7° ((—iT)* — (i7)*) [(—2v — 3)
4BQV2(—L)_2V BQ(_L)—QV 4B2LT4(—L)_2”

L3(2v + 3) L3(2v + 3) 2v—1
2,2(_ 7\—2v 2.2/ T1\-2 2 (_ T\—2v-3
ABPTH (L) 8BvrA(-L)* | 4B*(-L) (.41
2Lv + L 2Lv+ L 2v 43
(2),1 (_Lz)_QV 2 3 . . 2
X2 = —W B (T — 7') (F(—QV — 3) — F(—2l/ — 3, —ZL(T — T)>)<—ZL(T — T))
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+4B*V*(T — 7)3(T(=2v — 3) = T(=2v — 3, —iL(T — 7)))(—i L(T —
—4B*u(T — 7)*(T(—=2v — 3) = I'(—2v — 3, —iL(T — 7)
(—2v—1)—-I'(=2v —1,—iL(T — 1)

—2B*(T — 7)7*(T )"

+4B*v(T — 7)7*(0(—2v — 1) = I['(—2v — 1, = L(T — 7)) (=i L(T — 7))*
—2B*T*(T — 7)(I'(=2v — 1) = T(=2v — 1, =i L(T — 7)))(—iL(T — 7))*

+4B*T?*(T — 7)(T(=2v — 1) = (=20 — 1, —iL(T — 7)) (=i L(T — 7))*

—4iB?’LT*7(I'(1 — 2v) — T'(1 — 2v, —i L(T — 7)) (—iL(T — 7))**
+4A*(T — 7)*(iL(T — 7))*(T(—2v — 3) — T(=2v — 3,iL(T — 7)))
+A2GL(T — 7)* (1 = T)*(T(=2v — 3) —= [(=2v — 3,iL(T — 7)))
+4AP (LT — 7)* (1 — T)*(I'(—2v — 3) — T'(—2v — 3,iL(T — 7)))
—4ABVA (T + 7)3 (=i L(T + 7))*(T(=2v — 3) — I'(=2v — 3, —iL(T + 7)))
—AB(T + 7)*(—iL(T + 7))*(T'(—2v — 3) — T'(=2v — 3, —iL(T + 7)))
+4ABv(T + 7)*(—iL(T + 7))*(I'(—2v — 3) — T'(—2v — 3, =i L(T + 7)))
+4ABV(T + 1) (i L(T + 7))* (T(=2v — 3) — I'(=2v — 3,iL(T + 7)))
+AB(T + 7)*(iL(T + 7))*(T'(=2v — 3) — T'(=2v — 3,iL(T + 7)))
—4ABU(T + 7)*GL(T 4 7)) (T(=2v — 3) — (=2 — 3,iL(T + 7)))
F2A*T*(T — 7)(GL(T — 7)) (D(=2v — 1) = ['(—2v — 1,iL(T — 7))
+AA*T*v(i L(T — 7))* (7 = T)(T(—=2v — 1) = T'(=2v — 1,iL(T — 7)))
—2A%(iL(T — 7)) 7%(r — T)(I'(—2v — 1) = I'(—2v — 1,iL(T — 7))
+4AV(iL(T — 7)) 7 (1 = T)(T(=2v — 1) = I'(=2v — 1,iL(T — 7)))
+2ABT*(T + 7)(—i L(T +7))*(I(=2v — 1) = T'(=2v — 1, —iL(T + 7)))
+2ABT*(T 4 7)(—iL(T + 7))*(I(—2v — 1) = T['(—2v — 1, =i L(T + 7))
—4ABvT*(T + 7) (=i L(T + 7))*(D(=2v — 1) = ['(—2v — 1, =i L(T + 7))
—4ABT?*v(T + 7)(—iL(T + 7))*(T(=2v — 1) = (=20 — 1, —iL(T + 7)))
—2ABT*(T + 7)(iL(T + 7))*(T'(—2v — 1) = T(=2v — 1,iL(T + 7))
—2ABT*(T + 7)GL(T + 7))*(T(=2v — 1) —= (=20 — 1,iL(T + 7)))
+4ABvT*(T 4 7)(iL(T + 7))*(D(—2v — 1) = I'(—2v — 1,iL(T + 7)))
H4ABT?*v(T + 7)(GL(T + 7))* (T(=2v — 1) = T'(=2v — 1,iL(T + 7)))
—4i A LT?*(iL(T — 7))* '72(0(1 — 2v) — (1 — 2u,i L(T — 7)))
+AABILT*7*(—i L(T + 7))* " 1(T(1 — 2v) = T(1 — 2v, =i L(T + 7)))
L AABT P (LT + 7)) (I(1 — 2v) — T(L— 20,iL(T + ﬂ)))

T+T1

<A2(T — 73 (—2v — 3) = I(—2v — 3, —iL(T — 7)) (—iL(T — 7))*
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+4A*A(T — 7)*(0(—2v — 3) — T'(—2v — 3, =i L(T — 7)) (=i L(T — 7))*
—4A%)(T — 7)*(T(—2v — 3) = T(—2v — 3, —i L(T — 7)) (—iL(T — 7))*
—2AT*(T — 7)(T(=2v — 1) = ['(=2v — 1, —iL(T — 7)))

(=iL(T = 7))*
H4A*T* (T — 7)(0(—2v — 1) = T'(—2v — 1, = L(T — 7)) (=i L(T — 7))*
+2A%7 (1 = T)(T(—2v — 1) = T(=2v — 1, —i L(T — 7)))(—iL(T — 7))*
—4A 7 (1 = T)(T(—2v — 1) = T(=2v — 1, —i L(T — 7)))(—iL(T — 7))*
— 4 AP LT? 2 (T(1 —2v) — T(1 — 2v, =i L(T — 7)) (=i L(T — 7))*~!
+4B*v(T — 7)*GL(T — 7))*(0(—2v — 3) — ['(—2v — 3,iL(T — 7))
+B*(iL(T — 7)) (r = T)*(T(=2v — 3) — T'(=2v — 3,iL(T — 7)))
+4B*V2 (G L(T — 7))* (1 — T)*(T(=2v — 3) — I'(—2v — 3,iL(T — 7)))
—4ABVA (T + 7)3 (=i L(T + 7))*(T(=2v — 3) —= I'(=2v — 3, —iL(T + 7)))
—AB(T + 7)*(—iL(T + 7))*(T'(—2v — 3) — T'(=2v — 3, —iL(T + 7)))
+4ABv(T + 7)*(—iL(T + 7))*(I'(—2v — 3) — T'(—2v — 3, —i L(T + 7)))
+4ABV(T + 1) (i L(T + 7))* (T(=2v — 3) — I'(=2v — 3,iL(T + 7)))
+AB(T + 7)*(iL(T + 7))*(T'(—2v — 3) — T'(=2v — 3,iL(T + 7)))
—4ABv(T + 1) L(T + 7))*(T(=2v — 3) — I'(=2v — 3,iL(T 4 7)))

+2B*TX(T — 7)(iL(T — 7))*(T(=2v = 1) = T(=2v — 1,iL(T — 7)))

(—

—AB*T*u(T — 7)(iL(T — 7))*(I'(—2v — 1) = T'(=2v — 1,iL(T — 7)))
—2B?GiL(T — 7))*7*(r = T)(I'(=2v — 1) = I'(=2v — 1,iL(T — 7)))
+4B*v(i L(T — 7))*7%(1 — T)(I'(—2v — 1) — ['(—2v — 1,iL(T — 7)))
+2ABT*(T + 7)(—iL(T + 7))*(T(—2v — 1) = I'(—2v — 1, —iL(T + 7)))

2ABTH(T + 7)(—iL(T + 7))*(['(—2v — 1) = I'(=2v — 1, =i L(T 4 7)))
—4ABvT*(T + 7)(—iL(T + 7))*(D(—2v — 1) = ['(—=2v — 1, =i L(T + 7))
—4ABT?*v(T + 7)(—iL(T + 7))*(T(=2v — 1) = I'(=2v — 1, —iL(T + 7)))
—2ABT*(T + 7)(iL(T + 7))*(T'(—2v — 1) = T(=2v — 1,iL(T + 7))
—2ABT*(T + 7)GL(T + 7))*(T(=2v — 1) = (=20 — 1,i L(T + 7)))
+4ABvT*(T 4 7) (i L(T + 7))*(D(—2v — 1) = I'(—2v — 1,iL(T + 7)))
H4AABT?*v(T + 7)(GL(T + 7))* (T(=2v — 1) = T'(=2v — 1,iL(T + 7)))
—4iB*LT?*(iL(T — 7))* (11 — 2v) — T(1 — 2v,iL(T — 7)))
+HAABILT?*7*(—i L(T + 7))* 1 (T(1 — 2v) —= T(1 — 2v, =i L(T + 7))
| AABT*P(L(T + 7)) (I(1 — 2v) — T(L— 20,iL(T + ﬂ)))
T+T1

(H.42)
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X(2)71 —
3 167474\ L3(2v + 3) L3(2v + 3)

AAP(-L) > AAPLTH(-L)*

1,2 <4A2y2(_L)—2V AQ(_L)—QV

2+ 3 2v—1
4A2T2(—L)_2” _ 8A2VT2(—L)_2”
2Lv + L 2Lv + L

+AB22 T3 (1 — 2u)*T*(iT)* 'T'(—2v — 3, —2iLT)
+AB4 2T T T (—2v — 1, —2iLT)
+AB2#PITAT)* (1 — 2v, =20 LT)
+iAB22 P52 T3 (—iT)* T (—2v — 3,2iLT)
+iAB2* T3 (—iT)*T'(—2v — 3,2iLT)
+iAB4" T3 (—iT)* T (—2v — 1, 2iLT)
+i AB22 T3 (—iT)* (1 — 2v, 2i LT)
+AB22 YT (—iT)* (=2 — 3,2iLT)
+AB2# T (iT)* D (=20 — 1, —-2iLT)
+AB2# T2 (—T)* (=20 — 1,2 LT)
—iAB2*"? (' 4+ 200° + 317 + v — 5) T°T'(=2v — 3) ((—iT)* — (iT)*)

4B2y2(_L)721/ BQ(—L)*Q”

L3(2v 4+ 3) L3(2v + 3)
4B%v(—L)~=3 4AB’LT*(—L)%

2v+3 2v—1
4B?T?(—L)~% B 8B2VT?(—L)~*
2Lv + L 2Lv + L
4 A2 n A? B 4 A%y
L32v+3) L322 +3) L3(2v+3)

+4A2LT4 n 4A2%72 B 8A%y7?
2v—1 2Lv+L 2Lv+ L
+iAB2* P23 (i L) T (—2v — 3,2iL7)
+iAB2* T (4t 4+ 200° + 31% + v — 5) 7°T(—2v — 3) ((—iL7)* — (iLT)*)
—iAB2*" 3 (1 — 2v)*7*(—iL7)* T (-2v — 3, —-2iLT)
+iAB2* P33 (—iLT)* (=2 — 1, —2iL7)
—i AB4" P2y (—i L) T (=20 — 1, —2iLT)
—i AB2* 3 (—iLT)* T (1 — 2, —2iL7)
+iAB2# P33 (i L) T (—2v — 3, 2i L7)
—iAB2* Py (i LT)*T(—2v — 3,2iL7)
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—iAB2* P33 (i L) T (—2v — 1, 2iL7)
+i AB4" P2y (i L) T (—2v — 1, 2iL7) + iAB2* 1 3 (iL7)*T'(1 — 2v, 2iL7)
4B*)? B? 4B%y AB2LT*  4AB%*? 8B%vr?
+ + - + + - , (H.43)
L32v+3) L*(2v+3) L3(2v+3) 2v—1 2Lv+L 2Lv+1L

(BQ(T — 73T (=20 —3) —T(=2v — 3, —iL(T — 7)) (=i L(T — 7))*

+4B* VAT — 7)3(T(—2v — 3) = T(—2v — 3, =i L(T — 7)) (=i L(T — 7)
—4B*w(T — 7)*(0(=2v = 3) = T(=2v = 3, —iL(T — 7)))(—iL(T — 7))
—2B*T*(T — 7)(T(—2v — 1) = T(—2v — 1, —iL(T — 7)))(— ZL( —7)*
+4B*T?*v(T — 7)(T(—2v — 1) = (=20 — 1, —iL(T — 7)) (=i L(T — 7))*
+2B%7* (1 = T)(T(=2v — 1) = I'(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
—AB%vr* (1 = T)(D(=2v — 1) = T'(=2v — 1, =i L(T — 7)) (=i L(T — 7))*
—4iB*LT?**(I'(1 — 2v) — (1 — 2, —iL(T — 7)) (=i L(T — 7))*!
+4A* (T — 7)*(iL(T — 7))*(T(=2v — 3) — T'(=2v — 3,iL(T — 7)))
+A2(GL(T — 7)) (1 = T)*(T(=2v — 3) = T(=2v — 3,iL(T — 7)))
+4A* (G L(T — 7)) (1 — T)*(I'(—2v — 3) — I'(—2v — 3,iL(T — 7))
—4ABV (T + 7)* (=i L(T + 7))*(T(=2v — 3) = I'(=2v — 3, —iL(T + 7)))
—AB(T 4 7)3(—iL(T 4+ 7))*(T(=2v — 3) = I'(=2v — 3, =i L(T + 7)))
+4ABv(T + 7)* (=i L(T + 7))*(I(—2v — 3) — I'(—2v — 3, =i L(T + 7))
+4ABV(T 4+ 7)*(iL(T + 7))* (T(—2v — 3) — T'(=2v — 3,iL(T + 7)))
+AB(T 4+ 7)*(iL(T + 7))*(T'(=2v — 3) — T'(—2v — 3,iL(T + 7)))
—4ABv(T + 7)*GL(T + 7))*(I(=2v — 3) — I'(=2v — 3,iL(T + 7)))
+2A*T*(T — 7)(GL(T — 7))*(0(=2v — 1) = I'(=2v — 1,iL(T — 7)))
—AAT*(T = 7)(iL(T = 7)) ([ (=20 — 1) = T(=2v — 1,iL(T = 7)))
—2A2GL(T — 7)) 7*(r = T)(I'(—2v — 1) = ['(=2v — 1,iL(T — 7)))
+4A*V(iL(T — 7)) 7 (1 = T)(T(—2v — 1) = T(=2v — 1,iL(T — 7)))
+2ABT*(T + 7)(—iL(T 4+ 7))*(T(=2v — 1) = T'(=2v — 1, =i L(T 4 7)))
+2ABT*(T + 7) (=i L(T 4+ 7))*(I(=2v — 1) = ['(—2v — 1, =i L(T + 7))
—4ABvT*(T + 7) (=i L(T + 7))*(D(=2v — 1) = ['(=2v — 1, =i L(T + 7))
—4ABT*u(T + 7)(—iL(T + 7))*(T(—2v — 1) = T(=2v — 1, =i L(T + 7)))
—2ABT*(T + 7)(iL(T + 7))*(I'(—2v — 1) — T'(—=2v — 1,iL(T + 7))

)"

14
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—2ABTHT 4 7)(iL(T + 7))*(T(=2v — 1) = I'(=2v — 1,iL(T + 7)))
+4ABvT*(T 4+ 7)(GL(T 4 7))*(0(=2v — 1) — ['(=2v — 1,iL(T + 7)))
+4ABT?*v(T + 7)(iL(T + 7))* (T'(—2v — 1) = T'(=2v — 1,5 L(T + 7)))
—4i AP LT?GL(T — 7)) '7(0(1 — 2v) — (1 — 2v,iL(T — 7))
HAABILT*T*(—i L(T + 7))* " 1T(1 — 2v) —= (1 — 2v, =i L(T + 7))
AABT*P(L(T +7))* (DL~ 2v) — D(1 = 20, iL(T + T))))

T+ T

(AQ(T — 73 (—2v — 3) = I(—2v — 3, —iL(T — 7)) (—iL(T — 7))*

+4A22(T — 7)*(D(=2v — 3) = T(—2v — 3, —iL(T — 7)))(—iL(T — 7))*

—4A%)(T — 7)*(T(=2v — 3) = T(=2v — 3, —i L(T — 7)) (—iL(T — 7))*

—2AY(T — 7)7*(['(—2v — 1) = T'(—2v — 1, =i L(T — 7)) (—iL(T — 7))*
7)) -

+4A*(T — 7)7*(T(—2v — 1) = (=20 — 1, —i (T — 7)))(—iL(T — 7)
—2A*T*(T — 7)(T(—2v — 1) = (=20 — 1, —iL(T — 7)) (—iL(T — 7))*
+4A’T?* (T — 7)(0(=2v — 1) = T'(=2v — 1, i L(T — 7)) (—iL(T — 7))*
—4iALT*T*(T(1 — 2v) =T (1 — 2v, = L(T — 7)) (=i L(T — 7))*~*
+4B*U(T — 7)*(iL(T — 7))*(0(=2v — 3) = ['(=2v — 3,iL(T — 7))
+B2(GL(T — 7)) (1 — T)*(T(—2v — 3) — ['(=2v — 3,iL(T — 7)))
+4B*V* (i L(T — 7))* (7 — T)*(T(—=2v — 3) — I'(—2v — 3,iL(T — 7)))
—4ABVA (T + 7)* (=i L(T + 7))*(T(=2v — 3) —= (=20 — 3, —iL(T + 7)))
—AB(T + 7)*(—iL(T + 7))*(I'(—2v — 3) — I'(—2v — 3, =i L(T 4 7)))
+4ABv(T + 7)*(—iL(T + 7))*(I'(—2v — 3) — T'(—2v — 3, —i L(T + 7)))
+4ABVA(T 4 7)3 (i L(T + 7))* (I'(=2v — 3) — I'(=2v — 3,iL(T 4 7)))
+AB(T + 7)3(iL(T 4+ 7))*(T(=2v — 3) = T(=2v — 3,iL(T + 7)))
—4ABv(T + 7)* G L(T + 7))* (T(=2v — 3) — I'(=2v — 3,iL(T + 7)))
F2B*T*(T — 7)(iL(T — 7))*(T'(=2v — 1) = T'(=2v — 1,iL(T — 7)))
+AB*T*v(i L(T — 7))* (7 — T)(T(=2v — 1) — I'(=2v — 1,iL(T — 7)))
—2B*(iL(T — 7)*7%(r = T)(I'(—2v — 1) = I'(—2v — 1,iL(T — 7)))
+4B*v(i L(T — 7))*7%(1 — T)(I'(—=2v — 1) = ['(—=2v — 1,iL(T — 7)))
+2ABT*(T + 7)(—iL(T + 7))*(T(=2v — 1) = I'(=2v — 1, = L(T + 7))
+2ABT*(T 4 7) (=i L(T + 7))*(D(—2v — 1) = I['(—2v — 1, =i L(T + 7))
—4ABvt*(T 4 7)(—iL(T 4+ 7))*(I'(=2v — 1) = ['(=2v — 1, = L(T + 7))
—4ABT*u(T + 7)(—iL(T 4+ 7))*(T'(—=2v — 1) = T(=2v — 1, —iL(T 4 7)))
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—2ABT*(T + 7)(iL(T + 7))*(I'(=2v — 1) = T(=2v — 1,iL(T + 7)))
—2ABT*(T + 7)GL(T + 7))*(T(=2v — 1) = I'(=2v — 1,iL(T + 7)))
+4ABvT*(T 4+ )G L(T 4 7)) (I'(=2v — 1) = I['(—=2v — 1,iL(T + 7)))
+4ABT*v(T + 7)(iL(T 4 7))*(T(=2v — 1) = T'(=2v — 1,iL(T 4 7)))
—4iB*LT*(iL(T — 7))* '7*(T(1 — 2v) — T(1 — 2v,iL(T — 7)))
+HAABILT?*7*(—i L(T + 7))* 1T(1 — 2v) = T(1 — 2v, =i L(T + 7))

| AABT*r(L(T + T))ZV(F(; 1 zTy) —T(1 = 2u,iL(T + 7)))) (Ha

In the sub-horizon limit we get the following simplified results:

(2),1 _

(_L)f2uL72(u+1)

16 (1 — 402)* 7272
—A? + AB2* A GLT)? T (=20 — 1,2iLT)
+AB22" 3 (=i LT)* T (—2v, —2iLT)
+AB2# 3 LT)* T (—2u, 20 LT)

—AB2¥ A LT)* T (=20 — 1,2iLT)

—AB4" P2 (—i LT)* 0 (=20, —2iLT)

+AB2% 32 (=i LT)* ' (1 — 2v, —2iLT)

—AB4" P22 (i LT)* T (—2v, 2iLT)

+AB2* 2 LT)* (1 — 20, 2iLT)

—iABL2**" (8% — 120° — 2v + 3) TT(—2v — 1) ((—iLT)* — (iLT)*)
+AB4 T (i LT)* T (—2v, =2 LT) — AB2* Py (—i LT)**'T'(—2v, —2i LT)
+AB2# (20 — 1)*(2u + 1) (—iLT)* ™' (=20 — 1, —2iLT)
AB2* (=i LT)* (1 — 2v, —2iLT)

+AB4 T (i LT)* T (=20, 20 LT)

—AB2» Py (i LT)* T (—2v, 2iLT)

—AB2* (LT T (=20 — 1,2iLT)

+AB2* By (i LT)* T (—2v — 1,2iLT)

—AB2¥*GLT)* T (1 — 20, 2iLT)

<8A2L2uT2 +AA%LPT? + 8A%3 — 12A4%0% + 6A%w

+8B2L*uT? + 4B%L*T? + 8B%*® — 12B*? + 6B?*v — BQ>
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(22"+1ABZL (8v° —12v% — 20 4 3) 7 ((—iT)* — (i7)*) [(=2v — 1)(—L)*

+4" P2 ABLV? (im)* T (—2v, —2i LT)(— L)*
+2* B AB Ly (iT)* ' (20, —2iL7)(—L)*
422 ABi LV T (—i7)* T (—2v, 2i LT)(— L)%
+4" P ABIiLT(—iT)*T(—2v, 2i L7)(—L)*
+4" P2 ABLY? (—i7)* T (—2v, 2i L7)(— L)
422 ABLy(—i7)* M (—2v, 2i LT)(—L)
+22 P ABi L7 (—ir)*T(—2v — 1,2iL7)(—L)*

(=

)

2v

2v

422 ABi Lyt (—i7)*T'(—2v — 1,2iL7)(—L)*
422 ABLY (—iT)* T (—2v — 1, 2iL7)(—L)*
+2# T ABL(—iT)* T (=20 — 1,2iL7)(—L)*
422 T ABL(iT)* (1 — 2v, —2iL7)(—L)*
+2* B ABi LVt (—iT)*T(1 — 2v,2iL7)(—L)*
+22 T ABL(—i7)* (1 — 20, 2iL7)(— L)%
4225 ABY3 (i7) 2 M T (=20, —2i L7) (— L)* 1!
+4" PP AB (i) T (—2v, —2i LT)(— L)*
+22 M AB(2v — 1) (2 4+ 1) (i7)* M T (=2 — 1, —2iL7)(—L)* ™
422 ABVA(im)* M T (1 — 2v, —2i L) (—L)***
+8A4%° + 8B%*° — A* — B* — 12A%° — 12B*°
H4A L2 7? 4 AB? L7 + 8A?L*v7? + 8B*L*vr?

+6A% + 6BQV> , (H.45)

X1 <_2 B*T(T'(~2v) — T(=2v, =i L(T — 7)))(—iL(T — 7))*

+4B*Ty(T(=2v) — T(=2v, =i L(T — 7)) (—iL(T — 7))*
+2B%*7(T'(—2v) — T'(—=2v, =i L(T — 7)))(—iL(T — 7))*
—4B%vr(I(—2v) — I'(—2v, —iL(T — 7)) (=i L(T — 7))*

+BXT —7)(T(—2v — 1) = (=20 — 1, =i L(T — 7)) (=i L(T — 7))*
+4B**(T — 7)(D(=2v — 1) = (=2 — 1, —iL(T — 7)))(—iL(T — 7))*
—A4B*v(T — 7)(I'(—2v — 1) = T(=2v — 1, =i L(T — 7)))(—iL(T — 7))*
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+4B*LTT(0(1 — 2v) — (1 — 2v, =i L(T — 7)) (—iL(T — 7))**
+2A*T(GL(T — 7))*(T(—2v) — T(=2v,i L(T — 7)))
—AA*Tv(i (T — 7))*(D(—2v) — T'(=2v,iL(T — 7)))
—2A%(iL(T — 7)) 7('(—2v) — T(—2v,iL(T — 7)))
+4A?V (i L(T — 7))*7(0(—2v) — I'(—2v,iL(T — 7)))
—2ABT(—iL(T + 7)) ('(—2v) — T'(=2v, —iL(T + 7))
+4ABTv(—iL(T + 7))*(I'(—2v) — I'(—2v, —iL(T + 7)))
—2ABT(—iL(T + 7))*('(—2v) — I'(—=2v, —iL(T + 7)))
+4ABvT(—iL(T + 7)) (T(=2v) — T'(=2v, =i L(T + 7)))
+2ABT (i L(T + 7))*(I'(=2v) — I'(=2v,i L(T + 7))
—4ABTv(iL(T + 7)) (T'(=2v) — T'(=2v,iL(T + 7)))
+2ABT(iL(T + 7))*(0(—2v) — ['(=2v,iL(T + 7)))
—4ABvT(i L(T 4 7))*(I(—2v) — I'(—2v,iL(T 4 7)))
+4A*(T — 7)(GL(T — 7)) (T(=2v — 1) = I'(=2v — 1,iL(T — 7)))
+A2(iL(T — 1) (1 = T)(T(=2v — 1) = T(=2v — 1,iL(T — 7)))
FAA (LT — 7)) (1 = T)(T(—2v — 1) = T(=2v — 1,iL(T — 7)))
+4ABV(T + 7)(—iL(T + 7))*(['(—2v — 1) = T'(=2v — 1, —i L(T + 7)))
+AB(T + 7)(—iL(T + 7))*(T(=2v — 1) = I'(=2v — 1, —iL(T + 7)))
—4ABv(T + 7)(—iL(T + 7))*(I'(—2v — 1) = T(—2v — 1, =i L(T 4 7)))
—4ABV (T + 7)(GL(T + 7))*(T(=2v — 1) = I'(=2v — 1,iL(T + 7)))
~AB(T + 7)(iL(T + 7)*(T'(—2v — 1) = I'(=2v — 1,iL(T +7)))
+4ABv(T + 7)(iL(T + 7))*(I'(—2v — 1) = T(=2v — 1,i L(T + 7))
+4A%LT(L(T — 7))* '7(D(1 — 2v) = T(1 — 2v,iL(T — 7))

4ABTT(—iL(T +7))*(T(1 — 2v) = T(1 — 2v, =i L(T + 7))
* T+
4ABTr(iL(T +7))*(C(1 — 2v) = T(1 — 2v,iL(T + ﬂ)))

T+T

<—2A2T(F(—2y) — T (=2v, =i L(T — 7)) (=i L(T — 1))*

FAAPT V(T (=20) — T(=2v, —iL(T — 7)) (—iL(T — 7))*
+2A%7(D(=2v) — D(=2v, =i L(T — 7)) (—iL(T — 7))
—4A*v7(D(—2v) — I'(—2v, —iL(T — 7)) (=i L(T — 7))*

+A(T — 7)([(—2v — 1) = T'(—2v — 1, =i L(T — 7)) (—iL(T — 7))*
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+4 A (T — 7)(T(—2v — 1) = T(=2v — 1, —iL(T — 7)))(—iL(T — 7))*
—4A*W(T — 7)(T(=2v — 1) = (=20 — 1, i L(T — 7)))(—iL(T — 7))
+4A%LTT(D(1 —2v) = T(1 — 2v, =i L(T — 7)) (—iL(T — 7))}

+2B°T(iL(T — 7))*(T'(—=2v) — T(=2v,i L(T — 7))

—4B*Tv(iL(T — 7))*(I'(—2v) — I(—2v,iL(T — 7)))

—2B?*(iL(T — 7))*7(0(—=2v) — T'(=2v,iL(T — 7)))

+4B*v(i L(T — 7))*7(I'(—2v) — T'(—2v,iL(T — 7)))
—2ABT(—iL(T + 7))*(T'(=2v) — I'(=2v, —i L(T + 7)))
+4ABTv(—iL(T + 7))* (T (=2v) — T'(—=2v, —iL(T + 7)))
—2ABT(—iL(T + 7))*(T'(=2v) — I'(—2v, =i L(T + 7)))
+4ABvT(—iL(T + 7)) (T'(=2v) — (=20, =i L(T + 7))
+2ABT(iL(T + 7))*(D(=2v) — T(=2v,i L(T + 7))

—4ABTv(i L(T + 7)) (I'(—2v) — T(=2v,i L(T + 7)))

+2ABT(iL(T + 7))*((—2v) — ['(—2v,iL(T + 7)))

—4ABvT(i L(T + 7))*(D(—2v) — T'(=2v,iL(T + 7)))

—B*(T —7)(iL(T — 7))*(T(—2v — 1) = I'(=2v — 1,iL(T — 7)))
—4B*V*(T — 7)GL(T — 7))*(I(—2v — 1) = I'(=2v — 1,i L(T — 7)))
+4B*(T — 7)(iL(T — 7))*(T(=2v — 1) = I'(=2v — 1,iL(T — 7)))
+4ABV(T + 7)(—iL(T + 7))*(I'(—2v — 1) = T'(—2v — 1, =i L(T + 7)))
+AB(T + 7)(=iL(T + 7))*(T(=2v — 1) = I'(=2v — 1, —iL(T + 7)))
—4ABY(T + 7)(—iL(T + 7))*(T'(=2v — 1) = T'(=2v — 1, =i L(T + 7)))
—4ABVA(T + 7)GL(T + 7))*(T(=2v — 1) = T'(=2v — 1,iL(T 4 7)))
—AB(T + 7)(GL(T 4+ 7))*(0(—2v — 1) — T'(=2v — 1,iL(T + 7)))
+4ABV(T + 7)(iL(T + 7))*(I'(—2v — 1) = T(=2v — 1,5 L(T + 7))
+4B* LT GL(T — 7)) (T (1 — 2v) — T'(1 — 2v,i L(T — 7)))
+4ABTT(—2’L(T +7)N2(C(1 - 2v) — T(1 — 2v, =i L(T + 7)))

T+T
4ABTT(iL(T + 7))*(T'(1 — 2v) — T'(1 — 2v,iL(T + 7))) (H.46)
T+ T ’ ’
X(Z),l _ L—Ql/—l 4A2V2<—L)_2V N AZ(_L)—2V
3 16 (402 — 1) 7212 2Ly + L 2Lv+ L
4A2y(—L)_2” 4A2LT2(—L)_2"
2Lv + L 2v—1
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+iAB22 32T (—iT)* T (—2v — 1,2iL7T)
+AB4 T (T 0 (20, —2i LT)
—AB2* 3y (iT)* T (—2v, —2iLT)
+AB4 T (i T)* 1D (=20, 20 LT)
+iAB2* Py T (—iT)* T (—2v, 2iLT)
—AB2* (1 = 20)*(iT)* "' T (—2v — 1, =2 LT)
+iAB2* T (—iT)* T (—2v — 1,2iLT)
+AB22 By (—iT)* T (—2v — 1,2iLT)
—AB2* 1 (iT)* (1 — 2v, —2iLT)
+iAB22 T (—iT)*T(1 — 2v, 2iLT)
+iAB2* T (2v — 3)TT(—2v — 1) ((—iT)* — (iT)*)
4BQV2(—L)_2V N BQ(_L)—QI/

2Lv + L 2Lv + L
4B21/(—L)*2” 4B2LT2(—L)*21’
2Lv + L 2v—1

(—8A2L2V7’2 — 4A%% % — 8A%8

+12A%% — 6A% + A? — AB2 PPV Lr)* D (—2v — 1,2iL7)
+AB (—2*%%) V¥ (—iL7)* ' (2w, —2iL7)
—AB2% %3 L) T (—2w, 2i LT)
+AB2* V3 (i L) T (=20 — 1,2iL7)
+AB4A" 22 (—i L) D (—2v, —2iL7)
—AB2% 32 (—iLT)* (1 — 2v, —2iLT)

+AB4 22 (i L) T (—2v, 20 L7)

—AB2# P32 (i L) (1 — 2v, 2i L)

+iABL2**" (8% — 120° — 2v + 3) 7T (—2v — 1) ((—iL7)* — (iLT)*)
—AB4" Y (—iLT)* ' (—2v, —2i L)
+AB2% 3y (—i L) T (—2v, —2i L)

—AB2* " (2v — 1)3(2v 4+ 1)(—iL7)* T (=20 — 1, —2iL7)
+AB2* T (—iLT)* T (1 — 2v, —2iL7)

—ABA" M (i LT)* D (—2v, 2i LT)

+AB2* 3y (i L) T (—2v, 2iL7)

+AB2* T (i L) T (=20 — 1,2iLT)
—AB2# Py (i L) T (=20 — 1,2iL7)
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+AB2* T (iLT)* (1 — 20, 2iL7)

—8B?L*vr* — AB’L*1* — 8B*/* + 12B*v* — 6B*v + BZ> . (H.47)

<—232T(F(—2y) — I(—2v, —iL(T — 7)) (—iL(T — 7))*

+4B°Ty(T(=2v) — T(=2v, =i L(T — 7)) (—iL(T — 7))*

+2B%7 (I (—2v) — I'(—2v, =i L(T — 7)) (=i L(T — 7))*

—4B%*vr(T(—2v) — T(—2v, =i L(T — 7)))(—iL(T — 7))*

+B*(T —7)(T(=2v — 1) = T(=2v — 1, —iL(T — 7)) (=i L(T — 7))*

+4B*V*(T — 7)(I'(=2v — 1) = I['(—2v — 1, =i L(T — 7)) (=i L(T — 7))*

—4B*/(T — 7)(I'(—2v — 1) = T'(=2v — 1, = L(T — 7)))(—iL(T — 7))*

+4B% LTT(0(1 - 2v) — T(1 = 2v, —i L(T — 7)) (=i L(T — 7))*~*

+2A*TGL(T — 7))*(D(—2v) — ['(—2v,iL(T — 7)))

—4A*Tv(iL(T — 7)) (T(—=2v) — T(=2v,iL(T — 7)))

—2A2(iL(T — 7)) 7(T'(—2v) — T(—=2v,iL(T — 7)))

+4A?v (G L(T — 7))*7(0(—2v) — I'(—2v,iL(T — 7)))

—2ABT(—iL(T + 7))*(T(—2v) — I'(=2v, —i L(T + 7)))

+4ABTv(—iL(T 4 7)) (T'(—2v) — T'(=2v, —i L(T + 7)))

—2ABT(—iL(T + 7))*(I'(—2v) — T'(—2v, —iL(T + 7)))

+4ABvT(—iL(T + 7)) (T(=2v) — T(=2v, —i L(T + 7))

+2ABT (G L(T + 7))* (0 (—2v) — T(=2v,i L(T + 7)))

—4ABTv(i L(T + 7))*(T(=2v) — T'(=2v,iL(T + 7))

+2ABT(AL(T + 7))*(0(—2v) — ['(=2v,iL(T + 7)))

—4ABur(iL(T + 7))* (T (—2v) — [(=2v,iL(T 4+ 7)))

—AXT = 7)(iL(T = 7))*(I(=2v — 1) = (=20 — LiL(T — 7))
—4AW(T — 7)(iL(T — 7))*((=2v — 1) = T(=2v — LiL(T — 7))

+4A%0(T — 7) (i L(T — 7))*(0(=2v — 1) = ['(=2v — 1,iL(T — 7)))

+4ABV*(T 4 7)(—iL(T + 7))*(D(—2v — 1) = I['(—2v — 1, = L(T + 7))

+AB(T + 7)(—iL(T + 7))*(T(=2v — 1) = (=20 — 1, —iL(T + 7)))

—4ABU(T + 7)(—iL(T 4+ 7)*(T'(=2v — 1) = T(=2v — 1, —iL(T 4 7)))

—4ABV(T 4 7)GL(T + 7))*(T(=2v — 1) = I'(=2v — 1,i L(T + 7)))
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—AB(T 4 7)(iL(T + 7))*(T(=2v — 1) = I'(=2v — 1,iL(T 4 7)))
+4ABv(T + 7)(iL(T + 7))*(T'(—2v — 1) = T(=2v — 1,iL(T + 7)))
+4A%LT(L(T — 7))* '7(0(1 — 2v) = (1 — 2v,iL(T — 7))
AABTT(—iL(T 4+ 7))*(T(1 — 2v) = T(1 — 2v, =i L(T + 7)))
+ T+T
AABTT(iL(T + 7))*(T(1 — 2v) — T(1 — 2v,i L(T + ﬂ)))
T+

<_2A2T(r(—2y) —T(=2v, =i L(T — 7)) (=i L(T — 7))*

+4A*Tv(T(—2v) — T(=2v, —iL(T — 7)) (=i L(T — 7))*
+2APT(T(=2v) — T(=2v, —iL(T — 7)))(=iL(T — 7))
—4A*v7(D(—2v) — I'(—2v, —iL(T — 7)) (—iL(T — 7))*

+A%(T — 7)(T(=2v — 1) = T['(=2v — 1, = L(T — 7)) (=i L(T — 7))*
+4APA(T — 7)(T(—2v — 1) = T(=2v — 1, —iL(T — 7)) (=i L(T — 7))*
—4A*U(T — 1) (T(=2v — 1) = (=20 — 1, =i L(T — 7)))(—iL(T — 7))*
+4A%LTT(T(1 —2v) — T(1 — 2v, —i L(T — 7)) (=i L(T — 7))*~!
+2B*T(iL(T — 7)) (T(—2v) — T'(—=2v,i L(T — 7))

—4B*Tv(iL(T — 7))* (I (—2v) — I(—2v,iL(T — 7)))

—2B*(iL(T — 7))*7(0(—=2v) — T'(=2v,iL(T — 7)))

+4B*v(i L(T — 7))*7(I'(—2v) — T'(—2v,iL(T — 7)))

—2ABT(—iL(T + 7))*(T'(=2v) — ['(=2v, —i L(T + 7)))
+4ABTv(—iL(T + 7)) (T(=2v) — ['(=2v, —iL(T + 7)))
—2ABT(—iL(T + 7))*(I'(—2v) — I'(—2v, —iL(T + 7)))
+4ABvT(—iL(T + 7)) (T'(=2v) — T'(=2v, =i L(T + 7))

+2ABT(iL(T + 7))*(T(—2v) — T(=2v,i L(T + 7)))

—4ABTv(iL(T + 7)) (T'(=2v) — I'(=2v,iL(T + 7)))

+2ABT(iL(T + 7))*(0(—2v) — ['(=2v,iL(T + 7)))

—4ABvr(iL(T + 7)) (T(—2v) — [(=2v,iL(T + 7))

+4B*v(T — 7)(iL(T — 7))*(T(—2v — 1) = T'(=2v — 1,iL(T — 7)))
+B*(iL(T — ) (r = T)(T(=2v — 1) = (=20 — 1,iL(T — 7)))
+AB*VA(iL(T — 7)) (1 — T)(D(=2v — 1) = T'(=2v — 1,iL(T — 7)))
+4ABV*(T + 7)(—iL(T + 7))*(['(—2v — 1) = T'(—2v — 1, =i L(T + 7)))
+AB(T + 7)(—iL(T + 7))* (T (=20 — 1) = I'(=2v — 1, —iL(T + 7)))
—4ABY(T + 7)(—iL(T + 7))*(T'(=2v — 1) = T(=2v — 1, —iL(T + 7))
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—4ABVA(T + 7)GL(T + 7))*(T(=2v — 1) = I'(=2v — 1,iL(T + 7)))

~AB(T +7)(iL(T +7))*(T'(—2v — 1) = T(=2v — 1,iL(T + 7))

+4ABv(T + 1) (i L(T + 7))*(I'(—2v — 1) = I'(=2v — 1,iL(T + 7))

+4B* LT GL(T — 7)) 7 (T(1 — 2v) — T'(1 — 2v,i L(T — 7)))
4ABTT(—iL(T + 7))*(T'(1 — 2v) — T(1 — 2v, —iL(T + 7)))

* T+

4ABTT(L(T + 7)™ (T(1 — 2v) = D(1 — 20,iL(T + 7)))> (.45)

T+ ' '

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.2 Computation of 22(1)(71, 73) and I§2) (11, 7T2)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

L
70(T,7) = /

k1=

L 4
Kdk, / Kydko€ly (ki ko, ki, —kai T,7) = (=T)' 7 (=7)' 7> Y X{V(T,7),
0 k

2=0 i=1

where we define four time dependent functions, X i(l)’2(T, T)V i =1,2,3,4, which are given
by the following expressions:

X1(1),2 _ X1(1),1’

Consequently, one can write:

L(T.r) = (=T)" > (=n) Y XA(Tr) = ()Y (T, 7). (H.54)
i=1
Next, we have to evaluate the following integral for [ = 2, which is given by:

L L 4
(T, 7) = / Kdky / Kydko€1 (ki ko, —ko, —kai T,7) = (=T)* > (=7)*> Y X[P(T,7),
k k

1=0 2=0 i=1
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where we define four time dependent functions, Xi(Q)’z(T, 7)V i =1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

IO(T,7) = (=T)* 2 (—1)* Y XPAT, 1) = (-1)"I(T, 7). (H.60)

i=1

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.3 Computation of I:,El)(ﬁ, 7y) and I?Ez) (T1,T2)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

@ L , L , " (_T)l—Zu(_T)l—QV 4 o
I (T, 7) = A kidky . OdekZSG (k1, ko, ko, —ki; T\, 7) = (—1)2 ZXi ’
1= 2= i=1

where we define four time dependent functions, Xi(l)’g(T, T)V i=1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

70,y = EDT DT SOXONT, ) = ()T, 7). (H.66)
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Next, we have to evaluate the following integral for [ = 2, which is given by:

. I 3—2v 3—2v 4
_T — v

TO(T,7) = / K2dk, / Bdkng® (1, o, ko, —ki; T, 7) = 22 - — i
k1=0 k=0 (=1) =1

where we define four time dependent functions, Xi(Q)’S(T, T)V i=1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

(_T)3721/<_T>372I/
(1>

4
(T, 7) = STxPAT ) = (~)ZTP(T, 7). (H.72)
=1

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.4 Computation of Iﬁl)(ﬁ,Tg) and If) (11, T2)
In this context, we have to evaluate the following integral for [ = 1, which is given by:

4

(1) g 2 L 2 (1) <_T)172V(—7—)172V (1) 4
I4 (T7 T) - kldkl k2dk257 (kl,kg, _k17 —kQ;T7 T) = ZX ’
k

k1=0 2=0 (=1)> il

where we define four time dependent functions, Xi(l)’4(T, T)V i =1,2,3,4, which are given
by the following expressions:
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Consequently, one can write:

0,y = EDT DT ixf’? (T,7) = (—1)TV(T, 7). (H.78)

Next, we have to evaluate the following integral for [ = 2, which is given by:

L
707, 7) = /

k1=0

L _T\3-2v(_)3-2w 4
kj%dkl / kgdeg'?) (kh k27 _k17 _k2a T7 T) = ( ) ( 1()2VT) Z Xi(2)74(Ta T)7
ka=0 o i=1

(H.79)

where we define four time dependent functions, X i(2)’4(T, T)V i =1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

70T 1) = (—T)S:Vlg;)s_” ST XONT, ) = (—1)2 (T, 7). (H.84)

i=1

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.5 Computation of 15(1)(7'1, 75) and IéZ) (11, 72)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

L
I0(T,r) = /

k1=

, L ) @ (=T~ (=) 4 05
Sy | kel (ke o, e o) = Sy ;X (T.7).

where we define four time dependent functions, Xi(l)’5(T ,7)V 1 =1,2,3,4, which are given
by the following expressions:
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Consequently, one can write:

I0(T, 7) = (_T)l(i();f)my SOXONT ) = ()T, (H90)

Next, we have to evaluate the following integral for [ = 2, which is given by:

L
7O(T,r) = /

k=

) L , - (_T)3—21/(_7.)3—2V 4 @5
ik | ka1 (b ke, o, ki T ) = = ;X (T, 7),

where we define four time dependent functions, Xi(Q)’E’(T ,7)V 1 =1,2,3,4, which are given
by the following expressions:

sz)j _ Xl(z),l7

Consequently, one can write:

<—T>3<__2V1<>§f>3_2” SOXPUT) - (OO, (9

i=1

T, 7) =

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.6 Computation of Zél)(ﬁ, 73) and Ié2) (11, T2)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

L
I0(T,7) = /

k1=

, L ) " (_T>1—2u<_7_)1—2u 4 06
Okldkl - kzdegll (k17k27 _k27 _kl;Tv T) = (_1)21/ ;Xz (T7 7—)7

(H.97)

where we define four time dependent functions, Xi(l)’G(T ,7)V 1 =1,2,3,4, which are given
by the following expressions:

X6 = x 1 (H.98)
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XM= xOt (H.99)
X8 = x O (H.100)
X6 = x (H.101)

Consequently, one can write:

i XIET 7)) = (=1)»TI(T, 7). (H.102)

i=1

(_T)1—2V<_7_)1—21/
1>

T, 7) =

In this context, we have to evaluate the following integral for [ = 2, which is given by:

4

L L _T 3—2v(__ \3—2v
(T, 7) = /k Okfdkl /k Ok:gdkgé’ff)(kl,kz,—kg,—kl;T, ) = ( )(_1()2VT) 3O X
. o i=1

where we define four time dependent functions, Xi(Q)’G(T ,7)V 1 =1,2,3,4, which are given
by the following expressions:

X1(2)’6 _ Xl(z),l7
X2(2),6 _ X2(2)’1,
X§2),6 _ X§2)’1,
Xf),ﬁ _ XiZ),l‘

Consequently, one can write:

SOXPNT ) = ()P TP(T, 7). (H.108)

=1

(_T)3—2V<_,7_>3—21/

IéQ) (T7 T) = (_1)21/

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.7 Computation of Iél)(ﬁ, 7) and Z§2) (71, 72)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

@ L ) L 5 O (_T)l—Zu(_T)l—QV 4 .7
Z; (T,7) = - kidky : Odek257 (k1, —ki, ko, —ko; T, 7) = S >oxY
1= o= i=1
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where we define four time dependent functions, Xi(l)’7(T, 7)V i =1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

S SXOUT) = (CPIOT . ()

i=1

(T, 7) =

Next, we have to evaluate the following integral for [ = 2, which is given by:

L L 3—2v 3—2v
_T _
(T, 7) = /k K2dk, /k K€ (ky, —ky Ko, —koi T, 7) = 1) T S X7

1=0 2=0 (=1)> —~

where we define four time dependent functions, Xi(Z)J(T, T)V i =1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

STXPNT ) = (1) TP(T, 7). (H.120)

=1

(_T)3721/(_,7_>3721/
(1)

(T, 7) =

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.
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H.8 Computation of Iél)(ﬁ, 73) and Ig) (11, 7T2)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

L
70T, 7) = /

k=

2:0 (_1)2V 121 !

where we define four time dependent functions, X i(l)’g(T, T)V i =1,2,3,4, which are given

by the following expressions:

Consequently, one can write:

(_T)1—21/<_7_)1—21/
e

4
(T, 7) = SOXONT ) = (~1)FZO(T, 7). (H126)
=1

Next, we have to evaluate the following integral for [ = 2, which is given by:

@ L ) L , @) (_T>3—21/(_7_)3—2V 4 @8
7y (T,T):/k Ok:ldk:l/k Ode/@gm (ky, —ki, ko, —ko; T, 7) = - > X
1= 2= =1

where we define four time dependent functions, Xi(Q)’S(T, T)V i=1,2,3,4, which are given
by the following expressions:

X§2),8 _ Xl(l),l’
X2(2),8 _ X2(1),17

Consequently, one can write:

(_T)3f2u(_7_>3721/
e

4
(T, 7) = SOXONT ) = ()T (T, 7). (H132)
=1

229
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For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.

H.9 Computation of Iél)(ﬁ, 73) and IéQ) (11, 7T2)

In this context, we have to evaluate the following integral for [ = 1, which is given by:

L
20(r.7) = [

k=

2:0 <_1)2V ’i=1 ‘

where we define four time dependent functions, Xi(l)’g(T ,7)V 1 =1,2,3,4, which are given
by the following expressions:

Consequently, one can write:

S XVUT ) = ()T, 7). (H.138)

i=1

(_T)1—2V<_7_>1—21/

I!gl)(T7 T) = (_1)21/

In this context, we have to evaluate the following integral for [ = 1, which is given by:

4

do0i:10.20944/preprints202102.0616.v1

- (1) (1) (=1)"* 24 (1),9
k‘%dkl / k’gdk’ggn (kl, —kl, kg, —kg; T, ’7') = X (T, 7')
0 k

1) L ) L ) 1) (_T)lfQV(_T)lfﬁj (1),9
7,(T, 1) = k2dky i k2dk,EY) (ky, —ky, ko, —ko; T, 7) = > XN T)

k1=0 2=0 (=1)* il

where we define four time dependent functions, Xi(l)’g(T, T)V i =1,2,3,4, which are given
by the following expressions:
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Consequently, one can write:

(T 7) = (_T)l(__zylg;”l_?y 24: X, 7) = (=1)»TI(T, 7). (H.144)

For massive fields one can obtain the above mentioned results for the two types of the
integrals by taking the analytic continuation from v to —i|v|.
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I Computation of the normalization factor in four-point OTOC

I.1 Normalization factor of four-point OTOC computed from rescaled field
variable

Further, our objective is to compute the normalisation factors of two OTOCs computed
from the rescaled field variable f and its conjugate momentum II, which are given by the
following expression:

I P S— (1)
(f(ﬁ)f(ﬁ»,ﬁ<f(72)f(72)>6
1

N (r,7) = —— —— : (I.2)
(TL(7) (1)) 5 (1 (72)1L(72)) 5

for this we need to explicitly evaluate the denominator of the above mentioned expressions.

Now, the product of the two thermal two point function for general Motta Allen vacua
are evaluated as:

Pl = g T [P feemfoe ] (13)
) = 5T [ e mliGe )] (1.4)

where the thermal partition function for cosmology computed for Motta Allen vacua can
be expressed as:

Zony(Bsmi) = exp(~2sinytana) exp (— (1 + %53(0)) /d?’k In (2 sinh 5EkT(Tl))) Voi=1,2. (L5)

| cosh a

Next, we compute the expressions for the numerators with respect to the general Motta
Allen vacua, which are given by:

T [ 77900 7). 71) |

(a,)

- /dqja,v <\Ija,7’e_ﬁH(Tl)f(Tl)f<Tl)|\Ilow>

exp(—2 sin ytana) i , d*ky
= Tcosh d¥sp (¥Bp| 4 exp 5 exp(iy) tanh o 2y Ay, Qi

exp (—ﬂ [ (aLak+§53<O>) Ekm)) / (d?:) / é:) exp (s + 1) %) fuy (72) i (1)

exp —iexp(—i’y)tanha ks al af UsD)
2 (2m)3 ke B
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_ eXp(ﬁOS;E;'tam) / dWpp (Upp| {eXp (%exp(i’y) tanh o / % aklakl)
exp (—5 / Pk (aliak + %53(0)) Ek(ﬁ)>
[ [ e (s +160) 30 [+ £, () 6] [ar) e+ ) ol
- (—%exp(—i’y) tanha / g‘; aLQaIQ)} W)
_ eXP(_‘SOS;Elram) / dWgp (Vgp| {eXp (%exp(i'y) fanh / ng)g aklakl)
exp (—5 / Pk <a,1ak + %5%0)) Ek<ﬁ))

[ G [ e (a1 20 [l fr) v, + F(m)fr) g

+ fis (T1) f4, (1) ak3aik4 + [ (1) [, (71) atkgatm]

i _ d*k
exp (—5 exp(—i7y) tanh « / (277)23 aLzaIQ)} |Upp). (1.6)

Now we will explicitly compute the individual contributions, which are given by:
' d*k
exp (—%exp(—w) tanh a /ﬁ aIQaLQ) |Ugp)
0o _1) . n
= Z (=1) (3 exp(—ivy) tanh «v ) [Ysp)
et n! 2
(=) (i ) " Ak "
Z |3 exp(—ivy) tanh a 2y CLLQG,LQ |¥sp)

~ exp (—3 exp(—iv) tanh a ) Wsn)-. (L.7)

and
. 3k
(Upp| exp (% exp(i7y) tanh o / (‘127)23 akQakQ)
; 3k T
= {exp <—%exp(—i7) tanh « / éﬂ;’ aLQaLQ) |\IIBD>:|

— [exp (—%exp(—iV) tanh a ) |‘1’BD>]T

= (Upp|exp (% exp(iy) tanh a) , (1.8)
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and also we have used the following sets of useful results:
/d\IIBD (Upp|exp (—ﬁ/d?’k <aLak + %53(0)> Ek(ﬁ)) ks 0k, | YD) = 0, (1.9)
/d\IJBD (Upp| exp ( B/d?’ (akak—i— ;53 O)> Ey(m ) a kSak4\\I/BD>
= (27)% exp (— <1 +=8%(0 ) d3k In (2 5Ek i )) 5 (ks + ky), (L.10)
/d\IJBD (\IIBD\eXp< ﬁ/d?’ (akak + =6%( O)) Ex(m ) akSa » [Ysp)
= (27)° exp (— <1 + 553 > d3k ln( sin BE“ n )) 53 (ks + ky), (L.11)

/d\IfBD (Upp|exp (—B/d3k <akak + 553(0)> Ek<7'1)) al\a'y [Vep) = 0. (1.12)

Consequently, we can simplify the final result of the previously mentioned trace as given
by the following expressions:

Tr [e‘ﬂﬁ(”)f(x, Tl)f(x, 7'1)]

(@)
= Za,'y(ﬁ; Tl)/ é;{; / é;{; (271')3(53(1{3 + k4) |:fk3 (Tl)fik4(T1> + fjk3 (Tl)fk4(T1)]
= Zaal i) g (L13)

T [ BH™) f(x, 1) f(x, T2>] -

(2m)* ) (2m)°

= Zon(Bim2) / ks / THL )36 (s 4+ 1a) [fiy (7)1, (72) + s (72) e (72)]
— Zag F(7a), (L14)

where we define a regularised time dependent functions .7-"1(0"7) (m1) and .7:1(04’7)(7'2) as:

L
R ) = [y B ()P
0
iAB [ 2\* [32(A% + BY) 55 ( L7 L (2v — T)D(5 — 2v) ((—iLm)? — (iL7y)%)
3273 \ L iAB ! 5—2v  3—2v (2v — 3)
+(iL7)* {40 (3 — 2v,2iL7) + T'(5 — 2v,2iL7) + 4T(4 — 2v,2iL7)}
—(—=iLm)* {4T'(3 — 2v,2iLm) + I'(5 — 2v, =2iL7y) + 40(4 — 2v, —2iLm)}], (1.15)
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and

L
R es) = [y 1 io(m)P
0

do0i:10.20944/preprints202102.0616.v1

_iAB (2 7 [32(A2 4 32)73[,3 L2712 N 1 N (2v — T)T(5 — 2v) ((—iLmy)* —
327\ L iAB 7

(iL73)*")

5—2v 3—-2w (2v — 3)

+(iL79)* {40 (3 — 2v,2iL73) + T'(5 — 21, 2iL7y) + 4T(4 — 2v,2iL7y)}
—(—iL7)* {4T(3 — 2v,2iL7y) + (5 — 2v, —2iL7y) + 4AT'(4 — 2v, —2iL7y)}] . (I.16)

Here the constants A and B are in general dependent on the mass parameter v and the
vacuum parameters « and ~ for the Motta Allen vacua.
Similarly, following the same logical arguments one can show that:

Tr [eiﬁﬁ(ﬁ)ﬂ(x, Tl)ﬂ(X, 7'1)} )
oy

= Zor(Bim1) / éff) / é :; (208 (ks + ) [Ty ()T g, (1) + 1y () s (71)]

— w ]:QCW( ), (L.17)

Tr [e_’BH(”)H(X, TQ)H(X, 7'2):| )
a7y

_ Z.(8:m) / é;i; / é;§(2m353<kg+k4> [Ty (7)1 (72) + Iy ()T, (72)]

(B, 72) F (), (118)

where we define a regularised time dependent function Fs*" (1) and F5*7) (1) as:

L
FO(n) = / Ay K2 [Ty (m) .
1

= — L7 [-id" T ABTT (2w, —=2iLm)(—iLm)* + 2* P ABivr{T (—2v, —2i L7 ) (—iL)*

47'1

+2# P ABi* T (=2(v + 1), =2iL7y)(—iL7)* + 2* 3 ABiry T'(—2(v + 1), —2i L7y ) (—iL7)*

—i2* P ABurT(=2(v + 1), —2i L7y ) (—iLm)* + 22 ABi(1 — 2v)*1'T(—2v — 3, —2i L7 )(—

22 BABIA T (—2v — 1, —2i L) (—iLm)* — 3i2* P ABTT (—2v — 1, —2i L7y )(—iLm)*
+2# P ABivT T (—2v — 1, =2iLm)(—iLm)* + 2> ABir{T(1 — 2v, —=2i L7y )(—iL7)*
4(A? + B?) Lt} 2B%i7}
1—2v

— 4iB*r} +
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—i—LL o, [TE[4V*(2A% + B?) + B%*(4v — 3) — 5A%  BZinldv(v — 1) + 1]

47 L(2v+1) L2(v+1)

+4" T ABiTy (T(—iLm)® — 13(iLmy)* + 4° ((—iLm)® + 7(iL71)*)

v (9(iLm)* — 25(—iLm)*) + v* (68(iL7)* — 28(—iL7)*)) T'(—2v — 3)
—i22 T ABVA 3 (i L) T (—2v — 3, 2iL7y) — 12 3 ABT) (i L) T'(—2v — 3,2iL7)
122 ABivT (i L )*T(—2v — 3,2iL7) + 223 ABiv* ) (i Lm ) T(—2v — 1,2iL7)
+5 22T ABiT} (i L) T(—2v — 1,2i L) — 3i2* " ABvr) (i L1 ) T'(—2v — 1,2i L)

: , , 4(A%2 + BY)[v(l —v) — 1]
_ 92+l 3 2v _
127 ABT (1 L)™' T (1 — 20,20 L7y ) + 520 1+ 3) , (I.19)

and

L
F(ry) = / dky 12 T (72) %
0
1

= — L% [—id" T ABTT(—2v, —2iL7)(—iLms)* + 2* P ABivriT(—2v, —2i L) (—iL7s)*

47'2

22 ABIATIT (—2(v + 1), —2i L) (—iL7)® 4+ 22 P ABirsT (—2(v + 1), —2iL7y) (—iLy)*

do0i:10.20944/preprints202102.0616.v1

—i22 P ABurT(—2(v + 1), =2iL7y) (—iLm)* + 22 ABi(1 — 2v)* 1T (—2v — 3, —2iLmy) (—iL7y)*

+22 B ABIATIT (=20 — 1, =2iLmy) (—iLlmy)* — 3i2* ' ABTT(—2v — 1, —2iL7y)(—iL7y)*
122 B ABivT T (—2v — 1, —2iL7) (—iLmp)* + 22T ABiT3T (1 — 2v, —2i L7y) (—iL7s)*

A(A*+ B*)L1y LB+ 2B%iT3
1-2v v
T2[4v?(2A% + B?) + B?(4v — 3) — 5 A?] N Bir[dv(v — 1) + 1]
L(2v+1) L2(v+1)

+4" M ABiTy (T(—iL7o)® — 13(iL72)* + 4v° ((—iL7)* + 7(iL72)*)

v (9(iL75)* — 25(—iL7)*) 4+ v* (68(iL72)* — 28(—iL7)*)) I'(—2v — 3)
—i22 P ABV Ty (i L) T(—2v — 3,2iL7y) — i2* P AB7y (i L) T'(—2v — 3, 2i L)
+22 5 ABivTy (i Lmy)* T(—2v — 3,2 L) + 22 P ABiv*r* (i LT)* T'(—2v — 1,2i L)
+5 22 ABiT) (iL7)* T (—2v — 1,2iL7y) — 3i2* " ABv7y (i L73)* T'(—2v — 1, 2iL7y)
4(A%2 + BH)[v(1 —v) — 1]} |

—i22 M ABTI (iLmy)* T (1 — 2v, 2i L) + T2 13)

Then we have found the following expression:

1

- Tl £ A - 1 (a )
= mTr |: ﬁH f(X7 T]_)f(X, 7_]_):| - = 7T2F Y (7_1)7 <121)
1

F(72) f - Tr|e T f(x, 1) f(x, 7 _ L (@) (7, :
) = T [ o] | = A7), (12)

(a)

(f(n)f(m)s
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and
o 1 PP . 1
(M) = 555 Tr [ >H<x,n)n(x,m]( =), (129
o,y ) (o2}
N 1 A . 1
(I(12)1L(72)) s = mTr [6 PHETT (x, ) T(x, 7'2)]( T pfz( V(). (1.24)
a,y\M)y a,

Consequently, the normalisation factors of the previously defined two types of auto corre-
lated OTO functions for the rescaled field variable and its canonically conjugate momenta
operators can be computed as:

N (1, 7) = —— L — = ! , 1.25
(7,72 ) FE)s(f(m)f(m))s  FO(r)F (ry) (129
N (11,75) = ! = i . (1.26)

()T ()T (m))s  F () FE ()

In the super-horizon limiting region the conformal time dependent functions, can be
expressed as:

. 1 , (8(A2+ B)L3
ooy oy (e

+iAB4”(—iL7'1)2”(F(3 —2v) —T'(3 —2v,—2iLmn))
3

71
GABA"(iLTy)*(T(3 — 23y) —T'(3 -2y, 2iL7‘1))) 7 (1.27)
T1
(ay) B 1 v 8(A2 +B2)L3
s = (S
+iAB4V(—iLT2)2V(F(3 — ) —T'(3 — 2v, —=2iLm))
_GABAY(iL7p)*(T(3 — 23y) —I'(3 -2, 2¢L72))) 7 (1.25)
T2
FON (r) = o 2 I O N GO G 2NN 0 2
2 47 L32v+3)  L32v+3) L[32v+3) 2wv-1

4A2 2 8A2 2
T f =5 ’jr TlL +IAB22 A (i L) 2T (— 2w — 3,2iLm)

+iAB2* T (4t 4+ 200° + 31 + v — 5) 77D (—2v — 3) ((—iLm)* — (iLm)*)
—iAB2* 3 (1 — 2u)2 1} (—iLm ) *T(—2v — 3, —2iL7)
+iAB2* P33 (—i L )* T(—2v — 1, —2iL7)

—iAB4" 2y (—i L) * T (=20 — 1, —2iL7)

—iAB2* P (=il )* T (1 — 2v, —2iL7))
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—% (iAB2* 37} (iL7 )" T (—2v — 3,2iL7)
—iAB2* Py (i L) T(—2v — 3,2i L)
—i AB2* 33 (i L) T(—2v — 1,2iL7)
+iAB4 2y (il ) T(—2v — 1,2iL7)
+iAB22 T 3 (i L)) T (1 — 2uv, 2i L1y
n 4B?1? n B? _ 4B%v
L32v+3) L3(2v+3) L3(2v+3)
4B*Lt N 4B?*7} B 8Byt )
2v—1  2Lv+L 2Lv+ L)’
(—L2)7" ( 1A2)? A2 4A2y

(1.29)

‘F(av’Y) — —
2 () i\ +3)  Pr+3) v +3)

4A%LT) n 4 A% B 8A%yTs
2v—-1  2Lv+L 2Lv+1L
+iAB22 A (i L) T (21 — 3,2iL7y)
+iAB2* % (4v' +200° + 310° + v — 5) IT(—2v — 3) ((—iLm)* — (iL7)*)
—iAB2* 13 (1 — 20)* 73 (—iL7)*T(—2v — 3, —2iL7)
+i AB2% 33 (—i L) T (—2v — 1, —2iL7y)
—iAB4 2 ur) (—iLmy)* T(—2v — 1, —2iL7y)
—iAB2* 3 (—i L) T (1 — 2v, —2iL7y)
+iAB2* P33 (i Ly T(—2v — 3, 2iL7y)
—iAB2* Py (iLmy)* T(—2v — 3, 2iL7y)
—iAB2% 373 (i Ly)* T (—2v — 1,2i L)
+iABA" o3 (iLmy)* T(—2v — 1,2iL7y)
+iAB2* T 3 (i Lry)* T (1 — 2v, 2i L1y)
N 4B?1? n B? B 4By
L3(2v+3) L32v+3) L3*(2v+3)
AB’Lr} 4B}  8B%wrl )

_ 1.30
2v—1 20v + L  2Lv -+ L ( )

On the other hand, in the sub-horizon limiting region the conformal time dependent func-
tions, can be expressed as:

N 1 L ((32(A2 + B2 LS
‘Fl( 7W)<7-1) = 3_27—12 (_LQ) < 5— 9u
| AB (i) (I(5 — 2v) — T(5 — 20, ~2iLm))
5
T1
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iAB4"(iLn)*(D(5 — 2v) — T'(5 — 21, 2iLn)) (1.31)
T ’ '
o 1 [ 32(A% 4+ BY)L
A m) = 57 (1) ( 5— 2w
+Z'AB4”(—@'LTQ)2”(F(5 —2v) = T'(5 — 2v,—2iLm))
73
iAB4¥(iLmy)* (T'(5 — 2v) — T'(5 — 2v,2i L)) (1.32)
TS ’ '
FeN () = (=L —8A L2urE — AAPLP2 — 8A%S 4 12A4%°
2 AL (42— 1) 72 ! !

—6A% + A? — AB2¥ AL ) T (=20 — 1,2iL7)
+AB (=2*%%) V3 (—iL7)* 7' T (—2v, —2iL7)
—AB2% %3 (i L)) * T (—2v, 2i L7y
+AB22 53 (i Ly ) T (—2v — 1,2i L)

+AB4A" 22 (—i Ly )2 T (2w, —2iL7y)
—AB2% 32 (—i L )* (1 — 2v, —2iL7)

+AB4 22 (i Ly )2 T (=20, 2i L7y
—AB2# 32 (i L )T (1 — 20, 2i L)

+iABL2* (8% — 120° — 2v + 3) i I(—2v — 1) ((—iLm)* — (iL7y)*)
—AB4" Y (—i L) * D (—2v, —2iL7)

+AB2% 3y (—i L )* T (—2v, —2iL7y)

—AB2* " (2v — 1)3(2v 4+ 1)(—iLm)* ' I'(—2v — 1, —2iL7)
+AB2* T (—iLm)* (1 — 2v, —2iL7y)

—ABA" T (i Ly )T (=20, 2i LTy)
+AB2* 3y (i L )* T (—2v, 2i L)
+AB2* P (i L7 ) T (=20 — 1,2iL7)
—AB2* Py (iL7)* T (=2v — 1,2iLT)
+AB2# T (iLr)* T (1 — 2v,2iL7y)

—8B?L*vr? — AB?L*1} — 8B*/® + 12B*/* — 6B*v + 132) (1.33)
(a,7) (—=L*)™" 272, 2 272 2 2.3 2.2
Fy (1) = L -1 —8A°L vty —4A°L 1y — 8A“v° + 12A%v
— )72

—6A% + A? — AB2¥ PP (i L) T (—2v — 1,2iL7)
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+AB (—2%7) 13 (—iL7y)* T (—2v, —2iL7,)
—AB2% %531 Ly * T (—2v, 2i L7y)
+AB22 03 (i Lry)* 1T (—2v — 1, 2i L)

+AB4 2 (—i L) D (—2v, —2iL7y)
—AB2% 32 (—i L) (1 — 2v, —2i L)
+AB4" 22 (i L) T (=20, 2i L)
—AB2% 32 (i L) T (1 — 2, 2i L)

+iABL2* " (8% — 120° — 2v + 3) i I(—2v — 1) ((—iL7)* — (iL72)*)
—AB4" T (—iLmy)* T (—2v, —2iL7y)
+AB22 3y (—iLmy)* (=20, —2iL7y)

—AB2* " (2v — 1)} (2v + 1) (—iL7)* ' T (—2v — 1, —2iL7)
+AB2* T (—iL7)* T (1 — 2v, —2i L)

—AB4" T (i L) * D (=2, 2i L7y)
+AB22 Py (i L) T (—2v, 2i L1y
+AB2* T (i L) T (=20 — 1,2iL7y)
—AB22 Py (i L) T (—2v — 1,2iL7y)
+AB2* M G L)* T (1 — 20, 2i L7y)

—8B?L*vri — AB?L*1] — 8B*/* + 12B** — 6B*v + B2> (1.34)

For further computation we frequently drop the exponent («,~) as appearing in the nor-
malization factors. So in this simple notation one can write:

4

N (1, 7) = F () (1.35)
N (11, 7) = Bl Fa(ma)’ (1.36)

I.2 Normalization factor of four-point OTOC computed from curvature per-
turbation field variable

Now, we are going to perform the similar computations when we express the normalisation
factors of the two types of the desired OTOCs written in terms of the scalar curvature
perturbation field variable and its canonical conjugate momenta:

N, 1) 1= ——— ! —
(€(m1)¢(11))5{C(2)¢(72)) 5

1
N5 (1, 7)== — - - - . (1.38)

(T (7)1 (71)) 5 (He (m2) e (72)) 5

: (1.37)
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for this we need to explicitly evaluate the denominator of the above mentioned expression.

Now, the product of the two thermal two point function written in terms of curvature
perturbation and its canonically conjugate momenta are evaluated for the generalized
Motta Allen quantum vacua as:

Coims = 5y T [Tl n)] 39
(e ()T ((m1))s = mﬁ [e_ﬂﬁ(”)ﬂc(& )¢ (x, 72)] )’ (1.40)

where the thermal partition function for primordial cosmology in terms of curvature per-
turbation field variable is computed for generalised Motta Allen vacua can be expressed
as:

. ¢ .
¢ ray exp(—2sinvytana) Zpp(8; )
Za,’y(ﬁ77-i) -

vV i=1,2. [.41
| cosh ] T (141)

Here the thermal partition function for primordial cosmology in terms of curvature per-
turbation field variable computed for the Bunch Davies quantum vacuum as:

Z50(B:7) =~ exp <— (1 + %53(0)) /d3k In (2sinh 522(Ti)215k,<(%)>) Voi=1,2. (142)

Here we define the conformal time dependent energy dispersion relation in terms of the
curvature perturbation field variable and its canonically conjugate momenta as:

"L (wi(n) + (2(171) dz(:)f) s

2 s 1 d*z(m;) 1 dz(m)\’ 2Y =
* (k 2(7;) dr? +(z(n) dr; ))‘Ck( Y 12 (143)

Fig(m) : = [T (7)

= |

7

Consequently, we can simplify the final result of the previously mentioned trace in terms of
the curvature perturbation and its canonically conjugate momenta as given by the following

expression:

() 2 2 ] Zg, (B 1)
T [*ﬁH(Tl) , 7 _ Zay\ f(%’)’) ’ 1.44
[0 m] = S A ) (1.44)

T(ra) 2 2 ] Z4 (B 1)
T [—5H(7—2) 7 7 _ Zany\ f’(aﬁ) : 1.45
rle C(x, 72)C(x 72)_ @) | m22%(my) 1 (72) (1.45)

oo (] 20T

_5H T _ o ) 12 ((}!7’)/)

T [T (x, 7)1 (5, 7)| = w0 ), (1.46)
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N . . 7¢( -
Tr [6_5 HOT (x, )T (x, Tz)} . Zs(Bim) pan (1.47)

w222 (7'2)

Then we have found the following expressions for the thermal two point functions:

e = =T [ P10, ), )| = i FO (), (1.48)
Za(B;m) (@) w222(7)

e = =T [ P10, ) )| = i (), (1.49)
Za(B;m) (@  m222(7)

g A 1 —BH ()T A _ 1 oy
(e (m)e(m1))s = mTr [6 PHOOTT (x, 71)TIe (%, Tl)} o 7T222(7-1)‘FZ( (), (1.50)
(e (m2)e(72)) 5 = %Tr e P (x, )¢ (x, 72) = 21 F 0 (m) . (L51)
Zan(B;72) (ar)  T22%(T2)

This further implies that the connecting relation between the two point thermal correlation
functions computed from the rescaled field variable and curvature perturbation variable
and their conjugate momenta are given by:

(f(r)f(m))p = 2°(T){C(T)C (7)), (1.52)
(f(12) [ (7)) 5 = 2° (1) {{(72)C (7)), (1.53)
((r)II(71))p = 2°(71) (He(m)Te(71)) g, (1.54)
((72)T(2)) 5 = 2°(72) (H¢(72) 1 (72)) 5 (1.55)

Consequently, the normalisation factors of the two desired auto-correlated OTOs for the
curvature perturbation variable and in terms of the canonically conjugate momenta can
be finally computed as:

Nf T, ) = — - ! - - = 23 ()2 (r2) = 22(1) 22 (1o ./\flf T1,T2), [.56
) s A SEERE A, 050
NE (1, 7)) = — - ! - - Z(n)2(n) = 22(1)22(r)NY (11, 72).  (1.57)

(I (70T (1)) g (T (7o) e (7)) 5 féa%)fé‘*”(m)
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J Computation of the normalization factor in classical limit of
four-point OTOC

J.1 Normalization factor of the classical version of four-point OTOC com-
puted from rescaled field variable

Further, our aim is to compute the normalisation factor of the classical version of OTOC
computed from the rescaled field variable f, which is given by the following expression:

f T1,T) = 1 ]
Nictmsien(71:72) = 75 F () (1)
f T1,7T2) = 1 X
NLClassical( 1, ) <f(7-1)f(7'1)>6<H(7'2H<7'2)>5’ (J 2)

for this we need to explicitly evaluate the denominators of the above mentioned expressions.

In the classical limiting case there is no physical notion of vacuum state exist using which
we can take the thermal average over a statistical ensemble. To avoid such confusion in the
classical case the commutator brackets are replaced by the usual Poisson brackets and the

thermal tracing operation to find the OTOC will be replaced by the phase space measure
DfDII

21
Now, the two thermal two point functions in the classical limiting case are evaluated in

over which we have to perform the average at the end.

terms of the phase space averaged Poisson Brackets as:

) = o [ [ PEZRe 10 (fxm), )b (13)
) f(r)s = e [ [ PEZR P ), ), (34
<H(7—1)H(Tl)>’8 - ZClassiclal(ﬂ;Tl) / Défne_ﬁH(ﬁ) {16, ), TG, Tl)}PB7 (J:5)
M) = oo [ [ 225 (T ) M. ) (30

where the thermal partition function for cosmology in the classical limit is computed as:

ZClassical(3; Ti) = exp (—/d?’k In (2 sinh %)) vV i=1,2. (J.7)

Now we compute the Poission brackets as:

(xm). b = [ s [ G explitia +Ke)0) {fua (). ()b

(2m)?
= W1(0)/ é:)g / é:)i’ exp(i(k; +kz).x) (27)* 8°(k; + ko)
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= W1(0>/ é;_()lg

W) [,
L3
= — Wi(0), (J.8)

672

(% 72), f( )} prs = / é:) / é:) exp(i(ks + ka)-x) { e (72), fir (72)} s

Pk, [ Bk , .
~Wi0) [ s [ G e+ ke)x) (20 8 1)

Wi (0) [*

k1=0

(I, m). (%, 71) by = / é; / éf) exp(i(ks + k) %) {Th, (72), Ty (72) }

&k, [ dks | s
= Wal0) [ s [ G e+ k) x) (20" 0 1)

o[ 2

W, (0) [*
™ k1=0
L3
— —_W,(0), (J.10)

672
d*k, Ak,

{16, 7). 10x e = [ s [ G exp(ills +12)x) (Tl (7). T () o

B, [ Bk, , .
= Wal0) [ G [ exnlilla +ka)x) (20" Pl +1e)

_ WQ(O) /L k%dk’l
k

2
2m =0

- L—BWQ(O). (J.11)

672

Here it is important to note that:

W(0) £ W,(0). (1.12)
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Then we have found the following expression:

)15 = g Wi(0), (113
() = W), (1.14)
M)} = g W0 (015)
M) = g Wa(0) (2.16)

Consequently, the normalisation factors of classical limit of the two types of the desired
OTOC:s for the rescaled field variable and its associated canonical conjugate momenta can
be computed as:

3674 3674
f _ _
Nl,Classical(Tlﬂ 7—2) - LGW%(O) - L6G§lrnel(0) ) (J17)
3674 3674
f _ _
N;,Classical(’ﬁ? T2) - L6W%(O) - L6G(2) (O) 5 (J18)
Kernel
which further implies:
NljiClassical(Tb 7—2) 7é NQ{Classical<T17 T2)' (Jlg)

Now, considering the examples of non-Gaussian coloured noise and Gaussian white noise
we get the following simplified result for the normalization factors in the classical limit:

( 36~y
Lz—lAﬂ ) Coloured Noise
Nélassical<7—177—2> = 9 ! (JQO)
| 0 White Noise
( 36~y,m?
—ngr ) Coloured Noise
Nélassical<7—177—2> = 9 2 (J21)
0 White Noise

\

where for the non-Gaussian coloured noise we have:

1 F V2 (J.22)
A # A, (J.23)
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J.2 Normalization factor of the classical version of four-point OTOC com-
puted from curvature perturbation field variable

Now, we are going to perform the similar type of computation when we express the nor-
malisation factors of the two types of the desired OTOCs in the classical limit written
in terms of the scalar curvature perturbation field variable and its canonically conjugate
momentum variable as:

¢ T, To) 1= L
N crsien (1072 3= (e, el

¢ T1, To) = L
N sien (1272 3= 1 T, (e (L)

for this we need to explicitly evaluate the denominators of the above mentioned expressions.

(J.24)

(J.25)

Now, the product of the two thermal two point function written in terms of curvature
perturbation and its canonically conjugate momenta are evaluated as:

(Cremls = g | [ 2R (). ()b (026

1 DfDII
() = o [ [P0 (). (b, (327)
. . 1 DfDI1
() = s [ [ 2200 (). M), (125)
. . 1 DfDII
(A = oo [ [ 225 (T 7). T, ) (120

where the thermal partition function for cosmology in the classical limit in terms of cur-
vature perturbation field variable can be computed as:

2\ E :
Zélassical(ﬁ;ﬂ) = eXp (_/d3k In (2 sinh ﬁz <Tl)2 k7<(T’L>)) Vo= 1a 27 (J30)

Here we define the time dependent energy dispersion relation in terms of the curvature
perturbation field variable and the its canonically conjugate momentum as:

N (W’Q‘(T” (i d?z(;))Z) Gl P,

2 o 1 d*z(m;) 1 dz(m)\’ 2Y =
+ <k A + (z( ) ) ICe(m)|? Y i=1,2 (J.31)

) dr? 7;) dT;

Fig(ri) + = [T(7)

= ‘Hﬁ(ﬂ')
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Now we compute the classical Poission brackets as:

(e m). ) bon = [ éff) / é:) exp(ilks + ka)-) {Gr (71)s G (1) Yo

LS
(€6e ) Cx e = [ éf) / g; exp(ilks + ka)-x) {Gis (11): G () Yo
L3
= mwl(o), (J.33)
{HC(X, T1)7HC(X, Tl)}pB = / é;’{)l?) / é;{;’ exp(i(kl + k2).X) {HC;kl (TQ),HC;k2(7—2)}PB
L3
= WW2(0)7 (J-34)
{1 72). e 7)) = | éf) / é;‘) exp(i(ks + o) %) Ty (), ey (7)o
LS
- Gz Va0 (1.35)

Then we have found the following expressions for the thermal two point auto correlation

functions:
(€60 = e W0 (136
()6 = g Wi(0) (137
() = o= Wal0) (139
(M) = o —Wal0) (1.39)

This further implies the following connecting relations between the two point thermal auto
correlation functions computed from the rescaled field variable and curvature perturbation
field variable and their conjugate momenta in the classical limit are given by:

(F(r)f(m))s = 22 (m){C(1)¢(1)) 3, (J.40)
(f(r2) () = 2°(12){C(12)C(T2)) 5, (J.41)
(M(r)TI(11)) g = 2*(10) (T (71) T (1)) 5, (J.42)
(I(12)11(72)) g = 2*(72) (T (2) T (72)) 5 (J.43)

Consequently, the normalisation factors of auto-correlated OTO functions in the classical
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limit for the curvature perturbation variable and its canonically conjugate momenta can
be computed as:

1

’ T1,T2) =
Motassiea 2 72) = (e ) (Cmcms
¢ T1,7T2) = 1 :Z2 1 22 T2 S . T1,72).
'/\/’2,Classica1( 15 ) <HC<Tl)H((Tl)>ﬁ<HC(T2>HC<T2)>ﬁ ( ) ( )NClasswa1< ) ) (

= 22(7—1)22(TQ)N(fJIassical(Th 7—2)7 (J44>

J.45)
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K Thermal trace operation in terms of wave function of the uni-
verse in Primordial Cosmology

In this appendix, we explicitly demonstrate the thermal trace operation. To illustrate
this mathematical operation in detail let us first consider two operators, defined in the
two times scales, 71 and 7, given by, 01(71), Ol(TQ), OQ(Tl), and 02(72). Here the trace
operation is defined for the generalized Motta Allen quantum vacuum state as:

Tr [exp(—ﬁﬁ) [01(7'1), 01(7'2)“

(a,)

~ [0y (Woslesp(-BE) [01(m).0m)] Wa) . (1)
and
Tr [exp(—ﬁﬁ) [()Q(ﬁ), 02(72)} ] -
[ Ve (Waslexp(-58) [0u(m). Oa(r)] W) . (K2

In the context of quantum field theory of spatially flat FLRW cosmology, one can define
the initial quantum mechanical state corresponding to the class of all excited SO(1,4)
isommetric Motta-Allen or («,y)-vacua states, which are characterized by two real param-
eter family o and . Now one can find that this type of vacua is not CPT symmetry
preserving. Following the previously mentioned general construction one can write down
the Motta-Allen or («,y)-vacua states in terms of the well known adiabatic Bunch Davies
vacuum state by the following expression:

1 ) . 4’k
Wy ) = \/W exp (—5 exp(—ivy) tanh o / n)? alT(aL) YD) , (K.3)
and
1 1 . A’k
<\I/a,"y| = \/lCTW <\IIBD| exp (5 exp(’w) tanh o /W (J/kak> s <K4)

which will further give rise to the following fact for the wave function measure in primordial
cosmology:

AV, = dUpp. (K.5)

This implies the fact that the wave function measure for the Motta Allen vacua and Bunch
Davies vacuum is exactly same due to having the above mentioned representation.
In the present context of discussion one can construct the CPT symmetry preserving
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a vacua wave function by setting the parameter v = 0 in the above expression. Not only
that, one can also get back the usual Euclidean vacuum state, which is commonly identified
as the Bunch Davies vacuum by substituting the parameters o = 0 and v = 0 in the above
mentioned expression. Since our prime objective to consider a general vacuum state, so
that we have started our analysis with the generalised Motta Allen vacua.

Here ¥, , is the wave function of our universe in Cosmology which is define with respect
Motta Allen quantum vacuum state. Since the Hamiltonian under consideration do not
have any eigenstate discrete representation in the quantum field theory of curved space-
time, to define the very crucial trace operation we actually have to transform this to
a continuous representation by incorporating the integral over the wave function of the
universe written for primordial scalar quantized perturbation. In this appendix we have
explicitly mention this mathematical operation to avoid any further confusion regarding
the computation of the thermal trace of the commutator or any powers of the commutator
of the two same operators defined at two different conformal time scale using which we can
do the ensemble averaging over the micro-canonical statistical ensemble of the universe.

Now using the mentioned definitions of the quantum vacuum state one can translate
everything in the language of Bunch Davies vacuum state and this can be implemented as:

Tr [exp(—ﬁﬁ) [Ol (x,71), 0, (x, TZ)] } (a,)

1 i , d*k;
= Tcoshal d¥sp (¥pp|exp 3 exp(i7y) tanh « 2n) Ay, A,

exp (—,@ / d°k (aLak+ %53(0)) Ek(71)>

/é3;33/é3;4 exp(i (k3+k4) )[Ol(kg,Tl),Ol(k4,T2)]

exp <—% exp(—i7y) tanh « akak> |VsD) (K.6)

and

Tr [exp(—ﬁﬁ) [62<X7 1), O2<X’ TZ)” (o)

1 i . Ak,
— \Cos—hoz| /d‘IJBD (Upp|exp §exp(w) tanh « /W Ay, Qx,

exp (—5/d3k (aiak+%53(0)) Ek(ﬁ))

/ é?’:;?’ / g’:; exp(i (k3+k4) )[Oz(kg,vl),OQ(k4,72)]

exp (—% exp(—i7y) tanh o _ akak> |VsD) (K.7)
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Here we have actually transformed the quantum operators in the Fourier space from the
real space using the following the Fourier transformation ansatz:

Oi(x,7) == / (5371; exp(ik.x) Oy(k,7), (K.8)
O (x, ) = / ng)g exp(ik.x) Oy (K, 7). (K.9)
O,(x, 1) := / % exp(ik.x) Oy(k,71), (K.10)
0.(x,7) := / ng)f” exp(ik.x) Oy(k, 7). (K.11)

Additionally, we have used the quantized form of the Hamiltonian is:
N 1
H(Tl) = /dgk (aLak + 563<0)> Ek(Tl), (K12)

where the energy dispersion relation Ey(7) is given by:

(3)
Ex(m) = |[M(m)* + | &* = =—— [ [&(m)I*] - (K.13)
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