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Abstract

This paper presents a novel hybrid numerical scheme that combines the Finite Element Method (FEM)
and Pseudospectral Methods to simulate the nonlinear transport of pollutants in water environments.
The mathematical model is based on a convection-diffusion-reaction equation coupled with a stationary
incompressible Navier-Stokes velocity field. By leveraging the geometric flexibility of FEM and the high
spatial resolution of spectral techniques, the proposed method offers improved accuracy and stability,
even under limited regularity of the solution. Numerical simulations are conducted to evaluate
the influence of key physical parameters such as the Reynolds number and reaction nonlinearity.
The results highlight the robustness of the method and provide insights into pollutant dynamics in
environmental flow scenarios.

Keywords: pollutant transport; nonlinear reaction-diffusion equations; finite element method;
pseudospectral method; environmental fluid dynamics

1. Introduction

Water pollution is one of the most critical environmental challenges of the 21st century, particularly
in natural watercourses that serve as essential reservoirs for biodiversity, drinking water, agriculture,
and industry. The propagation of pollutants in rivers, lakes, and estuaries involves complex physical,
chemical, and biological processes governed by fluid flow, dispersion, and reaction mechanisms [2,6,14].
Understanding and predicting these transport phenomena is crucial for environmental risk assessment,
water quality management, and the design of remediation strategies [16].

Over the past decades, mathematical modeling and numerical simulation have become indispens-
able tools in environmental hydrodynamics. They offer a cost-effective alternative to experimental
monitoring, which is often limited by spatial coverage, temporal resolution, or financial constraints [3,8].
Various numerical approaches have been proposed for simulating pollutant transport, including finite
difference methods [13], finite volume methods [10], and finite element methods (FEM) [4]. While
FEM provides flexibility in handling complex geometries, spectral and pseudospectral methods are
known for their superior accuracy in resolving smooth solutions [1,15].

Hybrid numerical schemes that combine the geometric adaptability of FEM with the preci-
sion of spectral methods have gained attention in recent years, especially for advection-diffusion-
reaction equations [9,12]. These methods can yield high-order accuracy while maintaining stability
under stiff nonlinearities or irregular domains. However, their application to environmental flow
problems-particularly those involving coupled Navier-Stokes and reaction-diffusion systems-remains
under explored.

In this work, we propose a hybrid numerical approach that couples the finite element method
with a pseudospectral discretization scheme to simulate the nonlinear transport of pollutants in a
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two-dimensional watercourse. The pollutant concentration is governed by a convection-diffusion-
reaction equation, while the flow velocity is computed from the steady-state incompressible Navier-
Stokes equations. The nonlinear reaction term models degradation or transformation processes that
may occur during pollutant dispersion.

Our main contributions are as follows:

*  We formulate a coupled nonlinear system for pollutant transport in incompressible flows, incor-
porating both diffusion and nonlinear reaction dynamics.

*  We develop a hybrid FEM-pseudospectral scheme that ensures stability and convergence even
under limited solution regularity.

¢  We conduct a set of numerical experiments to illustrate the effects of physical parameters
(e.g., Reynolds number, reaction nonlinearity) on pollutant distribution.

The remainder of the paper is organized as follows: Section 2 presents the mathematical model
and governing equations. Section 3 details the spatial discretization and hybrid numerical scheme.
Section 4 describes the algorithmic implementation and simulations. Section 5 analyzes the numerical
results. Finally, Section 6 concludes the paper with perspectives for future work.

We consider the transport and diffusion of a chemical pollutant in a two-dimensional, bounded
aquatic domain Q) C R2, over a finite time interval t € [0, T]. The pollutant concentration, denoted by
C(t, x,y), is governed by a convection?diffusion-reaction equation:

aC

5, ~ABCHV-VCHF(C)=0, in(0,T]xQ, 1)

subject to homogeneous Neumann boundary conditions:

g—i =0, on(0,T] xdQ, ()
and an initial condition:
C(0,%,y) = Co(x,y), inQ 3)

Here, v = (v1,v2) is the steady, incompressible velocity field of the ambient fluid, and F(C)
represents a nonlinear reaction term describing chemical transformation, biological decay, or pollutant
degradation.

The nonlinear function F(C) is defined as:

F(C) = uC|C|F Y, (4)

where y > 0 is a reaction rate constant and > 0 is a nonlinearity parameter.
This form is widely used to represent autocatalytic reactions, nonlinear degradation, or sorption-
desorption phenomena in environmental models [11]. For example:

e When = 1, the reaction is linear and corresponds to classical first-order kinetics.
e  For § > 1, the nonlinearity introduces reaction acceleration with increasing concentration, model-
ing stronger pollutant self-interaction or saturation effects.

The use of F(C) = uC|C|P~! also ensures continuous differentiability and generality across a
wide class of power-law reaction models.
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The velocity field v is assumed to satisfy the steady incompressible Navier-Stokes equations:

—Avi+F (Ul, 02) = fl/ in Q, (5)
—Avy + B (v1,v2) = fo, inQ), (6)
0
a%l =0, ondQ, i=1,2, @)
avl avz . .
W @ = 0, m Q, (8)

with the nonlinear convective terms defined by:

1 dv du

F1(’01,1)2) = Re<vlaxl +vzay1), 9)
1 dv du

Fz(vl,vz) = R7e (U]axz + ’(’Jza;). (10)

Here, Re is the Reynolds number, a dimensionless parameter characterizing the ratio between
inertial and viscous forces in the fluid:
Re = ﬂ, (11)
v
where p is the fluid density, U a characteristic velocity, L a characteristic length, and v the dynamic
viscosity. Low Reynolds numbers indicate diffusion-dominated flows, whereas higher values suggest
convection-dominated regimes with stronger mixing effects.

The model is based on the following:

e The fluid is Newtonian, incompressible, and its velocity field is stationary (i.e., independent of time).
e The pollutant is passive: it does not affect the flow field (one-way coupling).

e There is no pollutant exchange across the domain boundaries (homogeneous Neumann conditions).
®  The domain () may be geometrically complex, but is fixed in time and two-dimensional.

These simplifications make the model tractable while retaining the essential features of pollutant
transport dynamics in realistic environmental systems such as shallow rivers or estuarine channels.

2. Discretized Model and Numerical Scheme

To numerically solve the coupled system described in Section 2, we employ a hybrid spatial
discretization strategy that combines the Finite Element Method (FEM) for geometric flexibility and a
pseudospectral method for high accuracy on each element. The resulting semi-discrete system enables
efficient simulation of nonlinear convection-diffusion-reaction phenomena.

The computational implementation is carried out in MATLAB®, which provides a flexible envi-
ronment for assembling local-to-global transformations, handling sparse matrices, and integrating
nonlinear dynamical systems.

2.1. Spatial Discretization Framework

Let 7, be a conforming triangulation of the domain Q, consisting of 7; triangular elements T*.
Each physical triangle TX is associated with an affine mapping H* from the reference triangle

Tt = {(r,5), =1 <r,s <1, r+s <0} (12)

On each element, we define a local spectral basis using Dubiner polynomials [5], which are
orthogonal and well-suited for spectral element methods on triangles.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0979.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 September 2025 doi:10.20944/preprints202509.0979.v1

4of 14

Given N alocal approximation parameter, representing the degree of the interpolation polynomial
on each triangle, the global basis functions gﬁm where m,n > 0 and m +n < N are constructed by
mapping the local basis functions gy, from Tyef to TX and extending them by zero outside the element:

Smn ((Hk) _1(x,y)>, if (x,y) € TF,

Shn(%,Y) = (13)
0, otherwise.
The spectral Dubiner basis on the reference triangle is defined by:
2(r+1 j ;
sifr) = 17 (A5 1) PR -, (14

where ]ff’ﬁ is the Jacobi polynomial of degree n and order («, B).
A schematic representation of the local-to-global mapping process and the assembly of the global
matrices is shown in Figure 1.

Local to global mapping Assembly matrix
with local numbered

/

Assembled global

matrix

Tref  —

5.

%

(-1-1) (1-1)

Lo o
- O=NwW

SR o N
2l o N

~bkbo

Dubiner basis gyn, m+n <3

Figure 1. Illustration of the transformation from local reference triangle T,f to global triangulated domain ()
using affine mappings 74k, and the local-to-global matrix assembly.
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2.2. Steady-State Velocity Field Computation via Spectral-Galerkin Method

To compute the steady-state velocity field v = (v1,v;), we discretize the stationary incompressible
Navier-Stokes equations using a Galerkin approach. For each triangular element T¥, we formulate the
weak form of the momentum equations (5) and (6), and approximate them by integrating against the
local basis functions g¥,,,. This yields the following variational expression:

/Tk Vo, - Vg’,‘,,n dxdy + /Tk Fi(vl,vz)gfnn dxdy = /Tk fi g’fnn dxdy, i=1,2. (15)

By employing pseudo-spectral differentiation, we define local differentiation matrices DX and

D’; over the element T¥, such that for any function f defined on T*, the derivatives at the collocation
points are approximated as:

f, =Dif, f,=D}f, (16)

where f, fy, and f, are vectors containing the values of f and its partial derivatives with respect to x
and y at the collocation points of T*.

Additionally, we introduce a quadrature matrix Q, which is a diagonal matrix whose entries
correspond to quadrature weights associated with the collocation points on the reference triangle Tycs.
This enables the approximation of integrals over T* as:

/Tk f(x,y) g(x,y) dxdy ~ det(J*) - £ Qg, (17)

where J¥ is the Jacobian matrix associated with the affine transformation from the reference triangle
Tyef to the physical element T*.

By applying the pseudo-spectral differentiation formula (16) and the quadrature approximation (17)
to the local weak formulation (15), we obtain the following discrete system for each velocity component:

ANF QR (VL V) =Qff, i=1,2, (18)
where the local stiffness matrix is defined as:
Ak = (Dk>TQDk 4 (Dk)TQDk (19)
- X X y ’
and the nonlinear convective term is discretized as:
1 ) .
F;(vk,vh) = Re (d1z;1g(v’1‘)D],‘(v£c + dlag(vé)ngf) (20)

Here, the vectors vi.‘ and f;‘ contain the discrete values of the velocity components v; and source
terms f; at the collocation points of T*. The notation diag(vé‘) refers to a diagonal matrix whose entries
are those of the vector vé‘ .

By assembling the local equations (18) over all triangular elements in the mesh, we obtain an assembled
system in local numbering:

A V%OC + Qloc F%OC (Vlloc, VlZOC) _ Qloc f%oc, i=1,2, (21)

where:

e vl is the concatenated vector obtained by stacking all local velocity vectors v¥ from each triangle
i y & i &
T* ;
e A isablock-diagonal stiffness matrix whose diagonal blocks are the local stiffness matrices A¥;
e Q'°¢is ablock-diagonal matrix with each diagonal block equal to the quadrature matrix Q;
. F}"C(vlloc,vlfc) and f}OC are the concatenated vectors of the local nonlinear convective terms
F;(vk, vk) and the source terms fﬁ-‘, respectively.
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All local contributions are related to the global degrees of freedom via a global transformation
matrix Z, such that:
viee—zvE® =12, (22)
glol
i
transformation into the assembled local system (21), we obtain the global nonlinear system:

where v&” is the vector of global unknowns for the i-th velocity component. Substituting the above

AZ v 4 QI Floe(ZyB®, ZvE ) = Qlocloe, 1 =1,2. (23)

This s%lstem represents a large-scale nonlinear problem, where the unknown global velocity
vectors v%lo and v%lOb must also satisfy the discrete incompressibility condition (8) which is discretized
using the same spectral differentiation framework. This results in the following global discrete
constraint:

D,Zv¥" + D,Zv8" — 0, (24)

where D, and Dy are block-diagonal matrices that assemble all local spectral differentiation matrices
Df and D’;, respectively.

2.3. Pollutant Concentration Update

Once the steady-state velocity field v = (v1,v2) is computed, the pollutant transport equation
is discretized in space using the same local spectral basis and quadrature framework as for the
velocity field.

By multiplying the governing equation (1) by the basis function gk, and integrating over a
triangle T¥, we obtain the weak formulation:

d k k k k —
E/chgm” dxdy—i—)t/Tk VC-Vgun dxdy—i—/Tk(v-VC)gmn dxdy—i—/Tk F(C) gmndxdy =0. (25)

Proceeding as in the velocity formulation, the advective term is approximated using spectral
differentiation and quadrature:

/Tk(v -VC) gk, dxdy ~ det(J¥) - (g’,ﬁm) TQ [diag(vll‘)D],‘( + diag(v’ﬁ)Dﬂ ck, (26)

where CF is the vector of pollutant concentration values at the collocation points of T.
The resulting semi-discrete approximation of (25) reads:

(gh) @ S0+ A () AT+ (gh) @BHWE V) CF 1 (gh,) ' @F(CH =0, @)

where we define:
Bk(v’f, VS) = diag(v’f) Df + diag(vg) DS, (28)

and where F(CF) denotes the evaluation of the nonlinear reaction term F(C) at the collocation points
of T*.
Simplifying (27) and isolating the time derivative yields the local system of ODEs:
%ck = —AQtAFCk — B (v, vh) CF — F(CF). (29)
Aggregating these local systems for all k = 1, .. ., 1, and using the same block matrix notation
introduced earlier, we obtain the global system in local numbering:
d

E Cloc - _A Adiff,loc Cloc B (Vlloc, VIZOC)CIOC . F(clOC), (30)

where:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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o Adiffloc js 3 hlock-diagonal matrix whose k-th diagonal block is Q~1Ak;
e B(vl’c, vl is a block-diagonal matrix with blocks B¥(vK, v£).
Finally, transforming this system into global numbering using the global-to-local mapping matrix
Z and the local-to-global projection matrix W, we arrive at the global semi-discrete formulation:
%Cglob — —AW Adiff,lOC Z Cglob _ W B(vllOC, V120C) Z Cglob _ W F(Z CglOb). (31)
The semi-discrete problem in pollutant concentration thus consists of computing the global
time-dependent solution C8!°° (t) over the time interval [0, T] subject to the initial condition:

8 (0) = 5, (32)

where C%lOb is the vector of initial concentration values evaluated at the global collocation points.

2.4. Convergence, Stability, and Algorithmic Implementation
2.4.1. Convergence of the Discretized Velocity Field Problem

The discretization of the stationary incompressible Navier-Stokes equations using a spectral-
Galerkin approach on triangular elements results in a nonlinear saddle-point problem, constrained by
the discrete incompressibility condition. The convergence of the velocity field approximation v&l°P
hinges on two main aspects: the spectral approximation properties of the Dubiner basis functions and
the regularity of the exact solution. Assuming that the exact velocity field v lies in a Sobolev space
[H*(Q)]? for s > 1, the spectral element discretization achieves exponential convergence in space with
respect to the polynomial degree N on each triangle, provided the mesh 7}, is quasi-uniform and the
geometry is smooth or polygonal [7,9].

More precisely, let vy denote the discrete spectral solution obtained from system (23) and v the
exact solution of the continuous weak problem. we can state the following result:

Theorem 1. Let Q C R? be a polygonal domain, and suppose the exact velocity field v € [H*(Q)]? for some
s > 1. Let vy denote the discrete velocity field obtained from the spectral-Galerkin system (23) using polynomial
degree N on each triangle. Then, there exists a constant C > 0, independent of N, such that:

IV =l ) < NV (q). (33)
If v is analytic on Q), then the convergence is spectral, i.e., exponentially fast:
IV =vNllgn(q) < Ce ™, (34)
for some b > 0.

Proof. The proof follows classical approximation theory for spectral element methods [7,9]. On each
triangle T*, the spectral basis formed by Dubiner polynomials yields an approximation error of order
N~*in L? and N~**!in H!, due to inverse inequalities. The assembly of the global error estimate then
follows from a Céa-type lemma applied to the discrete weak formulation of (15), using the inf-sup
stability of the discrete spaces under suitable projection or stabilization. The exponential convergence
in the analytic case comes from the classical result on orthogonal polynomial approximation of analytic
functions on triangles. [

2.4.2. Convergence, Stability, and Algorithmic Implementation of the Semi Discretized
Pollutant Problem

The semi-discrete formulation derived above leads to a system of nonlinear ordinary differential
equations (ODEs) for the pollutant concentration C8°°(¢). To guarantee the well-posedness and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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convergence of the numerical solution, we must ensure stability and boundedness of the solution
over time.

Energy Boundedness Condition

We assume that the nonlinear reaction term F(C) satisfies the following dissipative condition:
F(C)-C > C?, for some y > 0. (35)

Under this assumption, one can derive an energy estimate by multiplying equation (31) by C8lob-T
and applying symmetry properties of the matrices involved. This yields:

1d
5 77 18 [ Guan < —AIVCEP|2 + || CE 2, (36)
where || - ||leob is the discrete weighted L? norm. By applying Gronwall’s inequality, this implies

boundedness of the solution for all t € [0, T| provided that o remains small compared to the diffusion
and advection damping rates.

Time Discretization and Solver Strategy

Rather than designing an ad-hoc time integrator, we advance the semi-discrete system obtained
after spatial discretization by calling MATLAB’s built-in adaptive ODE solver. Denote by

% CglOb(t) =g (t/ Cglob(t)) .— _AWAUdifflocz Cglob - W B(Vlloc’ V120c> 4 Cglob - W F(Z Cglob) ,

with initial condition C8'°P(0) = Cgl()b ; the steady velocity field vI°° = (vlloc, vK°) is precomputed once
and kept fixed during the concentration update. We then solve the IVP

d lob
CIPM =G(,CEC(),  te0T],  CHP(0)=CF”,

by invoking MATLAB’s adaptive solver ode15s. This black-box approach automatically controls the
time step to meet user-specified tolerances, and it avoids any custom IMEX design.

MATLAB Solver-Based Workflow
The implementation proceeds as follows:

1.  Precompute constant operators: assemble sparse matrices L := WAdf1ocZ and B(v!1°?) (kept
fixed if the velocity is steady), and prepare a function for the nonlinear reaction vector F(-)
evaluated at ZC8!°P,

2. Define the RHS callback for the ODE solver:

RHS(t,C) = —ALC — WB(VI®)ZC — WKZC).
3.  Call the solver with the desired tolerances:
[t,C(t)] = ode15s(RHS, [0, T], C8'®, odeset ('RelTol’, 1076,” AbsTol’, 10~7)).
4.  Post-process C(t) at requested output times, and map to local or physical fields via Z when needed.

3. Numerical Experiments

This section presents numerical experiments to validate and illustrate the performance of the
proposed spectral-Galerkin framework for solving the coupled Navier-Stokes and pollutant transport
equations. The simulations are implemented in MATLAB R2024a, leveraging sparse matrix operations

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0979.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 September 2025 d0i:10.20944/preprints202509.0979.v1

9of 14

and customized local-to-global assembly routines. Two main components are addressed: the steady-
state velocity field computation and the transient pollutant concentration evolution.
The simulations are implemented in a modular MATLAB framework. Key features include:

*  Local-to-global transformation via sparse matrix Z.

*  Assembly of spectral differentiation matrices D¥, D§ using Jacobi or Dubiner basis.

*  Block-diagonal structures for stiffness A and convection matrices B for efficient matrix-
vector operations.

*  Divergence enforcement via projection on ker(D,Z, D, Z).

¢  Time integration for concentration handled with vectorized Runge—Kutta schemes.

3.1. Numerical Resolution Strategy for the Discrete Velocity Field

The discrete system governing the steady-state velocity field, given in (23) together with the
incompressibility constraint (24), results in a large-scale nonlinear algebraic problem. Direct solvers
quickly become computationally prohibitive as the number of elements and polynomial degree increase,
due to the size and sparsity pattern of the global matrices. To overcome this limitation, we adopt an
efficient iterative scheme based on gradient methods, implemented in MATLAB.

Linearization

At each nonlinear iteration, the convective terms F}"C (ZV%IOb, Zv%lOb) are linearized around the
current velocity approximation v("), This yields a Jacobian-based correction system of the form:

J(vim) 6v = —R(v(™)), (37)
where J is the Jacobian matrix of the nonlinear operator, §v the correction, and R the nonlinear residual.

Gradient-Based Solver

The correction system is solved iteratively using a preconditioned conjugate gradient (PCG)
method. This choice exploits the symmetry and sparsity of the discretized operators, significantly
reducing memory requirements and computation time. In MATLAB, this is implemented via the built-
in operator solve (equivalent to mldivide) applied to the sparse Jacobian system, with the gradient
iterations handled internally. For large problems, additional preconditioners such as incomplete LU
(ILU) or Jacobi can be specified.

Algorithm
The overall resolution strategy is summarized as follows:

1. Initialize with an admissible velocity field v(*) satisfying the discrete incompressibility constraint (24).
At iteration 1, assemble the nonlinear residual R(v("™)) and the Jacobian J(v(")).
3. Solve the linear correction system

](v(m)) oV = —R(V(m))

using MATLAB's solve with a gradient-based iterative scheme.

4. Update the velocity field: v("*1) = v(") 4 5v.

5. Enforce the incompressibility condition (24) by projecting the updated velocity field onto the
divergence-free subspace.

6.  Repeat until convergence: ||ov|/|[v{"™|| < ¢, with tolerance ¢ ~ 1078,

Implementation in MATLAB

The following schematic illustrates the key commands:

J = assembleJacobian(v);

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. The exact velocity field (left) and the onvergence of the velocity field error in L?-norm as a function of
N(right).

R = assembleResidual(v);
delta_v = J \ (-R); % equivalent to solve(J, -R) in MATLAB

v_new = v + delta_v;

Thanks to MATLAB's efficient sparse linear algebra routines, the above approach enables the rapid
computation of the velocity field even on fine meshes and for higher-order polynomial approximations.

This gradient-based resolution strategy ensures both computational efficiency and numerical
stability, and is integrated into the global simulation framework presented in Section 3.2.

3.2. Manufactured Velocity Field for Convergence Verification

To validate the convergence properties of the method, we consider a manufactured solution
defined on Q) = (—1,1)%:

Viex(X,y) = cos(%) sin(%), Doex (X, Y) = — sin(%) cos(%),

which is divergence-free and satisfies homogeneous Neumann conditions on the boundary. The
corresponding source term f = (fi, f2) is computed by substituting vex = (V1ex, V2ex) into the steady
Navier-Stokes equations.

The numerical velocity field vy is computed on pseudo spectal collocation points on triangular
meshes using polynomial degree N = 4,6,8, .... The L? errors between vy and v the vector values of
the exact solution at pseudo spectral collocation points are evaluated. Table 1 reports the exponential
decay of the errors, confirming spectral convergence.

Table 1. L? errors for velocity field vs polynomial degree N.

N 4 6 8 10
lv—vnl 2 32 %1073 1.8 x 1074 1.2x10°° 42 %1077

A convergence plot (Figure 2) confirms the exponential accuracy of the scheme with respect to the
polynomial order N.

3.3. Numerical Simulation of the Coupled Velocity—Concentration System

To assess the performance of the proposed spectral-Galerkin discretization in a realistic setting,
we simulate the coupled velocity and pollutant transport problem described in Section 2. The computa-
tional domain () corresponds to a river channel containing a central islet, which introduces geometric
complexity and induces heterogeneous flow patterns. The domain is discretized into 119 triangular
spectral elements using a mesh generator (see Figure 3). Unless otherwise specified, we fixe y = 1,
while the influence of the nonlinear reaction parameter p and the advection strength parameter A are
systematically investigated. The polynomial order of the pseudospectral approximation is set to N = 4

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0979.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 September 2025 d0i:10.20944/preprints202509.0979.v1

11 0f 14

throughout all computations. The Reynolds number is prescribed as Re = 100, and the forcing term is
identical to that employed in the steady-state velocity computation described earlier.
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Figure 3. Computational domain representing a river channel with an embedded islet, discretized into
119 triangular spectral elements.

Simulation Setup

The simulation proceeds in two stages. First, the steady-state velocity field is computed by solving
the nonlinear system (23) subject to the incompressibility constraint (24). The resulting velocity profiles
are then used as input data for the transient pollutant transport problem governed by the semi-discrete
system (31). Time integration of the concentration field is performed with a second-order explicit
Runge-Kutta method, which provides a good balance between accuracy and computational efficiency.
Homogeneous Neumann boundary conditions are prescribed for the concentration, enforcing a no-flux
condition at the riverbanks and islet boundary. The pollutant is initially localized in the vicinity of a
prescribed interior point of (), mimicking the instantaneous release of a contaminant source.

Test Scenarios

Several test cases are conducted to quantify the effect of nonlinear reaction dynamics. In particular,
the role of the parameter § in shaping the pollutant distribution is examined by varying its value over
a wide range, while A controls the intensity of pollutant diffusion. Unless otherwise noted, a reference
configuration with § = 1.5 and A = 0.001 is considered.

Results: Velocity Field

Figure 4 illustrates the steady-state velocity field for Re = 100. The computed streamlines high-
light the strong influence of the islet on the overall flow structure, with the formation of recirculation
zones and regions of locally accelerated flow. For higher Reynolds numbers (e.g., Re = 1000), the
velocity gradients become sharper, leading to enhanced advective transport in the downstream region.

R, =100 and N=4

12

0.8
0.6
0.4
02\‘

-0.2

04
06
08

Figure 4. Computed steady-state velocity field for Re = 100. The islet generates recirculating vortices and strong
velocity gradients near its boundary.

Results: Pollutant Transport

The pollutant transport simulations reveal the interplay between advection, diffusion, and non-
linear reaction. Figure 5 shows the temporal evolution of the concentration field for § = 1.5. The
pollutant plume initially spreads due to local diffusion, while advection progressively transports
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the contaminant along streamlines. Over time, nonlinear reactions amplify concentration gradients,
leading to heterogeneous accumulation patterns within the domain.

t=0,1=0.001,3=15 t=0.66667, A =0.001, 3=1.5
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Figure 5. Time evolution of pollutant concentration for A = 0.001 and B = 1.9. The plume exhibits combined
effects of advection and nonlinear reaction.

The influence of the nonlinear reaction parameter g is further analyzed in Figures 6 and 7, which
display the pollutant concentration at t = 1.3 for B € {2,3,4,5}. Increasing p results in pronounced
pollutant accumulation near the riverbanks and around the islet boundary, demonstrating the critical
role of reaction terms in shaping long-term pollutant patterns.

t=1.3333, A =0.001, 3=2 t=1.3333, A =0.001, 3=3
15 15
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1 1 05
05
05 04 : 04
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02 02
-05 -0.
0.1 0.1
1 1
0 0
-1 0.5 0 05 1 -1 05 0 05 1

Figure 6. Pollutant distribution at t = 1.3 for B = 2 (left) and B = 3 (right).
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t=1.3333, A =0.001, 3=4 t=1.3333, A =0.001, 3=5

Figure 7. Pollutant distribution at t = 1.3 for § = 4 (left) and B = 5 (right).

Discussion

The numerical experiments confirm the robustness and accuracy of the proposed spectral—-
Galerkin discretization for coupled velocity—concentration problems. The method remains stable
for complex geometries and polynomial degrees up to N = 4. The results highlight the following
major physical effect:

* Increasing § enhances pollutant accumulation near boundaries and reactive hotspots, reflecting
the dominant role of nonlinear reaction kinetics.

Overall, the spectral-Galerkin approach proves effective for capturing intricate nonlinear in-
teractions between fluid flow and pollutant dynamics, making it a promising tool for large-scale
environmental flow simulations.

4. Conclusions

In this work, we developed a hybrid numerical framework that combines the Finite Element
Method (FEM) and Pseudospectral techniques to simulate the nonlinear diffusion and advection of
pollutants in a two-dimensional aquatic environment. The proposed method addresses the challenges
posed by complex geometries and nonlinear reaction terms by leveraging the geometric flexibility of
FEM and the high resolution of spectral discretizations.

We formulated a coupled system involving the stationary incompressible Navier-Stokes equations
for fluid velocity and a nonlinear convection-diffusion-reaction equation for pollutant concentration. A
detailed numerical scheme was presented, along with two modular algorithms for solving the velocity
and concentration fields efficiently. Our simulations demonstrated the robustness and accuracy of the
method under varying Reynolds numbers and nonlinear reaction parameters.

Key observations include the method’s numerical stability across a range of discretization param-
eters and the pronounced sensitivity of pollutant accumulation patterns to the nonlinearity parameter
B. These insights underscore the importance of accurately modeling reaction kinetics in water quality
simulations.

Future work may extend this framework to three-dimensional domains, incorporate time-
dependent velocity fields, or account for multi-species transport and reactive boundary conditions.
Furthermore, integrating real-world data or coupling with watershed models could enhance the
method’s applicability in environmental decision-making and pollution mitigation strategies.
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