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Abstract: The article addresses the problem of simultaneous estimation of states and parameters for
a class of systems described by nonlinear ordinary differential equations, which model the operation
of a counterflow heat exchanger. The augmented vector, which includes both states and parameters,
is partially unobservable, and as shown by the analysis of global and local identifiability based on
available experimental data, the estimation problem is ill-conditioned and requires regularization.
For this purpose, a subset of estimable parameters was selected using an orthogonal method and a
D-criterion optimization algorithm. Based on the experimental data, simultaneous estimation of
states and parameters was performed using the UKF, with the set of estimated parameters including
both the selected subset and competing parameter sets. Experimental-statistical modeling
demonstrated that regularizing the estimation problem led to better results compared to non-optimal
ones, and residual correlation analysis supports the conclusion of their reliability.

Keywords: Kalman filter; simultaneous estimation; identifiability; sensitivity; regularization

1. Introduction

State and parameter estimation are required for dynamic process modeling, monitoring, control
and diagnostics in various fields, including petrochemicals, oil refining, paper production, electric
power and aerospace industries, etc. The construction of such models is based on a powerful
apparatus of ordinary differential equations (ODE). To solve practical problems, in addition to the
direct problem, it is often necessary to determine the parameters of ODE systems (inverse Cauchy
problem) from experimental data.

Many studies have been conducted to develop different approaches to achieve high quality
estimation of the state and parameters. Among them, their simultaneous estimation has received
increased attention due to its ability to achieve better stability and reliability of estimation. In its
framework, the observed vector of states is extended by including the model parameters to be
estimated [1-3], which makes it possible to estimate the states and parameters simultaneously. In the
future, the well-developed apparatus of Kalman filtering can be applied to the problem thus extended
[4-7].

However, in this case it is necessary that the formed extended system be completely observable.
Methods of sensitivity analysis, global [8,9] and local [10,11], of observed variables to the estimated
parameters, allow establishing the fact of identifiability [12,13] of these parameters. However, a
situation is possible in which the corresponding matrix has full rank but is poor conditioned, which
leads to additional problems associated with the fact that the solution to the problem may be sensitive
to noise in the experimental data. To overcome the problems that arise, it is possible to use
regularization methods [11,14], in particular, by selecting a set of estimated parameters [6,7,10,11],
which allows improving the regular properties of the problem and ensuring the required quality of
estimation.
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2. Materials and Methods

The object of study was a counter-current heat exchanger model described by a system of
ordinary nonlinear differential equations [15]. In conditions of incomplete measurement of states and
parameters, their simultaneous estimation is difficult due to poor conditionality of the problem,
which leads to the need to apply regularization measures. In the work, a selection of a set of estimated
parameters for identification is made in relation to experimental data obtained as a result of studying
the model in the Unisim Design software environment. The use of orthogonalization and
optimization methods made it possible to select the estimated parameters, the effectiveness of which
was confirmed by statistical modeling of the sigma-point filtering algorithm [5,16], for the model
under study.

The object described by a system of nonlinear finite-difference equations:

x(k+1) = f(x(k),6,k), ke(,T),
x(0) = x,, )
y(k) = h(x(k),6,k),

where x(k) € R™ - vector of state functions (n,- number of equations, 8 € R™ — vector of
parameters (ng - number of parameters), y(k) € R™ - vector of measurement functions, f(-) and
h(*) - equations of state and measurement, generally nonlinear (n, < n,), respectively.

2.1. Extended System

To estimate the state and parameters of system (1) simultaneously, we consider extending the
vector of states by including a parameter, which is a standard approach to estimate the state and
parameters simultaneously [12,13]. We can then obtain the following extended system

o+ 1) = [ OOD] — gy, i (2a)
y(k) = HCx(k), 6(k)) = Hy(xo () (2b)

where xg (k) = [x(k)T 8(k)T]T € R™*"6 —extended vector of states, Fy(-) and Hy(-) - extended state
and output equations, respectively.

The goal of simultaneous state and parameter estimation is now to estimate the extended state
xg based oninputand output information. First, we need to check whether the entire extended vector
of states x4 is observable. As shown in [7,10,14], we can check the rank of the sensitivity matrix
computed along a typical trajectory within a sliding window of data of the extended system

|r Sy,xe (k—N) (k - N) ]I
900y = | rraceom (=D ©)
|. Sy,xe(k—N) (k) J

where N — the data window size must be no less than n, + ng.

The input sensitivities of the measured vector in relation to the extended vector of states
included in expression (3) based on the input and output data of the processes can be defined as
[7,10,14]:

.\ _ OHg ,.\ 0Fg ,. 0Fg ,. aﬂ _
Syxge-m (@) =52 (D) 7 (= D7 = 2) 57 (k= N),

dFg ,. d0Fg (4)
%y o D Gp | ey [y 2
axg @ = [ * Ly xn ' axg @ = [ax © a0l
“2alll’}
Checking the rank of the sensitivity matrix Sg(k) at each sampling moment allows concluding
that the extended vector of states can be estimated locally using the input and output data. In the case

of incomplete rank, not all of its elements can be estimated. However, the presence of a full rank
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sensitivity matrix does not guarantee observability, especially for complex systems. The estimation
problem faces certain difficulties when the matrix is close to a matrix with insufficient rank. In this
case, the problem is poor conditioned, and the resulting solution is very sensitive to noise contained
in the data, which leads to deviations in the parameter estimates.

Introducing additional channels of output variable measurement can have a positive effect, but
it is not always possible or justified. In such cases, regularization methods such as ridge regression
[17], principal component analysis [18] and parameter selection are used [7,10,14,19,20].

2.2. Selecting Parameters

The procedures for selecting parameters for estimation must consider the extent to which small
variations in parameters affect the output data, as well as the correlation between effects. If the effect
of a change in a parameter on output variables is small by some standard, then it will be impossible
to accurately estimate this parameter from such data. Similarly, if variations in two or more
parameters result in the same effect on the output data, then these effects are correlated and such
data are indistinguishable, i.e. it is impossible to estimate the values of these parameters
unambiguously. In other words: no sensitivity vector corresponding to a parameter can be
approximately expressed as a linear combination of other sensitivity vectors of the selected
parameters.

Various selection methods based on these two rules have been developed, including the
orthogonalization method [11,21], the collinearity index approach [22,23] the principal component-
based method [24,25], the eigenvalue-based method [26,27], the relative gain array-based method
[28], the hierarchical parameter clustering method, [29] and the hybrid methods. [30,31]. All methods
consider two selection criteria simultaneously, but differ in how much weight is given to one criterion
over the other, and in how parameter combinations are selected for estimation. All of these methods
have been shown to be computationally inexpensive and to work well on the examples to which they
have been applied, but none of these methods can guarantee the selection of an optimal set of
parameters.

The selection of a set of parameters for estimation from the entire set of model parameters can
be made on the basis of heuristic methods, as well as optimization methods. Thus, if the influence of
a parameter on the output data of the model is insignificant, then its estimation will be ineffective,
since even insignificant noise in measurements will have a significant effect on the estimation.

Based on sensitivity analysis, the main factors influencing the choice of parameters are: the norm
of the sensitivity vector of the output data to the selected parameter must have a significant value
compared to the norms of the sensitivity vectors for other parameters, and low correlation of the
sensitivity vectors of the selected parameters.

2.2.1. Orthogonal Algorithm

Since output data and parameters usually have different units of measurement, and there may
be order differences in their numerical values, sensitivity vectors are often normalized:
s i =1 g = 1,01, (5)
j
where §; — nominal value of the i-th parameter; 0; - root mean square deviation of the j-th output
variable.

Sequence of the algorithm [11,14,20,27].

Calculate the sum of the squares of the elements of each columnSy.

Select the parameter whose column in Sy has the largest sum of squares of its elements as the
first parameter to be estimated.

Mark the corresponding column as XI (=1 or the first iteration).

Calculate §;, the prediction of the full sensitivity matrix Sy, using a subset of the columns XI:
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https://doi.org/10.20944/preprints202505.1692.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 May 2025 d0i:10.20944/preprints202505.1692.v1

4 of 13

81 =X, (X[ XD X[ Sp. (6)

Calculate the residual matrix RL: RI=Sy -§;

Calculate the sum of the squares of the residuals in each column of Rl. The column with the
largest sum corresponds to the next parameter to be estimated.

Select the appropriate column in Sy and complete the matrix X1, by including the new column.
We denote the extended matrix as X1+1.

Increment the iteration counter by one and repeat steps 4-7 until the sum of the squares of the
elements of the largest column in the residual matrix is less than the specified threshold value.

Algorithm 2 of the orthogonal method [11,14,20,27,32].

1. Set the stopping criterion 81, the array of numbers of identifiable parameters U = & and the
array of numbers of unidentifiable parameters I = {1, -+, ng}. Construct the sensitivity matrix Sy of
the following form (2).

2. Select from the sensitivity matrix Sy the column 1 with the largest sum of squares of the
elements, add it to the matrix E as the first column and remove it from Sg. Add the element 1 to the
array U and remove it from L

3.1f U is blank, then stop the algorithm: for this model, all parameters are identifiable. Otherwise,
go to step 4.

4. For each column Sm, m = 1...n, of the matrix Sy, where n is the number of remaining columns
from Sy, calculate the perpendiculars:

1 proj proj neTn (Smr Ei)
S =5y, —sPTY, sPTO = Z E;, E= (El,---,Ene_n),m =1,-,n (7)
i=1 (Eil EL)

5. From the obtained matrix of perpendiculars S* select the column 1 with the largest sum of
squares of the elements. If ||Sll|| < §, then stop the algorithm. All parameters from U are identifiable,
otherwise go to step 6.

6. Add element1 to U, remove it from U, remove the corresponding column from Sy and add it
to E, go to step 3.

2.2.2. Optimization of the Identifiable Parameter’s Selection

Methods for selecting sets of estimated parameters [7,10,14,19,20] that allow solving the problem
require a balance of such indicators as the magnitude of effects and the correlation between them,
since the correctness of the choice cannot be guaranteed. A more systematic approach consists of
formalizing the problem as an optimization. The matrix S}Ss and the Fisher information matrix
depend on the same sensitivity vectors, and the matrix inverse to the Fisher information matrix
provides a lower bound on the covariance matrix of the parameter estimates, according to the Rao-
Kramer inequality (the covariance matrix of the observation noise scales the values and has no effect).
Therefore, by purposefully synthesizing the sensitivity matrix (by selecting the estimated
parameters), one can directly influence the accuracy of their estimation.

Let us formulate the problem using the D-criterion for planning experiments [33,34] in the
following form:

] = arg max det(S} Sp),
I
(8)
I={1,-,ng}.

It is noted [14] that if the sensitivity vector in the matrix Sg has a small norm or it has vectors
that are linearly dependent, then this leads to a small value of criterion (8), while the choice of
estimated parameters that maximizes it creates the necessary conditions for improving the accuracy
of the estimate.

3. Results

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.1. The Heat Exchanger Model

One of the key types of technological equipment for thermal power and oil refining plants are
heat exchangers [15]. Due to the high inertia of the technological processes under consideration, the
temperatures at the input to the heat exchangers change quite slowly relative to the residence time of
the substance in the heat exchanger and the rate of change of the temperature of the heat exchanger
partition, therefore most transient processes can be considered quasi-stationary. In this case, the
temperature profile of the heat exchanger is close to the steady-state profile at the current input and
output temperatures. Below is a model of a heat exchanger based on the assumption of a quasi-
stationary process, as well as the assumption that the heat capacity of the substance changes slightly
between the input and output of the heat exchanger.

Differential equations describing the weights of hot (My) and cold (M) substances in a heat
exchanger (kg) depending on the flow rates of the input flows:

am
=B -EY, 9)
M,
o =R RO, (10)

where Flgo) and Fc(l) - input flow rates - hot and cold, respectively, kg/s; FH(I) and FC(O) - output flow
rates - hot and cold, respectively, kg/s.

dH,(,l) _ F}EO)(HF(IO) _ ngl)) - Qy

11

aH® _EOHD - ) + g,

12

H ;,1) and Héo) - specific enthalpies of hot and cold substances in a heat exchanger, J/kg.

Qn and Q¢ — heat flows from a hot substance to a partition and from a partition to a cold
substance, W.

Due to the assumption that the heat capacities of the substance change little between the input
and output, expressions for the logarithmic mean temperature difference can be used for the heat
flows:

(= 1,") = (1 = 137)

= UyA :
G = Un 7 1 (13)
In o ®
Ty —Tg
©) _ (0 @ _ o
Qc=UcA(TB “Te )= (T —Tc)
7O _ TC(O) (14)

Uy and Uc- heat transfer coefficients from a hot substance to a partition and from a partition to
a cold substance, W/m2*0C; A — heat exchange surface area, m2; TBfO) and TB(I)- temperatures of the
ends of the partition, 0C; T}so) and TC(D— temperatures of hot and cold intput flows, 0C; T}sl)and TC(O)
- temperatures of hot and cold output flows, 0C.

Expressions for TBfo) and TBSI) have the following form:

dTESO) _ 2 (TI-EO) — TB(O))QH _ (TEEO) — TLgO))QC (15)
dt MBCB (TI_EO) _ Téo)) + (Tl.sl) _ Tél)) (Tlg(]) _ Téo)) + (Tlgl) _ Tél)) )

ap_ 2 [ @P-me -1
dt MgzCy (TI-EO) _ TB(O)) + (Tl-sl) _ TB(l)) (TEEO) _ TC(O)) + (ngl) _ Tc(l)) ,
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where Mp - partition weight, kg; Cp — specific heat capacity of the partition material, J/kg*0C.
The relationships for the densities of hot pf,l) and cold péo) substances in the heat exchanger
are determined in the form:

M) _ Mg () _M
P’ =50 P = 5o kgm3,

where V, and V; — volumes of spaces with hot and cold substances, m3.
Input flow consumptions

0 0 0 1 1 1 1 0
RO =Kol (50 - 1) R = ke o000 - 2, 19

where Ky and K¢ - coefficients of hydraulic conductivity of hot and cold spaces.
Relationships between thermodynamic parameters:
For input flow densitiesg(T ", PV), kg/m3;
for input flow pressures Plgl) = ﬁ(pgl),HISl)), PC(O) = Is(péo),HéO)), Pa;
for specific enthalpies of hot HY = H(T”, P{”), and cold H" = H(T”,P™") substances, J/kg;
for output flow temperatures T,gl) ,TC(O)
are determined from the equation of state of the substance or are given in tabular form:

p(Te” R), Ploi”, ) (1, B”), T (0", He”). (17)

Let’s introduce state variables:

x4 (k), x, (k) — specific enthalpies of hot and cold substances in a heat exchanger; x5 (k),x,(k) —
weights of hot and cold substances in the heat exchanger; x5(k), xs(k) — temperatures of the ends of
the partition.

Let us designate the parameters of the model to be estimated:

0,(k), 8,(k) — heat transfer coefficients from a hot substance to a partition and from a partition
to a cold substance, W/m 2*0C;

05(k) — partition weight, kg; 0,(k), 05(k) — coefficients of hydraulic conductivity of hot and
kg/s

cold spaces, \[%:.
Since the parameters of the model depend little on the technological process, we adopt

0:(k) =0,(k+1) =0,

ez(k) = ez(k +1) = 92,

0;(k) = 05(k +1) = 05,

0,(k) =6,(k+1) =6,

O5(k) =605(k+1) =65,k =1,--.
The following variables are available for measurement:

v2(k),y4(k) — input and output flow temperatures, Tlgl) - of hot and Téo) - cold, 0C;
y1(k), y3(k) — pressure of input and output flows, P,;l)— of hot and PC(O)— cold, Pa.
Let us introduce the extended vector:

xe () = (1 (K) 25 (k) 5 () x4 (k) x5 (K)x6 ()0 (k) 8, (k)05 (k) 0, (k)85 (K)) (18)
Let’s present the heat exchanger model in these terms:
x (k) = f(x(k),0(k)), k=0, (19)

with initial conditionsx,(0) = x, (x(O), 0(0)). The function includes differential equations (9)-(12),
(15a), (15b) considering relations (13), (14).
The measurement model will take the following form:

y(k) = h(x(k), B(k)), k=0, (20)

The function h(-) is defined based on the Peng-Robinson equation of state [35-37] and allows one
to determine the values of temperatures and pressures of flows for the specific enthalpies of matter
and masses of substances calculated using model (19).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.1.1. Modeling Results

The model of the counter-current one-dimensional heat exchanger was built in the Unisim
Design software environment. Nitrogen was used as a heat carrier. The technological parameters of
the simulated heat exchanger and the process parameters are given in Table 1

Table 1. The technological parameters of the simulated heat exchanger and the process parameters.

Technological parameters of the simulated heat exchanger

Volume of heat exchanger space with hot substance, V;, [m®] 4.30
Volume of space of heat exchanger with cold substance, V, [m®] 5.70
Heat exchange surface area, A, [m?] 60,32
e . - . J 473

Specific heat capacity of the partition material, Cg, [kg—_h]
Parameters of the technological process
Heat transfer coefficient from hot substance to partition, [W/m2*0C] 298
Heat transfer coefficient from partition to cold substance, [W/m2*0C] 265
Partition weight, [kg]; 847

. . . .. kg/s 7.532E-3
Coefficient of hydraulic conductivity of hot space, [—\W]

. . .. kg/s 7.724E-3
Coefficient of hydraulic conductivity of cold space, [m]

The experimental material represents the realizations of disturbances and output variables
(Table 2) measured over 7200 seconds, with an interval of 1 s.

Table 2. Disturbances and output variables.

Disturbances Output variables
T 78" [C] 7", 1O [c]
P, RV [Pa] P, p® [Pa]
Fy " [kg/s]

The task is to build a process model that includes 6 state variables and 5 parameters based on
the results of the experiment in the Unisim Design environment, the conditions of its implementation
(Tables 1 and 2), as well as a table of thermodynamic properties of the coolant. At the same time, in
conditions of the nonlinear nature of the interaction, the interdependence of technological factors, the
presence of disturbances and the impossibility of measuring a number of indicators, it is necessary to
resolve issues of local identifiability of the model parameters.

3.2. Selecting Parameters for Estimation

Let’s form a subset of estimated parameters using the orthogonal method. According to its
algorithm, we will determine the column of the matrix Sy, that has the largest sum of squares of the
elements. This is the 1st column, corresponding to the parameter 6;.

Next, according to the indicator of the norm of the projected sensitivity vector, which denotes
the influence of parameters, in addition to the one already included, we select the next parameter 6,.
Similarly, the parameters are included in the following order 6,, 65, 83. Thus, a sequential selection
of parameters is carried out by trial and error.

The application of the parameter selection optimization method yields the following results: the
optimal solution in terms of criterion () yields a set that includes all parameters. Suboptimal options
are located in the immediate vicinity of the solution found -6, 8,, 65, 6, and 6,, 05, 6,, 0s.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In order to determine the effect of the influence of the choice of the set of estimated parameters
on the qualitative characteristics of the evaluation of the extended vector of states, including the
above-defined variants of the sets - optimal and 2 suboptimal, we will carry out an estimation on the
experimental material obtained during the modeling of the heat exchanger in the Unisim Design
software environment. To estimate the extended state vector, the Sigma-Point Kalman Filter
(Unscented) filtering algorithm was used, its relations are not given here and can be found in [5,16].

We will conduct experimental-statistical modeling using the Monte Carlo method. We will study
the dependence on the variable initial conditions of the extended vector of states. In this case, we will
assume that the vector of initial conditions is distributed according to the normal law:
xL(0)~N (% (0),02),i =1, ,11,
where x.(0) - are equal to the corresponding parameters of the heat exchanger equipment for i =
1,-+-,6 and the parameters of the technological process for i = 7,---,11. The variances o/ are taken
to be approximately 2,5% of x.(0). The variance of the error of the Peng-Robinson equation in (20) is
taken to be equal to 2.5% of the nominal.

For each variant, based on the generated initial conditions, an evaluation was performed using
the sigma-point algorithm (Sigma-Point Kalman Filter (Unscented) filtering. The subsets of the
identifiable parameters to be investigated, defined in Section 4.2, were included in the extended state
vector (18). The simulation results of 20 realizations of each investigated variant were averaged and
summarized in Table 3.

Table 3. Average residual errors in estimating measured variables for a 7200 s sample for options for selecting a

subset of parameters for identification.

Option for selecting a Input flow Input flow Output flow Output flow

subset of parameters for pressure, [Pa] temperature, pressure, [Pa] temperature, [C]

identification [C]
{64,0,, 65,0, 05} -1143.8 + -0.15 + -752.8 + -0.27+1.5989
13.460 0.432 13.9526
{61, 6,,63,04} -5424 .5+ -2.75+ 32.345 -1424.7+24.7563 -4.75+5.7853
357.2365
{6,,05,8, 65} -5978.5+ -3.15+ 34.869 -1689.6+31.4231 -2.1+6.2153
462.2455

The results of the algorithm’s evaluation of the measured variables (20) for the optimal subset of
the identified parameters and the same variables obtained in the Unisim Design programming
environment are shown in Figure 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1. Averaged realizations of observed hot substance pressure fluctuations measured using the Unisim
Design model and estimated using the Sigma-Point Kalman Filter (Unscented).
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Figure 2. Autocorrelation functions of residual errors of parameter estimates.

The correlation is small for all lags except 0. The average correlation is close to zero, and the
correlation does not show any significant non-random variation. These characteristics increase
confidence in the effectiveness of the model parameter estimation.

4. Conclusions

The problem of practical identification of a direct-flow heat exchanger model is investigated.
The use of algorithms for simultaneous estimation of the state and parameters of the model leads to
the need to study the problem of practical identifiability associated with incomplete measurement of
output variables. Regularization methods associated with poor conditioning of the estimation
problem are considered, the capabilities of algorithms for selecting a set of identifiable parameters
are studied. To meet the requirements of low correlation of information about the parameters and
high effect of their influence on the output variables, the methods of orthogonalization and
optimization are applied to the experimental material obtained as a result of modeling the heat
exchanger in the Unisim Design software environment. Illustrative materials of the results of
applying the specified algorithms for selecting the identified parameters of the model using the
sigma-point filtering algorithm are provided.
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