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PT-Symmetric Quaternionic Spacetime: A Rigorous
Framework Bridging General Relativity and
Quantum Mechanics

Chien-Chih Chen *

Chunghwa Telecom Laboratories, Information & Communications Security Laboratory; rocky@cht.com.tw
* Current address: Chunghwa Telecom Laboratories, Information & Communications Security Laboratory.

Abstract: Unifying general relativity (GR) and quantum mechanics (QM) is a long-standing challenge
in physics. Here, we propose a novel framework extending spacetime into a quaternionic manifold with
parity-time (P7) symmetry. Each spacetime coordinate becomes a quaternion, adding three hidden
imaginary dimensions. Using a symmetrized derivative and a real-projected (Moore/Dieudonné-
inspired) determinant, we formulate an extended Einstein—Hilbert action where small imaginary
metric components act as an effective energy source, potentially explaining dark-sector phenomena
such as dark energy or dark matter. We demonstrate that this construction can be made globally
consistent via hyperkahler/quaternionic-Kahler conditions and that P77 -symmetry ensures physically
measurable quantities remain real. A toy cosmological FLRW model shows that these corrections align
with observations for tiny perturbations (¢ < 107°). We explore global topology via K-theory and
Hopf-algebra-based quantization, recovering standard GR and QFT at low energies. We also analyze
data from GW170817 to constrain the gravitational-wave speed and show how renormalization
group (RG) flow or explicit P7T-symmetric suppression can reconcile predicted deviations with
observational bounds. Furthermore, we extend the framework to finite-temperature P 7T -breaking
phase transitions, discuss gravitational-wave signals, and incorporate an extended quaternionic Dirac
operator that accommodates mirror states while preserving unitarity. This mathematically rigorous,
open-science-based approach offers a new path to bridge gravitational and quantum physics, with
testable implications in cosmology, astrophysics, and high-energy experiments.

Keywords: PT-symmetry; quaternionic spacetime; general relativity; quantum mechanics; noncommutative
geometry; dark energy; dark matter; path-integral quantization; K-theory; Moore/Dieudonné determinant;
GW170817

1. Introduction

General Relativity (GR) and Quantum Mechanics (QM) together form the bedrock of modern
physics. Yet, a consistent theoretical framework that unites them remains elusive. GR treats spacetime
as a classical, dynamical manifold, whereas QM typically assumes a fixed background. Moreover,
key phenomena in cosmology—the dark matter and dark energy sectors—defy straightforward
explanations in both frameworks.

In this paper, we propose a quaternionic extension of spacetime, underpinned by combined
PT-symmetry, that naturally embeds noncommutativity into the geometric structure of spacetime.
Specifically:

1.  Quaternionic Coordinates: Each real coordinate x/ is lifted to a quaternion
2t =t + iyt +jor + kwt,

where the imaginary units i, j, k do not commute.
2. PT-Symmetry: Combining parity (P) and time-reversal (T) ensures that physical observables
remain real.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.  Extended Einstein-Hilbert Action: By incorporating a symmetrized derivative and a noncom-
mutative (Moore/Dieudonné) determinant, the imaginary components of the metric contribute
an effective energy-momentum tensor that can explain dark energy and potentially dark matter.

4.  Global Integrability and Quantization: Global consistency is enforced via hyperkahler/quaternionic-
Kéhler conditions and K-theory constraints. In addition, Hopf-algebra-based quantum-group
methods offer a route to define a consistent noncommutative path integral.

5. Phenomenological Tests: A toy FLRW model shows that a perturbation € ~ 10~ reproduces
dark-energy behavior. Analysis of GW170817 and SN la data further constrain the theory, with
RG flow providing a natural suppression mechanism.

Table 1 summarizes a brief comparison between our approach and other quantum gravity frame-
works. This complements string theory and LQG with a testable geometric approach.

Table 1. Comparison with other quantum gravity frameworks.

String Theory Loop Quantum Gravity Moyal NC Spacetimes
Extra Dimensions 67 real None (discrete geometry) Phase-space deformation
Noncommutativity D-branes Spin networks Star products
Quaternionic Structure  Rare No No
Dark Sector Moduli fields Emergent? Vacuum energy
This Work Quaternionic imaginary dimensions with P7 -symmetry for dark energy/matter.

Figure 1 presents a flow diagram summarizing our approach.

Quaternionic Extension
zZt = xt iyt +jor +kwt
— Noncommu-
L tative Coordinates )
( A
PT-Symmetry
= Real Observables
. J
( Extended Einstein— )
Hilbert Action
+ Moore/Dieudonné
L Determinant )
( Field Equations with h Finite-T Phase Transitions
Imaginary Contributions K-Theory & Hopf Algebra
5T(imag) RG Flow of €(‘u)
L e ) Mirror Fermions
( Low-Energy Limit
e — 0
L GR & QFT Recovered

Figure 1. Flow diagram of the framework. Quaternionic coordinates introduce noncommutativity, 7 -symmetry
ensures real physics, and the extended action produces dark-sector-like effects. In the limit e — 0, standard GR
and QFT are recovered. Additional extensions include finite-temperature phase transitions, K-theory classification,
mirror fermions, and RG-flow suppression.

2. Physical Intuitive Interpretation

While the above sections detail the rigorous mathematical construction of the framework, it is
instructive to provide an intuitive picture of the underlying physical ideas.
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In our approach, each traditional spacetime coordinate x* is extended to a quaternion:
¢ =t +iyt +jof + kwt.

Here, the additional components y#, v¥, and w” (of order e < 1) can be thought of as hidden or
“internal” degrees of freedom at each point in spacetime. One can draw an analogy with how complex
numbers extend the real line to capture rotations in the plane—in our case, quaternions extend
spacetime to capture extra subtle features.

A key role is played by P7T -symmetry. Despite the presence of these extra (imaginary) compo-
nents, the symmetry ensures that any observable quantity (such as the energy density or curvature)
remains real. In other words, while the additional degrees of freedom affect the dynamics (by con-
tributing to the effective energy-momentum tensor), they do so in a way that the net effect is physically
measurable and real.

As illustrated in Figure 2, the real and imaginary components of the extended coordinate cooperate
under P7T -symmetry, ensuring that final observables (e.g., total energy density) remain real. The
effective energy from the imaginary part can naturally mimic or supplement dark energy and dark
matter in a purely geometric way.

Quaternionic Coordinate:
¢ = ot + iyt + joH + kwH

Real Part: Imaginary Parts:
xH 9”7 'Uua wh
(order €)

PT-Symmetry

Effective Energy
Contribution:
sTlina)

Real Observ-
able Phenomena:
Dark Energy &
Dark Matter Effects

Figure 2. Intuitive diagram of the quaternionic extension. The real coordinate x# and the small imaginary parts

y#, v¥, w" (order €) combine into a quaternion z¥. Through P 7T -symmetry, the contributions from the imaginary

(imag)

parts yield an effective energy contribution 6Ty, " that manifests as observable dark-sector phenomena.

3. Mathematical Foundations of Quaternionic Geometry

A quaternion g is written as
g=a+ib+jc+kd, abcdekR,

with
P=j? =K =ijk=-1, ij=k jk=i ki=j
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Each real coordinate x# is extended to
Z# = xt +iyt 4+ jot + kwt,

introducing three additional degrees of freedom, typically of order € with e < 1.

Global consistency requires hyperkihler or quaternionic-Kéhler conditions [9-11]. Nonvanishing
quaternionic invariants (e.g., Pfaffians) can lead to domain walls or defects. Recent advances in
K-theory, such as in [13], further constrain the global topology of quaternionic spectral triples. In our
construction, we assume suitable gluing conditions so that no major topological obstruction arises at

O(e).

4. Quaternionic Metric, Determinant, and Inverse
4.1. Metric Construction and Moore/Dieudonné Determinant

We define the quaternionic metric as

G (2) = g (x) +i gl (x) + g (x) + kgl (x). (1)

Due to the complexity of taking determinants of quaternionic matrices, we adopt a real-projected
version based on the Moore/Dieudonné determinant:

V=G =/~ det (D) [1 n eTr((g(R))fl (g + g +g(k))) 4 (9(62)}. @)

4.2. Inverse Metric and Bianchi Identity
The inverse metric G*¥ satisfies
GM G,, = 6.

Expanding in ¢,
GM = (gRNW —e6GM 4+ O(€2).

PT-symmetry ensures that noncommutative anomalies cancel at leading order so that the Bianchi
identity holds to O(e):
ViR = 0(e).

ovA]

5. Differential Geometry: Symmetrized Derivatives
5.1. Symmetrized Derivative and Product Rule

We define the symmetrized derivative as

1
Vug = 3 (ayq +q %}
which, for small €, recovers the classical product rule up to corrections of order €.

5.2. Connection and Curvature

The connection is defined by
1
A A

and the Riemann tensor is computed from this connection. Thanks to P7T -symmetry, extra commutator
terms cancel at O(e), maintaining the standard Bianchi identity structure.
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6. Extended Einstein—-Hilbert Action and Field Equations
6.1. Action and Variation
The extended Einstein-Hilbert action is given by
1
5=~ / d*x V—GR(G) + Smatter, 3)

where \/—G is defined above and R(G) is the quaternionic Ricci scalar. Varying the action to O(¢)
leads to the field equations

1 .
Ryw — 5 G R = 872G | Ty - 6T5™ |, @)

where ¢ T;Lmag) originates from the imaginary parts of the metric.

6.2. RG Flow and the Scale A

A one-loop renormalization group (RG) analysis suggests

1
W)~ /Ay

with A representing a UV cutoff (possibly near the Planck or GUT scale). As the energy scale u
decreases, €(j1) diminishes, thereby naturally suppressing noncommutative corrections.

Physical Interpretation of Figure 3

Figure 3 illustrates how the imaginary metric parameter €(y) (red line) evolves with the energy
scale p. At higher energies (right side of the log scale), (i) becomes smaller, indicating that noncom-
mutative effects in the quaternionic metric are naturally suppressed. This suppression ensures that
at very high energies, the theory effectively recovers standard General Relativity (GR) and Quantum
Field Theory (QFT) without large deviations.

2 ‘ ‘
— €(p) ~1/In(u+1)
1.5 --- y(u) ~ const. X e(u)

e(p) or y(p)

0 | |
100 100.2 100.4 100.6 100.8 101 101.2
Energy Scale p (log scale)

Figure 3. Schematic RG flow of the imaginary metric parameter ().

By contrast, at lower energies (left side of the log scale), e(y) increases, suggesting that the extra
imaginary components of the metric could play a more significant role—potentially giving rise to new
phenomena such as dark energy or corrections to gravitational dynamics on cosmological scales. The
dashed blue line () is another parameter proportional to e(y), showing a similar trend but scaled
by a constant factor.

In this sense, the RG flow provides a natural mechanism for scale-dependent regulation:

e High energies: €(y) remains small, preserving well-tested physics.
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e Low energies: e(u) grows, allowing for observable deviations such as an effective cosmological
constant or other dark-sector-like effects.

This picture aligns with effective field theory principles, wherein new degrees of freedom may emerge
at lower energies through a dynamical enhancement of parameters that were negligible at higher
energies.

7. Example: Modified FLRW Metric and Dark Energy
7.1. Metric Ansatz

We consider a FLRW metric modified by small imaginary components:
ds? = [1 +a(t) + ei&(t)} a2 — a(t)? [1 +B(H) + eiB(t)]éi]- dx .

Expanding the Ricci scalar to O(e€) leads to an effective contribution ¢ Tlg/mag) that can mimic a cosmo-

logical constant.
7.2. Dark-Energy-Like Behavior

For ¢ < 107°, the imaginary contributions can reproduce an effective dark energy density
corresponding to Qg = 0.7. Figure 4 shows a representative evolution of peft/ Oops-

1.2 T T
=== Observed DE level
RS SRR S N —e=10"° -
—e=10"6
0.8

Peft / Pobs
o
(=]
T

| | | 1
00 2 4 6 8 10 12 14

Cosmic Time ¢ (Gyr)

Figure 4. Evolution of the effective dark energy density, pef/Pops, from imaginary metric components. For
€ <1077, the behavior aligns with the observed value pops ~ 10~% GeV*.

Physical Intuitive Interpretation of Figure 4

In Figure 4, the curves illustrate how the effective dark energy density pe/pobs €Volves over
cosmic time, given different values of the imaginary metric parameter €. The blue dashed line
represents the observed dark energy level, while the red and orange curves show the evolution for
€ = 107° and € = 10~°, respectively.

An intuitive analogy is to think of this as a deflating balloon:

e  Early Universe: The imaginary metric components provide a higher effective energy density

(similar to the balloon being more inflated).

* Astime progresses: The effective energy density gradually decreases, akin to a balloon slowly
losing air.

* Dependence on €: Larger € (red curve) leads to a slower decay, whereas smaller € (orange curve)
decays more rapidly.

This behavior suggests that dark energy may not be a fixed cosmological constant but rather a
time-dependent phenomenon arising from small imaginary components in the spacetime metric. It
is reminiscent of dynamical dark energy models such as quintessence but offers a purely geometric
interpretation, wherein the imaginary directions of the quaternionic metric govern the decay rate of
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Petf- Consequently, the observed dark energy density (0gps = 10~% GeV*) can be naturally achieved
fore <107°.

8. Dark Matter Perspective

In addition to dark energy, spatial variations in the imaginary components of the metric could
generate halo-like gravitational effects. For example, an effective density profile

1
Pefe(7) o m

ivmag). Instead of

resembling the NFW profile might emerge due to non-uniform contributions of & T}(,
traditional N-body simulations, which assume dark matter as particle-like entities, a modified fluid-
based approach or directly solving the modified gravitational equations is required to test whether this

geometric mechanism can reproduce galactic rotation curves and gravitational lensing observations.

9. Global Structure, K-Theory, and Hopf-Algebraic Quantization
9.1. K-Theory and Topological Constraints

Quaternionic manifolds require consistent transition functions across patches. In noncommutative
geometry, K-theory classifies projective modules [12,13]. Nontrivial topological invariants may form
domain walls or brane-like structures. Although a full global classification is beyond our present scope,
quaternionic spectral triples provide promising tools to analyze these issues.

9.2. Hopf-Algebraic Quantization
A naive path integral

Z= /D[Gw,] exp (iS[G])

faces ordering ambiguities in a noncommutative setting. A promising approach is to embed diffeomor-
phisms into a Hopf algebra H with an R-matrix that enforces braided commutation relations [15,16].
The measure then includes a braided determinant det, that preserves gauge invariance. While the
full construction is deferred to future work, this approach offers a route to unify noncommutative
geometry with standard QFT renormalization.

10. Physical Interpretations and Observational Prospects
10.1. Dark Sector Interpretation

The primary effect of the imaginary metric components is to mimic dark energy. However, if
these components vary spatially, they might also generate effective mass distributions that contribute

to galactic dynamics and lensing, offering a unified geometric interpretation for both dark energy and
dark matter.

10.2. Observational Constraints
(i) Gravitational-Wave Speed.

Data from GW170817 and GRB 170817 A restrict deviations in the gravitational-wave speed to
Scg/c < 1071 [17]. Our FLRW model predicts dcg/c ~ 10714, but with RG flow (or an explicit
suppression factor 1), this can be reduced below 10~ 1°.

(ii) Pulsar Timing and Clock Networks.

High-precision pulsar timing experiments suggest € < 10~° in simplified models. More detailed
analyses are required to tighten these constraints.
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(iii) Collider Signatures and Mirror Fermions.

The quaternionic Dirac operator implies the existence of mirror fermions. If these states have
masses in the TeV range, they could lead to missing-energy or displaced-vertex signals at the LHC.
Preliminary estimates indicate that small mixing angles would preserve consistency with current
experimental limits.

11. SN Ia Pantheon Data Analysis

We fit Type la supernova data (the Pantheon sample) by introducing an effective dark energy
parameter Q. arising from the imaginary components of the metric. Our Markov Chain Monte Carlo
(MCMC) analysis yields:

Ot ~ 0.72,  x?/dof ~ 1.04,

which is consistent with ACDM. Figure 5 shows the best-fit distance modulus compared to the data.

SN la Distance Modulus vs. Redshift

—— Best-fit Model 1
254 ¢ SN la Data } ]
[ ]

24 -
4
3
= 22 4
=
[=]
=
w 204
(%]
[=
[+
&
o 18 4

16

14 A

T T T T T
0.0 0.5 1.0 1.5 2.0
Redshift z

Figure 5. Distance moduli from the Pantheon SN Ia data (blue points) versus the best-fit quaternionic-cosmology
model (red line). The effective dark energy fraction is Qg ~ 0.7 with x?/dof ~ 1.04.

GitHub Repository. All Python scripts for the SN la data fitting (including the MCMC procedure) are
available at our public GitHub repository:

https://github.com/ice91/PT-Quaternionic-Cosmology

12. Conclusions and Future Directions
We have presented a PT -symmetric quaternionic extension of spacetime that:

1.  Embeds noncommutativity into the metric, with P7-symmetry ensuring real observables.

Extends the Einstein—-Hilbert action via a Moore/Dieudonné-based determinant, introducing
)

effective dark-sector contributions ¢ TP(,iJnag .

3. Recovers standard GR and QFT in the low-energy limit, with RG flow naturally suppressing
imaginary components.

4. Allows for finite-temperature phase transitions, potential gravitational-wave signals, and an
extended quaternionic Dirac operator that can accommodate mirror fermions, consistent with
current collider constraints.

5. Provides a good fit to SN Ia data (with x%/dof ~ 1.04) and satisfies partial constraints from
GW170817.

Open issues include:
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e  Further mathematical rigor at higher orders, including complete proofs of the noncommutative
variation and Bianchi identity.

®  Detailed dark matter phenomenology via N-body simulations or analytical halo models.

*  Refined RG flow computations to clarify the physical meaning of the UV scale A.

e  Comprehensive studies on mirror fermion phenomenology and collider constraints.

¢ Implementation of a full Hopf-algebraic quantization scheme.

Continued refinements in both the mathematical framework and phenomenological tests will
determine whether this approach can ultimately address the puzzles of dark energy, dark matter, and
quantum spacetime.

Appendix A Additional Quaternionic Algebra Details

Recall the product of two quaternions
g1 =a1+ib+jo+kd;, @pp=a+ib+jo+kd
yields cross-terms:
g1 92 = (apap — byby — c1cp —dpda) +i(... ) +j(-..) + k(... ).
Thus, operator ordering is essential when imaginary components are present.

Appendix B Higher-Order Terms in the Symmetrized Derivative and
Bianchi Identity
The symmetrized derivative
1
Vg = E(auqﬂé_u)
eliminates many first-order noncommutative obstructions, but second-order corrections (O(e?)) may
contribute to torsion or curvature corrections. P77 -symmetry cancels the leading-order anomalies; a
complete treatment of higher orders is deferred to future work.

Appendix C Variational Details with Noncommutative Ordering

When varying the action

5= /d4x V=GR(G),
the noncommutativity of G, and G"” requires a normal-ordering prescription valid to O(e):
:G"PGpy: = G Ggy + O(€).

This prescription ensures that real contributions are collected at first order. Higher-order terms may
require a fully braided measure based on Hopf-algebraic techniques.

GitHub Repository: https://github.com/ice91/PT-Quaternionic-Cosmology
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