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Abstract: This works presents the “First-Order Features Adjoint Sensitivity Analysis Methodology
for Neural Integral Equations of Fredholm-Type” (1#-FASAM-NIE-Fredholm) and the “Second-
Order Features Adjoint Sensitivity Analysis Methodology for Neural Integral Equations of
Fredholm-Type” (2nd-FASAM-NIE-Fredholm). It is shown that the 1-FASAM-NIE-Fredholm
methodology enables the efficient computation of exactly-determined first-order sensitivities of
decoder response with respect to the optimized NIE-parameters, requiring a single “large-scale”
computation for solving the 1<-Level Adjoint Sensitivity System (1s-LASS), regardless of the
number of weights/parameters underlying the NIE-net. The 2"d-FASAM-NIE-Fredholm
methodology enables the computation, with unparalleled efficiency, of the second-order
sensitivities of decoder responses with respect to the optimized/trained weights involved in the
NIE’s decoder, hidden layers, and encoder, requiring only as many “large-scale” computations as
there are first-order sensitivities with respect to the feature functions. The application of both the
1s-FASAM-NIE-Fredholm and the 2rd-FASAM-NIE-Fredholm methodologies is illustrated by
considering a system of nonlinear Fredholm-type NIE which admits analytical solutions, thereby
facilitating the verification of the expressions obtained for the first- and second-order sensitivities
of NIE-decoder responses with respect to the model parameters (weights) that characterize the
respective NIE-net.

Keywords: neural integral equations; nonlinear Fredholm-type neural integral equations; first-
order features adjoint sensitivity analysis methodology; second-order features adjoint sensitivity
analysis methodology

1. Introduction

Ordinary differential equations are widely employed tools for modeling continuous dynamical
systems. Neural Ordinary Differential Equations (NODE), formally introduced by Chen et al. [1],
have enabled the use of deep learning for modeling discretely sampled dynamical systems. NODE
provide an explicit connection between deep feed-forward neural networks and dynamical systems
[2,3], while providing a bridge between modern deep learning and traditional numerical modelling.
NODE provide a flexible trade-off between efficiency, memory costs and accuracy. The
approximation capabilities [4,5] of NODE are particularly useful for modelling time-series [1,6,7],
continuous normalizing flows [1,8], and for modeling and controlling physical environments [see,
e.g., 9]. However, NODE are limited to describing systems that are instantaneous, each time-step
being determined locally in time, without contributions from the state of the system at other times.

In contradistinction to NODE, integral equations (IE) model global “long-distance”
spatiotemporal relations. Moreover, ordinary differential equations (ODE) and/or partial differential
equations (PDE) can often be recast in integral-equation forms that can be solved more efficiently
using IE solvers, since IE solvers often possess stability properties that are superior to those of ODE
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and PDE solvers, as exemplified in classical potential theory [10], scattering theory [11], fluid flow
[12], and integral neutron and photon transport [13,14].

In practice, it is desired to model the system under consideration by learning the operator that
can reproduce the system by using data sampled from the respective system. Typical operator
learning problems are formulated on finite grids, using finite-difference methods that approximate
the domain of the functions under investigation. Recovering the continuous limit is a very
challenging problem, particularly since irregularly sampled data may alter the evaluation of the
learned operator. Operator learning entails the formulation of the operator learning problem through
an IE solver [see, e.g., 15] which samples the domain of integration continuously. Due to their highly
non-local behavior, IE solvers are suitable for modeling complex dynamics. The problem of learning
dynamics from data through integral equations has been addressed by Zappala et al [16], who have
introduced the Neural Integral Equation (NIE) and the Attentional Neural Integral Equation (ANIE).
The NIE and the ANIE can be used to generate dynamics and can also be used to infer the
spatiotemporal relations that generated the data, thus enabling the continuous learning of non-local
dynamics with arbitrary time resolution. The ANIE interprets the self-attention mechanism as the
Nystrom method for approximating integrals [17]; this interpretation makes it possible to
approximate the integral kernel of the model using self-attention, which enables efficient integration
over higher dimensions.

Neural nets are trained by minimizing a “loss function” which is usually meant to represent the
discrepancy between a “reference solution” and the output produced by the respective net’s decoder.
The minimization procedure requires the computation of the gradients of the loss function with
respect to the weights to be optimized. After the neural-net is optimized to reproduce the underlying
physical system as closely as possible, the subsequent responses of interest become various
functionals of the net’'s decoder output rather than some “loss function.” Furthermore, the physical
system modeled by a neural-net comprises parameters that stem from measurements and/or
computations. Such parameters are not perfectly well known but are subject to uncertainties that stem
from the experiments and/or computations that underly the origin of the respective parameters.
Hence, it is important to quantify the uncertainties induced in the decoder’s output by the
uncertainties that afflict the parameters/weights underlying the physical system modeled by the
respective neural-net. The quantification of the uncertainties in the net’s decoder and derived results
(called “responses”) of interest require the computation of the sensitivities of the decoder’s response
with respect to the optimized weights/parameters comprised within the neural net.

Neural nets comprise not only scalar-valued weights/parameters but also functions of such
scalar model parameters, including correlations, material properties, etc. It is convenient to refer to
such scalar-valued functions as “features of primary model parameters.” Cacuci [18] has recently
introduced the “n™-Order Features Adjoint Sensitivity Analysis Methodology for Nonlinear Systems
(n"-FASAM-N),” which enables the most efficient computation of the exact expressions of arbitrarily
high-order sensitivities of model responses with respect to the model’s “features.” Subsequently, the
sensitivities of the responses with respect to the primary model parameters are determined,
analytically and trivially, by applying the “chain-rule” to the expressions obtained for the response
sensitivities with respect to the model’s “features/functions of parameters.” Particular forms of the
n"-FASAM-N enabled the development of specific sensitivity analysis methodologies for NODE-
nets, as follows: the “First-Order Features Adjoint Sensitivity Analysis Methodology for Neural
Ordinary Differential Equations (1s-FASAM-NODE)” [19] and the “Second-Order Features Adjoint
Sensitivity Analysis Methodology for Neural Ordinary Differential Equations (2"-FASAM-NODE)”
[20]. The 1-FASAM-NODE and the 2"d-FASAM-NODE are pioneering sensitivity analysis
methodologies which enable the computation, with unparalleled efficiency, of exactly-determined
first-order and, respectively, second-order sensitivities of decoder response with respect to the
optimized/trained weights involved in the NODE’s decoder, hidden layers, and encoder. The
applications of both the 1-FASAM-NODE and the 27-FASAM-NODE methodologies were
illustrated by performing first-and second-order sensitivity analyses of the heat and energy transfer
processes in the Nordheim-Fuchs phenomenological model for reactor safety [19,20].
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By applying the general concepts underlying the nt"-FASAM-N methodology [18], this works
introduces the “First-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integral
Equations of Fredholm-Type (1-FASAM-NIE-Fredholm)” and the “Second-Order Features Adjoint
Sensitivity Analysis Methodology for Neural Integral Equations of Fredholm-Type (2"d-FASAM-NIE-
Fredholm).” The 1s-FASAM-NIE-Fredholm methodology is introduced in Section 2. Subsection 2.1
presents the particular case when there are no feature functions but only model parameters, in which
case the FASAM-NIE-Fredholm reduces to the “First-Order Comprehensive Adjoint Sensitivity
Analysis Methodology for Neural Integral Equations of Fredholm-Type” (1-CASAM-NIE-
Fredholm). The application of the 1-FASAM-NIE-Fredholm Methodology is illustrated in Section 3
by considering a system of coupled nonlinear Fredholm-type NIE which admits analytical solutions,
thereby facilitating the verification of the expressions obtained for the first-order sensitivities of NIE-
decoder responses with respect to the model parameters (weights) that characterize the respective
NIE-net.

The 2r-FASAM-NIE-Fredholm methodology is introduced in Section 4. When there are no
feature functions but only individual model parameters, the 2n-FASAM-NIE-Fredholm reduces, as
a particular case, to the “Second-Order Comprehensive Adjoint Sensitivity Analysis Methodology
for Neural Integral Equations of Fredholm-Type” (2"d-CASAM-NIE-Fredholm), which is presented
in Subsection 4.1. The application of the 2nd-FASAM-NIE-Fredholm methodology is illustrated in
Section 5 by continuing the analysis of the model considered in Section 3. As generally illustrated in
Section 4, the second-order sensitivities are conceptually determined by considering them to be the
“first-order sensitivities of the first-order sensitivities.”

The discussion presented in Section 6 concludes this work, noting that the 1s-FASAM-NIE-
Fredholm methodology enables the computation, with unparalleled efficiency, of exactly-determined
first-order sensitivities of decoder response with respect to the NODE-parameters, requiring a single
“large-scale” computation for solving the 1st-Level Adjoint Sensitivity System (1st-LASS), regardless
of the number of weights/parameters underlying the NIE-net. When “feature functions of parameters
“can be identified within the NIE structure, the number of quadratures for computing the first-order
sensitivities is smaller than the number of quadratures needed for computing the first-order decoder-
response sensitivities directly with respect to the parameters, since the latter can be computed
analytically and exactly by using the first-order sensitivities with respect to the feature functions.

The 2rd-FASAM-NIE-Fredholm methodology enables the computation (with unparalleled
efficiency) of exactly-determined second-order sensitivities of decoder response with respect to the
NODE-parameters. In order to compute all of the second-order sensitivities of a decoder-response
with respect to the respective the feature functions, the 2rd-FASAM-NIE-Fredholm methodology
requires only as many “large-scale” computations as there are first-order sensitivities with respect to
the feature functions. When no “feature functions” can be constructed, the 2nd-FASAM-NIE-
Fredholm methodology requires as many “large-scale” computations as there are first-order
sensitivities of the decoder-response with respect to the model parameters.

As has already been mentioned, the 1s-FASAM-NIE-Fredholm and the 2rd-FASAM-NIE-
Fredholm methodologies are applicable to many scientific fields, including classical potential theory
[10], scattering theory [11], fluid flow [12], and integral neutron and photon transport [13,14].
Ongoing work aims at developing the Second-Order Features Adjoint Sensitivity Analysis
Methodology for Neural Integral Equations of Volterra-Type (2n-FASAM-NIE-Volterra). Subsequent
work will aim at generalizing these developments to address the efficient computation of exact
expressions of high-order sensitivities of systems that can be modeled using Neural Integro-
Differential Equations.

2. First-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integral Equations
of Fredholm-Type (1s-FASAM-NIE-Fredholm)

A network of nonlinear “Neural Integral Equations (NIE)” of Fredholm-type and its decoder-
response can be generally represented as follows:
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ty
h(t,x)=g[F(0);t;x]+ [dr[G[h(7;z);F(8);t,7;x,2]dz, (1)
t, Q
tt
R[h;F(0)]= [ dt[D[h(t;x);F(8);t;x |dx 2)
ty, Q
where:
(1) The real-valued scalar quantities t, t; <t<t;,and 7, t; <7 <t;, are time-like independent

variables which parameterize the dynamics of the hidden/latent neuron units. The initial
value is denoted as t, (which can be considered to be an initial measurement time) while

the stopping value is denoted as t; (which can be considered to be the next measurement

time). Often, the variable t is called the “global time” while the variable 7 is called the
“local time.”

(ii) The TD-dimensional column vector X0 [X,..., Xy ]T €R™ comprises, as components, the
real-valued independent variables (spatial, energy, solid angle, etc.) that characterize the
phase-space under consideration. The vector X0 [X,,..., X;p ]T , where “TD” denotes the “total
number of dimensions of the phase-space under consideration,” is defined on a domain
denoted as Q . The vector z0[z,.., ZTD]T €R™ is defined in the same way as
X O [ Xy, eens Xop ]Jr € R™ . In this work, all vectors are considered to be column vectors and the

dagger “ +” symbol will be used to denote “transposition.” The symbol “[ ” will be used to
denote “is defined as” or, equivalently, “is by definition equal to.”

(iii) The TH -dimensional vector-valued function h(t,x)0 [hl (t,%),.... iy, (t,X)]+ represents the

hidden/latent neural networks.

(iv) The TH -dimensional vector-valued function
G[h(r;2);F(8);t,1ix,z |0 [ G (W F;t, 7ix,2),..., Gy (B Fit, 75 x,z)T models the dynamics of
the latent neurons. The components of the vector 00 [4,,...,6;, ]T represents scalar learnable
adjustable weights, where TW denotes the total number of adjustable weights in all of the
latent neural nets. The components of the column-vector 00 [6,,...,6;, ]T are considered to
be “primary parameters” while the components of the vector-valued function
F(0)O[F(8),... Fy (0)]T represent the ”feature” functions of the respective weights; the
quantity TF denotes the “total number of feature/functions of the primary model
parameters” comprised in the NIE. In general, F(8) is a nonlinear function of 0. The total

number of feature functions must necessarily be smaller than the total number of primary
parameters (weights), i.e, TF <TW .In the extreme case when there are no feature functions,

it follows that F(8)=6, for all i=1..,TW =TF . In general, G[h(r;z);F(B);t,r;x,z] is a

nonlinear function of h (t, X) and F(G) .

v) The scalar-valued quantity R [h; F(ﬂ)] is a functional of h(t, X) and F(O) , and represents
the network’s decoder-response. The function D[h(t;x);F(8);t;x | models the decoder and

may contain Dirac-delta distributions, if the decoder-response is to be evaluated at some
particular point in time and/or phase-space.

The NIE-Fredholm-net defined in Equation (1) has the following representation in component
form,
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h (t,x)=g; [F(e);t;x];jderi [h(7;2);F(0);t,7;x,z |dz; i=1..,TH. A3)

After the “training” of the NIE-net has been accomplished by using the “adjoint” or other
methods to minimize the user-chosen “loss functional” meant to represent the discrepancy between
a “reference solution” and the output produced by the NIE-decoder, the primary parameters
(“weights”) 00 [6,,....0,, ] will have been assigned “optimal” values which will have minimized
the “loss functional.” These “optimal” values for the primary parameters (“weights”) will be denoted

. . f . . .
using a superscript “zero” as follows: 0°[ [6’10,...,61?\,\,} . Using these optimal/nominal parameter

values to solve the NIE-system will yield the optimal/nominal solution h° (t, X) , which will satisfy

the following forms of Equations (1) and (2):

h° (t,x) =g[F(9°);t;xJ+tjer'G[h° (r;z);F(GO);t,r;x,z]dz, 4)

R[hO;F(OO)J=:fth[D[h°(t;x);F(eo);t;dex. (5)

After the NIE-net is optimized to reproduce the underlying physical system as closely as
possible, the subsequent responses of interest are no longer “loss functions” but become specific
functionals of NIE’s “decoder” output, which can be generally represented by the functional
R[h;F(8)] defined in Equation (2). Since the physical system modeled by the NIE-net comprises

parameters that stem from measurements and/or computations, the optimal weights/parameters are
unavoidably afflicted by uncertainties that stem from the respective experiments and/or
computations. Hence, it is important to quantify the uncertainties induced in the NIE-decoder output
by the uncertainties that afflict the parameters/weights underlying the physical system modeled by
the NIE-net. The quantification of the uncertainties in the NIE’s decoder-responses of interest require
the computation of the sensitivities of the NIE decoder-response with respect to the optimized NIE
weights/parameters.

The known nominal values 0° of the primary model parameters (“weights”) characterizing the
IDE-net will differ from the true but unknown values 0 of the respective weights by variations
denoted as 60[10-0° . The variations &6010-0° will induce corresponding variations
SFOF(0)-F° F°OF (00) , in the feature functions  and, variations

T +
v (tx)0 [vil) (6:X), .0 VA7 (t;x)} 0[Sh, (tX),..., Shy, (t;x)]‘ 0 h(t;x)-h° (t;x) around the
nominal/optimal functions h° (t). In turn, the variations 6F0 F(8)—F ° and v (t;x) will induce
variations of the form 5R(h°;F°;V(1);5F;t;X)D R[h;F(B);t;x]—R[ho;F(BO);t;x] in the NIE
decoder’s response.
The 1-FASAM-IDE methodology for computing the first-order sensitivities of the decoder’s
response with respect to the NIE’s weights will be established by applying the same principles as

those underlying the 1s-FASAM-N [18] methodology. The fundamental concept for defining the
sensitivity of an operator-valued quantity R(e) with respect to variations e in a neighborhood

around the nominal values €°, has been shown by Cacuci [18] to be provided by the 1s-order
Gateaux- (G-) variation JR (eo ; 56) of R(e) , which is defined as follows:

SR(e%de)0 {dd—g[R(eo +g§e)]}£0 0 lim R(e" +ae)- R(eo), (6)

&0 &

for a scalar £ eF and for all (i.e., arbitrary) vectors de in a neighborhood (eo +£56) around €.
The G-variation oR (eo ; §e) is an operator defined on the same domainas R (e) , has the same range

as R(e) , and satisfies the relation: R (eo + .95e) -R (eo ) =06R (eo : 5e) +A(se), with

d0i:10.20944/preprints202412.0474.v1
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Iing[A(gée)] / & =0. When the G-variation o R(e0 : é‘e) is linear in the variation Je, it can be written

in the form SR (eo : 5e) ={0oR/ 6e}eo e, where {6R/ 66}60 denotes the first-order G-derivative of R(e)
with respect to e evaluated at €°. For the particular case of the decoder response defined by
Equation (2), the vector e has the following particular form: e0 [h;F (0)]T .

Applying the definition provided in Equation (6) to Equation (2) yields the following
expression for the first-order G-variation & R(ho; FO;V(l) ; 5F) of the response R [h; F (0)} :

5R(h°;F°; ) { fdt.[ [hotx +gv()(t;x);F°+g§F;t;dex}

={5R(h°;F°;5F)}dir+{5R(h°;F°;v(l))} ,

ind

&=0 (7)

where the following definitions were used:

{oR(h";F;oF)f 0 f dtIdx{aD[h(t;x);F(B);t;x] 5F}
o ()

oF
{oR(n"Fo )] DIdtjdx{aD[h(t;X;;]F(e)?t;XlV(l) (t;x)}(hoFo) )
‘Ellt{ " dx{aD[h(t;xa)r:iF(e);t;x} W (t;x)}(hO )

The quantity {5 R (ho F%0 F)} defined in Equation (8) denotes the partial G-differential of the

dir
response R[h;F(0)] with respect to the “feature function” F(0)0[F,(8),..., F (B)T, evaluated at
the nominal values (hO;FO) . The quantity {5R(h°;F°;5F)}_ is called the “direct-effect term”

dir

because it arises directly from variations JSF, which in turn stem from parameter variations 60, and
can be computed directly using the nominal values (ho; FO) . The quantity {5 R(ho; Fo. v )}ind
defined in Equation(9) denotes the partial G-differential of the response R [h; F (9)] with respect to
the hidden state functions h(t), and is called the “indirect-effect term” because it arises indirectly,
through the variations vt (t) in the hidden state functions h(t). The indirect-effect term can be
quantified only after having determined the variations v (t), which are caused by the variations
oF through the NIE-net defined in Equation (1).

The first-order relationship between the variations vt (t) and SF is obtained from the first-

order G-variation of Equation (1), which is defined as follows:
{%(h‘) +evl? )} ={ ddgg[ (e°)+55F;t;x]}
=0 =
{ IdrIG[ 2)+ev? (7,2 );F(0°)+55F;t,r;x,z}dz}

Carrying out the operations indicated in Equation (10) yields the following NIE-net of
Fredholm-type, which will be called the “1s-Level Variational Sensitivity System” (1st-LVSS)”, for the

(10)

=0

“1stJevel variational function” v (t;x):
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NG (t;x):{jdrjdz oG [h(ahngz; il Z] (T,Z)} +{Q(1)(h;F)5F}(h0YFO) ,(11)
to Q (h” FO)

O:-EY 0 o¥ (hE
0 % (F) ql'TF(’) ag(Fitrx) ,0 thrxx)
QY (n;F)D i 0 i j dr j dx
q‘ﬁ-)i,l (h:;F) O q'f'lF),TF (h; F)
Equivalently, the 1s~-LVSS defined by Equation (11) can be written in component form as
follows:

(12)

o Jf'drj'dzaG [h(z;2);Fitoixz] W0 (52)

j 1to (T ) (13)
:qu”(h;l:)al:j; i=1..,TH.
j=1

where:

w86 [h(nz)iFi,
o (;yp BLFE) Id Jo [ ”F XZ) T e TR (g

The 1s-LVSS is to be computed at the nominal/optimal values for the respective model
parameters, but this fact had not been indicated explicitly in Equation (13) in order to simplify the
notation.

It is important to note that the 1:-LVSS is linear in the variational function vt (t;x), although it
remains nonlinear in h(t;X), unless the original NIE’s were quadratic in the function h(t;X). Note
also that the 13-LVSS would need to be solved anew for each variation JF;, j=1..,TF, which could

become prohibitively expensive computationally if TF is a large number.
The need for repeatedly solving the 13-LVSS can be avoided if the indirect-effect term defined
in Equation (9) could be expressed in terms of a “right-hand side” that does not involve the

variational function v (t;x). This goal can be achieved by expressing the right-side of Equation (9)

in terms of the solutions of the “1s-Level Adjoint Sensitivity System (1s-LASS),” to be constructed
next, the construction of which requires the introduction of adjoint operators. Adjoint operators can
be defined in Banach spaces but are most useful in Hilbert spaces For the NIE considered in this

work, the appropriate Hilbert space having elements of the form vt (t x)eH ,(Q,) will be defined
on the domain €, O [(to ot )UQ:| and will be denoted as H , (th) . The inner productin H,(€,),

which will be denoted as <x(1) (t;x),n® (t;x)>1, where ¥ (t;x)0 [;(1(1) (tx),..., ﬁl (t;x)]T eH (),

n® (t;x)0 [771(1) (tx),..., #)' (t;x)]T eH ,(€Q), is defined as follows:
ts
<x(1) (t:x),n® ('[;X)>l 0 jdtj'[x(l) (t;x) ] n® (t;x)dx = Zjdtj;(, t;x) n,()(t x)dx. (15)
h Q =ty o
The inner product <X(l) (t;x),n® ('[;x)>l is required to hold in a neighborhood of the nominal
values (hO;FO).
The next step is to form the inner product of Equation (11) with a vector
a¥(tx)0 [ai(l) (tX),...,a% (t;X)JT eH ,(Q,), where the superscript “(1)” indicates “Is-Level”, to
obtain the following relationship:

<a(1) (t:x), v (t:x) jdrfdz 06 [h(zi2)iFit,rix Z] (r,z)>

Oh(z' Z)

(16)
=(a® (t:x), Q¥ (h;F)F) .

d0i:10.20944/preprints202412.0474.v1
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Using the definition of the adjoint operator in H 1(th), the left-side of Equation (16) will be
transformed so as to transfer the operations on the function v (t;x) to operations on the function

a® (t;x) . These operations will involve reversing the orders of summations and integrations for the

second term in the inner-product on the left-side of Equation (16), as follows:

<a(1) ) jd IdzaG[h(r;z);F;t,r;x,z]V(l)(T;Z)>

oh(z;z)
s Jufoa(6x)] Toof o L EEERTA ] i

0 W oG [h(z;2);Fitrixz]
_Zfdtjdxa txzjdrjd o (732) W (r;2)

i=! 1t0 Q —1t0

fo

dridzvl 7;,2) _[dtfdea (t; x)aGi [h(;hzzTFZ;rxz] (17)

fo

uMI

G, [h(r;:z);Fit,rixz]

v (r;z)fdtfdxiag) () oh (z;2)

t[ dxv® (t;x) deidZZa (r Z)ﬁGm [h(;hfgti)rtzx]

Il
L

e}

5"—.—w 6"—.—w S —
'—-

1]
Y NgFs
:J-—.

oG[h(t;x);Fi7,t;z,x ] '

v® (t;x) J'drj'd{ é’h(tx) i } a (z;2)

fo

1
Using the result obtained in Equation (17) in Equation (16) yields the following relation:

< a® (t;x), V¥ (t;X)—ljdrjdz oG[h(riz);Fit,rixz ] v<1)(r;z)>

oh(z;z)

(18)

tt
=( v®(t;x),a? (t;x)—fdrjdz

t, Q

FG[htx Frtzx}

oh(tx) } 2 (n2)

The term on the right-side of Equation (18) is now required to represent the “indirect-effect”

1

term defined in Equation (9), which is achieved by requiring that the function a® (t;x) satisfy the

following relation written in NIE-format:

a0 (t%) tJ;dTJ.d{é’G[h(té;);()(;t::)i)r,t;z,x]} 0 (r;z)=aD[h(t;X;;]F(e);t;x]. 19

The Fredholm-like system obtained in Equation (19) will be called the “1st-Level Adjoint
Sensitivity System” and its solution, a® (t;X) , will be called the “1s-level adjoint sensitivity

function.” The 1s-LASS is to be solved using the nominal/optimal values for the parameters and for
the function h(t; X) but this fact has not been explicitly indicated in order to simplify the notation.

The 1s+-LASS is linear in a (t;x) but is, in general, nonlinear in h(t;X). Most importantly, the 1st-
LASS is independent of any parameter variations and needs to be solved once only to determine the
1st-level adjoint sensitivity function a® (t;x).

In component form, the 1st-LASS has the following structure:
TH B oG, | h(t;x);F;7,t;2,x oD| h;F(0);t;x
[drjd () ]a§1>(r;z)+—[ Iy =1,..,TH.(20)
=t oh (t;x) oh (t;x)
It follows from Equations (16)—(19) that the indirect-effect term defined in Equation (9) has the

following expression in terms of the 1s-level adjoint sensitivity function a® (t;x):
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{oR(n"F%a®))  ={(a®(tx), Q" (NF)SF) | | . (21)

ind 1 (ho;[zo)

Using the results obtained in Equations (21) and (8) in Equation (7) yields the following

expression for the G-variation SR (ho; Fo; e o) F) , which is seen to be linear in 6F :
5R(h°; F°;v(1);5F)
(22)

_ J’dtj'dx{aD[h t X (0)]4-[8.(1) (t;X)TQ (h F)}5F|] iﬁé‘F

The expression on the right-side of Equation (22) is to be satisfied at the nominal/optimal values
for the respective model parameters, but this fact has not been indicated explicitly in order to simplify

the notation. It follows from Equation (22) that the sensitivities 0R/0F; of the response R [h; F (O)J

with respect to the components F; (0) of the feature function F (9) have the following expressions:

oR[h;F(0)] oD| h(t;x);F(0);t;x ag; (F;t;x
[ jdjd [ ( al: ] le.[dtjdxa —( _ )

N . J ] =l ] (23)

+Zjdtj'dx a® (t;x) jdrj'dz thTXZ), j=1..TF.

|1t0 Q aF]

The sensitivities w1th respect to the primary model parameters can be obtained by using the
result in Equation (23) together with the “chain rule” of differentiating compound functions, as

follows:
TF
R_SRF g Tw. (24)
060, = 0F, 00,

2.1. Particular Case: The First-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Neural
Integral Equations of Fredholm-Type (1s-CASAM-NIE-Fredholm)
When there are no feature functions but only model parameters, that is when F (9) =0 forall

i=1.., TFOTW, the expression obtained in Equation (23) yields directly the first-order sensitivities
dR/086, , for all j =1..,TW, taking on the following specific form:

t it
aR[h F(o jdjd oD[h(t;x); tx] Zjdtjdxal tx)agig;,t,x)
J =1t i
(25)
+zjdtjdxa1 (t:x) jdfjdz C(hWFLExz) 5y 1w
5 ; o TW.

i=1 i

In Equation (25), the 1s-level adjoint sensitivity function a® (t;x)0 [al(l) (t:X),...,a% (t;x)]T is

still the solution of the 1s-LASS defined by Equation (20), since the 1-LASS is independent of any
parameter variations. In this case, however, all of the sensitivities 8R/ 00; ,forall j=1..TW would

be obtained by computing integrals (using quadrature formulas). In contradistinction, when features
of parameters can be established so that the sensitivities can be computed by using Equation (23)
rather than Equation (25), only TF (TF <TW) integrals would need to be computed (using
quadrature formulas) to obtain the 8R/ oF;, j=1..,TF; the sensitivities with respect to the model
parameters would subsequently be obtained analytically using the chain-rule provided in Equation
(24). Thus, when there are no feature functions of parameters, the 1s-FASAM-NODE reduces to the
First-Order Comprehensive Adjoint Sensitivity Analysis Methodology [18] applied to Neural Integral
Equations of Fredholm-Type (1t-CASAM-NIE-Fredholm).

3. Illustrative Application of the 1-FASAM-NIE-Fredholm Methodology
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The application of the 1#-FASAM-NIE-Fredholm Methodology will be illustrated in this Section
by considering a system of nonlinear Fredholm-type NIE which admits analytical solutions, thereby
facilitating the verification of the expressions that will be obtained for the first-order sensitivities of
NIE-decoder responses with respect to the model parameters (weights) that characterize the NIE-net.
The NIE-net comprises two uncoupled nonlinear Fredholm-type equations which will be coupled
through the nonlinear decoder-response. The reason for choosing such a system is to show that, even
though the initial equations(each describing an independent NIE-net) are uncoupled, their coupling
through the decoder-response will necessitate solving coupled equations for determining the second
(and higher-) order sensitivities. The illustrative NIE-model for the hidden/latent function

yal[y(t).y, (t)]T comprises the following uncoupled nonlinear Fredholm-type NIE:

tll b , .

v (t)= 0 j y; (7)dz; (26)
t2 b ,

Y, (t)= %J y; (r)dz. 27)

The NIE-decoder response will be considered to be provided by the following nonlinear

functional of y O [yl (t).y, (t)]T :

R[y;F(0)]=F, (Y)T Y (t)y, (t)dt. (28)

In Equations (26)—(28), the scalar parameters a,b, 4,4, are considered to be known exactly
while the components of the model parameters @0 [a,,...,ct4], BO[B Bis]  and ¥0 [, 716 ]T
are considered to be subject to uncertainties. The feature function F(8) is considered to comprise
three components defined as follows:

F(0)=[F, (a).F,(B).F; (y)]T; 00 [0,8,7] 0[6,...0, ] ; TWD TA+TB+TG. (29)

For subsequent verification purposes, the non-trivial exact analytical solutions of the Fredholm-
type NIE defined by Equations (26) and (27) are provided below:
24 +1 .
yl (t) = ClFl (a)tll; yZ (t) = CZFZ (B)tiz , Ci 0 W, | =1, 2 (30)
Using in Equation (28) the results provided in Equation (30) yields the following closed-form
expression for the response R[y;F(8)]:

Jp+Ap+1 M +Ap+1
bl 2+ _giithe

R[Y:F(0)]=cckF (a)F, (B)F,(v); kO A+l ey

The nominal/optimal parameter values, obtained after completing the training of the INE-net,
will be denoted, as before, by using the superscript “zero”, namely:

a0 [af,...,a?AT; p° 0o [ﬂlo,...,ﬂToB]T; y°O [yf,...,)/?GT; (32)
0°0[o®.p°y°] 0[6°....6% | TTUTA+TB+TG; (33)
F°(0)0 F(6°) D[R, FLF] 0 [Fl (0°).F, (). s (v )T (34)

Similarly, the value of the function yO[y,(t),y, (t)]T computed using the nominal/optimal
parameter values will also be denoted using the superscript “zero”, namely: y° [ [yf (1), s (t )T .
The first-order sensitivities of the response R[y;F(0)] with respect to the components of the

feature function F(8) are obtained by applying the principle underlying Equation (7) to the

expression provided in Equation (28), which yields the following expression:

d0i:10.20944/preprints202412.0474.v1
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b
SR(y%;F;8y;6F;)0 {dd—g(FSO +55F3)£(yl° +e0y, )(ys +g§yz)dt}g0 -
0{oR(y":0F,)| +{oR(y": R0y}
where the following definitions were used:

[oR(y"oR,)f D (6%){? AQIZ (t)dt} ; (36)

yO; FO)
{5R(yo; F30;5y)}ind 0 { I[yz 6y1 )+ Y: ()3, (t ]dt} - (37)
yO FO)

The “direct-effect term” {5 R(yo;é' F, )}d can be computed directly for every variation SF, at
the nominal/optimal values (yo; FO) . The “indirect-effect term” {5 R(yo; F; 5y)}_ , cn be

quantified only after having determined the variations 8y U [8y;,8 yz]T . The first-order relationship

between the variations Sy U [dy;,d yz]T and OF is obtained from the first-order G-variations of

Equations (26) and (27), which yields the following relations:

Sy (t)=2 (o (e)e { jyl dr}SF o) (38)

F(a)
5yz(t)=F2t€;)£yz( 5y, (r)d { Iyz dr}dF (B). (39)

H

o

2
Using in Equations (38) and (39) the expressions obtained in Equation (30) for Y, (t) and
Y, (t) yields the following relations:

b
Sy, (t)=2ct" [ty (r)dz—ct*SF, (a); (40)

b
8Y, (t) = 2.t [7725Y, (r)dz —c,t?SF, (B). (41)

The Fredholm-type equations obtained Equations (40) and (41) constitute the 1st-Level
Variational Sensitivity System (13-LVSS) for the variational function Jy O [5 Y., 0Y, ]T . The 1s-LVSS is

linear in variational function 8y [8Y,,5Y, ]T and is to be satisfied at the nominal/optimal values for

the respective model parameters, but this fact had not been indicated explicitly in order to simplify
the notation. The 1s-LVSS defined by Equations (40) and (41) would need to be solved anew for each
parameter variation J¢;, i=1..,TA, and Jf;i=1..,TB. This need for repeatedly solving the 1s-

LVSS can be avoided if the indirect-effect term defined in Equation (37) could be expressed in terms
of a “right-hand side” that does not involve the variational function Sy 0O [5 Y, 0Y, ]+ . This goal can

be achieved by expressing the right-side of Equation (37) in terms of the solutions of a “1s-Level
Adjoint Sensitivity System (1st-LASS)” which will be constructed next by using adjoint operators

defined in a Hilbert space denoted as H ; (a, b) that comprises as elements two-component vectors

having the same structure as oJy[ [§y1,5 yz]T . The inner product between two vectors

2P (t)0 [;(l(l) (t), 2 (t)]T eH,(ab) and n®(t)0 [771(1) (), (t)]T eH (a,b) will be denoted as
<X(1) (t),n® (t)>l and is defined as follows:

<x<1>(t),n<l>(t)>1|jT[X“’()] @ (t)dt = Zj 20 (H)n (t)dt. (42)
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The next step is to form the inner product of Equations (40) and (41) with a vector
a®(t)o [aqfl) (t),a" (t)]T eH,(a,b), where the superscript “(1)” indicates “1s-Level”, to obtain the
following relationship:

'[ai DAL dt—2c1an1(1) (t)tildtirlléy dr+.[a2 )8y, (t)dt
o . (43)

_zczjag” (t)tﬁZdtjr%yZ(r)dr={c1jai(1) (t)tﬂldt}dﬁ( {czjaz ‘Zdt}dF (B).

Next the left-side of Equation (43) is transformed as follows:

b b
.[al (Syl()dt—ch.[ai(l)(t)tﬂldt.[rﬂléy1 dr+.[a2 )8y, (t)dt
b

b
—2c2ja§1> (t)t2dt[ 25y, (r)dr = J'{af) (t)—2c1t41ja1<1) (r)rlldr}ﬁyl (t)dt (44)

a

b b
+J'{a§1) (t)—2c,t™ [af) (z)7" dz’}5yz (t)dt.
a a
The terms on the right-side of Equation (44) are now required to represent the “indirect-effect”

term defined in Equation (37), which is achieved by requiring that the function

a® (t)o [af) (t),a" (t)]T satisfy the following relation:
al (t) ZClt’ll.[‘[/lla.l ydr =F;(v)y,(t); (45)

al’ (t)—2c,t" j 72al!) (v)dz = Fy () v (1) (46)

a

The Fredholm-like system obtained in Equations (45) and (46) is called the “1s-Level Adjoint
Sensitivity System” and its solution, a® (t)O [al(l) (t),a (t)]‘ , is called the “1st-level adjoint

sensitivity function.” The 1st-LASS is to be satisfied at the nominal/optimal values for the respective
model parameters, but this fact had not been indicated explicitly in order to simplify the notation.

The 1s-LASS is linear in a” (t) and is independent of all parameter variations, so it needs to be

solved just once in order to determine a® (t).

For subsequent verification purposes, the exact closed-form expression for the components of
a® (1)1 (t),a" (1) obtained by solving the above 1-LASS are provided below:

al’ (t) = At +Bt’2; AD —2c,c,kF, (B)F, (v); BO C,F, (B)Fs (v); 47)

al’ (t)=Ct* + Dt*2; CO ¢, (), (v); DO —2¢,,kF, (a)F; (7). (48)

Using Equations (43)—(46) yields the following expression for the indirect-effect term defined in

Equation (37) in terms of the 1s-level adjoint sensitivity function a® (t):

{§R(y°;|=3°;5y)}ind :{cjal(” (t)tildt}éFl( {cz [EX ‘2dt}5|: (B). (49)

Adding the result obtained in Equation (49) to the expression given in Equation (36) for the
direct-effect term yields the following expression for the G-variation SR ( ¥V, YY FY6Y,,8Y,:8 F3) :

—[clzai(”(t)t‘ldt}éﬁ( [czjaz lzdt}&F D'yl dt}éF( ). (50)

The expression on the right-side of Equation (50) is to be satisfied at the nominal/optimal values
for the respective model parameters, but this fact had not been indicated explicitly in order to simplify

the notation. It follows from Equation (50) that the sensitivities OR/0F; of the response R [h; F (0)}

with respect to the components F; (0) of the feature function F (9) have the following expressions:
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oR S0 e

— == t)tdt; 51

o c1£a1 (t) (51)

R ,

eafa v 2

OR

= =£ v, (1) y, (t)dt. (53)

The expressions of the sensitivities obtained in Equations(51)—(53) are to be evaluated at the
nominal/optimal values for the respective model parameters, but this fact had not been indicated
explicitly in order to simplify the notation.

Inserting into Equations (51)-(53) the expressions obtained for y[ [yl (t),y, (t)T in Equation
i
(30), and the expressions obtained for a® (t)0 [af) (t),a" (t)] in Equations (47) and (48) yields the

following explicit expressions:
R _

F c;lj(Ati1 + Bt )t"dt = ¢,c,kF, (B) s (v); (54)
oR )

o, _—czja2 (t)t*2dt = c,c,kF, (a)F; (7); (55)
5? = _[ Yi (t) Y, (t)dt =c,c,kF, () F, (B) (56)

The validity of the expressions obtained in Equations (54)—(56) can be readily verified by using
the expression of the decoder-response provided in Equation (31).

The sensitivities with respect to the primary model parameters can be obtained by using the
results obtained in Equations(51)—(53) for the sensitivities with respect to the components of the
feature function, together with the “chain rule” of differentiating compound functions, as shown in
Equation (24).

3.1. Absence of Feature Functions: Comparison to 1-CASAM-NIE-Fredholm

As has been discussed in Subsection 2.1, in the absence of feature functions of parameters, the
1s-FASAM-NIE-Fredholm reduces to the First-Order Comprehensive Adjoint Sensitivity Analysis
Methodology [18] applied to Neural Integral Equations of Fredholm-Type (1s-CASAM-NIE-
Fredholm). The first-order sensitivities of the NIE-decoder response with respect to the model’s
parameters are obtained by following the same steps as described in Equations (35)—(50), but with

the following replacements: SF( [aF )/oe; |60 ,  OF, (ﬁ):i[an(B)/aﬂi]éﬂi ,
SF(y)= i[aﬁ (v)/07: 6% - With these replacements, Equation (50) takes on the following form:

——[cjaf)(t)tildt}i[aﬁ(a)/aai]5ai {cz.[az AZdt}
xi[alz (B)/2B 9B {j A dt}Z[aF )/r: |67

Similarly, Equations (51)-(53) will take on the following forms:

(57)

oR ¢ aF(“) )t o )

o~ - ja1 dt; i=1..TA; (58)
R __ a':z(ﬁ)b O Vet .

5 c, 55 !az (t)t™dt; i=1,...,TB; (59)
5R_6F3(7)b Ci_

3~ oy ;[yl(t)yz(t)dt, i=1..TG. (60)
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1

The 1s-level adjoint sensitivity function a® (t)0 [af) (t),a (t)]T that appears in Equations (58)

—(60) is the same as that which appears in Equations (51)-(53), since the 1s-LASS defined by
Equations (45) and (46) is independent of any parameter variations. Comparing the results for the
first-order sensitivities computed by applying the 1s-FASAM-NIE-Fredholm, if feature functions of
parameters can be identified, with the application of the 1-CASAM-NIE-Fredholm, to compute the
sensitivities directly with respect to the model parameters in the absence of feature-functions reveals
the following conclusions:

(i) Applying the 1s-FASAM-NIE-Fredholm requires the computations of as many integrals
(which define the respective first-order sensitivities) as there are components of feature
function (in the above example, there are 3 components); the sensitivities with respect to the
model parameters are computed analytically, by applying the “chain-rule of differentiation”
using the first-order sensitivities with respect to the components of the feature functions.

(if) In the absence of feature functions of parameters, the application of the 1s-CASAM-NIE-
Fredholm requires the computations of as many integrals (which define the respective first-
order sensitivities) as there are parameters (in the above example, TA+TB+TG integrals to
be computed numerically using quadrature formulas).

4. Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integral
Equations of Fredholm-Type (24-FASAM-NIE-Fredholm)

The second-order sensitivities of the response R [h; F (9)] defined in Equation (2) are obtained

by computing the first-order sensitivities of the expression obtained in Equation (23), which

represents the first-order sensitivities of the response R [h; F (9)] with respect to the components of

the feature function F(8)0[F,(9),...Fy (G)T. In other words, the second-order sensitivities of

R [h; F (O)J will be computed by conceptually using their basic definitions as being the “first-order

sensitivities of the first-order sensitivities.”

4.1. Second-Order Sensitivities Stemming from oR[h;F(0)]/oF,, j=1..,TF.

The second-order sensitivities stemming from the first-order sensitivities oR [h; F (9)} / oF; are

obtained from the first-order G-differential of Equation (23), for j=1,...,TF, as follows:

oR d | 5 | -
5{6_FJ}D {@[t{ dtidxa_l:,-D[ho +gv<1>,F(90)+55F,t,x} H

H g ts 8y, F0+85F;t;x
+{21: de t{ dtidx[ai(l’o) (t:x) +z5a” (t;x)} ( — )}
&=0

=0

: t oG, (° j(” FO +aoF;t,7%,2 o
g | f (h® + sV + e0F;t, 5%, 2
+ E‘El{dtidx (ai(“’) +g5ai(1))1{dr!2dz e

j
0o ﬁ +0 ﬂ ; 1=1...,TF.
aFj dir aFj ind

In Equation (61), the expression of the direct-effect term o (aR/aFj )dir is obtained after

£=0

performing the operations with respect to the scalar ¢ and comprises the variations 6F (stemming
from variations in the model parameters), being defined as follows:

d0i:10.20944/preprints202412.0474.v1
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[_] . J‘dtJ.d )]6F+ZIdtdea1 tx)wgp

1 to J =t o aFa':j
(hsFit,7ix,2)
+.le{[ dtj dxa” (t;x Idz’_[ dz aFaFj o
F oD[h;F(0)] L0y IF 0%g; (h;F)

= [dt[dx SF dtfdxa® (t;x)Y =L SF

I i kZ; o, oF, k+letI £Xa' ( X)é oFoF,

TH U
+Zj'dt_[dxal (t:x) _fdr_[dzz (thTXZ)5Fk.

=t A=t

The expression of the indirect-effect term & (6R/6Fj )ind in Equation (61) is obtained after
performing the operations with respect to the scalar ¢ and comprises the variations v (t;x)and
i
sa (tx)O [56\1(1) (t; X),...,&’:L(r?| (t; X)J , being defined as follows:
o’D[h;F(8);t; x] "

oR LR
({a?]ndDZjdtId (t x)aF v (tx)

iJi My o

G[h(rz)Ftrxz] "

+ZI oo f T
. te o
+§jdtjdx5a§1> (t:x) M*I‘”sz aG, (h;Fit,7;%,2)
Too@ i b 0 oF; (63)
o*D[h;F(0);t;
—Zjdtj'dxvl (;x) [ (0) X}
i=1 t, ahi (t; X)aFj
0°G, [h(tx);Fintz,
+§:Idf_|-dzar(:)(1;z) m[ ( X) T ZX:|
mlfy o oh, (t;x) oF;
H y
+Y [ dtfdxsa ( tx{ (Fitx) fd fd hF,t,sz)}
i 1t0 Q J

The expressions in Equatlons (62) and (63) are to be evaluated at the nominal values of the
respective functions and parameters, but the respective indication (i.e., the superscript “zero”) has
been omitted in order to simplify the notation.

The direct-effect term & (aR/ oF, )dir can be evaluated at this time for all variations oJF , but the
indirect-effect term & (aR/ oF; )md can be evaluated only after having determined the variations
v (t;x) and a® (t;x). The variation v (t;x) is the solution of the 1#-LVSS defined by Equation

(11). On the other hand, the variational function §a® (t;x) is the solution of the system of equations

obtained by G-differentiating the 1s-LASS. By definition, the G-differential of Equation (20) is
obtained as follows, for i=1,...,TH :

aD| h° (t;x)+ev? (6:x); F* +edF;t;x
(L e e (@0 =L [ () + v (1) ]
de oo |de oh; (t;x)
=0 (64)
3 tfd d an(h°+gv(1);|:0+€5|:;1,t;z,x) 1.0) @
de i A7 oa;’ (r;
: ‘9;:’[ T;[ ’ oh, (t;X) [al (riz)+e0a)’ (v Z)}
=0

Performing the operations indicated in Equation (64) and rearranging the various terms yields
the following relations for i=1,...,TH :
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™ (tx)Frtzx]
tx dr dz a 7,2

le J oh (t:x) (5:2)
™ GZG ([ (tx) Frtzx]
-3 [dzr[dzal? ;
ZJ rfdzal! ”k_l oh (t:x)h (t:x) W ()

N, 63
wo*Dlh(tx)iFitix] T 0°D[h(t;x);Fit;x]
V X)) =

= oh, (t;x)oh (t;x) N S oFoh(6x) “
L TFaG h(t;x);F;z,t;
+ijjwalrz j[h(5X):Fiz, Z@ y
= & aFah( X)

As indicated by the result obtained in Equation (65), the variations 5a® (t;x)are coupled to the

variations v (t;x). Therefore, they can be obtained by simultaneously solving Equations (65) and
(13), which together will be called the “2rd-Level Variational Sensitivity System (2nd-LVSS)” and its

solution, namely the vector v (t;x)0 [5a(1) (t;x), v (t; X)T will be called the “2nd-level variational

sensitivity function.” Since the 2n-LVSS depends on the variations SF (stemming from variations
in the model parameters), it would need to be solved anew for each such variation. The repeated
solving of the 2nd-LVSS can be avoided by following the general principles underlying the 2r-FASAM

[18], which considers the function V% (t;x)0 [5a(1> (t%), v (t; x)]l to be an element in a Hilbert space
denoted as H, (th ) The Hilbert space denoted as H , (th) is considered to be endowed with an

inner product denoted as <x(2) , 11(2) >2 , between two vectors

X(Z) (t;x)0 [ng) (t;X),x(zz) (t;x)T eH, () . "(2) (tx)= [ngz) (t;X),n(zz) (t;x)}T eH,(Q,) , with
0

i T . . .
ngz)(t;x)El[nl(i)(t;x),. e (t;x)] , Y (6x) [ng'zl)(t;x),...,ngva)H (t;x)] , which is defined as

follows:

<X(z> 12 >2 0 tjf dZ'J ax 2 (t; x)]T 1 (tx) = <x§2’ e >1 + <x(§) 2 >1

(66)
TH U
_Zj.dr.'.dxlll t X)7711 +Z.|‘dr.[dxlzl t X)ngzl)
iy, o 1=l

Using the definition provided in Equation (66), for the inner product of Equations (13) and (65)
with  a  vector a? (t;x) = [af) (tx),a (t; x)]T eH, () with components
a? (t;x)0 [aﬁ) (t:%),...,a%, (t;X)]T , a? (tx)0 [agzl) (t:%),.-.a%%, (t;x)]T , to obtain the following
relation:

<a(2) (t;x), 2" LA35>2 - <a§2>, Eq.(13)>1 + <a(;), Eq.(66)>1 . (67)

Performing the inner-product indicated in Equation (67) yields the following relation:
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TH t H '
jdtjdxa1 (tX)v (%)= [ dt[dxaf? (t;x)
i=1 ¢, i=lty, Q

t 6G[h 7.z F,t,rxz] 1

xz.[dr.[dz 6h( ) (r;2) Zjdtjdxa2I (t;x)sa (t;x)

j=1 to i=1 t

aGJ[htx Frtzx]

_Zj'dtjdvaI txZIdrIdz o (CX) sal" (z;2) (68)

=1, i 110

TH@ZG[h Frtzx]

) v (%)

—Zjdtjdxaz, (t;x) zjdrjdzal 7;2)

i =t k_l oh, (t;x)oh(t;

_zjdtjdxaz, (t;x Jlaaﬁ[{t‘ ;)’;h;“)‘] W (t;x)=Q? (5F),

)
where:
t 62D[h(t;x);F;t;x}
@ (sF)0 S [t [d (t;
Q™ —1{[ ixaz' X)kz_; OF o, (t;x) X
t t
+§:Jtdtfdxa1 %, (Fitx) jd jolzaG[hTZ ol | P

|1t0 k=:
" aG[htx Fiz,tz,x ]
+Z_;‘tj;dtjdxa2, txz_:ltj;drjdza 7,2) kl 3F.00 (6) oF,.

Interchanging the order of summations and integrations, and relabeling the dummy index of
summation and variables of integration enables the recasting of the second term on the left-side of

Equation (68) as follows:

ot ot oG, [h(r;z F,t,rxz} n
dt[dxal? (t; dz)dz
o 1 e
t t .
_g‘,jdrjdzvl 7,z ijdtfdxai t;Xx) oG, [h(ziz);Ft rix 2]
. "o oh; (z;2)

G, [h(r;z);Fit,rixz] 70

5.( z)

aGJ[htx)Frtzx]

—Zjdtjdxv1 txZJ‘drjdza1 7,2) o (6x)

i=1 ¢, J=ltg

—Zjdrjdzv1 7;2) jdtj‘dxai(vzj)(tx

|110 1110 o)

Interchanging the order of summations and integrations, and relabeling the dummy index of
summation and variables of integration enables the recasting of the fourth term on the left-side of
Equation (68) as follows:

oG, [h(t;x);F;z,t;z x]

Zjdt[dxaz, txZIdrIdz h(t 3 salV (r;2)

|lto Jllo
t
_ijdrjdzdal (r;z ZIdtIdvaI tXan[h (';, ZF)z-tzx]
j=1ly, '1t0 I
1)
TH G[htX)FTtZX]
_Izllt{drjdz& 7;2) JZ;{[dtjdxazJ (t;x) ()
t
3o (003, o et ) B DN L]
i= tc j=1 to ahj( )

Interchanging the order of summations and integrations, and relabeling the dummy index of
summation and variables of integration enables the recasting of the fifth term on the left-side of
Equation (68) as follows:
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1 m0°G, [ h(tx);Frtzx] o
J'dt.[dxa2I tx Idrfdza (r:2)> 6f[1 ((tt'x))ahi(t;z() ]vl(()(t,x)

i 110 j 110 k=1 (72)
&°G, [h(t;x);F;r,t;z,x]}

_Zjdt.[dka (t:x) {ZaZI (t:x) ZJ'er'dza 7,2) 2, (€)20 (£%)

k=1 th Q =1ty
Interchanging the order of summations and relabeling the dummy index of summation enables
the recasting of the sixth term on the left-side of Equation (68) as follows:
1, 8°Dh(tx);Fitx]

itj{ dtJ.angzi) (t;X)Z o (6X)N (1) v (t:x)

i=lty, Q j=1
82D[h(t;x);F;t;x:|
= [dt[axv (t; () (t;x .
Z'[ J ! (6%) az'( X) oh (t;x)oh, (t;x)

=D
The results obtamed in Equations (70)—(73) are now used to recast the relation provided in

Equation (68) as follows:

(73)

T .[dtJ'dxai () (£ x Idtj'dxv (t;x)
i=1 g, i=1 ¢,
t
XTZH;jdrjdza1 (z;2) an[h (’;hx( F)T bz X] Z;J'dtfdxaz, (t;x)sa" (t;x)
=Lty i=1
" oG, [h(z;2)iFit,T5x,2
_;{[dt.[dxﬁa ) jolrjolza21 7;2) o (7i2) (74)
™ ™ ™ 626 [h(t:x);Fiz.tz,x]
1 2 k
_g{[dtj'dxv (t;x {J_la t;x) Z_itj;drj-dzak ;2 o (EX)oh (60)

_Zj'dt.[dxv1 thHaZJ)(t )aaEET;)ghEt;] Q¥ (8F).

_1 to
The terms on the left side of Equation (74) can be grouped as follows:

$ et (6) |2 (60 3 [ o dzal?) (ri2) o LN iz x]
i=lt, Q iy o oh, (t;X)

O*G [h(t:x);Fir.tz,x]

TH TH U
-5'a? (¢ dr(dza® (¢
Zaz"('x)kzﬂt{ T!, 28 (nz) oh, (t;x)ah; (t;x)

azD[h(t;x);F;t;x]} 75)

TH
N3 (¢
Z;az,, (t:x) ah; (t;x)ah; (t;x)

j=

H oG, | h(z;2);F;t, 7%,z
+Zj'dtj'dx5a (tx)1a? (tx) - J'drjdza2J (r;2) [h(=2) ]
i=lty, Q =1ty Q ahj (T;Z)
=Q® (sF).
The left-side of Equation (75) can now be required to represent the indirect-effect term defined
in Equation (63), by imposing the requirement that the hitherto arbitrary function

a® (t;x)z[af) (t;x),a(zz) (t;x)]T eH ,(Q,) be the solution of the following NIE-like systems of

equations:
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G, [h(t;x);F;z,t;2,x]

al? (jit;x)- _fdrjdza1 (iim2)

=ty oh, (t;x)
™ o*G [h(t;x);Fiz,t2,x]
> a? (iit; dzfd .
mz:la (5:t:x) zj z’j 28 (r;2) oh, (t;x)ah, (t:x) -
T ) *D[h(t;x);F;t;x]  o*D[h;F(0);t;x ]
_¥ a2 (J” ) —
= oh, (t;x)ah, (t;x) oh, (t;x)oF,
™ 0°G, | h(t;x);Fz.t;
+> [dr[dza}) (z;2) o[ N(EX):Fr ZX] =1..,TH; j=1..,TF.
nl, o oh, (t;x) oF;
oG, | h(z;z);F;t,7;%,2
al? (jit;x) Zjdrjdzam jiziz) [ (ah )(r'z) ]
m=1 m ’
t” 77)

F,t,x thrxz)_

=1..TH; j=1..TF.

t
+[de I dz
Fi
The above NIE—system will be called the “2nd-Level Adjoint Sensitivity System (2nd-LASS)” and
t
its solution, a' ( jitx)= [af)(j;t;x),a(zz)(j;t;x)] , j=1..,TF, will be called the “2nd-level adjoint

sensitivity function.” It is important to note that the sources on the right-sides of Equations (76) and
(77), respectively, stem from the first-order sensitivities oR [h; F ((-))] / oF;, j=1..,TF, and are hence

dependent on the index “j”. This means that for each first-order sensitivity oR [h; F(B)] / OF; , there

will correspond a distinct 2nd-LASS, with a distinct solution al (j,t,x) [af) ( j;t;X),a(zz) ( j;t;x)T, a

175

fact that has been emphasized by adding the index “j” to the list of arguments of the 2nd-level adjoint
sensitivity function. Therefore, there will be as many 2nd-level adjoint functions as there are distinct

first-order sensitivities oR [h F(0 ] / OF; , which is equivalent to the number of components F; of the

“feature-function” F(0).Itis also very important to note that the integral operators on the left-sides

"2

of Equations (76) and (77) are independent of the index “j”, which means that the same left-hand
sides need to be inverted for computing the 2nd-level adjoint function, regardless of the right-sides
(which corresponds to the particular component of the feature-function) of Equations (76) and (77).
Therefore, if the inverses of the operators appearing on the left-sides of Equations (76) and (77) could
be stored, they would not need to be inverted repeatedly, so the various 2nd-level adjoint functions
would be computed most efficiently.

It follows from Equations (75)-(77) that the indirect-effect term o (aR/ oF; )ind defined by
Equation (63) can be expressed in terms of the 2rd-level adjoint sensitivity function as follows:
2
5(oR/oF, )ind =QP (sF). (78)
Using the results obtained in Equations (78), (69), and (62) in Equation (61) yields the following
expression for the (second-order) G-differential & {8R/6Fj} for j=1..TF:
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0°G, (h;F;t,7;%,2)
{ j Z—éaFaF F _Zj'dt.[dxa1 (t;x) jdrjdzZ o oF SF,

i=1 t k=1

+jdtjdeaD[h F(0 Jgp +zjdtjdxa1 tx)zwgﬁ
J i=1t, k=1 5Fk6|:j
£ 0°D[h(tx);F;t;x]
+th-[dt_..dxa2| J t; X ; aF 6h (t,X) k (79)
' t
+§|:Jf.dt_|‘dxa1 (i)Y { (F:t;x) jd IdzaG [h( TZFF,t,rxz] .
|:Lt0 P :

0 GG[htx Firtz,x]
+.21:tj;dtjdxa2' thmzlt_[dr_[dza 7,2) 71 3F 20, (6) -

It follows from Equation (79) that the second-order sensitivities azR[h;F(ﬂ)] /aFié‘Fj of the

decoder-response with respect to the components of the feature function have the following
expressions for i,j=1..TF:

™ (M Fit 7%, 2)

1 [RT]

aFaF _Izlltjdtjdxa (t;x) jdrjd o

" oD[h;F(0)] ™ 0 (o 026 (NSF)

+{[dt§[dXW le_[dt.[dxa tX aF aF
62D[h t;x ;F;t;x]

+|§1; t{ dtf dxaf? (j;t;x) oF ah (6%) (80)

t t
+§:jdt.|-dxa1 thl (F;t;x) jd .[dzaG [h( rzFF,t,rxz]}
—1t0 k

" 0°G, [h(t;x):Fiz,t;2,x]
+Z_1:tj;dtjdxa2| jtxmltj;drj'dza (7;2) 3F.o (6) :

The second-order sensitivities of the decoder-response with respect to the optimal
weights/parameters 6,k =1,..., TW , are obtained analytically by using the chain rule in conjunction

with the expressions obtained in Equations (23) and (80), as follows:

O*R[F(0)] _ & | OR[F(8)]oF (8)
06,00, _E{H oF,(0) 06,

}, i k=1..TW. (81)

4.2. Particular Case: The Second-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Neural
Integral Equations of Fredholm-Type (24-CASAM-NIE-Fredholm,).

When there are no feature functions but only individual model parameters, i.e., when F ((')) =0
for all i=1..,TFOTW, the expression obtained in Equation (80) yields directly the second-order
sensitivities 6? R/ 06,00, , for all i, j=1..,TW, taking on the following form:
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TH U h — Z)
‘3‘9 ‘3‘9 =g [ o Idrjd aekaej
oD [h; 0] TH U 0%g; (h;0)
Idtjd _ltj;dt_[dxa (t; X)W
TH 82D|:h ;X ;9;t;x:|
+§t{dt'[dxa2, jitx) 53, () o
' t
+§jdtjdxal J,t,x 59 Gtx Jf.d J.dZGG [h 7,2 Otrxz]

i 1t0 gk

" 0°G, [h(t;x);0;7,t;2,x
+Izlltj;dtjdxa2, jitx Zjdrfdza 7;2) 26,0 (€3) .

where the 2nd-level adjoint sensitivity function al (j t;x)= [agz)(j;t;x),a(zz)(j;'[;X)]T will be the
solution of the following form of the 2d-LASS:

L aGm [h(t:x);0;7,t;2,x |
J,t,x dr|dz
mzl{[ '[ i oh (t;x)
™ 0°G [h(t;x);0;7,t,2,x
->al (iit; dz[d .
mzazm i) Z_;I T-[ Zak ni2) oh; (t;x)ohy (t;x)
02 It; h 0 2 | ' (83)
T t; ; G 10,0
- a (iitx) R(Ex)i0x]_2DIhiorty
2% ah (6x)oh, (6x)  oh (tx)a0,
™ °G, | h(t;x);0;7,t;
+Zjdr_[dzal 7,2) [h(tx); 82 bz x] =1..TH; j=1..TW.
m=ly,  Q oh, ( )
0G| h(7;2);0;t,7;x,2
al? (jit;x) le'drj'dzaZm ji7iz) [ (ah 2“) J
T m (84)

8g 0;t;x) hOtrxz)

tjol jdz

As 1r1d1cated by Equations (83) and (84), the 2nd-LASS would need to be solved TW -times when
no “feature functions” can be constructed. In contradistinction, when TF feature functions can be

constructed, the 274-LASS would need to be solved only TF -times (TF <TW). Thus, when there are
no feature functions of parameters, the 27d-FASAM-NODE reduces to the “Second-Order

Comprehensive Adjoint Sensitivity Analysis Methodology” [18] applied to Neural Integral Equations
of Fredholm-Type (2"-CASAM-NIE-Fredholm).

i=1..TH; j=1..TW.

5. Illustrative Application of the 2"d-FASAM-NIE-Fredholm Methodology

The application of the 2nd-FASAM-NIE-Fredholm methodology will be illustrated in this Section
by continuing the analysis of the model considered in Section 3. As generally illustrated in Section 4,
the second-order sensitivities are conceptually determined by considering them to be the “first-order
sensitivities of the first-order sensitivities.” Thus, the application of the 2"-FASAM-NIE-Fredholm
methodology commences by considering the first-order sensitivities obtained in Equations (51)—(53)

5.1. Determining the Second-Order Sensitivities Stemming from OR/0F, using Equation(51)

The second-order sensitivities stemming from the first-order sensitivity oR/dF, are obtained by
G-differentiating Equation (51), which by definition yields the following expression:

( J {cl j[ +g5a1]‘1dt} :—cfjiéal(”(t)t*ldt, (85)
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where the superscript “zero” indicates, as usual, the nominal/optimal values for the respective
quantities. The variational function sal (t) is the solution of the equations obtained by

differentiating the 1-LASS defined by Equation (45) and (46). The G-differential of the 1st-LASS is
obtained as follows:

{;_g[af (t)+eoal" }} {2&1 jr%[ (v)+e0al’ (c) |d }
={j—g[F3°(y)+g5F3][yg( )+edy, (t )]} ;

£=0

{ddg[ag >()+85a§1>(t)]}6 { f [ (r)+esa (¢ )]dr}
={d%[a“<v>+san[yf<t>+eay1<t)]}

Performing in Equations (86) and (87) the operations involving the scalar quantity ¢ yields
the following system of equations:

sal (t)—2cft*1?ﬂl§af> (z)dz—FL()dy, (t)=(5F) v (1); (88)

=0 (86)

&=0 (87)

=0

sal (t)-2c tbjr‘zaa (z)dz—FL (7)Y, (1) =(5F) ¥ (1) (89)
It is evident from Equations (88) and (89) that the wvariational function
sa® (t)D[é‘af) (t),s5a" (t)]l is coupled to the variational function Jy(t)0[dY,(t),5y, (t)]T

Therefore, the 2+-level variational function v (t)0[dy(t),5a® (t )J , constructed by concatenating

the functions 5y(t) and 6a” (t) will be the solution of the “2nd-Level Variational Sensitivity

System (2nd-LVSS)” constructed by concatenating Equations (88), (89) together with the 1s-LVSS
comprising Equations (40) and (41). It is evident that the 2nd-LVSS depends on the parameter
variations and would need to be solved repeatedly for each parameter variation of interest. The need
for repeatedly solving the 2nd-LVSS can be alleviated by applying the 2rd-FASAM-NIE-Fredholm
methodology presented in Section 4 to construct a 2nd-LASS that would correspond to the 2rd-LVSS
defined by Equations (88), (89), (40) and (41). This 2nd-LASS will be constructed by considering a
Hilbert space denoted as H 2(a,b) and endowed with the following inner product, denoted as

<X(2) (t),n® (t)>2 , between two vectors 2@ ()0 [xf) (t),x(zz) (t)}T eH,(ab)

AO020.20] . i=12 , and (@07 ()] eH,(ab)
W7 (0072 (0.4 (0], i-12:
(6 0 (), 5 [ 0] 0 k=5 0% (0 0
b : (90)
ZEJ.Z ()77|1 dt +Zl_[7(|2 ’7|2 )dt

Using the inner-product defined in Equation (90), construct the inner-product of the 2n4-LVSS
with a function denoted as a' (].,t) [af) (].;t),a(zz) (].;t)]T, ai(z) (Lt)O [ai(i) (];t),ai(,zz) (].;t)]T, i=12, to

obtain the following relation:
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b b b
QY (oF) = [a? (1) oy, (t)dt—2c, [af? (L)t dt[ 7oy, (r)de
b b b
+j a2 (1) Sy, (t)dt - 2c2ja§_22) (Lt)t* dtj 258y, (r)dr
b

b b
+[a? (1) 5a” (t)dt-2c, j a)?) (L)t dt[ 2 sal (r)dr 91)

a

b
—F, [af} (1) 5y, (t dt+.[a2 Lt)sal (t)dt

—2czja2§(1t tbdtj 2 sal! (v)dz - Fja2 Lt)sy, (t)dt,

where:
b b
Q) (8F)1 ¢, (F,) [tea? (1) dt—c, (5, ) [al2 (11)tct
. 8 . a (92)
+(oF,) [aS3 (Lt)y, (t)dt+(5F;) [al) (L) y, (t)d

+

The argument “1” in the list of arguments of a® (Lt)= [af) (1t),a” (].;t)] indicates that this
2nd-level adjoint function corresponds to the first-order sensitivity oR/0F, of the response with
respect to the “first” component, F (u), of the “feature function F((—)) .

The right-side of Equation (91) is transformed as follows:

b b
Q" (5F)= [ oy, (t){ai,? (10)- 201+ [al? (1) at - Fal) (L—t)}dt

b b
+j5y2 (t){a{fg (Lt)-2c,t™ j a?d (Lr)rdr - Fal) (1;t)} dt
(93)
+.[5a1 {a @ (1) cht’llja @ lldt}dt

+j5a§1> (t){a 2 (1t)-2c t*2ja O (L) dt}dt.

The right-side of Equation (93) is now required to represent the (second-order) G-differential
o (6R/ OF) defined in Equation (85). This requirement is accomplished by imposing the following

relationships on the components of al (:Lt) [ (2) (:L't),a(zz) (ZL't)T:

al? (1t)—2c,t™ j al? (L7) " dt - Fal) (Lt) = 0; (94)
al? (Lt)—2c,t™ Tafg (L7)e2dr-Fald (Lt)=0; (95)
ald (Lt)-2ct™ j al?) (Lr)rhdt = —cth; (96)

al?) (Lt)-2c,t" .[agzz) (Lr)r™2dt=0. (97)

The system of equations represented by Equations (94)-(97) constitutes the “2rd-Level Adjoint
Sensitivity =~ System  (2nd-LASS)”  for the 2nd-level adjoint  sensitivity  function

@ (].;t)z[ (2) (].;t),a(z) (].;t)} This 2nd-LASS is linear in a' (1t) and is independent of any

parameter variations, so it needs to be solved just once to determine a (1 t) . It follows from
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Equations (93)—(97) that the second-order G-differential &(0R/0F,) has the following expression in
terms of the components of the 2rd-level adjoint sensitivity function al (l,t) [aﬁz) (l;t),a(zz) (].;t)}T :
§(oR/oF,)=Q") (6F) =, (5F,) j t"al (Lt)dt —c, (5F,) j al? (Lt)t*dt
98)
+(SF, )ja2 (Lt)y, (t)dt+(5F, )ja2 (Lt)y, (t)dto zaFaF :

It follows from Equation (98) that the second-order sensitivities stemming from the first-order
sensitivity have the following expressions:

o°R _ —cljit“ai(z) (1‘t)dt' 99)
oFoF, M7 e
o°R 5 o) .
=- Lt)t*2dt; 100
oF,0F, czj a2 (LY) (100)
R T ) (L) y, ( )dt+j'a,§2)(1;t)y (t)dt. (101)
oF,0F, 2 Jo22 5

The 204-LASS comprising Equations (94)—(97) can be readily solved to obtain the following

expressions for the components of the 2nd-level adjoint sensitivity function al (ZLt)

al (1) =0; & (Lt)=F; (v)c (t* —2c,kt™); af (Lt)=ct™; al) (Lt)=0.  (102)
Using in Equations (99)—(101) the results obtained in Equation (102) yields the following closed-
form analytical expressions:
o°R o°R o°R
aFoF, O R, TR eoe
The correctness of the results obtained in Equation (103) can be readily verified by using the
expression of the first-order sensitivities obtained in Equations (54)-(56).

=C,C,kF, (B). (103)

5.2. Determining the Second-Order Sensitivities Stemming from OR/0F, using Equation(52)

The second-order sensitivities stemming from the first-order sensitivity oR/dF, are obtained by
G-differentiating Equation (52), which by definition yields the following expression:
R d T ©
S| — |=-1c,——[| & (t) +esal) |t=dty  =-c5[sal) (t)t*dt, 104
(GFJ {zdgl[az (0o Jrat; zj : (104
where the superscript “zero” indicates, as usual, the nominal/optimal values for the respective
quantities. The variational function & al’ (t) which appears in Equation (104) is the solution of the

“2nd-Level Variational Sensitivity System (2rd-LVSS)” defined by concatenating Equations (88), (89),
(40) and (41). Following the same procedure as detailed in Subsection 5.1, the need for repeatedly
solving the 2nd-LVSS for every parameter variation is alleviated by constructing the 2nd-LASS that will

correspond to the (second-order) G-differential o (GR/GFZ) obtained in Equation (104). These

detailed derivations, which mirror those presented in Subsection 5.1, will be omitted here for the sake
of brevity, but the final form of the 27-LASS corresponding to &(0R/dF,) is presented below for the

2nd-Jevel adjoint sensitivity function a® (2;t) = [af) (2;t),a7 (2;t)]T , a?(2t)0 [ai(i) (2t),a% (2;t)]+ ,

i=12:
b
i (211) - 26t [af) (2i7) 7t~ Feal} (231) =O; (10)
b
al? (2:t)-2c,t [} (2i7) e dr - Rl (2it) =0; (106)

b
o) (2:0)- 26 a2 (2:7)chat =0 (o7
a
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b
a)’) (2it)-2c,t” [al) (2i)c2dt = —c,t™ . (108)

The argument “2” in the list of arguments of a®® (2;t)= [af) (2;t),a” (2;t)]% indicates that this
2nd-level adjoint function corresponds to the first-order sensitivity oR/0F, of the response with
respect to the “second” component, F, (B) , of the “feature function F(O) . In terms of the 2nd-level
adjoint function al (2 t) [af) (Z;t),a(zz) (2;'[)]T , the expression of the second-order G-differential
5(0R/0F,) is as follows:

b b
5(aR/oF,) =—c, (oF,) [t*a} (2it)dt —c, (5F2)ja{;)(2;t)t*2dt
. 2 i (109)
(o) [al2 (), () + (07, o (20w (a0 3o

It follows from Equation (98) that the second-order sensitivities stemming from the first-order
sensitivity oR/0F, have the following expressions:

R =—cit‘1a§2>(2-t)dt- (110)
oFRoF, Ty M
O°R Fa® (21)%

= 2;t)thdt; 111
aFZaFZ 2z (2:) (1)

b b
aFaF =[a 20y, (Dt [a (20 v, (D (112)

Solving the 2nd-LASS defined by Equations (105)-(108) yields the following closed-form
expressions for the components of the 2nd-level adjoint function al (2 t)= [af) (2;t),a(22) (2;t)]Jr :

a? (2;t)=F,(v)c, (t’12 —2ckt™ ); al?(2t)=0; al? (2,t)=0; al(2;t)=c,t. (113)

Using in Equations (110)—(112) the results obtained in Equation (113) yields the following
closed-form analytical expressions:

o°R R R

=c,C,kR; (v); =0;

OF,0F, OF,0F, OF;0F,

The correctness of the results obtained in Equation (114) can be readily verified by using the
expression of the first-order sensitivities obtained in Equations (54)—(56).

=c,C,kF (). (114)

5.3. Determining the Second-Order Sensitivities Stemming from OR/0F, using Equation(53)

The second-order sensitivities stemming from the first-order sensitivity 6R/dF, are obtained by

G-differentiating Equation (53), which by definition yields the following expression:
oR d | (0) (0)
5[6_5] = {Ej[yl (t)+&dy, (t):H:yz (t)+edy, (t)} dt

X =0 (115)
=[sy,(t)yy dt+jy1 )8y, (t)dt,

where the superscript “zero” indicates, as usual, the nominal/optimal values for the respective
quantities. The variational functions JY, (t) and oY, (t) are the solutions of the 1t-LVSS defined by

Equations (40) and (41). Notably, the second-order G-differential &(0R/0F;) does not depend on
the variational function &a®(t)O [5af) (t), 58" (t)]j- . Consequently, the 2n-LASS which will
correspond to & (GR/ 6F3) will be constructed by following the steps detailed in Section 3, which
were employed for constructing the 1s-LASS obtained in Equations (45) and (46) for the 1s-level
adjoint sensitivity function a® (t)0 [a{l) (t),a (t)T. For the sake of brevity, these steps will not be
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repeated here. Performing these steps leads to the following 2md-LASS for the 2nd-level adjoint
t

sensitivity function a® (3t)= [al(z) (3t),a (3;t)} , where the argument “3” indicates that this 2nd-

level adjoint sensitivity function corresponds to the first-order sensitivity oR/dF, of the response

with respect to the “third” component, F,(y), of the “feature function F(0):

b

a” (3it)-2¢t* [4a? (3;7)dz = y, (1); (116)
b

al?) (3;t)-2c,t" j 28 (3;7)dz =y, (t). (117)

In terms of the 2nd-level adjoint function a )(3 t)= [ai(z) (3;t),a§2> (3;I)T, the second-order G-

differential §(6R/0F,) has the following expression:
5| R clja1 (3;t)t™dt |5F (a)—| c ja (3;t)t™2dt |SF, (B) O iaz—RaF (118)
oF, )~ S ECLUL

It follows from Equation (118) that the second-order sensitivities stemming from the first-order
sensitivity OR/0F, have the following expressions:

IR ——cjtllaf)(at)dt- (119)
oF,0F, ' AR
o°R " @) P

=—C,|a;”’ (3;t)t™2dt; 120
oF,0F, 2£ = (3Y) (120)

2

IR __ (121)
oF,0F,

Solving the 2nd-LASS represented by Equations (116) and (117) yields the following closed-form
il
expressions for the components of the 2nd-level sensitivity function a'” (3;t)= [aiz) (31),a (3;t)} :

a?) (3;t) = —2¢,C,kF, (B)t* +c,F, (B)t2; al?) (3t)=c,F; (a)t" —2cckF, (a)t.  (122)
Using in Equations (119)—(121) the results obtained in Equation (122) yields the following
closed-form analytical expressions:
o°R R o°R
=cC ; ———— =C,CkF, (a); =
OF,0F, 6CakF (B) oOF,0F, oCakF (a) OF,0F,
The correctness of the results obtained in Equation (123) can be readily verified by using the
expression of the first-order sensitivities obtained in Equations (54)—(56).
The following specific relations have been established in this Section:
(1) Equations (100) and (110) provide the following relation:
o°R 62 P
= t"ay (2;t)dt. 124
s clf ay (2:t) (124)
(ii) Equations (101) and (119) pr0V1de the following relation

b 0°R
= [al (1t)y, (t)dt+ [a (Lt)y, (t)dt = ——
OF,0F, ja )¥2(1) +£a2*2( () OF,0F,

(iii) Equatlons (112) and (120) provide the following relatlon.
TR _ ) (2t)y, ()dt+ [a) (2:)y, (1) ot =2 %

OFoF, 5 M T OF,0F,

The equalities presented in Equations (124)—(126) highlight the fact that the 2nd-order mixed

sensitivities are computed twice, obtaining two distinct expressions involving two distinct 2nd-level

adjoint sensitivity functions for each 2rd-order mixed sensitivity. This general property of the 2nd-
FASAM-NIE Fredholm methodology enables a stringent verification of the accuracy of the

computations of the various adjoint sensitivity functions when solving the respective 1-LASS and
2nd-LASS.

(123)

b
- —czlaﬁ) (Lt)t'=dt = "

=— jt‘l (3t)dt.  (125)

b
=—c,[al! (3;t)t"dt. (126)
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6. Discussion and Conclusions

This work has first introduced the First-Order Features Adjoint Sensitivity Analysis
Methodology for Neural Integral Equations of Fredholm-Type (1s-FASAM-NIE-Fredholm) for
computing most efficiently the exact expressions of the first-order sensitivities of NIE decoder-
responses with respect to the optimized NIE-weights/parameters. The computation of the first-order
sensitivities of the decoder response requires a single “large-scale” computation for solving the 1st-
Level Adjoint Sensitivity System (13-LASS),regardless of the number of weights/parameters
underlying the NIE-net. When “feature functions of parameters “can be identified within the NIE
structure, the number of quadratures for computing the first-order sensitivities is smaller than the
number of quadratures needed for computing the first-order decoder-response sensitivities directly
with respect to the parameters, since the latter can be computed analytically and exactly by using the
former (i.e., the first-order sensitivities with respect to the feature functions). The general principles
underlying the 1-FASAM-NIE-Fredholm methodology have been illustrated by using a nonlinear
NIE-Fredholm net having many parameters that could be grouped within a feature function
comprising three components and admitting analytical closed-form solutions for all of the illustrative
results.

Building upon the 1s-FASAM-NIE-Fredholm methodology, this work has also presented the
Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integral Equations of
Fredholm-Type (2rd-FASAM-NIE-Fredholm), which enables the most efficient computation, using
2rd-Order Adjoint Sensitivity systems (2n4-LASS), of the exactly-derived expressions of the second-
order sensitivities of NIE decoder-responses with respect to the optimized NIE-weights/parameters.
When TF feature functions involving the TW weights underlying the NIE can be identified within
the NIE-net, the 2nd-LASS needs to be solved only as many times ( TF ) as there are first-order
sensitivities with respect to the feature functions in order to compute all of the second-order
sensitivities of a decoder-response with respect to the respective the feature functions. When no
“feature functions” can be constructed, the 24-LASS needs to be solved as many times (namely: TW
-times) as there are first-order sensitivities of the decoder-response with respect to the model

parameters (TW >TF). The illustrative example presented in this work involved three feature

functions namely F (a), F,(B), and F;(y), but many (i.e, TW ) model parameters. It was shown

that only three “large-scale” computations were needed for solving the three 2nd-LASS which
corresponded to these three feature functions. The second-order sensitivities with respect to the
model parameters were obtained analytically, using the chain-rule of differentiation, from the
sensitivities with respect to the components of the feature function. If the second-order sensitivities
had been computed directly, TW large-scale computations would have been needed for their
computation. In all cases, the 2nd-order mixed sensitivities are computed twice within the 2rd-FASAM-
NIE-Fredholm methodology, obtaining two distinct expressions involving two distinct 2nd-level
adjoint sensitivity functions for each 2nd-order mixed sensitivity. This general property of the 2nd-
FASAM-NIE Fredholm methodology enables a stringent verification of the accuracy of the
computations of the various adjoint sensitivity functions when solving the respective 1s-LASS and
2nd-LASS.

The 2r4-FASAM-NIE-Fredholm methodology is applicable to many scientific fields, including,
in particular, the field of nuclear engineering, where the integral (Fredholm) form of the Boltzmann
particle (neutron and gamma) transport equation plays a central role [13,14]. Ongoing work is aimed
at developing the Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural
Integral Equations of Volterra-Type (2nd-FASAM-NIE-Volterra). Subsequent work will aim at
generalizing these developments to address the efficient computation of exact expressions of high-
order sensitivities of systems which can be modeled using Neural Integro-Differential Equations.
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