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Abstract 

Aiming at the non-stationary and slowly varying stochastic nature of bearing degradation from 
normal operation to failure, this paper proposes a fratcional Generalized Cauchy (fGC) prediction 
model with 1/f process and dual parameters: fractal dimension and Hurst exponent. First, 1/f process 
sequences exhibit long-range dependence and power-law characteristics. Next the fGC degradation 
model is established, and the Hurst exponent and fractal dimension are calculated using the R/S 
method and box-counting dimension method, respectively. Then a dimensionless jump descriptor is 
employed as a Health Indicator to detect incipient faults and estimate degradation parameters. The 
maximum likelihood algorithm method is applied to parameter estimation. Finally, a experiment 
verifies the satisfactory prediction performance through compared with CNN and LSTM predicting 
model. 

Keywords: 1/f process; Hurst exponent; fractal dimension; fractional; health indicator; bearing 
 

1. Introduction 

Rolling bearings are widely used in various engineering fields and represent some of the most 
fundamental yet failure-prone components. Statistics show that nearly 30% of machine vibration 
faults are caused by bearing damage. Therefore, research on bearing remaining useful life (RUL) 
carries important theoretical and engineering significance. 

Current artificial intelligence (AI) algorithms have been widely applied in RUL prediction 
research. In the field of RUL prediction, conventional machine learning methods, including 
regression analysis, support vector machines (SVM), and decision trees [1], are commonly adopted. 
Pugalenthi et al. [2,3] used a feed-forward ANN to predict the degradation trend of resistance, while 
also investigating the effects of noise and the number of hidden neurons. Kadir et al. [4,5] employed 
statistical parameters of the Weibull distribution as ANN inputs, thereby reducing noise interference. 
Reference [6] combined ANN with theory fatigue damage accumulation to achieve precise RUL 
prediction for cranes. Despite their effectiveness, these approaches are constrained by several 
drawbacks, including the tendency to fall into local optima, high expenses associated with model 
design and computation, and challenges in directly quantifying the uncertainty inherent in 
predictions. Long short-term memory (LSTM) networks are widely recognized as effective methods 
for RUL prediction. Reference [7] proposed a CNN comprising three convolutional layers and three 
fully connected layers, where were employed for feature extraction and the fully connected layers for 
forecasting sequential changes. Another strategy uses wavelet transform to extract detailed time-
frequency information, followed by a multi-modal CNN for RUL [8]. In prior research [9,10], 
researchers successfully predicted the degradation tendency of rolling bearings by eliminating the 
Softmax classification layer from the CNN and incorporating three fully connected layers for model 
training. Nevertheless, deep learning models often struggle to directly capture temporal 
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dependencies in degradation data. To overcome this limitation, the study reported in [11] combined 
multi-scale permutation entropy with LSTM: the multi-scale permutation entropy algorithm was 
utilized to detect sudden changes in equipment degradation, and the various degradation trends 
were then input into the LSTM model for prediction. Reference [12] established an LSTM prediction 
model for weak fault features in wind turbine rolling bearings using vibration and acoustic signals. 

Artificial intelligence methods are purely data-driven and do not consider the physical 
degradation process. Such models typically require a large amount of case data for training. 

Under actual engineering conditions, the bearing degradation process exhibits randomness and 
nonlinearity due to random fluctuations in operating conditions. The use of stochastic processes to 
characterize degradation is therefore more consistent with engineering reality. Reference [13] 
investigated RUL prediction based on the Gamma process, and [14] studied RUL prediction using a 
non-stationary Gamma process. 

In addition, the Wiener process is another stochastic process widely used in degradation 
prediction. Reference [15] embedded physics-informed neural networks (PINN) into the Wiener 
process framework, using prior physical laws to constrain model training and improve 
generalization under small-sample conditions. This method is suitable for scenarios with incomplete 
degradation data and realizes a hybrid “mechanism + data” driven model. Reference [16] proposed 
a Wavelet Kernel Net-BiGRU-Wiener joint model, in which a deep network first constructs a health 
indicator(HI), which is then input into a Wiener process for reliability evaluation and uncertainty 
quantification. Reference [17] established a linear drift Wiener degradation model with a random 
drift coefficient. Reference [18] developed a bivariate prediction model based on a generalized 
nonlinear Wiener process and a shared frailty factor to handle complex systems with coupled multi-
performance indicator degradation. The nonlinear drift term adopts a power-law function, and the 
shared factor captures individual heterogeneity. 

Current stochastic prediction models assume that the increments of the degradation sequence 
process are independent, meaning they follow a Markov process. This independence assumption 
facilitates convenient modeling and computation. However, in practical engineering, most 
degradation processes are non-Markovian, with dependencies between increments, i.e., long-range 
dependence. 

LRD models include the ON/OFF model [19,20]. In fields such as communication networks, 
neural signals, and financial time series, the combination of LRD and ON/OFF state-switching 
processes has been extensively studied as a core framework for modeling bursty, heavy-tailed, and 
persistently correlated systems. Although the term “LRD ON/OFF model” is not standard, it 
essentially refers to regenerative ON/OFF processes with heavy-tailed active and idle periods, which 
can naturally generate long-memory characteristics. 

The ON/OFF model is a physically interpretable model with clear physical meaning. However, 
for complex practical scenarios, simulation and performance analysis are often challenging, and its 
underlying assumptions frequently deviate from engineering practice. 

The FARIMA model [21,22] can characterize both long-range and short-range dependence. 
Furthermore, stronger LRD in the degradation process leads to better prediction performance, but 
computational efficiency is relatively low. Reference [23] took the degradation of a high-pressure 
compressor as the monitoring object and applied the FBM model to predict the RUL of turbofan 
engines. Reference [24] proposed an RUL estimation framework based on nonlinear diffusion FBM, 
modeling the degradation rate as a state-dependent function and introducing fractional Brownian 
motion to capture LRD. Reference [25] established an adaptive drift FBM model, which dynamically 
adjusts drift parameters through an online learning mechanism to handle sudden jumps. 

In degradation modeling, FBM retains the randomness of Brownian motion while introducing 
LRD. However, in FBM, the Hurst exponent and fractal dimension have a fixed linear relationship, 
meaning degradation can only be described by a single parameter. 

This paper proposes the GC process as an extension of the Cauchy process, which can 
characterize both short-range and LRD in nonlinear random series. The GC process overcomes the 
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single-parameter limitation of FBM and includes two independent parameters—the Hurst exponent 
and fractal dimension—to describe LRD. A dual-parameter GC process is used to establish a 
degradation model for bearing RUL prediction, significantly improving prediction accuracy. A 
statistical method based on Monte Carlo theory is applied to obtain the probability density function 
(PDF) of RUL predictions. 

The structure of this paper is organized as follows: Section 2 derives the LRD and power-law 
properties of 1/f process sequences; Section 3 derives the dual parameters of the autocorrelation 
function (ACF) of the Cauchy process, namely the Hurst exponent and fractal dimension; Section 4 
constructs a degradation model based on the GC process; Section 5 presents the parameter estimation 
method for the proposed GC degradation model; Section 6 provides a case study of RUL prediction, 
including HI construction, incipient fault detection, error evaluation and discussion, as well as the 
solution methods for the Hurst exponent and fractal dimension; Section 7 concludes the paper. 

2. LRD with 1/f Process 
Let the ACF spectral density of a stochastic sequence ( )x t  be ( )xxS ω , then: 

( ) ( ) ( ) ,  ωτω τ τ τ
∞ −

−∞
= =    i

xx xx xxS F R R e d  (1)

when 0ω → ，if existing: 

( ) ( ) ( )0 ,  τ τ τ
∞

−∞
= = = ∞   xx xx xxS F R R d  (2)

Then the ACF is non-integrable, exhibits power-law properties, and ( )x t  is said to have LRD, 

indicating the value at any future time depends on the historical values of the sequence. Equation (2) 
can be rewritten as: 

( ) 1 , 0 ( 2 )ω ω π= → =xxS f f
f  (3)

Any stochastic process ( )x t  whose spectral density exhibits such LRD and power-law 

properties is referred to as a 1/f process, as shown in Figure 1. 

        
      (a) 1 f  process                  (b) Spectral density function 

Figure 1. Simulation of 1 f process. 

3. Dual Parameters of the Cauchy Process ACF: Hurst Exponent and Fractal 
Dimension 

For a Cauchy sequence, its ACF [26] is: 

( ) ( ) /221 ,  0τ τ
−

= + >
b

C b  (4)

τ  is the time interval. When τ → ∞ , ( )τ τ −� bC  exhibits power-law characteristics, and its 

integral: 
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( ) ( ) 22
40 0

1 1 2, ,   1
1 2 2 2

,                      0 1

b
bB b

C d d
b

τ τ τ τ
∞ ∞ −

 −  >  = + =  
∞ < <

   (5)

where ( )B ⋅ denotes the beta function. Clearly, the 0 1b< <  exhibits LRD, while 1b > is short-

range dependence . Using the Hurst exponent to describe this characteristics: 

1
2
bH = −

 
(6)

then Equation (4): 

( ) ( ) 121τ τ
−

= +
H

C  (7)

Figure 2 shows the ACF of the Cauchy process. When 0.5 1H< < , it is a LRD process and 1/f 
process; when 0.5H < , it is a short-range dependence process. 

 
Figure 2. The ACF of Cauchy process. 

When 0τ → , we have: 

( ) ( )0 aC C τ τ− �  (8)

The fractal dimension of ( )C τ  is 2 2D a= − . Replacing all parameters with the Hurst 

exponent H and fractal dimension D, ( )C τ  becomes: 

( ) ( )
1

4 2 21 ,  1 2  0.5 1
H

D DC D Hτ τ
−−− −= + < < < <，  (9)

The ACF with dual parameters can describe the characteristics between D and H. Figure 3 also 
shows a larger Hurst exponent results in stronger power-law behavior, i.e., stronger LRD; while a 
higher D leads to lower correlation. 

 

Figure 3. The ACF simulation of GC process. 
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4. fGC Degradation Model 

In terms of Itô process definition [26], the SDE for the GC process is defined below: 

( ) ( ) ( ) ( ),D HdX t f t dt g t dGC t= +  (10)

Referring to[27], certain simplifications is applied in the modeling process: let ( )g t  be a 

constant, Equation (10) becomes: 

( ) ( ) ( ), ,; D H D HdX t t dt dGC tμ σ= +θ  (11) 

where ( );tμ θ  is the nonlinear drift term, which combines a constant and a function describing 

the trend form, i.e. ( ) ( );t tμ αϕ=θ ,where ( )tϕ  express the overall trend in the degradation 

process, and α  is a constant. ,D Hσ  is the diffusion coefficient, representing randomness during 

the degradation process. Equation (11) is discretized and convert it into difference form, the the 
expression is given by: 

( ) ( ) ( ), ,( ) [ ] D H D HX t t t t GC tα ϕ ϕ σΔ = + Δ − + Δ  (12) 

fGC predicting model is obtained, as shown in Equation (13): 

( ) ( ) ( ) ( )
0

, ,0 + D H D H

t

x tx t dt Ct Gαϕ σ Δ= +  (13) 

Once the parameters D and H are determined, the increments ( ),D HGC tΔ of the GC process is 

as follows: 
1) Based on the known sequence ( )X t , generate a numerical sequence of the GC process； 

2) Determine the time interval τ ， ( ),D HGC tΔ  difference is 

( ) ( ) ( ), , ,D H D H D HGC t GC t GC tτΔ = + −  (14) 

3) Repeat step 2, performing multiple differences on the generated time series to constitutea 
set of increments ( ),D HGC tΔ ； 

4) The increments at interval τ  obey a Gaussian distribution ( ) ( ), 0,D HGC N ττ σ� , solution 

variance 
τσ ； 

5) Generate increments from the determined Gaussian distribution. 
Figure 4 shows that the increments follow an approximate Gaussian distribution based on 

extensive numerical simulations; Figure 5 illustrates that the approximation improves as the number 
of simulations increases. 

 

Figure 4. probability distribution of GC increment. 
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Figure 5. Normality test of GC increment. 

5. Parameter Estimation for the fGC Degradation Model 

The k historical data from 0t  to kt  are written in vector form as [ ]T
0 1, ,..., kX X X=X , and the 

increment vector of this vector X  is [ ]T
1 0 2 1 1, , ..., k kX X X X X X −= − − −Y   . According to the 

Gaussian process property of the GC process, Y  the vector follows a multivariate normal 
distribution with 2~ ( , )α σY φ Q  . Here, αφ  is the mean vector, 

( ) ( ) ( ) T
1 2, ,..., ,kt t tγ γ γ=   φ  (15)

Each element in the vector φ  is ( ) ( ) ( )1i i it t tγ ϕ ϕ −= − . 2σ Q  is a covariance matrix, where each 

element in Q  has: 

( )( )
1

4 2 21 .
H

D D
ijQ i j τ

−−− −= + −  (16)

where ijQ  indicates the position of each element in the k-dimensional matrix. Thus, the Y  

vector’s PDF can be expressed as: 

( ) ( ) ( ) ( )/2 1/2 T2 1
2

12 exp
2

k
f a aπσ

σ
− − − = − × − − 

 
Y Q Y φ Q Y φ  (17)

The log-likelihood function of the Equation(18) is: 

( ) ( ) ( ) ( )T 1
2

1 1ln 2 ln ln
2 2 2
kl kπ σ α α

σ
−= − − − − − −X Q Y φ Q Y φθ  (18)

Next, the partial derivatives of the formula (19) about α  and 2σ , and let the partial 
derivatives to zero, i.e., the following form: 

( ) ( )

( ) ( )

( )

( )

T2 1
2

T 1
2

T 1 T 1 T 1 2 T 1
2

T 1 T 1 T 1

2

1 1ln(2 ) ln
2 2 2

1
2

1
2

2
0

2

k πσ α α
σ

α α

α α
σ

α

α α α
σ

α
α

σ

−

−

− − − −

− − −

 ∂ − − − − − ∂  =
∂ ∂

 ∂ − − − 
 =

∂
 ∂ − − − + 
 =

∂
− − +

= − =

Q Y φ Q Y φ

Y φ Q Y φ

Y Q Y φ Q Y Y Q φ φ Q φ

φ Q Y Y Q φ φ Q φ



 

(19)

The maximum likelihood estimate for α  is: 
T 1

T 1α̂
−

−= φ Q Y
φ Q φ

 (20)
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( ) ( )

( ) ( )
( )

T2 1
2

2 2

T 1

22 2

1 1ln(2 ) ln
ln ( ) 2 2 2

0
2 2

k
g

k

πσ α α
σ

σ σ
α α

σ σ

−

−

 ∂ − − − − − ∂  =
∂ ∂

− −
= − + =

Q Y φ Q Y φ
Y

Y φ Q Y φ

 
(21)

( ) ( )T 1
2 .

k
α α

σ
−− −

=
Y φ Q Y φ  (22)

the maximum likelihood estimate for 2σ  is: 

( )( ) ( )2T 1 T 1 T 1
2

T 1
1ˆ
k

σ
− − −

−

−
=

Y Q Y φ Q φ φ Q Y
φ Q φ

 (23)

6. RUL Prediction for Bearing Outer Race 

6.1. Testing Platform 

To validate the effectiveness of the proposed method. This experiment uses the LDK UER204 
rolling bearing to conduct accelerated failure tests on rolling elements. The experimental platform 
constructed is demonstrated in Figure 6, the bearing test setup is composed of an alternating current 
(AC) motor, a motor speed regulator, a supporting shaft, two supporting bearings, a hydraulic 
loading mechanism, and additional auxiliary parts. A radial load is produced by the hydraulic 
loading mechanism and exerted on the test bearing’s housing. The AC motor’s speed regulator is 
responsible for setting and sustaining the rotational speed. Table 1 presents the specifications of the 
tested bearing. 

 
Figure 6. Bearing experimental platform. 

Table 1. Design tested parameter. 

parameter value parameter value 
Outer race diameter 39.80mm Inner race diameter 29.30mm 

Bearing pitch diameter 34.55mm Roller diameter 7.92mm 
Number of rollers 8 Contact angle 0° 
Static load rating 6.65kN Dynamic load rating 12.82kN 

Two acceleration sensors PCB 352C33 are erected on the test bearing in the horizontal and 
vertical directions, respectively. The sampling frequency is 25.6 kHz, with 32768 data points collected 
per acquisition time and a collection interval of 1 minute. The bearing rotational speed is set to 2100 
rpm (35 Hz), and a radial load of 12kN is applied via the hydraulic system. The test is terminated 
when the maximum amplitude exceeds 10 times the average amplitude during normal operation, the 
test stops, as shown in Figure 7. 
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(a) Horizontal vibration signal                  (b) Vertical vibration signal 

Figure 7. Acquisition signal for outer race fault. 

Figure 7 exhibits that the bearing vibration signal collected by the horizontal sensor is more 
pronounced. Therefore, the vibration signal of the horizontal direction is used for prediction. 

6.2. HI and Incipient Fault Initiation Detection 

The transition from normal operation to severe failure is a slow evolutionary process. Once an 
incipient fault develops in the bearing, the component enters the progressive degradation stage. Early 
detection of such incipient faults is critically important, but these weak fault features are often 
submerged in strong noise. A core challenge is selecting proper health indicators to identify incipient 
faults from the strong noise and degradation parameter is the core of achieving accurate RUL 
prediction. 

Bearing HI can be divided into two categories: time-domain and frequency-domain indicator. 
Frequency-domain include waveform indicator, peak indicator, impulse indicator, margin indicator, 
kurtosis indicator, and skewness indicator. These parameters are related to bearing vibration energy, 
and show different sensitivities to different fault types and degradation degrees of bearings. Based 
on time-domain waveform statistical analysis, several new energy-insensitive dimensionless 
amplitude-domain parameters are constructed: repeatability descriptor, similarity descriptor, and 
jump descriptor. These parameters can quantitatively analyze the fault-related waveform shape 
information, and can well reflect the evolution trend of bearing faults under varying load conditions. 
The experiment in this paper shows that the jump descriptor has the highest sensitivity to bearing 
degradation, and its calculation algorithm is as follows: 

(1) the sampling raw data sequences is segmented into n waveform data with m long sub-
sequence 

11 12 1 1 2{ , , , ; ; , , , }m n n nmx x x x x x    (24)

(2) Extract each sub-sequence as 11 12 1, , , mx x x  the minimum values min 1 ,1px x p m= < <  from 
the segmented data and calculate their mean value 

1

1 n

ip
i

x x
n =

=   (25)

(3) Calculate the variance of the above minimum values 
2

1

1 ( )
n

x ip
i

D x x
n =

= −  (26)

The jump descriptor is defined f xJ D=  , it is a non-dimensional parameter. 
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The HI curve based on the jump descriptor is shown in Figure 8. Obviously, the degradation 
process is effectively extracted, and an incipient fault occurs at approximately the 310th point in this 
experiment. 

 

Figure 8. Outer race fault degradation process after feature extraction. 

6.3. Parameter Estimation for H, D and fGC Model 

The R/S method [29] and the box-counting dimension [30] are used to calculate the values of the 
Hurst exponent and fractal dimension, respectively, and the maximum likelihood estimation is 
applied to obtain the model parameters, see Figure 9, Figure 10 and Table 2. 

 

Figure 9. Least squares fitting of Hurst using R.S 

 

Figure 10. Least squares fitting of fractal dimension. 

Table 2. Parameter value estimated for the GC prediction model. 

 H D µ σ 
GC 0.8033 1.2117 0.0254 0.04638 

6.4. Prediction Result and Evaluation Discussion 

Based on the bearing degradation process analysis, we compared and analyzed CNN, LSTM, 
and GC models, respectively. The prediction results of the GC degradation model and LSTM, CNN 
are shown in Figure 11. All predicted points fall within the reliable region, and the prediction 
accuracy meets the requirements. See Figure 12. 
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Figure 11. PDF of different model RUL prediction   . 

 

Figure 12. prediction result and confidence region. 

Below four HI are applied to evaluate the prediction accuracy of the three models: 
（1）Health Index (HD) 

( )

( )
1

1

1 ,

N

i i
i

N

i
i

R Y
HD

R Mean

=

=

−
= −

−





 
(27) 

where HI represents the health status of the prediction model, which is used to measure the 
performance of the prediction model. The closer the Health Index is to 1, the better the performance 
of the prediction model. 

(2) Root Mean Square Error (RMSE) 
A smaller value indicates better model performance. 

( )2

1

1 ˆ
n

i i
i

RMSE Y Y
n =

= −  (28) 

where iY  is the true value, and îY  is the predicted value. 

(3) Mean Absolute Error (MAE) 
A smaller value indicates better model performance. 

1

1 ˆ
n

i i
i

MRE Y Y
n =

= −  (29) 

This indicator measures the prediction ability of the model, and the closer its value is to 1, the 
better the performance. 

(4) Coefficient of Determination ( 2R ) 
This indicator measures the prediction ability of the model, and the closer its value is to 1, the 

better the performance. 

( )
( )

2

2 1

2

1

ˆ
1

n

i i
i
n

i
i

Y Y
R

Y Y

=

=

−
= −

−





 
(30) 

whereY  is the mean of the practice values. 
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Table 3. prediction accuracy of three types prediction models. 

 2R  RMSE MAE HD 
CNN 0.2580 3.5123 3.6800 0.8817 
LSTM 0.6857 1.4273 1.3962 0.9023 

GC 0.8743 0.6241 0.4113 0.9845 

Table 3 presents the error evaluation results of the three models. The MAE and RMSE of the 
RUL predicted by the GC model are lower than the CNN and LSTM, while the HD and SOR of the 
GC model are higher than those of the other two models. As shown in Figure 12 and Table 3, the GC 
model is more suitable for bearing RUL prediction. 

7. Conclusions 

This paper proposes using the fractional GC prediction model with LRD and 1/f process for 
rolling bearings RUL prediction. Compared with other relevant models, it has the following 
advantages:  

(1) LRD is consistent with the fact that the bearing degradation process is a slow, non-stationary 
stochastic process. The model determined by the dual parameters of fractal dimension and Hurst 
exponent is more suitable for practical engineering problems. 

(2) Using the jump descriptor as a health indicator enables extraction of health indicator 
parameters from strong noise. As a predictive parameter for degradation, it can also detect the 
occurrence time of weak faults at an early stage. 

(3) Experiments on the proposed test platform verify that the prediction accuracy of this paper 
model is higher than that of LSTM and CNN models. 

(4) The limitations of the work: the data used are all obtained under stable laboratory operating 
conditions, which means the working conditions (rotational speed and load) for each dataset are fixed. 
In the actual operation of bearings, however, due to the inevitable random variations in operating 
environment and load, the rotational speed and torque of bearings also fluctuate randomly. Future 
research will focus on predicting degradation trends under time-varying operating conditions. 
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