Pre prints.org

Article Not peer-reviewed version

Conformal Transformations and Self-
Sustaining Processes in Electric Circuits

Mario J. Pinheiro ~
Posted Date: 16 July 2025
doi: 10.20944/preprints202507.1348v1

Keywords: conformal symmetry; self-sustaining circuits; Kirchhoff’s laws; dilaton field

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/236162

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 July 2025 d0i:10.20944/preprints202507.1348.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Conformal Transformations and Self-Sustaining
Processes in Electric Circuits

Mario J. Pinheiro

Department of Physics, Instituto Superior Técnico, University of Lisbon, Av. Rovisco Pais, 1049-001 Cedex Lisboa, Portugal;
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Featured Application

The theoretical framework introduced here enables new types of self-sustaining circuits that may
enhance RF component performance, improve signal stability in high-frequency systems, and support
energy harvesting through conformal symmetry mechanisms. Potential applications include IoT
hardware, metamaterial waveguides, and cylindrical antenna design.

Abstract

This work establishes a theoretical framework connecting conformal symmetry in electromagnetism to
self-sustaining processes in electrical circuits. Building on Erich Bessel-Hagen’s extension of Noether’s
theorem to Maxwell’s equations, we analyze how the 15-parameter conformal group—including
translations, Lorentz transformations, dilatations, and special conformal transformations—governs
electromagnetic field b ehavior. Through a Lagrangian f ormulation of circuit d ynamics, w e map
these symmetries to component-level transformations and derive conformally extended versions of
Kirchhoff’s laws featuring: i) Geometry-dependent weighting factors (w; )\;1) ; ii) A dilaton-like
field interaction term (®s). These modifications predict experimentally verifiable phenomena: i) 10.2%
deviations from classical current division in RF splitters; ii) 4.2% resonant frequency shifts and 2.67 x
quality factor enhancements in RLC circuits; iii) Power-law scaling (], o a~2) for cylindrical conductor
current densities. We propose a field equation for the dilaton-like field J: %% YLE(S +--- =x(E?—B?)

r
which mediates energy exchange via the dilaton potential ®; in modified Kirchhotf’s laws between the
circuit and conformal background. This work bridges high-energy physics and electrical engineering,
demonstrating how conformal symmetry can enable novel circuit behaviors—including self-sustaining

oscillations in cylindrical geometries—that transcend lumped-element approximations.

Keywords: conformal symmetry; self-sustaining circuits; Kirchhoff’s laws; dilaton field

1. Introduction

The profound relationship between symmetry transformations and conservation laws forms a
cornerstone of modern theoretical physics. At its core lies Noether’s theorem [1], which establishes
a fundamental correspondence between continuous symmetries and conserved quantities. While
this theorem successfully explains the conservation of energy, momentum, and angular momentum
in classical electromagnetism [2], its full potential was only realized through Erich Bessel-Hagen’s
seminal extension to Maxwell’s equations [3]. This work revealed that electromagnetism possesses
an unexpected 15-parameter conformal symmetry—encompassing not just translations and Lorentz
transformations, but also dilatations (scaling) and special conformal transformations—yielding five
additional conservation laws beyond the standard set [3,10].

The conformal group’s generators—including the momentum operator P, angular momentum
tensor My, dilatation operator D, and special conformal generators K,—form a Lie algebra that
governs field transformations under spacetime rescalings [4]. Particularly significant are dilatations
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(x# — Ax'), which impose exact scaling relations on electromagnetic fields. In cylindrical geometries,
these transformations produce measurable effects on field configurations and current distributions:

Bj, = A"'By (exterior fields) (1)

J. = A72], (interior currents) )

as derived from first principles in [5]. These geometric dependencies suggest that conformal symmetry
may play a crucial role in engineered systems where spatial scaling affects performance, particularly
in electrical circuits [6].

Recent advances in materials science have brought these theoretical considerations into sharp
experimental focus. Modern metamaterials [9] and topological insulators exhibit electromagnetic
responses that inherently break conventional symmetry assumptions, while quantum materials
like Weyl semimetals naturally embody conformal symmetry at microscopic scales. Such systems
demonstrate nonlinear, geometry-dependent behaviors that mirror the predicted effects of conformal
field transformations—including analogies to the hypothetical dilaton field of quantum field theory
[11].

This work bridges these theoretical and experimental developments by establishing a comprehen-
sive framework for conformal circuit theory. Our approach:

e  Reformulates circuit dynamics through a Lagrangian formalism compatible with conformal
symmetry

®  Derives modified Kirchhoff’s laws incorporating geometric scaling factors

*  Predicts measurable effects in RF and resonant circuits

®  Proposes concrete material platforms for experimental realization

The implications extend beyond theoretical interest: by exploiting conformal symmetry, we
demonstrate pathways to self-sustaining circuit behaviors and enhanced performance metrics that
transcend conventional lumped-element approximations. Subsequent sections develop these ideas
systematically, beginning with the conformal group’s mathematical structure and culminating in
experimentally testable predictions.

2. The Conformal Group

The conformal group is the group of transformations that preserve angles locally. In Minkowski
spacetime, the conformal group is a 15-parameter Lie group, denoted as SO(4,2). It includes:

1.  Translations: x — x¥ + a#, where a* is a constant vector. These are generated by the momentum
operators Py, = —id,,.

2. Lorentz Transformations: x* — A" xV, where A is a Lorentz transformation matrix. These are
generated by the angular momentum operators M, = i(x,9, — x,9,).

3. Dilatations (Scaling): x* — Ax#, where A is a constant scaling factor. This is generated by the
dilatation operator D = —ix#d,,.

4.  Special Conformal Transformations (SCT):

xH + bHx?

x/”l:—
1+2b-x+ b2x2

(3)
where b is a constant vector and x? = x - x = x,x¥. Infinitesimally, dx# = b¥x* — 2x#(b - x).
These are generated by the special conformal generators K;, = —i(2x,x"9, — x%9,,).

®  Metric signature: (4, —, —, —) (timelike convention)

e Infinitesimal SCT: 6x* = b¥x? — 2x*(b - x)
e Algebra: [Ky, P,| = 2i(17,,D — M)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Convention Statement: Throughout this work, we adopt the generator K, as defined in Eq. 3, following
Bessel-Hagen's [3] formulation of conformal Noether currents. This ensures consistency with the
standard so(4,2) Lie algebra structure under the (+, —, —, —) metric. The generators of the conformal
group satisfy the following commutation relations (among others):

[D, P} = (5)
[D,K,] = —le (6)
[Ky, Py] = 2i(1u0D — Myy) @)
(Ko, M| = (1o Ky — 100K y0) (8)
[Po, Myw] = i(puPy — 11ovPu) 9)

where 77,,,, is the Minkowski metric tensor. These commutation relations define the Lie algebra of the
conformal group. Equations (5)-(9) form the basis for our analysis of conformal circuit transformations.

3. Conformal Transformations of the Electromagnetic Field

To apply Noether’s theorem, we need to know how the electromagnetic field transforms under the
conformal group. The electromagnetic field is described by the four-potential A, (x), which transforms
as follows:

3.1. Infinitesimal Transformations

It’s more convenient to express the transformations infinitesimally:

1. Translations: 6A; = —a"d, Ay
Lorentz Transformations: 6 A, = —w (xp0s — x¢0p) Ay + wyy AV, where wy,, is an antisymmet-
ric tensor.

3.  Dilatations: §A, = —(A +x"9,)A,

4. Special Conformal Transformations: 64, = —[2(x-b) A, — 2(x, AV)b,] — [b"x* — 2x¥(b - x)]9, Ay

4. Connecting to Self-Sustaining Circuits: A Novel Approach

While the previous sections dealt with abstract symmetries and transformations, we now attempt
to connect these concepts to the more tangible realm of electrical circuits, specifically those exhibiting
self-sustaining behavior. We propose a novel approach:

1. Lagrangian Formulation of Circuits: Express the dynamics of simple circuits (e.g., LC oscilla-
tors) using a Lagrangian formalism. This allows us to explore potential symmetries and apply
Noether’s theorem.

2. Mapping Conformal Transformations: Investigate whether certain circuit manipulations (e.g.,
scaling component values, applying specific voltage/current profiles) can be mapped to confor-
mal transformations in the electromagnetic field.

3. Interpreting New Conservation Laws and Circuit Implications: We will try to understand
Bessel-Hagen’s "new" conservation laws in terms of circuit equivalents. The transformations that
leaves Maxwell’s equations invariant gives a relation between E and B that may not be clear, and
circuits perform that work. Then, if such a mapping exists, the "new" conservation laws derived
from conformal symmetry might provide insights into the conditions required for self-sustaining
oscillations or other emergent behaviors.

5. Relating Equations and Circuit Analysis

Here we will try to understand the dilatations in EM, and what is the equivalent in circuits.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5.1. Dilatations and the Dilaton

As we said, dilatations represents a scale change, which is represented by
XM= Axt

where A is a constant scaling factor.
In field theory, a dilatation symmetry is often associated with a particle called a dilaton. The
dilaton is a hypothetical scalar particle that mediates the force associated with scale invariance.
Experimentally, the dilatation symmetry is never exact.

5.2. What Would Be a Dilaton in Our Circuit?

A dilaton is a variation of all the fields in the space. Let s rewrite:
Ji = FF(Ay +xP9pAy) — OMx, (10)

where four-potential A, represents voltage, electromagnetic tensor F/* represents energy, and four-
dimensional coordinate x” represents time. Therefore, what happens when the time varies? Does the
energy will be conserved? We believe that analyzing self-sustainment with these conservation laws is
a very intriguing approach.

Bessel-Hagen'’s extension of Noether’s theorem to electromagnetism revealed that Maxwell’s
equations possess invariance under the 15-parameter conformal group, leading to additional con-
servation laws beyond energy, momentum, and angular momentum. This work explores how these
conformal symmetry principles might manifest in electrical circuits, particularly those with cylindrical
wire geometries, and whether they could provide insight into potential self-sustaining processes. Our
investigation focuses primarily on dilatations and special conformal transformations, examining how
they affect electromagnetic fields in cylindrical conductors and the implications for circuit behavior.

6. Conformal Symmetry in Cylindrical Geometry
6.1. Electromagnetic Fields Under Dilatations

In cylindrical coordinates (r, ¢, z), a dilatation with parameter A transforms coordinates as:

r— Ar (11)
¢—¢ (12)
z— Az (13)

For a cylindrical wire carrying current in the z-direction, the magnetic field outside the wire has

magnitude:
By = ;—70; (14)
Under dilatation, this transforms as:
Bj, = % = A7'By (15)

Inside the wire (radius a), the magnetic field and current density transform as:

polr —1 MolAr 2

¢~ a2 —A 27A22 A By (16)
I I _»

]z:@—)m:)\ Jz (17)

These specific scaling relationships indicate that electromagnetic fields in cylindrical geometries
transform with well-defined conformal weights under dilatations.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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6.2. Special Conformal Transformations and Circulation Patterns

Special conformal transformations (SCTs) in cylindrical geometry create more complex field pat-
terns. For a z-directed current, an SCT with parameter b* induces circulation patterns by transforming
the current density as:

“lox'k
oxV

ox’

JH() = >

J¥ (x) (18)

In cylindrical conductors, these transformations can create vortex-like structures in the electro-
magnetic field that could potentially support self-sustaining currents through feedback mechanisms.

7. Dilaton-Like Effects in Circuit Theory
7.1. Theoretical Nature of Dilatons

In quantum field theory, the dilaton is a hypothetical scalar particle associated with spontaneous
breaking of scale invariance. In classical circuit context, "dilaton-like" effects can be understood as
perturbations that preserve certain scaling relationships. From Bessel-Hagen’s work, the conserved
current associated with dilatations is:

T = F' (A, + x°9,A,) — @MVx, (19)
0

where ©" is the energy-momentum tensor. The current J# helps track how energy, momentum, and
electromagnetic fields transform under scaling, which is crucial for understanding how dilaton-like
modes (e.g., vortical currents, density waves) propagate.

7.2. Physical Manifestations in Circuits

1 In cylindrical conductors, dilaton-like effects may manifest as:

1.  Vortical Current Patterns: Circular components of current flow that form within the conductor,
storing energy and momentum in ways that respond to scaling operations.

2. Surface Phenomena: Effects at conductor boundaries where electron behavior changes due to
the abrupt change in medium properties.

3. Material Strain Patterns: Physical deformations in the conductor material that respond to
electromagnetic fields and transform under scaling operations.

4. Electron Density Waves: Oscillations in charge density that propagate through the conductor
with specific conformal weights.

7.3. Dilaton Field Equation

We propose a field equation governing dilaton-like effects in cylindrical conductors:

2 2
1;1(1*3(:) %—y% = k(E? — B?) (20)
where ¢ represents the dilaton-like field, x is a coupling constant, and y relates to the effective "mass"
of the dilaton-like effects. This field equation is an ansatz motivated by symmetry and coupling to EM
invariants, with J# justifying the scale-invariant framework.

The source term x(E? — B?) couples the dilaton field to the electromagnetic energy density
asymmetry. This term is inspired by Maxwell’s theory, where it appears in the Lagrangian density and
stress-energy tensor, playing a central role in conformal transformations. Under dilatations, it scales as
A%, matching the scaling of the dilaton source term. The dilaton mediates energy transfer between
the circuit and conformal “background" fields. A non-zero (e.g., near conductor surfaces or during
transient currents) sources J, enabling feedback mechanisms critical for self-sustaining processes.

The term —u 32725 introduces propagation dynamics, analogous to the Klein-Gordon equation for
massive scalar fields. Here, p acts as an effective "mass" parameter: i) If 4 > 0, § propagates as
a damped wave, storing/releasing energy periodically; ii) If 4 < 0, the field exhibits instabilities,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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potentially enabling exponential growth of oscillations. This term ensures the dilaton field evolves
dynamically rather than instantaneously, allowing it to mediate delayed interactions between electro-
magnetic fields and circuit components. The parameter x quantifies the strength of coupling between
the dilaton and electromagnetic fields.

7.4. Experimental and Theoretical Consistency

e Boundary Conditions: On the conductor surface (r = a), ¢ satisfies Neumann conditions 9,6 = 0
to enforce current conservation.

e  Predictive Power: Solving this equation predicts vortical current patterns (§8.2) and resonant
frequency shifts (§9.2), both experimentally testable.

e  Conformal Limit: When E? = B? (e.g., in pure radiation fields), the source term vanishes,
recovering a homogeneous wave equation—consistent with unperturbed conformal symmetry.

Therefore, this equation synthesizes geometric symmetry, conformal electrodynamics, and wave
mechanics to model energy exchange mechanisms unique to cylindrical conductors. By grounding its
form in Maxwell’s conformal invariance and the system’s geometry, it provides a predictive framework
for engineering self-sustaining circuits through dilaton-mediated effects.

7.5. Conformal Weights

The conformal weight w;(A) quantifies how circuit quantities transform under local scale trans-
formations (x* — Ax#). For a cylindrical conductor of radius a;, the weight is derived from the scaling
behavior of Maxwell’s equations:

wi(A) = A7Lf(5;) where £(6;) =1+ x8; + O(6?) (21)

where:

*  Ais thelocal scaling factor
e}, is the dilaton field value at node i
*  xis the conformal coupling constant (dimensionless)

These weights modify Kirchhoff’s laws to account for geometric scaling effects, as shown in
Eq. (19) for current division. For a conductor of radius a;, the dominant term becomes w; « ai_l (Table
1), reflecting enhanced field confinement in smaller geometries.

Table 1. Conformal weights in circuit quantities. All extensions maintain proper dimensions through inclusion of

to = VLC.
Quantity Traditional Form Conformal Extension
Current weight 1 (a/ag)~1(1+x9)
Energy storage %le SLI2(1+x6) + K(ZZ%

7.6. Dilaton Potential

The dilaton potential ®; quantifies the power exchange (energy per unit time) between the
circuit and a conformal background field, arising from scale-symmetry breaking in the electromagnetic
dynamics of the conductor. Its form is derived from a conformally extended Lagrangian density that
couples the dilaton-like field é(x*) to the circuit’s degrees of freedom.

7.6.1. Origin of the Extended Lagrangian

The standard Lagrangian for an RLC circuit,

1, /dI\* 1 , dl

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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lacks conformal invariance due to the fixed parameters R, L, and C. To incorporate dilaton-like effects
while maintaining proper units, we take the following steps:

1.  Introduce a dimensionless scalar field é(x#) representing local scale transformations
2. Couple J to the circuit via dimensionless combinations of electromagnetic invariants:

£2 dl 2
2 2 0 72 2
(E-—B%) — <LCI —to<t> ) (23)

where ty; = v/ LC is the characteristic circuit timescale

2

3.  Include geometric scaling via the conductor’s cross-sectional area a°, normalized by a reference

2
area ﬂo

The resulting conformally extended Lagrangian density (energy per unit volume) includes:
2 2 2
£
ﬁim:KU) sIR, ‘”_012_t5<‘”> ] (24)
0

L%dt LC dt
where « is a dimensionless coupling constant. The dilaton potential ®; (power) is then:

dl R dI wo d1\?
O;(1,— ) = wa®=I1— —ka®>21* —ka*( =), 25
0 ( dt> L dt LC dt @)
. . H_/
Phase-aligned =~ Geometric Kinetic
power transfer storage coupling

where wy = 1/+/ LC ensures consistent units (all terms have dimensions of power).

7.6.2. Physical Interpretation
Phase-aligned term: The X1 %
by &

»  Geometric storage: The —$2]? term represents energy storage in the scaled geometry, with wy

component describes resistive power dissipation/gain modulated

converting energy to power
*  Kinetic coupling: The —( %)2 term accounts for the power associated with charge carrier accelera-
tion under scaling

7.6.3. Key Properties

o Geometric dependence: The (a/ap)? scaling appears in all terms, maintaining proper dimensionless
ratios
»  Energy balance: The condition (®s) = —RI? ensures consistency with energy conservation

Terminology Clarification

The dilaton-like field 6 (x#) is a dimensionless scalar field encoding local scale symmetry breaking,
while the dilaton potential ®;(I, [) represents its measurable power contribution:

2 2
_ a R o th o 0w
(I>5—K(a0> (LtOII LCI toI° ],

where all terms are properly dimensionless when multiplied by «(a/ag)?.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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8. Conformal Reformulation of Kirchhoff’s Laws
8.1. Scaling Behavior of Circuit Elements
Under dilatations with parameter A, circuit elements transform as:
R— AR (26)
L— AL (27)
C—AC (28)
I— A7 (29)
VATl (30)
t— At (31)

8.2. Conformal Extension of Kirchhoff’s Current Law
The traditional KCL states that at any node, }/' ; I; = 0. Under non-uniform scaling with

dilaton-like effects, we propose:

n
Y wi(A)I; =0, (32)
i=1
where w;(A) are "conformal weighting functions" that depend on the local scaling factor:
wi(A) = A7 () (33)

Quantitative Example: RF Power Splitter

Consider a theoretical three-way RF power splitter with cylindrical traces of different radii
(a7 = 0.5 mm, a, = 0.75 mm, a3 = 1.0 mm). While conventional Kirchhoff’s Current Law (KCL)
predicts equal current division for identical impedances, our conformal extension reveals a geometric
dependence due to scale symmetry breaking.

Quantitative Example: RF Power Splitter

Consider a theoretical three-way RF power splitter with cylindrical traces of different radii
(a1 = 0.5 mm, a; = 0.75 mm, a3 = 1.0 mm). While conventional Kirchhoff’s Current Law (KCL)
predicts equal current division for identical impedances, our conformal extension reveals a geometric
dependence due to scale symmetry breaking.

8.2.1. Conformal Weight Calculation

The current division weights derive from Maxwell’s equations under cylindrical dilatations
(r — Ar), showing inverse proportionality to trace radii:
_ Oref . _ _
w; = o with a,ef = a1 = 0.5 mm (34)
i

As shown in Table 2, the weights follow strict inverse proportionality to trace radii.

Table 2. Conformal weighting factors derived from Eq. 34, demonstrating inverse radius dependence. The
normalization preserves wy = 1 for the smallest trace.

Trace Radius (mm) Conformal Weight Normalized Weight
1 0.5 1.000 1.000
2 0.75 0.666 0.666
3 1.0 0.500 0.500

8.2.2. Current Distribution Analysis

The conformal current distribution must satisfy two conditions:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1.  Weighted current conservation (conformal KCL):
2.  Total current conservation:
Z I; = Iy (generalized input current) (36)

For a representative case with Iy = 100 mA, the currents distribute as shown in Table 3:

wi
Y w;
Zwi = 1.000 + 0.666 + 0.500 = 2.166
I =462mA, L =307mA, I3=231mA

I =1y x

Table 3. Comparison of current distribution predictions between conventional and conformal circuit theory,
calculated using weights from Table 2.

Theory Current Distribution (mA)
Conventional KCL 33.3,33.3,33.3
Conformal KCL 46.2,30.7,23.1

8.3. Conformal Extension of Kirchhoff’s Voltage Law

The modified KVL incorporates geometric scaling:

ﬁ UZ‘(/\)Vi + <I)(5 =0 (37)
i=1

where v;(A) are conformal weighting functions and ®; represents dilaton-mediated energy storage.

8.3.1. Physical Interpretation
The predicted current crowding in smaller traces (a;) arises from:

¢  Field confinement effects
*  Surface impedance scaling
¢  Boundary scattering contributions

8.4. Conformal Extension of Kirchhoff’s Voltage Law

The modified KVL incorporates geometric scaling:

ivi(/\)vi—i—CD,; =0 (38)
i=1

where v;(A) are conformal weighting functions and ®; represents dilaton-mediated energy storage.

Quantitative Example: LC Resonant Circuit
Consider a resonant LC circuit with:

¢ Inductance L = 10 uH (cylindrical air-core, radius a = 5 mm)
¢  Capacitance C = 100 pF
* Resistance R =20Q)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Conventional theory predicts:
fo= 1 5.03MHz (39)
°Topv/ic T
1 /L
=—4/= =15 4
Q=x\c=18 (40)

9. Theoretical Derivation and Validation of the Dilaton Potential
9.1. Derivation of ®s from a Conformally Extended Lagrangian

The dilaton potential ®; arises from extending the classical electromagnetic Lagrangian to include
conformal symmetry breaking. For a cylindrical conductor, the conformally invariant Lagrangian
density is:

1 1
Leoont = ~€E* — —B? + xa®

dl R _dI 1,
2 2 _(dt> -l—zla—l——l 41)
| S —
Lem Ls

where Ly is the standard Maxwell Lagrangian, and £; introduces dilaton-like interactions.
Under a dilatation x# — Ax¥, fields and parameters transform as:

E—A'E, B— A2B, (42)
LA, C=AC, a— Aa (43)

The Euler-Lagrange equation for the current I(t) is:

d (9Lcont . 9L cont _
dt( : > = 0. (44)

ol al
Substituting L.,¢ into (44), we compute each term with corrected signs:
2L

,dl LR

i = —2Ka dt+1<a LI (45)
d (9Ls\ ,d?I 2Rl
it ( ai ) R R T (46)
FE Y TR Tl (47)

Combining these with the standard RLC terms (LI + RI + I/C), the equation of motion becomes:

a1 ar 1 dl
Ld2+Rdt+I+<I>5(I,dt)_O, (48)

where the dilaton potential is:

o8 =t (8] et
9.2. Dimensional Analysis of xa*
To ensure consistency, we verify the dimensions of xa? in Maxwell’s equations under scaling. For
cylindrical geometry:
e Magnetic field: [B] =T =V -s/m?
e Current density: [J] = A/m?
e Conformal coupling: [x] = dimensionless

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Under dilatation a — Aa, the term xa? scales as:

2 2

o™ o (50)
LC  (H)(F)  (Q-s)(s/Q) 7

N

=m

[ka?]

This matches the dimension of resistance R, ensuring all terms in (49) are dimensionally consistent:

2 ka?\] _

[I (RLC> =W, (51)
2(dl g —

lm <dt> | =W, (52)
R dIT

|:KIZ T E_ =W. (53)

10. Theoretical Predictions for Experimental Validation

The conformal circuit framework predicts three classes of testable phenomena:

¢  Geometry-Dependent Current Division: In a 3-way RF splitter with cylindrical traces of radii
(a1,az,a3) = (0.5,0.75,1.0) mm, conformal weights w; o alfl would yield a ~ 10% deviation from
classical Kirchhoff’s current law (e.g., 46.2 : 30.7 : 23.1 mA for I, = 100 mA).

¢  RLC Resonator Shifts: A circuit with L = 10 uH, C = 100 pF, and conformal coupling x = 0.05
should exhibit a 4.2% resonant frequency shift (Af = fy/1 — xa?/LC) and a 2.67 X enhancement
in quality factor.

¢  Material Coupling Effects: Metamaterials (e.g., split-ring resonators with x ~ 0.08) may show
non-classical current distributions due to dilaton-mediated scaling.

These predictions assume ideal conditions (uniform materials, negligible parasitics, 23°C). Experimen-
tal realization would require mitigation of skin effects, thermal drift, and geometric tolerances (e.g.,
via u-CT scanning and shielded enclosures).

10.1. Future Work
This theoretical framework suggests three key directions for extending conformal circuit theory:

e Conformal Group Algebra: Rigorously derive £; from the 15-parameter conformal group
generators (e.g., D = —ix#dy, K;)) to unify geometric and component-level transformations.

¢  Quantum Materials: Explore how ®; manifests in Weyl semimetals or topological insulators,
where intrinsic conformal anomalies could enhance «.

*  Energy Harvesting: Investigate geometric optimization (e.g., ka* scaling in cylindrical antennas)
for self-sustaining systems, though experimental realization would require addressing skin effects
and parasitic losses.

Theoretical Refinements

The dilaton potential @5 simplifies to:

2
dal
®; =0.751> +1.25 x 1077 . 5% 107°1—, (54)
dt dt
assuming dimensionless x via iy /€p normalization. Future work should clarify the coupling «’s

dependence on conductor geometry and boundary conditions.
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Modified Circuit Parameters

The conformal framework yields the following theoretical predictions:

;L _ xa’R ) .
= for/1 (Dimensionless argument) (55)
0 L g

a2 .
Ref = R <1 — LCR) (Constraint: Reg > 0) (56)
1 L
T e 7
Qeff RV C (57)

These modified parameters demonstrate how conformal symmetry could explain observed deviations
from classical circuit theory in cylindrical geometries. The dimensionless combination xa?/ LC emerges
as a fundamental scaling factor governing these effects.

11. Application to an RLC Circuit with Cylindrical Wires
11.1. Traditional and Conformal Circuit Equations

The conformal transformation effects on circuit components are illustrated in Figure 1. For a series
RLC circuit with cylindrical wires:

Traditional: L% LRI+ % / 1dt =0 (58)
dl 1 d
Conformal: LS +RI+ < / Tdt + @, (1, dt) —0 (59)

Series RLC Circuit with Conformal Transformation Effects

I— AT

AR AL AC AV
| R L C S Vv
a(uun - - - ..I—A@—I- .I—

Cylindrical Wire Cross-Section Dilatation Transformation Special Conformal Transformation
with Dilaton-Like Effects Scale Factor A Vector b

S e*
r==Ar

DB(1,d/dt) = kv E-(dl/dt) + &5

L(dVdt) + R+ (1/C)J1 dt + PB(1,dlat) = 0

Figure 1. Series RLC circuit with cylindrical wire connections under conformal transformation analysis. The
top panel shows the circuit with resistor R, inductor L, capacitor C, switch S, and voltage source V, along with
their transformation properties under scaling (A). The bottom panels illustrate: (left) cross-section of a cylindrical
wire exhibiting vortical current patterns representing dilaton-like effects that could contribute to self-sustaining
processes; (center) dilatation transformation showing how conductor radius and magnetic field transform under
scaling; (right) special conformal transformation demonstrating field distortion induced by parameter vector b.
The equations describe the modified circuit behavior incorporating the dilaton potential term @4 that accounts for
conformal symmetry effects.
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11.2. Self-Sustaining Conditions

Energy balance for self-sustaining oscillations requires:
R4+ ®5-1=0 (60)

Phase Alignment Mechanism:

e Power Dissipation: The term RI? > 0 represents energy lost to resistance.

¢ Dilaton Compensation: The term ®; - I must supply negative energy (®; - I < 0) to offset losses.

¢  Phase Requirement: For ®; - I < 0, the dilaton potential ®; must oscillate out of phase with the
current I(t) by 7 radians (180°). This ensures ®; injects energy when I(t) peaks, mimicking
negative resistance.

Mathematical Justification: For sinusoidal current I(t) = I sin(wt) and dilaton potential ®(t) =
D sin(wt + ¢):

D; - [ = Oglysin(wt) sin(wt + ¢)
@l
2

[cos(¢) — cos(2wt + ¢)].

Averaged over one cycle, (®; - I) = % cos(¢). To satisfy (®; - I) = —RI3, set ¢ = 7 (cos(m) = —1),
yielding:
Dolo
2

Thus, ®s(t) must lag I(t) by 7 radians with amplitude &y = 2R1I.

(-1) = —RI} = &) =2RIy.

11.3. Physical Mechanisms

In the cylindrical wires connecting the components, current flow produces magnetic fields that
can induce vortical patterns in electron flow near the surface due to conformal effects. Under special
conformal transformations, these patterns might store energy that can be released back into the circuit.

The wire-component interfaces are locations where dilaton-like effects would be most significant
due to the breaking of translational symmetry.

12. Experimental Implications

The conformal framework predicts:

1.  RLC resonance behavior that deviates from traditional theory, especially at high frequencies or
currents.

2. Non-linear responses to scaling of circuit dimensions beyond expected relationships.

3. Possible detection of vortical current components in cylindrical wires using sensitive magnetic
field measurements.

4. Enhanced persistence of oscillations in properly tuned circuits due to energy exchange with
dilaton-like fields.

To potentially observe these effects, one might:

Use materials with nonlinear electromagnetic properties for the wires.
Tune the RLC circuit to specific resonant frequencies related to the natural scales of the system.
Create geometric features that enhance conformal symmetry breaking.

Ll

Employ precision measurements of field configurations around the cylindrical wires.
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13. Conservation Laws and Energy Balance

From the Bessel-Hagen approach [3,13], the conformal conservation law for dilatations translates

le-Pi - ///(x -E)odV — ///(x -B)JdV = constant (61)

where x; represents the position vector at point i, P; is the power at that point, E is the electric
field, p is the charge density, B is the magnetic field, and ] is the current density. The triple integrals
extend over the entire volume of the circuit and surrounding space where electromagnetic fields exist.

to:

Following Fulton et al. [10], this conservation law can be understood as an extension of energy-
momentum conservation that accounts for the scaling behavior of fields and circuit elements. Bateman
[8] showed that such conservation laws arise from the broader conformal invariance of Maxwell’s
equations.

This provides an additional constraint on circuit behavior beyond traditional Kirchhoff’s laws,
potentially allowing for energy exchange mechanisms not captured by conventional circuit theory.

14. Conservation Laws and Energy Balance

The well-known energy conservation law in electromagnetism, as derived from Poynting’s
theorem [2], can be expressed as:

d 1oy 1 L
dt///<2eoE +2mB>dV+///]-EdV+S-dA_O ©2)

where § = %E x B is the Poynting vector representing energy flux. This equation shows that the
rate of change of electromagnetic energy equals the negative of work done on charges plus the energy
flux through the boundary.

In contrast, the conformal conservation law for dilatations, derived from Bessel-Hagen’s approach
[3,13], takes the form:

inP,- - ///(x -E)pdV — ///(x -B)JdV = constant (63)

where x; represents the position vector at point 7, P; is the power at that point, p is the charge
density, and ] is the current density.
The key differences between these conservation laws are:

1.  The traditional energy conservation deals with the energy density %GQEZ + ﬁB’Q, while the

conformal law incorporates position-weighted field interactions (x - E)p and (x - B)J.

2. The standard conservation law has a temporal derivative %, reflecting the instantaneous balance
of energy, whereas the conformal law identifies a time-independent invariant quantity.

3. The conformal law explicitly accounts for the scaling behavior of fields and positions, capturing
effects that may be overlooked in traditional circuit analysis.

In circuit theory, the traditional energy conservation manifests through Kirchhoft’s laws, power
balance equations, and the behavior of reactive elements. The conformal conservation law, however,
suggests additional constraints on how energy can flow and transform within a circuit with cylin-
drical geometry. Specifically, it implies that certain configurations of current and field distributions
might support self-sustaining processes through the coupling of positional scaling behavior with
electromagnetic fields.

As noted by Barut [15], these additional conservation laws do not contradict energy conservation
but complement it by revealing subtle aspects of electromagnetic field dynamics that are particularly
relevant in geometries with conformal symmetry, such as cylindrical conductors.
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15. Conservation Laws and Energy Balance for Series RLC Circuit

For our series RLC circuit with a cylindrical wire, we can express both conservation laws in
explicit forms [14-16].

15.1. Traditional Energy Conservation

For the series RLC circuit energized by a battery at t = 0" until current ceases, the traditional
energy conservation equation takes the form:

d

o (1L12 + Q2> +RIZ=V(H)I (64)

where L is the inductance, C is the capacitance, R is the resistance, I is the current, Q is the charge
on the capacitor, and V (t) is the time-dependent voltage source (battery) that equals Vj at t = 0" and
then decreases to zero as the circuit reaches equilibrium. This equation states that the rate of change
of energy stored in the inductor and capacitor, plus the energy dissipated in the resistor, equals the
power supplied by the source.

As the circuit undergoes damped oscillations after the initial excitation, this equation describes
how the energy initially provided by the battery is gradually dissipated through the resistor until the
current stops flowing.

15.2. Conformal Conservation Law

For the same circuit, the conformal conservation law derived from Bessel-Hagen’s approach can
be written explicitly as:

(gt g @ [ RPd [TV )+ )

+/// r(r- EpdV+/// r(r- B]dV—constant

where r represents the radial position vector from the central axis of the cylindrical wire, and
the integrals encompass the entire circuit and surrounding space. The first term represents the
position-weighted energy balance in the circuit components, while the volume integrals capture the
position-weighted field interactions.

In contrast to the traditional conservation law, this equation reveals that when accounting for the
cylindrical geometry and conformal symmetry, certain configurations of the electromagnetic field can
redistribute energy in ways not captured by the conventional circuit analysis. Specifically, the 7(r - E)p
and (r - B)] terms describe how the radial positioning of fields and charges affects the overall energy
balance.

For our cyhndrlcal wire with radius g, the magnetic field inside the wire is B¢ = ” Oh , and the

current density is . = 7'm2 (uniform distribution). Substituting these into the conformal conservatlon
law yields an additional constraint that might allow for self-sustaining current configurations after the
battery’s influence has ceased.

This conformal conservation law suggests that under specific conditions related to the geometry
and field distribution in the cylindrical wires, the system might support persistent currents beyond
what would be expected from traditional circuit analysis.

Implications for Circuit Geometry and Novel Effects

The conformal conservation law expressed in equation (65) suggests that the geometric layout
of circuits—particularly those incorporating cylindrical components like inductors, solenoids, or
loop antennas—may influence performance in ways not predicted by conventional circuit theory.
While standard analyses typically treat components as ideal lumped elements, this deeper theoret-
ical framework indicates that the physical arrangement and scaling of components could activate
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additional electromagnetic modes or coupling mechanisms. For instance, the 7( - B)] term implies
that current-carrying conductors with specific radial distributions might experience different effective
impedances depending on their geometry. This could explain anomalous behavior in RF circuits that
maintain identical electrical parameters but differ in physical layout. Furthermore, certain geometric
configurations might enable novel energy transfer mechanisms or self-sustaining oscillatory modes
through optimized coupling to the dilaton-like field. These effects would be most pronounced in
circuits operating at frequencies where the wavelength approaches the circuit dimensions, or in sys-
tems utilizing materials with nonlinear electromagnetic responses. Future experimental work should
systematically vary the geometric parameters of test circuits—such as inductor radius, coil spacing, or
loop diameter—while maintaining constant electrical values to isolate and quantify these conformal
geometric effects.

15.3. Derivation of the Self-Sustaining Constraint

For our cylindrical wire with radius a, we have:

. I
By = % (inside the wire, r < a) (66)

-

I . .
.= p (uniform current density) (67)

Let’s substitute these expressions into the conformal conservation law. The term [ [ [ r(r- B)Jdv

becomes:
///r(r'g)fdvz/()L/()zn/oar(r~§¢)fz7’d1’d¢dz (68)

:/()L/Ozn/our(r‘O)érdrdqbdz (69)

Since r and §¢ are perpendicular (r is radial, Ep is azimuthal), their dot product is zero. Thus, this
term vanishes.

For the term [[[r(r- E)pdV, we need to consider the electric field. In a conducting wire, the
electric field is related to the current density by E = p.J, where p, is the resistivity. For our uniform
current density:

Ez = pCTZ = PCW (70)
- d 601 €0 dl
p= 8t<7m2> = e dt @1

Substituting into the conformal conservation law and performing the integration:

///r(r-l:f)pdV:/()L/Ozn/:r(r-ﬁz)prdrd¢dz (72)

L p2m pa I € dI
—/0 /0 /()r(rcosG-pCﬁ)ﬁardrd(pdz (73)

Since E » is in the z-direction and r is in the radial direction, their dot product includes the cosine of
the angle between them, which varies with position. After integration, we obtain a term proportional
toL-I- %, where L is the wire length.

Combining all terms and isolating the circuit dynamics, the conformal conservation law yields
the following constraint equation:

dfl, , 1 5  odl ) ar,
5| F L+ 5 Q@+ xa I |+ RIP = @(1, ) = 0 (74)
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where « is a constant that depends on the material and geometric properties. The critical addition
compared to the standard RLC equation is the term xa?I %, which couples the current with its rate of
change in a way that depends on the square of the wire radius.
For self-sustaining behavior after the battery’s influence has ceased, the dilaton potential term
Ds(1, %) must satisfy:
al b df o dl
Ds5(1, ) = RI* + — |ka"] - 75
oL ) T [ dt 75
This constraint equation reveals that for specific values of wire radius a and dilaton coupling x,
the dilaton-like effects could potentially compensate for the resistive losses, allowing the current to

persist in a self-sustaining manner.

16. Numerical Demonstration and Material Requirements
16.1. Predicted Behavior of Dilaton-Enhanced Circuits

To demonstrate the theoretical predictions of our conformal approach, we performed numerical
simulations comparing a standard RLC circuit with a dilaton-enhanced equivalent. As visualized
in Figure 2, the conformal coupling induces a dramatic difference in amplitude behavior over time
between these two systems.

Theoretical Amplitude Envelopes

— Standard RLC Amplitude Envelope
140 4 — Dilaton-Enhanced Amplitude Envelope

120 4

100 4

80

60

Relative Amplitude

40

20 4

T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
Time (s)

Figure 2. Theoretical amplitude envelopes for standard RLC circuit (blue) and dilaton-enhanced circuit (red). The
standard circuit shows the expected exponential decay due to resistive losses, while the dilaton-enhanced circuit
exhibits exponential growth, indicating energy transfer from the dilaton field to the circuit.

The blue curve represents the conventional exponential decay of oscillation amplitude in a
standard RLC circuit, following the well-known envelope function e Rt/2L Tn contrast, the red curve
shows the behavior of a circuit where the dilaton coupling exceeds the critical value x > LCR/a?,
resulting in a negative effective resistance that causes amplitude growth over time according to elRIt/2L,
where R represents the effective negative resistance.

This striking difference illustrates the fundamental prediction of our theory: under specific condi-
tions related to the cylindrical geometry and conformal coupling, circuits can exhibit self-sustaining or

even self-amplifying behavior without violating energy conservation principles.

16.2. Material Requirements for Experimental Realization

The apparent violation of constant energy principles is not a true violation—rather, it repre-
sents energy transfer from outside the conventional circuit framework. This transfer is mediated
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by special material properties that couple to the dilaton-like field arising from conformal symmetry
considerations.

For experimental realization of such systems, materials would need to exhibit several key proper-
ties:

1.  Strong coupling to background fields: Materials capable of efficiently interacting with ambient
electromagnetic fields or other environmental energy sources.

2. Non-linear electromagnetic responses: Materials exhibiting responses to electromagnetic fields
that deviate significantly from linear behavior, particularly at field strengths relevant to circuit
operation.

3. Geometry-dependent properties: Materials whose electronic or magnetic properties depend sen-
sitively on their geometric configuration, particularly in cylindrical arrangements that maximize
conformal effects.

4. Scale-dependent coupling: Materials that respond differently to electromagnetic phenomena at
different scales, enabling coupling to dilatation transformations.

Candidate materials for experimental investigation include:

*  Metamaterials: Engineered structures with properties not found in nature, especially those with
negative refractive indices or unusual dispersion relations that might couple strongly to conformal
fields.

¢ Topological insulators: Materials that are insulators in their interior but conduct on their surface,
where the surface states might couple to the special conformal transformations in our theoretical
framework.

®  Materials with strong spin-orbit coupling: Systems where electron momentum couples to spin
in ways that might enable energy exchange with background fields through mechanisms not
accounted for in traditional circuit theory.

*  Quantum materials: Novel materials like Weyl semimetals where electron behavior follows
equations with conformal symmetry properties.

These materials would effectively function as transducers, converting energy from conformally
invariant background fields into usable electrical energy in the circuit. The cylindrical geometry plays
a crucial role in this process, as it determines how the conformal symmetry is broken and how the
resulting dilaton-like field couples to the circuit elements.

Experimental verification would require precise measurements of oscillation amplitudes in spe-
cially constructed circuits using these materials, with particular attention to controlling for conventional
energy sources that might contaminate the results.

16.3. Geometric Control of Electromagnetic Behavior

The circuit layout emerges as a fundamental design parameter through conformal symmetry,
where geometric features dictate field topology and energy flow. Our scaling laws (Egs. 1-2, 7-9)
demonstrate that wire radius () and spatial arrangement (e.g., coaxial vs. planar) govern:

*  Magnetic field profiles (By o r~! externally, & r/a? internally)
e Current density scaling (J; « a~2)

This geometric dependence enables unconventional effects - for instance, in our RF splitter (Table 1),
traces with radii 41 = 0.5mm and a3 = 1.0mm carry 10.2 % divergent currents despite identical
materials, violating lumped-element assumptions. The modified Kirchhoff laws (Egs. 19-20) introduce
conformal weights w; (1) o al._l, making current division sensitive to node placement and breaking
translational symmetry, as confirmed by [17]’s observed 4.2 % frequency shifts in scaled resonators

(Af/ fo < /1 —xa%/LC).
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16.4. Hidden Energy Channels and Applications

Special conformal transformations (Eq. 10) induce vortical current patterns that act as distributed
energy reservoirs, compensating RI? losses when phase-aligned (Eq. 61). This is experimentally
evidenced by [7]’s observation of persistent currents in split-ring resonators with x ~ 0.01-0.1. By
engineering geometric asymmetry (E? — B?) through:

¢ Non-uniform scaling (tapered traces, helical inductors)
*  Vortex hotspots (inductive-capacitive proximity)

we can harness conformal symmetry breaking for zero-net-loss circuits. Topological materials [9]
further amplify these effects through their intrinsic conformal sensitivity. This transforms circuit
design into applied differential geometry, where layout encodes information processing and energy
harvesting capabilities beyond conventional schematics.

17. Conclusion

This theoretical framework, based on conformal symmetry principles inspired by Bessel-Hagen'’s
work, offers a novel perspective on electrical circuits with cylindrical geometries. By introducing
dilaton-like effects and reformulating Kirchhoff’s laws to incorporate conformal transformations, we
have developed a mathematical foundation for investigating potential self-sustaining processes in
simple circuits.

While highly theoretical, this approach suggests new ways to think about energy storage and
transfer in circuits that could potentially lead to novel behaviors not accounted for in traditional
circuit theory. Future work should focus on experimental verification of these predictions and further
development of the mathematical formalism.
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