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Abstract: In this paper, several classes of rough Marcinkiewicz integral operators along surfaces of revolution on
product spaces are investigated. We prove the L? boundedness of these operators when their kernels functions
belong to a class of functions related to a class of functions introduced by Grafakos-Stefanov. The results in this

paper extend and improve several known results on Marcinkiewicz integrals over a symmetric space.
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1. Introduction

Let R (g = m or n) be the 2 < g-Euclidean space and S7~! be the unit sphere in R7 equipped
with the normalized Lebesgue surface measure doy(-) = do. Also, let 2’ = z/|z| for z € R7\{0}.

Let U be a measurable function defined on R x R", integrable over S"~! x S"~! and satisfy the
following:

O(rx,sy) = U(x,y), Vr,s >0, (1)

L Bewdet) = [ 0y =o. @

For an appropriate mapping ® : Ry x Ry — R, we consider the parametric Marcinkiewicz
integral operator 95 ¢ along the surface of revolution Ay (u,v) = (u,v, ®(|u|, |v|)) defined, initially
for g € C§°(R™ x R" x R), by

drds 1/2
: ) , ©)

Do) 0,w) = ([ IFule) 0w

where

1 O(x,
Fo@uow) = [ [ fu-xe-yw-e(x, WD)MM.

We point out her that the Marcinkiewicz integral ;5 ¢ is a natural generalization of the Marcinkiewicz
inegral SDT% along surface of revolution A, (1) = (u, ®(|u|)) in the one parameter setting which is
given by

1/2

e, 8= = ()

r

) d r
‘ r

o) (i) = | [ @

The investigation of the LP boundedeness of smg under certain assumptions on U and ¢ has
received a large amount of attention by many mathematicians. For a sample of some known results
relevant to our study, we refer the readers to see [1-7].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Let G4 (S™1) (for a > 0) be the class of all functions U € L}(S"~!) that satisfy the condition

Sup /SmfllU(x)‘ log™(|& - x| ")de(x) < co. )
esm-1

It is worth mentioning that the class G, (S"!) was defined by Walsh in [8] and developed by
Grafakos and Stefanov in [9].

An interesting result related to our work in the one parameter setting was obtained in [10] as
described in the following theorem:
Theorem A. Let U € G,(S™!) for some a > 1/2. Then Qﬁg is bounded on LF(R™ x R) for all
pE (123"‘ , 1+ 2a) if one of the following conditions is satisfied:

(a) ¢ € C}(R4), ¢’ is increasing and convex function with either m = 2 or m > 3 and ¢'(0) = 0.

(b) ¢ is a polynomial with either m = 2 or m > 3 and ¢’(0) = 0.

Our focus will be on the operator M5 . If ® = 0, we denote M5 ¢ by M5 which is the classical
Marcinkiewicz integral on product domains. The study of the boundedness of M5 started by Ding
in [11] and then continued by many authors. For a sample of past studies and for more information
about the applications and development of the operator 915, we refer the readers to consult [14-21]
and the references therein.

For a > 0, let G,(S™~! x S"~1) be the set of all functions U € L!(S"~! x §"~1) which satisfy
Grafakos and Stefanov condition:

o [6(x, ) 1og* (IS - x| ") log* (12 - y| o (x)do(y) <. (6)
(£,7)eSm—1xsn—1 //Sm—l -1

By following the same arguments as those in [9], we get

Jrr (S"H x S’H) ¢ Gy (S"H x S’H) for any a >0, @)
x>1

N Ga (S"H x S"—l) ¢ LogL)(S" ' xS" 1) ¢ | Ga (sm—1 x S"‘1>. (8)
a>0 a>0

Very recently, in [23] the authors studied the related singular integral operators along surfaces of
revolution 75, ¢ which are given by

O(x,
Too(@wow = [ flu=xo=yw-a(s, i) oty ©

where ® : Ry x R — R is an appropriate mapping. When U € G, (S"~! x §"~1) for some & > 1/2,
the authors of [23] showed that T¢; ¢ is bounded on L (R™ x R" x R) for all p € (152%,1 + 24) under
various assumptions on .

In light of the assumptions imposed on & in [23] and of the results in [10] concerning the
boundedness of Marcinkiewicz operator im% in the one parameter setting whenever U € G, (S"!) as
well as of the results in [21] concerning the boundedness of Marcinkiewicz operator ;5 ¢ whenever
UeL(logL)(S™ 1 xS1u B,((O’O) (S™=1 x §"1), a question arises naturally is the following:
Question: Under the same conditions on @ in [23], does the operator 91 ¢ satisfy the L” boundedness
provided that § € G, (S"~! x §"~1) for some a > 1/2?

Our main purpose in this paper is on giving a positive answer to this question. Indeed, we obtain
the following:
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Theorem 1. Assume that U belongs to the space Gy (S"™~! x S"~1) for some a > 1/2 and satisfies the
conditions (1)-(2). Assume that ® € C'(Ry x Ry.). If one of the following conditions holds, then Mys ¢ is
bounded on LF (R™ x R" x R) forall p € (142%,1 4 2a).

(i) m =2 =n, Dy®(t,¢) and D;P(t, L) are convex increasing functions,

(i) m =2,n >3, Di®(t, ) and D,D(t, ) are convex increasing functions with D,(t,0) = 0,

(iii)) n = 2, m > 3, D;®(t,¢) and D, P(t, ) are convex increasing functions with Dy®(0,¢) = 0,

(iv) m > 3,n >3, ®y(t,£) and DyD(t, £) are convex increasing functions with Dy®(0,¢) = 0 = D,P(t,0).

Theorem 2. Assume that U € G, (S"~! x S*~1) for some a > 1/2 and satisfies the conditions (1)-(2).

dy d
Assume that ®(t,0) = .210 ‘ZZO ajlit“iéﬁf is a generalized polynomial on R?, where the exponents in each set
i=0j=
{a; 10 < i < di}and {B; : 0 < j < da} are distinct positive numbers. Then My o is bounded on
LP(R™ x R" x R) for all p € (152%,1 + 2&) whenever one of the following conditions holds:
(aj# Land Bj # 1forall 0 <i<dyand 0 < j<dy,
(ii) There is aj; = 1 for some 0 < io < dy and B; # 1 forall 0 < j < dy; and if m > 3, we need D;®(0,¢) =0,
(iii) There is Bj, = 1 for some 0 < jo < dp and a; # 1forall 0 <i <dy;andifn > 3, we need Dy®(t,0) =0,
(iv) There exists a;; = 1 for some 0 < iy < dy and there exists B;; = 1 for some 0 < jo < dp. Moreover,
whenever m > 3 we need Dy®(0,¢) = 0 and whenever n > 3 we need D, P(t,0) = 0.

Theorem 3. Assume that U is given as in Theorem 1. Assume that ®(t,0) = ¢(t)P({), where ¢(t) is in

d
CY(Ry), ¢' is increasing and convex function; and P is a generalized polynomials given by P({) = sz ajﬁﬁf.
j=0

Then My @ is bounded on L (R™ x R" x R) for all p € (142%,1 + 2a) if one of the following conditions is
satisfied:

(i) Bj # 1 forall0 < j < dp, and if m > 3 we need ¢'(0) =0,

(ii) There is B, = 1 for some 0 < jo < do, and if m,n > 3 we need ¢'(0) = 0 = P(0).

Theorem 4. Assume ®(t,€) = ¢1(t) + ¢2(£), where ¢;(-) (j = 1,2) is either a generalized polynomial or is

in CL(R,), 4)} is increasing and convex function. If U € G, (S™~! x §"~1) for some a > 1/2 and one of the

following conditions is held, then M5 ¢ is bounded on LP(R™ x R" x R) for all p € (12,1 + 2a).

Case 1: ¢;(-) (j = 1,2) is in C*(R,.), gb]’- is increasing and convex function.

i)m=2,n=2,

(ii) m =2, n > 3 and ¢} (0),

(iti) n = 2, m > 3and ¢,(0),

(iv) m > 3,n > 3and ¢1(0) =0 = ¢5(0).

Case 2: ¢1(-) is in CH(R.), ¢o(+) is increasing and convex function; ¢ (+) is a generalized polynomial on R
d

given by ¢ () = Zz ajéﬁf, where the exponents in the set {B; : 0 < j < dy} are distinct positive numbers.
j=0

(i) Bj # 1 forall 0 < j < dy, and if n > 3 we need ¢;(0) = 0,

(ii) There is B, = 1 for some 0 < jo < do, and if m,n > 3 we need ¢;(0) = 0 = ¢5(0).

Theorem 5. Assume that ®(t, () = ¢(tl) for all t,{ > 0, where ¢ € C1(Ry.). IfU € Gy (S"™ 1 x §"~1) for
some & > 1/2 and one of the following conditions is satisfied, then M5 ¢ is bounded on LP (R™ x R™ x R) for
all forall p € (3522,1 + 2a).

(i) m =2 = nand ¢'(-) is an increasing and convex function,

(ii) If mor n > 3 and ¢’ (-) is an increasing and convex function with ¢’ (0) = 0.

We point out that the surfaces of revolution A, (1, v) = (u, v, ®(|u|,|v|)) considered in Theorems
1-5 cover several important natural classical surfaces. For example, our theorems allow surfaces of the
type Ag, where ®(t,£) = t202(e 1/t +e7 1), 1,0 > 0); ®(t,£) = t*¢P with a, B > 0; D(t,£) = P(t,¢)
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is a polynomial; ®(t,£) = ¢1(t)$2(£), where for i € {1,2}, each ¢; € C*(R,) is a convex increasing
function with ¢;(0) = 0.

Henceforward, the constant C denotes a positive real constant which is not necessary the same at
each occurrence but it is independent of the essential variables.

2. Some Lemmas

For a suitable mapping ®(r,s) on Ry x R, we define the family of measures {)LU ®rs = )\l;jg :
k,j € Z,r,s € Ry} and its related maximal operator A* on R” x R" x R by

4= st b
dA = — v,u, (||, |u|)) Ky iy, (v, u)dodu
///]Rmeang e 2K+ rs Jois<|u|<2itls zkrslv\gzkﬂrg( (ol [ul))Kes (2, )
and
kj
A (g)(x,y,w) = sup sup [|A%]*g(x,y,w)l,
kjeZ rseRy

where |Al;£| is defined in the same way as /\lfﬁ but with replacing U by |U] .
The following lemma can be proved directly by the results in [24,25], see also [23].

Lemma 1. Let P : Rt — RY be a function given by P(t) = (c1t™, -, cuyt"1), where c's are real numbers
and 'y§s are distinct positive exponents (not necessarily integer). Define the maximal function related to P by

Mpg(z) =sup —- /|gz— ))|dt.
h>0 h

Then, for all 1 < p < oo, there exists a constant C,, > 0 (independent of g and c;-s) such that
[Mp (&)l sy < CplgllLeray-
We shall need the following estimate from [26].

Lemma 2. Let ¢ : Ry — R bea C! function such that ¢' is convex and increasing with ¢'(0) = 0. Then,
there exists a positive constant C such that

/f e—i(zktr+q(p(2kt))dt' < C‘Zkr‘il/z
holds forallb > 1,7,y € Rand k € Z.
Lemma 3. [27] Let T(x) = | ‘Ed bax®, where by, € R. Then
al<
—-1/4

< Cd,q Z |btx|

0<|a|<d

‘ / o~ T (%) gy
(0,17

Now we need to prove the following lemma which will play a key role on proving our main
results.
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Lemma 4. Let U € G, (S™ ! x S"71) for & > 1/2 and satisfy the conditions (1)-(2). Suppose that ® is
given as in any of Theorems 1-5. Then there is a real number C > 0 such that the inequalities

k,j

‘A,,s < C (10)
Weon| < cmind 2], (log i) "}, an
X’,‘;ﬁ(g,g,q)‘ < Cmin{‘ng,(log\ZjQ)“} (12)

hold for all k,j € Z and r,s > O, where ‘ A’;;ﬁ stands for the total variation of /\’:;g'.

Proof. By the definition of /\Ir(g/ it is easy to prove the inequality (10). Next, by Holder’s inequality, we
have
ki 2 2 poker, i o
A(E T, < C / / // i{2krtx-E+2sly-C+@(25rt,2s0)y }
deam| < o 1L e
x  O(x,y)do(x)do(y) %
< C// 1O(x,y)| /2 L(&n,x t)%da(x)da( ) (13)
- Sm—1yS§n—-1 ’y 1 k ,7’], 4 E ]/ 7
where

2. .
(&, n,x,t) :/1 e*I{Zkﬁx~C+‘1>(2krt,ZJs£);7}?'

Hence, we have

2 . . .
(&7, %, t) = ‘ / o~ 2t G2 rtDy @ (0,2750) + [P (2511, 2150) 251t Dy (0,2/50) ] }? '
1

Now we need to consider several cases.
Case 1. If ® is given as in Theorem 1, then by Lemma 2, we deduce that

B o -1/2
(@) < [2471¢]|x - &'+ |nle) D (0,2750)| (14)

Let o = min{2,17|{,’|71DtCI>(0, ZjSE)}sgn(nDtCIJ(O, 2isl)). Combine the inequality (14) with the
trivial estimate |I;(¢, 77, x,t)| < 1 and use the fact that (¢/ log” t) is increasing over the interval (2%, c0),
we get that

log*(2|¢" - x +4|7")
log" [ 2kr¢|

|1(&,m,x,8)] < C if [2rg] > 2. (15)

Thus, if n > 3, then by the additional assumption D;®(0, 2is¢ ) =0, we get 6 = 0. Hence,

log* (2" - x| ")

i f |2k 2, 1
logtx|2kr§| lf | 7’§| > ( 6)

|Ik(€r77/x/ t)l <C
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Therefore, by (13) we acquire that
ikl] k —a 4 ! -1
| < cloglire|) [, 10 yI0g e 2 do(x)de )
< C(log’ZerD_a if |2%re] > 2%, (17)

Now, if n = 2, then follow the argument similar to that in [28]; we may assume that § > 0. Set
0 = min{1,d} and 6 = arcsin(d’), and let e denote the vector obtained by rotating ¢’ by angles 6
and e_ denote the vector obtained by rotating &’ by angles —0. Then we conclude that a constant
Co € (0,1) exists such that
¢ x+6 > Comin{[x-e [ [x-eq[*}

for x € S'. So, the estimate in (16) holds and therefore (17) holds for the case n = 2.

We notice her that the conclusions of this lemma when n = 2,m = 2 are proved without the
additional assumptions D;®(0,¢) = 0 and Dy®(t,0) = 0.

In the same manner, we can prove that

Mieom| < clloglisg|) T if [2sg] > 2~ (18)

Now by using the cancellation conditions on U, we get

aki 2 de
ween| < cff Byl [ n 0| Fdexdoy)
C’Zkr{,‘

IN

, (19)
where

]k(C, 1,x, t) _ /2 e7i{2krtx-§+d>(2krt,2js€)17 Y e¢(2krt,2fsé)r]#'
1

Similarly, we obtain that

yieem| < . 20)

Consequently, by (17)—-(20), we finish the proof of this lemma for the first case.
We notice here that the proofs of (19)—(20) do not depend on ®.

Case 2. If ® is given as in Theorem 2. Notice that

dy dy
d(t,0) = Z Z{lj,itaif‘ﬁf.
j=1i=1
Hence, ®(t, ¢) can be written as
dq
@(t, ) = Py(t) = )_ bi(O)t"
i=0
and
da
D(t,£) = Qi(0) = Y ci(t) P,
j=0
where

dz dl
b;(£) = Zaj,iﬂﬁf and Cj(t) = Zajlit“f.
j=0 i=0
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If a; # 1foralll <i <dyp, then by Lemma 3, we get that
~1/d;
(@) < [2el@ x| @)
So, by following the same argument as above, we get
N k,’ - .
Mi@om| < (loghre) i 2hel > 2 (22)
If a;; = 1 for some 1 < ip < dj. Since
d
2 —i2MtE (g e Ny (st L b))% 4
Ik(‘;{/ 17, X, t) — / e i=0,i#ig -y
1 t
then by invoking Lemma 3 we obtain
B . ~1/Dy
1@, 0] < CJ28e) (x- &+ lel oy, (250)) | 23)

SetY = mir1{2,11|zf7r \71b,'0 (stﬁ)}sgn(bio (2/sf)n). By combining (23) with the trivial estimate
|Ix(&, 1, x,t)| <1and using the fact that (t/ log” t) is increasing over the interval (2%, ), we get

log"(2/¢ - x + Y| ")

i f |2k 2% 24
loga’2kr{f| 1f| T’gl > ( )

(&, x,1)[ < C

When n > 3, by the additional condition D;®(0, 2fs€) = 0, we deduce that Y = 0; which
yields that

log*(2|¢" - x| ")

i f |2k 2% 2
logtx|2kr§| lf | 7’6| > ( 5)

Ie(&m,x, )] < C

By the last estimate and (13) we get

IN

Mieon| < clogle]) " [ 06y ogtRle x| o (x)de(y)

C(log‘Zkrng if [2%re] > 2%, (26)

IN

When 1 = 2, we follow the same arguments similar to those in Case 1, we obtain (26).
Similarly, we have that

R’;;ﬁ(g,g,n)‘ < c(log‘zfsg()w if [2sg| > 2% 27)

Case 3. This lemma can be proved for the other cases of ® by following the same argument as in
the proof adopted for the cases 1 and 2. We omit the details. O

Lemma 5. Suppose that 5 € L' (S"~! x S"~1) and satisfies the conditions (1)-(2). Let ® be given as in any
one of Theorems 1-5. Then there exists C, > 0 such that

A ()| r e xrrxr) < CpllgllLr (rm xrr xR). (28)

We can easily prove this lemma by using iterated integration and using at least one of results in
Corollary 5.3 in [26] or Lemma 1.
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3. Proof of Main Theorems

Assume that U € G, (S™~! x §"~1) for some « > 1/2 and satisfies the conditions (1)-(2), and let
® be given as in any of Theorems 1-5. Then by Minkowski’s inequality, we have

) 1/2
-1 -1
. ki rds
My,0(8g)(u,0,w) = //R " Y, ) 2tk (Arrﬁ*g)(u,v,w) —
+ +|j=—00 k=—oc0
2 4 . 2drds\ V/*
j+k 0,0
= -_Z_: ; 2 <//R xR (/\,,S*g>(u,v,w) rs)
j=—00 k=—o00 + +
2 2 2 12
- [ [T E(¥es)wow)| =
L1 ez kez rs
o ) 1/2
< / / Y Z(Alf:g*g)(u,v,w) drds ) (29)
1 1 JEZ kel

Choose two radial Schwartz functions ¥7 € S(R™) and ¥, € S(R") which satisfy the following
properties:
(HH0<¥1 <1, 0<Y¥, <1,
(ii) supp(¥1) C{u e R™: 1/4 < |u| <4}, supp (¥2) C{veR": 1/4 < |v| <4}.
(iii) L (Y1(2"7))* =1, L (¥2(27s5))* =1
mEZ a7
Define the multiplier operators { Ty, 4, } on R" x R" x R by

Tar0,(8) (6,8,m) = F1(27[E1)¥2(2(21)8(E, & 1)

Thus for any g € C°(R™ x R" x R), we have

glvw) =3y Y T2 4, (8)(wo,w),

ap €Z a €L

which in turn by (29) leads to
My, (g)(w,0,w) < I(g)(u,v,w), (30)

where
) 1/2
drds

7(9)(wow) = | 1. 2/12 /12

JEZ keZ

Y X Toaka (A (Tak (@) ) @o,w)

MEZL e’

Therefore, by Lemmas 4-5 and employing the same argument as in [[22], p. 301], we obtain

IZ(&) || L (e x e x ) < ClIf I Lr (mem xRY xR) (31)
forall p € (1+1/(2a),1+ 2a). Now the proof is complete by the last inequality and using (30).
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