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Abstract: In this paper, several classes of rough Marcinkiewicz integral operators along surfaces of revolution on

product spaces are investigated. We prove the Lp boundedness of these operators when their kernels functions

belong to a class of functions related to a class of functions introduced by Grafakos-Stefanov. The results in this

paper extend and improve several known results on Marcinkiewicz integrals over a symmetric space.
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1. Introduction

Let Rq (q = m or n) be the 2 ≤ q-Euclidean space and Sq−1 be the unit sphere in Rq equipped
with the normalized Lebesgue surface measure dσq(·) ≡ dσ. Also, let z′ = z/|z| for z ∈ Rq\{0}.

Let ℧ be a measurable function defined on Rm ×Rn, integrable over Sm−1 × Sn−1 and satisfy the
following:

℧(rx, sy) = ℧(x, y), ∀r, s > 0, (1)

∫
Sm−1

℧(x, y)dσ(x) =
∫
Sn−1

℧(x, y)dσ(y) = 0. (2)

For an appropriate mapping Φ : R+ × R+ → R, we consider the parametric Marcinkiewicz
integral operator M℧,Φ along the surface of revolution ΛΦ(u, v) = (u, v, Φ(|u|, |v|)) defined, initially
for g ∈ C∞

0 (Rm ×Rn ×R), by

M℧,Φ(g)(u, v, w) =

(∫∫
R+×R+

|Fr,s(g)(u, v, w)|2 drds
rs

)1/2
, (3)

where

Fr,s(g)(u, v, w) =
1
rs

∫
|y|≤s

∫
|x|≤r

f (u − x, v − y, w − Φ(|x|, |y|)) ℧(x, y)

|x|m−1|y|n−1 dxdy.

We point out her that the Marcinkiewicz integral M℧,Φ is a natural generalization of the Marcinkiewicz
inegral Mϕ

℧ along surface of revolution ΛΦ(u) = (u, Φ(|u|)) in the one parameter setting which is
given by

M
ϕ
℧(g)(u, um+1) =

∫
R+

∣∣∣∣∣1
r

∫
|x|≤r

g(u − x, um+1 − ϕ(|x|)) ℧(x)

|x|m−1 dx

∣∣∣∣∣
2

dr
r

1/2

. (4)

The investigation of the Lp boundedeness of Mϕ
℧ under certain assumptions on ℧ and ϕ has

received a large amount of attention by many mathematicians. For a sample of some known results
relevant to our study, we refer the readers to see [1–7].
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Let Gα

(
Sm−1) (for α > 0) be the class of all functions ℧ ∈ L1(Sm−1) that satisfy the condition

sup
ξ∈Sm−1

∫
Sm−1

|℧(x)| logα(|ξ · x|−1)dσ(x) < ∞. (5)

It is worth mentioning that the class Gα

(
Sm−1) was defined by Walsh in [8] and developed by

Grafakos and Stefanov in [9].
An interesting result related to our work in the one parameter setting was obtained in [10] as

described in the following theorem:
Theorem A. Let ℧ ∈ Gα

(
Sm−1) for some α > 1/2. Then M

ϕ
℧ is bounded on Lp(Rm × R) for all

p ∈ ( 1+2α
2α , 1 + 2α) if one of the following conditions is satisfied:

(a) ϕ ∈ C1(R+), ϕ′ is increasing and convex function with either m = 2 or m ≥ 3 and ϕ′(0) = 0.
(b) ϕ is a polynomial with either m = 2 or m ≥ 3 and ϕ′(0) = 0.

Our focus will be on the operator M℧,Φ. If Φ ≡ 0, we denote M℧,Φ by M℧ which is the classical
Marcinkiewicz integral on product domains. The study of the boundedness of M℧ started by Ding
in [11] and then continued by many authors. For a sample of past studies and for more information
about the applications and development of the operator M℧, we refer the readers to consult [14–21]
and the references therein.

For α > 0, let Gα

(
Sm−1 × Sn−1) be the set of all functions ℧ ∈ L1(Sm−1 × Sn−1) which satisfy

Grafakos and Stefanov condition:

sup
(ξ,ζ)∈Sm−1×Sn−1

∫∫
Sm−1×Sn−1

|℧(x, y)| logα(|ξ · x|−1) logα(|ζ · y|−1)dσ(x)dσ(y) < ∞. (6)

By following the same arguments as those in [9], we get

⋃
κ>1

Lκ
(
Sm−1 × Sn−1

)
⊈ Gα

(
Sm−1 × Sn−1

)
f or any α > 0, (7)

⋂
α>0

Gα

(
Sm−1 × Sn−1

)
⊈ L(log L)(Sm−1 × Sn−1) ⊈

⋃
α>0

Gα

(
Sm−1 × Sn−1

)
. (8)

Very recently, in [23] the authors studied the related singular integral operators along surfaces of
revolution T℧,Φ which are given by

T℧,Φ(g)(u, v, w) =
∫∫

Rm×Rn
f (u − x, v − y, w − Φ(|x|, |y|)) ℧(x, y)

|x|m|y|n
dxdy, (9)

where Φ : R+ ×R+ → R is an appropriate mapping. When ℧ ∈ Gα

(
Sm−1 × Sn−1) for some α > 1/2,

the authors of [23] showed that T℧,Φ is bounded on Lp(Rm ×Rn ×R) for all p ∈ ( 1+2α
2α , 1 + 2α) under

various assumptions on Φ.

In light of the assumptions imposed on Φ in [23] and of the results in [10] concerning the
boundedness of Marcinkiewicz operator Mϕ

℧ in the one parameter setting whenever ℧ ∈ Gα

(
Sm−1) as

well as of the results in [21] concerning the boundedness of Marcinkiewicz operator M℧,Φ whenever

℧ ∈ L(log L)(Sm−1 × Sn−1) ∪ B(0,0)
κ (Sm−1 × Sn−1), a question arises naturally is the following:

Question: Under the same conditions on Φ in [23], does the operator M℧,Φ satisfy the Lp boundedness
provided that ℧ ∈ Gα

(
Sm−1 × Sn−1) for some α > 1/2?

Our main purpose in this paper is on giving a positive answer to this question. Indeed, we obtain
the following:
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Theorem 1. Assume that ℧ belongs to the space Gα

(
Sm−1 × Sn−1) for some α > 1/2 and satisfies the

conditions (1)-(2). Assume that Φ ∈ C1(R+ ×R+). If one of the following conditions holds, then M℧,Φ is
bounded on Lp(Rm ×Rn ×R) for all p ∈ ( 1+2α

2α , 1 + 2α).
(i) m = 2 = n, DtΦ(t, ℓ) and DℓΦ(t, ℓ) are convex increasing functions,
(ii) m = 2, n ≥ 3, DtΦ(t, ℓ) and DℓΦ(t, ℓ) are convex increasing functions with Dℓ(t, 0) = 0,
(iii) n = 2, m ≥ 3, DtΦ(t, ℓ) and DℓΦ(t, ℓ) are convex increasing functions with DtΦ(0, ℓ) = 0,
(iv) m ≥ 3, n ≥ 3, Φt(t, ℓ) and DℓΦ(t, ℓ) are convex increasing functions with DtΦ(0, ℓ) = 0 = DℓΦ(t, 0).

Theorem 2. Assume that ℧ ∈ Gα

(
Sm−1 × Sn−1) for some α > 1/2 and satisfies the conditions (1)-(2).

Assume that Φ(t, ℓ) =
d1
∑

i=0

d2
∑

j=0
aj,itαiℓβ j is a generalized polynomial on R2, where the exponents in each set

{αi : 0 ≤ i ≤ d1} and {β j : 0 ≤ j ≤ d2} are distinct positive numbers. Then M℧,Φ is bounded on
Lp(Rm ×Rn ×R) for all p ∈ ( 1+2α

2α , 1 + 2α) whenever one of the following conditions holds:
(i) αi ̸= 1 and β j ̸= 1 for all 0 ≤ i ≤ d1 and 0 ≤ j ≤ d2,
(ii) There is αi0 = 1 for some 0 ≤ i0 ≤ d1 and β j ̸= 1 for all 0 ≤ j ≤ d2; and if m ≥ 3, we need DtΦ(0, ℓ) = 0,
(iii) There is β j0 = 1 for some 0 ≤ j0 ≤ d2 and αi ̸= 1 for all 0 ≤ i ≤ d1; and if n ≥ 3, we need DℓΦ(t, 0) = 0,
(iv) There exists αi0 = 1 for some 0 ≤ i0 ≤ d1 and there exists β j0 = 1 for some 0 ≤ j0 ≤ d2. Moreover,
whenever m ≥ 3 we need DtΦ(0, ℓ) = 0 and whenever n ≥ 3 we need DℓΦ(t, 0) = 0.

Theorem 3. Assume that ℧ is given as in Theorem 1. Assume that Φ(t, ℓ) = ϕ(t)P(ℓ), where ϕ(t) is in

C1(R+), ϕ′ is increasing and convex function; and P is a generalized polynomials given by P(ℓ) =
d2
∑

j=0
ajℓ

β j .

Then M℧,Φ is bounded on Lp(Rm ×Rn ×R) for all p ∈ ( 1+2α
2α , 1 + 2α) if one of the following conditions is

satisfied:
(i) β j ̸= 1 for all 0 ≤ j ≤ d2, and if m ≥ 3 we need ϕ′(0) = 0,
(ii) There is β j0 = 1 for some 0 ≤ j0 ≤ d2, and if m, n ≥ 3 we need ϕ′(0) = 0 = P(0).

Theorem 4. Assume Φ(t, ℓ) = ϕ1(t) + ϕ2(ℓ), where ϕj(·) (j = 1, 2) is either a generalized polynomial or is
in C1(R+), ϕ′

j is increasing and convex function. If ℧ ∈ Gα

(
Sm−1 × Sn−1) for some α > 1/2 and one of the

following conditions is held, then M℧,Φ is bounded on Lp(Rm ×Rn ×R) for all p ∈ ( 1+2α
2α , 1 + 2α).

Case 1: ϕj(·) (j = 1, 2) is in C1(R+), ϕ′
j is increasing and convex function.

(i) m = 2, n = 2,
(ii) m = 2, n ≥ 3 and ϕ′

1(0),
(iii) n = 2, m ≥ 3 and ϕ′

2(0),
(iv) m ≥ 3, n ≥ 3 and ϕ′

1(0) = 0 = ϕ′
2(0).

Case 2: ϕ1(·) is in C1(R+), ϕ2(·) is increasing and convex function; ϕ2(·) is a generalized polynomial on R

given by ϕ2(ℓ) =
d2
∑

j=0
ajℓ

β j , where the exponents in the set {β j : 0 ≤ j ≤ d2} are distinct positive numbers.

(i) β j ̸= 1 for all 0 ≤ j ≤ d2, and if n ≥ 3 we need ϕ′
1(0) = 0,

(ii) There is β j0 = 1 for some 0 ≤ j0 ≤ d2, and if m, n ≥ 3 we need ϕ′
1(0) = 0 = ϕ′

2(0).

Theorem 5. Assume that Φ(t, ℓ) = ϕ(tℓ) for all t, ℓ > 0, where ϕ ∈ C1(R+). If ℧ ∈ Gα

(
Sm−1 × Sn−1) for

some α > 1/2 and one of the following conditions is satisfied, then M℧,Φ is bounded on Lp(Rm ×Rn ×R) for
all for all p ∈ ( 1+2α

2α , 1 + 2α).
(i) m = 2 = n and ϕ′(·) is an increasing and convex function,
(ii) If m or n ≥ 3 and ϕ′(·) is an increasing and convex function with ϕ′(0) = 0.

We point out that the surfaces of revolution ΛΦ(u, v) = (u, v, Φ(|u|, |v|)) considered in Theorems
1–5 cover several important natural classical surfaces. For example, our theorems allow surfaces of the
type ΛΦ, where Φ(t, ℓ) = t2ℓ2(e−1/t + e−1/ℓ), t, ℓ > 0); Φ(t, ℓ) = tαℓβ with α, β > 0; Φ(t, ℓ) = P(t, ℓ)
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is a polynomial; Φ(t, ℓ) = ϕ1(t)ϕ2(ℓ), where for i ∈ {1, 2}, each ϕi ∈ C2(R+) is a convex increasing
function with ϕi(0) = 0.

Henceforward, the constant C denotes a positive real constant which is not necessary the same at
each occurrence but it is independent of the essential variables.

2. Some Lemmas

For a suitable mapping Φ(r, s) on R+ ×R+, we define the family of measures {λ
k,j
℧,Φ,r,s := λ

k,j
r,s :

k, j ∈ Z, r, s ∈ R+} and its related maximal operator λ∗ on Rm ×Rn ×R by∫∫∫
Rm×Rn×R

gdλ
k,j
r,s =

1
2k+j rs

∫
2js≤|u|≤2j+1s

∫
2kr≤|v|≤2k+1r

g(v, u, Φ(|v|, |u|))K℧,h(v, u)dvdu

and

λ∗(g)(x, y, w) = sup
k,j∈Z

sup
r,s∈R+

||λk,j
r,s| ∗ g(x, y, w)|,

where |λk,j
r,s| is defined in the same way as λ

k,j
r,s but with replacing ℧ by |℧| .

The following lemma can be proved directly by the results in [24,25], see also [23].

Lemma 1. Let P : R+ → Rq be a function given by P(t) = (c1tγ1 , · · · , cntγq), where c′js are real numbers
and γ′

js are distinct positive exponents (not necessarily integer). Define the maximal function related to P by

MPg(z) = sup
h>0

1
h

∫ h

0
|g(z − P(t))|dt.

Then, for all 1 < p ≤ ∞, there exists a constant Cp > 0 (independent of g and c′js) such that

∥MP(g)∥Lp(Rq) ≤ Cp|g∥Lp(Rq).

We shall need the following estimate from [26].

Lemma 2. Let φ : R+ → R be a C1 function such that φ′ is convex and increasing with φ′(0) = 0. Then,
there exists a positive constant C such that∣∣∣∣∫ b

1
e−i(2ktr+ηφ(2kt))dt

∣∣∣∣ ≤ C
∣∣∣2kr

∣∣∣−1/2

holds for all b ≥ 1, r, η ∈ R and k ∈ Z.

Lemma 3. [27] Let Γ(x) = ∑
|α|≤d

bαxα, where bα ∈ R. Then

∣∣∣∣∫
[0,1]q

e−iΓ(x)dx
∣∣∣∣ ≤ Cd,q

 ∑
0<|α|≤d

|bα|

−1/d

.

Now we need to prove the following lemma which will play a key role on proving our main
results.
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Lemma 4. Let ℧ ∈ Gα

(
Sm−1 × Sn−1) for α > 1/2 and satisfy the conditions (1)-(2). Suppose that Φ is

given as in any of Theorems 1-5. Then there is a real number C > 0 such that the inequalities∥∥∥λ
k,j
r,s

∥∥∥ ≤ C, (10)∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤ C min
{∣∣∣2kξ

∣∣∣, (log |2kξ|
)−α

}
, (11)∣∣∣λ̂k,j

r,s(ξ, ζ, η)
∣∣∣ ≤ C min

{∣∣∣2jζ
∣∣∣,(log |2jζ|

)−α
}

(12)

hold for all k, j ∈ Z and r, s > 0, where
∥∥∥λ

k,j
r,s

∥∥∥ stands for the total variation of λ
k,j
r,s.

Proof. By the definition of λ
k,j
r,s, it is easy to prove the inequality (10). Next, by Hölder’s inequality, we

have ∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤ C
∫ 2

1

∫ 2

1

∣∣∣∣ ∫∫
Sm−1×Sn−1

e−i{2krtx·ξ+2jsℓy·ζ+Φ(2krt,2jsℓ)η }

× ℧(x, y)dσ(x)dσ(y)|dtdℓ
tℓ

≤ C
∫∫

Sm−1×Sn−1
|℧(x, y)|

∫ 2

1
Ik(ξ, η, x, t)

dℓ
ℓ

dσ(x)dσ(y), (13)

where

Ik(ξ, η, x, t) =
∫ 2

1
e−i{2krtx·ξ+Φ(2krt,2jsℓ)η } dt

t
.

Hence, we have

Ik(ξ, η, x, t) =
∣∣∣∣∫ 2

1
e−i{2krtx·ξ+η2krtDtΦ(0,2jsℓ)+[Φ(2krt,2jsℓ)−2krtDtΦ(0,2jsℓ)]η } dt

t

∣∣∣∣.
Now we need to consider several cases.

Case 1. If Φ is given as in Theorem 1, then by Lemma 2, we deduce that

Ik(ξ, η, x, t) ≤
∣∣∣2kr|ξ|

∣∣x · ξ ′+
∣∣η|ξ|−1DtΦ(0, 2jsℓ)

∣∣∣−1/2
. (14)

Let δ = min
{

2, η|ξ|−1DtΦ(0, 2jsℓ)
}

sgn(ηDtΦ(0, 2jsℓ)). Combine the inequality (14) with the

trivial estimate |Ik(ξ, η, x, t)| ≤ 1 and use the fact that (t/ logα t) is increasing over the interval (2α, ∞),
we get that

|Ik(ξ, η, x, t)| ≤ C
logα(2|ξ ′ · x + δ|−1)

logα
∣∣2krξ

∣∣ i f |2krξ| > 2α. (15)

Thus, if n ≥ 3, then by the additional assumption DtΦ(0, 2jsℓ) = 0, we get δ = 0. Hence,

|Ik(ξ, η, x, t)| ≤ C
logα(2|ξ ′ · x|−1)

logα
∣∣2krξ

∣∣ i f |2krξ| > 2α. (16)
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Therefore, by (13) we acquire that∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤ C
(

log
∣∣∣2krξ

∣∣∣)−α
∫∫

Sm−1×Sn−1
|℧(x, y)| logα(2

∣∣ξ ′ · x
∣∣−1

)dσ(x)dσ(y)

≤ C
(

log
∣∣∣2krξ

∣∣∣)−α
i f |2krξ| > 2α. (17)

Now, if n = 2, then follow the argument similar to that in [28]; we may assume that δ > 0. Set
δ′ = min{1, δ} and θ = arcsin(δ′), and let e+ denote the vector obtained by rotating ξ ′ by angles θ

and e− denote the vector obtained by rotating ξ ′ by angles −θ. Then we conclude that a constant
C0 ∈ (0, 1) exists such that

ξ ′ · x + δ′ ≥ C0 min{|x · e−|2, |x · e+|2}

for x ∈ S1. So, the estimate in (16) holds and therefore (17) holds for the case n = 2.
We notice her that the conclusions of this lemma when n = 2, m = 2 are proved without the

additional assumptions DtΦ(0, ℓ) = 0 and DℓΦ(t, o) = 0.
In the same manner, we can prove that∣∣∣λ̂k,j

r,s(ξ, ζ, η)
∣∣∣ ≤ C

(
log

∣∣∣2jsζ
∣∣∣)−α

i f |2jsζ| > 2α. (18)

Now by using the cancellation conditions on ℧, we get∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤ C
∫∫

Sm−1×Sn−1
|℧(x, y)|

∫ 2

1
|Jk(ξ, η, x, t)|dℓ

ℓ
dσ(x)dσ(y)

≤ C
∣∣∣2krξ

∣∣∣, (19)

where

Jk(ξ, η, x, t) =
∫ 2

1
e−i{2krtx·ξ+Φ(2krt,2jsℓ)η } − eΦ(2krt,2jsℓ)η dt

t
.

Similarly, we obtain that ∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤ C
∣∣∣2krξ

∣∣∣. (20)

Consequently, by (17)–(20), we finish the proof of this lemma for the first case.
We notice here that the proofs of (19)–(20) do not depend on Φ.

Case 2. If Φ is given as in Theorem 2. Notice that

Φ(t, ℓ) =
d2

∑
j=1

d1

∑
i=1

aj,itαiℓβ j .

Hence, Φ(t, ℓ) can be written as

Φ(t, ℓ) = Pℓ(t) =
d1

∑
i=0

bi(ℓ)tαi

and

Φ(t, ℓ) = Qt(ℓ) =
d2

∑
j=0

cj(t)ℓ
β j ,

where

bi(ℓ) =
d2

∑
j=0

aj,iℓ
β j and cj(t) =

d1

∑
i=0

aj,itαi .
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If αi ̸= 1 for all 1 ≤ i ≤ d1, then by Lemma 3, we get that

Ik(ξ, η, x, t) ≤
∣∣∣2k|ξ|(ξ ′ · x)

∣∣∣−1/d1
. (21)

So, by following the same argument as above, we get∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤
(

log
∣∣∣2krξ

∣∣∣)−α
i f |2krξ| > 2α. (22)

If αi0 = 1 for some 1 ≤ i0 ≤ d1. Since

Ik(ξ, η, x, t) =

∣∣∣∣∣∣∣
∫ 2

1
e
−i2krt|ξ|{x·ξ ′+η|ξ|−1bi0 (2

jsℓ)+η
d1
∑

i=0, i ̸=i0
bi(2jsℓ)(2krt))αi } dt

t

∣∣∣∣∣∣∣,
then by invoking Lemma 3 we obtain

|Ik(ξ, η, x, t)| ≤ C
∣∣∣2kr|ξ|

(
x · ξ ′ + η|ξ|−1bi0(2

jsℓ)
)∣∣∣−1/Dt

. (23)

Set Y = min
{

2, η|ξ|−1bi0(2
jsℓ)

}
sgn(bi0(2

jsℓ)η). By combining (23) with the trivial estimate

|Ik(ξ, η, x, t)| ≤ 1 and using the fact that (t/ logα t) is increasing over the interval (2α, ∞), we get

|Ik(ξ, η, x, t)| ≤ C
logα(2|ξ ′ · x + Y|−1)

logα
∣∣2krξ

∣∣ i f |2krξ| > 2α. (24)

When n ≥ 3, by the additional condition DtΦ(0, 2jsℓ) = 0, we deduce that Y = 0; which
yields that

|Ik(ξ, η, x, t)| ≤ C
logα(2|ξ ′ · x|−1)

logα
∣∣2krξ

∣∣ i f |2krξ| > 2α. (25)

By the last estimate and (13) we get∣∣∣λ̂k,j
r,s(ξ, ζ, η)

∣∣∣ ≤ C
(

log
∣∣∣2krξ

∣∣∣)−α
∫∫

Sm−1×Sn−1
|℧(x, y)| logα(2

∣∣ξ ′ · x
∣∣−1

)dσ(x)dσ(y)

≤ C
(

log
∣∣∣2krξ

∣∣∣)−α
i f |2krξ| > 2α. (26)

When n = 2, we follow the same arguments similar to those in Case 1, we obtain (26).
Similarly, we have that∣∣∣λ̂k,j

r,s(ξ, ζ, η)
∣∣∣ ≤ C

(
log

∣∣∣2jsζ
∣∣∣)−α

i f |2jsζ| > 2α. (27)

Case 3. This lemma can be proved for the other cases of Φ by following the same argument as in
the proof adopted for the cases 1 and 2. We omit the details.

Lemma 5. Suppose that ℧ ∈ L1(Sm−1 × Sn−1) and satisfies the conditions (1)-(2). Let Φ be given as in any
one of Theorems 1-5. Then there exists Cp > 0 such that

∥λ∗(g)∥Lp(Rm×Rn×R) ≤ Cp∥g∥Lp(Rm×Rn×R). (28)

We can easily prove this lemma by using iterated integration and using at least one of results in
Corollary 5.3 in [26] or Lemma 1.
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3. Proof of Main Theorems

Assume that ℧ ∈ Gα

(
Sm−1 × Sn−1) for some α > 1/2 and satisfies the conditions (1)-(2), and let

Φ be given as in any of Theorems 1-5. Then by Minkowski’s inequality, we have

M℧,Φ(g)(u, v, w) =

∫∫
R+×R+

∣∣∣∣∣ −1

∑
j=−∞

−1

∑
k=−∞

2j+k
(

λ
k,j
r,s ∗ g

)
(u, v, w)

∣∣∣∣∣
2

drds
rs

1/2

≤
−1

∑
j=−∞

−1

∑
k=−∞

2j+k
(∫∫

R+×R+

∣∣∣(λ0,0
r,s ∗ g

)
(u, v, w)

∣∣∣2 drds
rs

)1/2

=

∫ 2

1

∫ 2

1

∣∣∣∣∣∑j∈Z ∑
k∈Z

(
λ

k,j
r,s ∗ g

)
(u, v, w)

∣∣∣∣∣
2

drds
rs

1/2

≤

∫ 2

1

∫ 2

1

∣∣∣∣∣∑j∈Z ∑
k∈Z

(
λ

k,j
r,s ∗ g

)
(u, v, w)

∣∣∣∣∣
2

drds

1/2

. (29)

Choose two radial Schwartz functions Ψ1 ∈ S(Rm) and Ψ2 ∈ S(Rn) which satisfy the following
properties:

(i) 0 ≤ Ψ1 ≤ 1, 0 ≤ Ψ2 ≤ 1,

(ii) supp(Ψ1) ⊆ {u ∈ Rm : 1/4 ≤ |u| ≤ 4}, supp (Ψ2) ⊆ {v ∈ Rn : 1/4 ≤ |v| ≤ 4}.

(iii) ∑
a1∈Z

(Ψ1(2a1 r))2 = 1, ∑
a2∈Z

(Ψ2(2a2 s))2 = 1.

Define the multiplier operators {Ta1,a2} on Rm ×Rn ×R by

T̂a1,a2(g) (ξ, ζ, η) = Ψ1(2a1 |ξ|)Ψ2(2a2 |ζ|)ĝ(ξ, ζ, η).

Thus for any g ∈ C∞
0 (Rm ×Rn ×R), we have

g(u, v, w) = ∑
a2∈Z

∑
a1∈Z

T2
a1,a2

(g)(u, v, w),

which in turn by (29) leads to

M℧,Φ(g)(u, v, w) ≤ I(g)(u, v, w), (30)

where

I(g)(u, v, w) =

∑
j∈Z

∑
k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣∣ ∑
a1∈Z

∑
a2∈Z

Tj−a1,k−a2

(
λ

k,j
r,s ∗

(
Tj−a1,k−a2(g)

))
(u, v, w)

∣∣∣∣∣
2

drds

1/2

.

Therefore, by Lemmas 4–5 and employing the same argument as in [[22], p. 301], we obtain

∥I(g)∥Lp(Rm×Rn×R) ≤ C∥ f ∥Lp(Rm×Rn×R) (31)

for all p ∈ (1 + 1/(2α), 1 + 2α). Now the proof is complete by the last inequality and using (30).
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