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Algebraic Solution of the Riemann Hypothesis

Michael Anthony

Enertron Inc.; uinvent@aol.com; Tel.: +1-754-368-5048
Abstract

A proof of the Riemann Hypothesis is obtained using the properties of the I'-function, the Bernoulli
function and limitations imposed by the rational relations between the complex roots of the (-
function.
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1. Introduction

Most of the information about the {-function is well known and I will not go into a lengthy
detail about the particulars of theorems and foundational work that concern the Riemann
Hypothesis. The Riemann Zeta function is defined as

1 1 1 S
() =tgstas + "':Z" ,SEC (1)
I will use the convention, s = ¢ + it, were, T € R (reals).
Euler proved that the function {(s),s = o + it, ¢ > 1 can be represented in terms of primes,
p. {(s) is analytic for ¢ > 1 and satisfies in this half-plane the identity:

=3l 10-5)"

Here, p isaprime. Exceptforapoleat s =1, {(s) behaves properly and can be easily extended
using the Gamma Function. The extension of {(s) to the entire complex plane can be obtained by
consideration the entirety and the general definition of the Gamma function:

[oe]

I'(z) = f ettt 1dt 3)
0
Change variables by the substitution t = n?nx, z = %, in (3),
S\ = (2 —n?mx,S-1
F(Z) =(n 7r)2f e My dx 4)
0
Extracting {(s) from (4),
T z((s)l" Z f e M1 dx (5)
n=1og
The convergence of the series,
S(x) = Z e~nmx ©)
n=1

in the interval [0, oo] gives the relation:
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_s A Sy
n~2{(s)I (z) = f S()xz™t dx 7)
0
This can be split into two separate integrals,
1 o
s S s s
n_E((s)F(z) = fS(x)le dx + f S(x)xz™" dx (8)
0 1
Note that the sum (6) is related to the Jacobi Theta function. See Ref. [1]
0(x) = Z g nimx )
25(x) = 2 Z emimx — Z e _ 1 = g(x) — 1 (10)
n=1 n=-oo
The Jacobi theta function obeys the symmetry
x20(x) = 6(x~1) (11)
Thus
x2(2S(x) +1) = 25(x"1) + 1 (12)
Obviously, this leads to the reflection formula as follows.
1 1
Sx™H =- 3 + Ex% + x%S(x) (13)
The integral (8.0) now becomes
s S r s r s
n_ff(s)f‘(z) = f Sx™Hxz27tdx + j S(x)xz™" dx (14)
1 1
_s s r s 1 11 1 r s
n 2{(s)T (—) = f xz7! <—— +-x2 + xZS(x)) dx +f S(x)xz " dx (15)
2 2 2
1 1
S©r(2) L +f5( ) (x4 x732) d 16
3 —) = 2 272
n2{(s > SG=1) x)(x x x (16)
1

The right side of the relation (16.) is invariant to the substitution s - 1 —s. This gives the
reflection formula for {(s):

73¢(s)T (%) — (1 = $)T (%) (17)

The reflection formula indicates that the roots should obey a reflection and a conjugate
symmetry if they lie on the ¥2-line.

2. Method

This paper uses the relationships between the Gamma function and the roots of the Riemann
Zeta function. This simple method leads to a simple restriction based on the rational relations of the
roots. As expected, the Riemann hypothesis should be a fundamental property of the mathematical
functions relating the Riemann Zeta function to the Gamma function when the Riemann Zeta
function vanishes.

As expected, no new theorems are required since in its fundamental form, the result is as
fundamental as the arithmetic that describes numbers. The hypothesis is proved to be a fundamental
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property of Gamma functions, their relation to the vanishing of the Riemann Zeta function, and the
pole z = 1, of the Riemann Zeta function.

3. Results

By expanding the Riemann Zeta function {(z), in terms of Bernoulli relations, a rational form of
the roots is obtained that can only be true if the real part of the root z of the zeta function is %%.

3.1. The Relationship Between {(s), s, Bernoulli Numbers, and Gamma Functions with the Rational
Functions of the Roots

Consider the rational forms of the Riemann Zeta function {(z).
Jensen formula [1]. (p 1036),

4

22-1 z 2 (% + tz) 2 sin(z tan™! 2t)
(@ = (zz - 1) +z= 1] e2nt — 1 a (18
0

Substituting tan 8 = 2t,

(% sec z@) sin(z6) (% (sec 9)2)

o — iy

22—1 7z 2
~ 19
{(Z)—<22_1>(Z_1)+22_1 emtanf _ 1 do (19)
This reduces to
7
_ 2z-1 7 2z sin(z8) ((sec)?7%) 20
{(Z)_<22_1>(z—1)+22_1f< entan9_1 )d@ ( )
0

Using the ChebyshevT function [1] (p 993, 8.94),

2

cos(zcos™1(x)) = %[(x +iy1-— xz)z + (x —iJ1- xz)z] (21)

Putting x = cos 8, and expand for sin(z0),

s 1 z 1 z
B ; 2 [ (cos@)?2 <1 - %((cose +i(1—cos 02)7)> +%<(cos 6 —i(1—cos 92)7)> )
(@)= <—zz — 1) =)+ ZZf —— de
0 e cos@ -1

z (cos§)772 (1 - %((COSG +i(1— cos 92)%)> + %((cos 0 —i(1—cos 92)%)> )

2771 z
Z(Z) = <22 — 1) (Z — 1) +2s nv1—cos 62 d9
0 e cosf -1

Which can be reduced again by the substitution, x = tan¥,

1
o ) () - Gu s da-w) )

- | )

e e e el

And finally, one arrives at the Abel Plena form [1]:

(oo}

2571 i (L+ix)S+(1 +ix)~*
C(s)=<m)[(sf1)+zj(l( lxznx_(l &) )dx] (22)

0

The function (22) can now be reduced to a series form as follows:
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O orTa-s) . O T -s)
A +b)7 = ~ [(—s—n+ n!’ A -7 = —~ [(=s—n+ 1)n! (23)

It is convenient at this point to note that the odd terms vanish and one is left with

- ()11 = 5)
((s)=<m>[(s_1 f(Z‘ZZF( —s = >dxl

2n+2)2n—1Dle™ —1 (24)
(25 S DV A —s) [ [ a2
{e)= (25 - ) [ ) Z T(—s—2n+2)(2n— 1)!f <(e”x —1 )) dx] 23
n=1 0
Using the relation [1] (p 1038)
¢(2n)T(2n) [ | = f L (26)
s s 2 (=)™ 12I(1 — )¢ (2n)T(2n)
¢() = <25 — 1) [(s — 1) + L 7 (=s —n+2)Zn - 1! dx] 27)
251 s > (=)™ 120 (1 — )¢ (2n)
¢s) = <25 - 1) [(s - 1) + — m2"I(—s —n+2) dxl (28)
Using the relation,
3 (_1)n+122n—1n2nB2n
(an) = 29)

One arrives at the desired form:

2771 o 22"B, T(1—
c(z)=<22_1>[(2f1)+ o l

—~ r2-z-2n)(2n)! (30)
When the Zeta function vanishes at a root p,
P _ N 2"Bul(-p) "
p—1 =1r(2—p—2n)(2n)! (31)

3.2. The Role of the Gamma Funtion in the Riemann Hypothesis

The Weierstrass Gamma function has some restrictions for the validity of complex arguments
[1] ,(p 895 2.1):

oo 1-p
e~ r(-p)

e k
ra-p) =~ B S) R(1—p) >0 (32)

where, y, is the Euler constant.

The relation (32) is only valid for R(p) > 0,i.e., R(p) =R(—p—2n+1) >0
Let us expand T'(1 — p) using the functional relation (32)

<) —P [eS)
2n
p e p>| | 1" E Ban (33)
_ _ — I
p 1 1 1\ 4122 k £ I‘(2 p —2n)(2n)!

One finds that from the numerator, a root p, can be expressed as
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_P
3

p= —eY1-p) 1—[

[Z = ] (34)
11 1+ k @2 —p-2n)(2n)!

This relation must be satisfied by the equation 41 when we substitute, p - 1 — p in (34), hence,

— p = —e 1_[ p — "
11 1+F :11“( p—2n+2)(2n)!
and so an equivalent representation of the rational form ﬁ is obtained shown in bold text:
1—p\ 1 1= p 2n
—v(1-p) 1T 14+ p 27"Bon
p ¢ = <( ) - ) Zn=1T(2 = p = 20)2n)! 36)
p—-1 —yp P\t 3) 22"Byy,
err Hk=1((1+k) ek n=1T(—p = Zn + 220!
One can simplify (36) as follows:
o0 Zoo 22nB21’l
P (razora-zprp(t 1_[ (k +p) "2 - p — 22! (37)
p—1 W+1=p) 2778,
k=1 n=1T(=p — 2n + 2)(2n)!
p RN 22"B,,
(p—DI(1—p)  LT@2—p-2n)(2n)!
1-p) 5 27"B,,,
pr(p) ~ LiT(=p —2n+2)(2n)!
. p
_P_ ra-epra-2ps( l‘[( (k +p) ) (-Dra-p 8)
p—1 L I\e+1-0))| a-p
pl'(p)
P _ ( (1-2p)+(1-2p) 52 (% [ ') ] 1_[< (k+p) ) [( p )2] (39)
p—1 r(1-p) (k+1-p))|\p—1
and finally, one gets the rational form of the roots,
P=-_ 1 (v(l -2p)+(1- 2p)21 F(p) ] 1_[ (k + p) ) (40)
p F(l—p) (k+1-p)

Putting p = x — iy, {x,y} > 0 € R in (40),

x—iy=1 L a-exez)ze@®) | [ +iy) = (k +p)
x + iy =e” ’ (k)[l“(l—x—iy)g (k+1-p) (41)

The complex representation of the I'-function provides a way to express the rational functions
of the roots (41) in terms of the Gamma functions [1] (p 895 21).

F'(x +iy) =T(x) [x ;j;] 1_[ , x>0, (42)
=t + k)
L T(x)xe™r = w; x+k
SO (CER 8 ( ‘ (m)) *)
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o _l“(x+1)e“'3”’Oo %< x+k ) "
G =Ty LI e (a4
L T@-x)e 7 iy (1—x+k)
ey —gy) =2 T
(1 =x=1) F(1—x—iy)k_1<e T-x—iy+k (45)
One can now express the rational form of the variables as follows:
F(Z—x)elyyl_[ < Ly A-x+k) )
(1-x—iy) TA-x—iy) '+ 1—-x—-iy+k »
x+1iy I'(x + 1)e- ‘an %( x+k ) (46)
F'(x +iy) =1\ ¢ X ¥k +iy
(1—x—iy)_F(2—x) I'(x + iy) 2iyyﬁ 1-x+k) ( x+k+iy ) n
x+iy _F(x+1)F(1—x—iy)e 11 x+k 1-x+k—iy (47)
From (41),
xtiy—-1_ e—v(l—(2x+2iy))23°(%) I'(x +iy) H( x+k+iy ) (48)
x+iy r(l1—x—iy) 11 1—-x+k—iy
(49)
Dividing (48) by (47), one gets: using the absolute value of ;S:S :
FC-—x)| Tx+iy)  20732®3) feo ((1—x+k))( x+k+iy )
T+ DI TA—x-i»° k=1 x+k 1-x+k—iy (50)
B e—y(l—(2x+2iy)) [ I'(x + iY) ]l—[oo ( x+k+iy )
1—x—iy)]""*=1\1—-x+k—
r2-—x) y(1_2x)21 1_[ (1 —x+k) 1 1)
F(x+1) 1 Cx+k

3.3. The Riemann Hypothesis

From (50), it is clear that the relations of the Gamma function as reflections of unity can be
expressed as

~va-20 22 o [rzr | (55 (52)

Now the left-hand side of (52) is unity. However, on the right-hand side of (52) can blow up due

to the fact that the sum
> (3)=ca
—_ = = o0
=)=

k=1

1 =e

except when x = i, and one finds that all the terms in (51) reduce to unity making the relation (51)

only valid for the %5 -line and the roots of the Zeta function.
This proves the Riemann hypothesis.
4. Discussion

It is clear that the restrictions for the validity of the complex and real Gamma functions and the
reflection formula for complex variables restrict the roots to the half-line.
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Conclusions

As expected, no new theorems are required since the result is as fundamental as the arithmetic
that describes it. The hypothesis is proved to be a fundamental property of Gamma functions, their
relation to the vanishing of the Zeta function, at p = % + iy. from (41),

Mze—m—@mwn[ M+ 1) ]H( ) (53)

x+iy r(1—x-—iy) 11 1-x+k-—
5— 1y F(E) F(1+iy) = 2iy (1+k) 1+k+iy
st wenr e Cdd I | Coa b vt | 6 9
7+iy F(§+1)F(§—ly) k=1 7+k j-l-k—l'y
Put x = 1 and y = %tan@,
1 _ilane , ( +11tan9 ® ltane k+1+11tan6)
2 2 — ey(l tan 8) 2 1_[ e 2 2 (55)
11 iliane r(l ztang) +3—iliang
> 12 an > 12 an -1 +5—istan
Using the exponential form:
1 ilane , _ I‘(1+11tan6 2 ltan@ k+1+11tan0)
2 2 _ ,2i6 _ ,y(itan@) 2 2 2 2
1.1 e e 1 1. N ¢ 1.1 (56)
i—LitanH F(z thane k=1 2—L§tan6
, _ F(% %tan@) ® ltang k+%+1%tan9)
6219 — ey(ztan@) 1 T 1_[ e T T (57)
F(Z thane) k=1 Z—iitane
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