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Abstract

Natural waves are widely used in seismology and seismic exploration as tools for nondestructive
testing of the surface layer. The study examines longitudinal and transverse vibrations of a polymer
pipeline transporting petroleum products, which is modelled as a viscoelastic cylindrical shell filled
with a viscous fluid. This work examines the longitudinal-transverse vibrations of a viscoelastic
cylindrical shell filled with a viscous fluid, considering the viscous properties of both the fluid and
the cylindrical shell during longitudinal-transverse oscillations. The differential equations
governing the longitudinal-transverse vibrations of a cylindrical shell in contact with a viscous fluid
are derived based on thin-shell equations satisfying the Kirchhoff-Love hypotheses, while the motion
of the viscous fluid obeys the Navier-Stokes equations. The viscoelastic properties of the shell are
described using the Boltzmann—Volterra hereditary integral. After applying the “freezing method”
to the system of integro-differential equations, we obtain ordinary differential equations with
complex coefficients, which are subsequently solved by the method of separation of variables and
Godunov’s orthogonal sweep combined with Miiller’s and Gauss’s methods in complex arithmetic.
It is established that for small viscosity, the frequencies of both modes are close to each other in the
low-frequency region, while at high frequencies, the phase velocity of the first mode tends toward
the velocity of the dry shell.

Keywords: cylindrical shell; viscous fluid; longitudinal-transverse vibrations; complex frequencies;
vibration modes

1. Introduction

The most cost-effective and environmentally safe method of transporting oil is through
pipelines. Oil moves in them at speeds of up to 3 m/s under the influence of pressure differences
created by pumping stations. In theoretical studies, oil is modeled as a viscous fluid [1,2]. The key
role of fluid viscosity is reflected across many industries, with a notable emphasis on the oil and gas
sector, where hydrocarbon fluids hold paramount economic and energy significance. Moreover, fluid
viscosity plays a central role in the careful design of surface equipment, the complex modeling of
reservoir behavior (subsurface porous media), and the precise forecasting of oil recovery potential.
Thus, a comprehensive understanding of fluid properties in oil reservoirs becomes an urgent
necessity for optimizing extraction and ensuring efficient transportation [3]. Therefore, the study of
the dynamic behavior of viscous fluid in pipelines is a relevant and timely task.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Until now, little attention has been paid to the resonance properties of pipelines with fluid when
waves propagate within them, taking into account the viscous properties of the fluid, due to the
difficulty and complexity of the problem. In particular, the dynamic response of cylindrical shells
moving along the shell axis has attracted the attention of numerous researchers [4,5]. Natural waves
are widely used in oil transportation (as a means of non-destructive testing of surfaces and the surface
layer of samples). In [6], torsional waves in an infinitely long viscoelastic cylindrical shell filled with
a viscous fluid are considered. The viscous properties of the cylindrical shell material are described
by hereditary Boltzmann—Volterra integral relations with different relaxation kernels.

Several approaches have been developed for classifying petroleum products. According to the
U.S. definition, heavy oil is characterized by a viscosity ranging from 102 to 104 centipoise at a given
reservoir temperature [7]. These classifications are used for the transportation of crude oil.

The study of viscous fluid flow in pipes under various flow regimes is of great importance in
science and engineering. All fluids in nature exhibit viscosity and offer resistance to flow. Moreover,
internal friction arises as the fluid moves [8,9]. This slows down the movement of fluid layers relative
to each other compared to low-viscosity fluids, which flow much more easily due to correspondingly
lower frictional forces. Despite this distinction between low- and high-viscosity fluids, a review of
high-viscosity fluid flows in pipes should generally cover the topic of viscous fluid flow in pipes and
channels [10,11].

Single-phase viscous flow in pipes can be laminar (i.e., smooth and stable) at low Reynolds
numbers, transitional from laminar to turbulent at intermediate Reynolds numbers, and turbulent
(i.e., pulsating) at high Reynolds numbers. The type of flow regime that develops depends on the
geometry of the pipe (i.e., bends, which can be sharp or moderate, and the cross-sectional shape—
circular, square, elliptical, rectangular, etc.), the properties of the fluid, flow parameters in the system,
as well as the roughness and stiffness of the pipe wall.

In addjition to the need to redirect flow through curved sections, many pipeline systems may
have branches and junctions that serve to distribute the flow. This applies to the transportation of oil
and gas through pipelines from the production well to the refinery, cold water in the cooling system
of nuclear reactors, air in the respiratory system, blood in the cardiovascular system of mammals,
non-Newtonian fluids in food processing, and many other processes.

While liquids are generally considered incompressible, the transportation of gas (and air)
requires taking compressibility effects into account. The discussion above demonstrates how the flow
regime depends on a variety of conditions, which overall complicates the accurate description of flow
in pipes, pipeline systems, and their components.

At the interface between deformable pipelines and viscous fluid, under certain ratios of
physicomechanical parameters, Stoneley waves can appear [12,13]. In a waveguide cylindrical shell,
which represents a hollow cylinder filled with fluid, two surface waves must exist: one near the outer
free surface of the cylinder and the other on the “fluid—elastic body” contact surface. However, data
on the dispersion properties of composite waveguides [14, 15] indicate that these localized wave
motions can be quite complex. In the case of wave propagation in viscoelastic cylindrical waveguides,
all the obtained eigenvalues and eigenmodes are complex. The real and imaginary parts of the
eigenfrequencies are examined. The imaginary parts of the eigenfrequencies begin to branch at
certain values of the wavenumbers. It has been found that motion in the cylindrical shell becomes
localized on the shell surface. The intensity of localization depends on the viscous properties of the
fluid. If the localization intensity decreases, then starting from a certain wavenumber, aperiodic
motions occur in the shell filled with a viscous fluid.

2. Materials and Methods

2.1. Problem Statement and Solution Approach

Consider an infinitely long polymer pipeline, modeled as a viscoelastic cylindrical shell with a
radius R, constant wall thickness h,, density p,, and Poisson’s ratio vy, filled with a viscous fluid of
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density pg in the equilibrium state. The vibrations of such a shell under loads, whose densities are
denoted as p1, p2, p» can be described, following [16, 17], by the equations:

- t —ro 1-v?) 1-vy?) 9%U
L — [ LRp(t — D)u(#, 1) dr = (Eo;o)p + po( 131;0 )ﬁ. 1)

Here, U = t(u,,ug, u,) is the displacement vector of points on the middle surface of the shell.

For Kirchhoff-Love shells, it has three components. In addition to axial, circumferential, and normal
displacements, it also includes the rotation angles of the normal to the middle surface in the axial and
circumferential directions; {uvw}"is the displacement vector of the fluid with axial, circumferential,

“u oy

and radial components, respectively (the “+” sign before pnp_npn and the sign before the last
component of the inertial term indicate that a positive displacement is considered in the direction
toward the center of curvature); Rg(t — 7)is the relaxation kernel, and E| is the instantaneous elastic
modulus.

The vibration amplitudes are assumed to be small, which allows the main relations to be written
within the framework of linear theory. The system of linearized equations of motion for a viscous

barotropic fluid can be expressed as [18]:

a9 2 1 Vv* -1
P A9 + p—sgradP - ?graddwﬁ =0

290 L divd =0: 22 = g2 q, =
P + div9 = 0; o ag,ag = const.
U, =9, U, =U,,Ug =y,
9z = —Przq9r = —Pr,99 = —DPro- (2)

L (09, 00,
Prz = H (ar * az);
L (109, 099 Y,
Pro=H oo -7)
Here, in equations (2), 9=9(9,,9,9,) is the velocity vector of the fluid particles; p* and P are

the perturbations of density and pressure in the fluid; p; and ao are the density and the speed of
sound in the fluid at rest; v*, y*are the kinematic and dynamic viscosity coefficients; for the second
viscosity coefficient 1*the relation 1"=— % w'is adopted; p, Prr Pre are the components of the stress

tensor in the fluid.

Equations (2), together with the corresponding kinematic and dynamic boundary conditions,
will be satisfied on the middle surface (r=R), as appropriate for a thin-walled shell. Relations (1) and
(2) form a closed system of hydro-viscoelasticity equations for a cylindrical shell containing a viscous
compressible fluid. Thus, for shells obeying the Kirchhoff-Love hypothesis, the coupled vibrations
of the shell and the fluid must be analyzed—either harmonic in the axial coordinate z and
exponentially decaying in time, or harmonic in time and decaying along z.

2.2. Solution Methodology

We assume that the integral terms in (1) are small; therefore, the function u(#t) can be
represented in the form
U(#t) = (7 t)e \@rt
where (7, t)is a slowly varying function of time, and wgis a real constant. Then, applying the

“freezing” procedure [19], the integro-differential equation (1) can be rewritten in the following form:

P — 1-v2) 1—v2) 8%
1= (o) — i @i = S 0 505 @)

where, for Kirchhoff-Love shells,

92 1-v 32 1+v 92 v a
ax2 ' 2R? a¢? 2R 0xd¢ R 0x
1+v 8?2 1+v 9?2 92 10 a3 a 93
= — — {1+ 4a)— 1+a)— =S=—7-a2—-v)—/———=—
L 2R 0xd¢p 2 1+ )axZ +(0+ )a¢2 R20¢ ( )6x26¢v R2a¢p3 |’
2
v o 10 a3 a 9 1 3?2 1 92
- ——a-vV)—/———=— = a(— ——)
R 0x R2 3¢ ( ) 0x20¢ R2a¢3 R? + ox2 + R2 02

I;(wg) = meR(T) coswptdr, I (wg) = fomR(‘[) sin wg Tdt
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— respectively, the cosine and sine Fourier transforms of the material’s relaxation kernel. As an
example of a viscoelastic material, we take a three-parameter relaxation kernel

R(t) = Ae™Pt/t'~*where g is the density of the shell material, E is the Young’s modulus, and v
is the Poisson’s ratio.

We now introduce the dimensionless axial coordinate ¢ = x/Rand multiply system (3) by R2.
Expanding equations (2) and (3) in coordinate form, it is easy to see that relations (2) and (3) split into
independent boundary-value problems:

— torsional vibrations:

dpre 4 2pre 4 0pgz

or T 0z = PoYe,
_ (6193 19,9) _ 6199
pTg_T, a,r r 'pBZ_T, a,r’
= RGh M (pohity + agy) = 0.G =
T = R: azz Po u€_0'¢r = U. _2(1+‘U0)
r=0,pp = 0. @)

— longitudinal and transverse vibrations:
aprr + Prr — Poo aprz s

aar - t %z =P
Prz | Prz Pzz %3
ar " r "oz = Pov; )
3 30,
Prr = —p + kydivd + Zn?,

.2 Uy
Pog = —p + kydivd + 27)7
L% 89,
Pzz = =P + kydivd + 2n—(5)

au, au,
ax5=n(az + ar)

. . 89, ©, 89,
p + podivd = 0,divd = = 4 Ty T2 P _ 2

ar Tt az'ap °

0*u, Cry ou .
r=R: aZ4r +E(§T+U06—Zz) + pyr + pohil, =0,
0*u, | v, 0u .
¢ (VZT-I_WO@_RT) — (prz £ pohii,) = 0,

r=0:p,=0,u, =0.

Let the wave process be periodic in z and decaying in time. Then a real wavenumber k_ is
prescribed, while the complex frequency is the desired eigenvalue. The solutions of the boundary-
value problems (2)-(5) for the main unknowns, which satisfy the above constraints on their
dependence on time and the axial coordinate z, should be sought in the form [19,20]:

(Prrs Pras Pro 0)" = TG0 (€ 8,0, Tom (6, 6, 6), Tpm (£, 6,0, U (8, 6,0, 9 (6, 6,60)", (6)
where U (§, ¢, ) = U {Upn, Vi, Wm}T: 5(6! ét) = 5m{19rm' Yom, ﬁzm}TV
Expression (6) can be written in the form
@m0, Tam (6,8, 0), Tom (6,6, 0)T = (0, cos(m@), 7, cos(m@), g sin(mgp))’ e,

@)
(W (§, 1), 0, ¢, 0)" =
= (U,, cos(mo),V,, sin(me), W,,, cos(me) , 9, cos(me) , 99 cos(me) ,9, cos(mep))T eixé-iwt,

where 0,,7,,7T4, UpnVin, Wy, 9, 99,9, are amplitude complex vector functions; k is the
wavenumber; C is the phase velocity; w is the complex frequency;

m is the circumferential wavenumber (the number of circumferential waves), taking values
m=1,2,3,..m=1,23, ...

The case m=0 corresponds to axisymmetric vibrations. This approach makes it possible to seek
the solution of the problem independently for each fixed value of the circumferential wavenumber
mmm. Thus, C, k, and w are unknown real and complex spectral parameters, depending on the type
of problem. To clarify their physical meaning, we consider two cases:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1. &=k ; C=Cr+Ci In this case, solution (6) has the form of a sinusoid in x, whose amplitude
decays in time.

2. k= Kg t+ ix;; C=Cr. Then, at each point x, the oscillations are steady, but they decay along the
x-direction.

In the axisymmetric case, the conditions p,g = p,, = 0, ¥,=0 must hold on the axis r=0.
If the outer surface ¢=R is assumed to be fixed, then u=u=ue=0.

A superposition of solutions of the form (6) yields a standing wave that decays exponentially in
time, describing the natural vibrations of a finite-length fluid—shell system with boundary conditions.
For an infinitely long shell, by analogy with this type of motion (6), we refer to such oscillations as
natural or free vibrations.

In the case of a time-stationary process that decays along the coordinate, on the contrary, the real
frequency wis known, while the desired quantity is the complex wavenumber k. Unlike natural
vibrations, these oscillations will be referred to as steady-state. The real parts of w in the first case and
of k in the second case have the physical meaning of the temporal and spatial frequencies of the
process, respectively. The imaginary parts correspond to the decay rates of the wave processes in
time and along z, respectively [13]. The quantity 1/Im(k) is sometimes defined as the propagation
length of a decaying wave. In the purely elastic limit, the propagation length is infinite. The degree
of decay of a wave process over a time period is characterized by the logarithmic decrement

6, =2rn|Imw|/Re w (8)

Similarly, the spatial decrement is given by

8y =2m|Imk|/Rek. 9)

It is also possible to introduce the concepts of phase velocities for natural and steady-state

motions:
c. = R';w,cy = % (10)
The quantities Cc and Cy have the physical meaning of the zero-state propagation velocities for

natural and steady-state vibrations, respectively, and, unlike in the purely elastic (real) case, they do
not coincide at the same frequencies.

Two types of vibrations (natural and steady-state) correspond to two different problem
statements. In the nonstationary case, these are the Cauchy problem for an infinite shell and a
boundary-value problem for a semi-infinite interval of the variable Z [21].

By substituting solutions (7) into the system of differential equations (2)-(6), we obtain a system
of ordinary differential equations with complex coefficients, which is solved using the Godunov
orthogonal sweep method in combination with the Miiller method [7] in complex arithmetic.
Torsional vibrations of a cylindrical shell containing a viscous fluid were considered in [8].

2.3. Longitudinal-Transverse Vibrations

Let us consider the longitudinal-transverse natural vibrations of a viscoelastic shell of circular
cross-section containing a fluid with viscous properties. The present paper is a continuation of the
study conducted in [4]. The problem formulation is given in [4], and all notations and equations
coincide with those previously introduced.

Examine an infinitely long viscoelastic cylindrical shell of radius R:, constant thickness &, density
p1, Young’s modulus E, and Poisson’s ratio v,. Consider the longitudinal-transverse natural
vibrations of a viscoelastic shell of circular cross-section containing a fluid that possesses viscous
properties. The problem of longitudinal-transverse natural vibrations of a viscoelastic cylindrical
shell containing a viscous fluid reduces to the following system of ordinary differential equations
with four equations:

v O .
- =~ ki, —p;

. 1
= ik9, + n—wrz;

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.1468.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 January 2026 d0i:10.20944/preprints202601.1468.v1

6 of 15
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d—Tr = —pyw?9, + nwk(— - - ikd,) — iko, — T? (11)
with boundary conditions
r=0:9.=0,7, =0;
c 9 .
r=R;:o2 DV, + R—(R— + ivgku,) + 0, — pyhw?9, = 0;
1 I
Civok 2 — v2u,)) — 7, + py hw’u, = 0;C = Eﬁoz. (12)
R 1-vg
Here n and «xare the viscosity coefficients of a Newtonian viscous fluid (k = —21/3 -in the

absence of bulk viscosity), pyis the density, p is the pressure, and Co is the adiabatic speed of sound
in the fluid.

The pressure parameter p appearing in the first equation (1) is determined from the system of
ordinary differential equations through the main unknowns of the viscous fluid and is computed
numerically in the course of the calculations.

—or+2inw L'ku+ﬁ

p= pocgi]iw((k+2n;) ’ (13)

The spectral problem (1)-(2), as in the case of longitudinal-transverse vibrations, is solved using
the orthogonal sweep method.

In [4], for solving the frequency equation with a complex parameter in the case of torsional
vibrations, Miiller's method is applied. In the present work, Miiller's method is also used to solve
the frequency equation for longitudinal-transverse vibrations obtained by the orthogonal sweep
method. Several frequency modes of complex natural vibrations are determined depending on
various parameters. In addition, based on the Gauss method, the corresponding vibration modes of
the cylindrical shell filled with a viscous fluid are constructed.

Let us examine the natural vibrations of a cylindrical shell with viscous fluid based on the system
of ordinary differential equations (1) — (3). The dispersion relations, represented as complex functions,
are shown in Figures 1 and 2.

Figure 1 shows the change in the real part (Re w) of the complex frequency as a function of the
wavenumber k for a compressible fluid (Co=0.1- solid lines) and an incompressible fluid

(Cp — e-dashed—dotted lines). The corresponding eigenmodes of vibrations for k=0, 1 and k=2
are shown in Figure 3. For the cylindrical shell, the relaxation kernel is taken in the form R; =
Ae P t/t1=¢ where A=0.01; f=0.1;a =0.1. For calculating the cylindrical shell with viscous
fluid, the following parameter values are used:

ho =0,05; p=1,8; vo = 0,25; 11 =6,011*10( -4); xk=-2 1)/3.
In the computations, all parameters (lengths, time, and mass densities) appearing in equation (1)
1
are reduced to a dimensionless form (R, R (‘;—0)2 ,pio).

Figures 1 and 2 show the dispersion relations for a cylindrical shell with incompressible and
compressible fluid. For the incompressible fluid, two modes are identified, which predominantly
correspond to the longitudinal (curve 1) and transverse (curve 2) vibrations of the cylindrical shell.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1. Dependence of Rew on the wavenumber k for the case of compressible (solid lines) and incompressible
(dash-dotted lines) fluid.

From the dispersion equation, infinitely many imaginary roots can be obtained, corresponding
to aperiodic motions. The dashed lines 1 and 2 in Figs. 1 and 2, as well as the dotted lines, correspond
to an ideal incompressible fluid.

It should be noted that the dispersion relations for a shell with viscous fluid and for a shell
without fluid, for a given shell density p;, remain valid for longitudinal vibrations of the shell over
the entire range of wavenumber variation. When the viscosity of both the fluid and the shell is taken
into account, the corresponding real parts of the eigenfrequencies decrease by up to 17%. Figures 1
and 2 above show four modes of the real and imaginary parts of natural frequencies (curves 3, 4, 5,
6).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.1468.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 January 2026 d0i:10.20944/preprints202601.1468.v1

8 of 15

L2 f /‘4
/,"%\ // /

\‘\
» AN RN

! /
2 I 1/ /

103

102 0) 4 6 f 101 9 4 A R 100 9 4

Figure 2. Dependence of I won the wave number k for the case of compressible and incompressible fluid.

In the case where the shell and the liquid have viscous properties, then the real and imaginary
parts of the natural frequencies increase monotonically depending on the wave number, i.e., the
mechanical system is dissipative-homogeneous [11]. When considering the viscous properties of a
liquid, the corresponding natural frequencies decrease due to the appearance of a boundary layer.

When the shell is elastic, the corresponding relaxation kernel is zero, then the imaginary parts
of the natural frequencies of mechanical systems (cylindrical shell with liquid) change non-
monotonically (Fig. 2). The previously discovered "Troyanovsky-Safarov" mechanical effect [12,13]
for dissipative-inhomogeneous mechanical systems has been confirmed. In the works [14,15,22], the
natural frequencies of an elastic cylindrical shell with an ideal fluid were found. The dispersion
equations of a cylindrical shell with a viscous fluid have a countable set of complex roots.
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Figure 3. a. Dependence of Re on the wave number r (R=0.1). b. Dependence of Re w on the wave number r
(R=2.0).

It is known that in the torsional oscillations of a cylindrical shell with incompressible fluid, there
are two real modes, and in the longitudinal - transverse oscillations of a cylindrical shell with
incompressible fluid - an unlimited number of modes of oscillations.

Figure 4 shows the dispersion curves (1,2) for dissipative-inhomogeneous mechanical systems
with the following shell and liquid parameters: %= 0,05; py = 80; v = 0,25;n = 7,071 - 1074 Cp = oo.
The viscous properties of the shell coincide with the accepted ones above. In Figure 4, the real parts
of the complex frequency are marked with solid lines, and the imaginary parts of the frequency are
marked with dashed lines. Two-point dashed lines correspond to the vibrations of the dry shell.
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Figure 5 shows the dispersion curves for dissipative-inhomogeneous mechanical systems with
the following shell and liquid parameters: £ = 0,05; py = 80;v = 0,25;n = 7,071 - 1074 ¢y = oo.

Let the partial frequencies of the longitudinal and transverse oscillations of a cylindrical shell
with an ideal fluid intersect at density p=8 and v* = 0. At v*, lying near the intersection point of the
imaginary parts of the frequency, it turns out, both modes of oscillation are strongly influenced.

Thus, the oscillations of structurally inhomogeneous mechanical systems with similar modes
lead to energy intensity, which is expressed in the "Troyanovsky-Safarov" synergistic effect.

Comparison of the obtained results with the results obtained from works [23,24], with the same
system parameters, differs up to 8%.
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Figure 5. Dependence of Im w on the wave number k.
3. Results

The numerical solution of the coupled hydro—viscoelastic problem yields dispersion relations in
the form of complex eigenfrequencies as functions of the axial wavenumber k. The results, presented
in Figures 1-5, reveal the main features of wave propagation, attenuation, and modal interaction in
the shell-fluid system. Figure 1 demonstrates the dependence of the real part of the complex
frequency Re won the wavenumber kfor compressible and incompressible fluids. For a compressible
fluid, the dispersion curves are smooth and monotonic, whereas for an incompressible fluid, two
clearly separated branches are observed. The first branch corresponds mainly to longitudinal
vibrations of the shell, while the second branch is associated with transverse vibrations. At small
values of k, the frequencies are primarily governed by the global stiffness of the coupled shell-fluid
system. With increasing k, bending effects become dominant, resulting in a more rapid growth of
Re w,particularly for transverse-dominated modes. Figure 2 presents the imaginary part of the
complex frequency Im was a function of the wavenumber, which characterizes temporal damping.
When both the shell and the fluid exhibit viscous properties, Im wincreases monotonically with k,
indicating dissipative-homogeneous behavior of the mechanical system and stronger attenuation at
higher spatial frequencies. In contrast, for an elastic shell interacting with a viscous fluid, the
imaginary part varies non-monotonically with k, reflecting complex energy exchange mechanisms
between the shell and the fluid that are absent in purely elastic or purely viscous models. Figures 3a
and 3b show the real part of the frequency for different shell radii, demonstrating that an increase in
radius shifts the dispersion curves downward due to reduced structural stiffness, while the
qualitative modal structure remains unchanged. Figure 4 compares dispersion curves of a shell filled
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with an incompressible viscous fluid and a dry shell, where solid lines denote the real parts of the
frequency and dashed lines represent the imaginary parts. The presence of fluid leads to a noticeable
reduction in the real part of the eigenfrequencies and a significant increase in attenuation, with these
effects becoming more pronounced at larger wavenumbers. Figure 5 illustrates the behavior of the
imaginary part of the frequency near the intersection of longitudinal and transverse modes, where
both modes are strongly affected and a sharp increase in attenuation is observed, indicating intensive
energy dissipation in the coupled system. Quantitatively, accounting for both shell viscoelasticity and
fluid viscosity results in a reduction of the real part of the eigenfrequencies by up to 17 percent
compared to the purely elastic case. Comparison with available reference results shows deviations
not exceeding 8 percent, confirming the accuracy and reliability of the numerical procedur

4. Discussion

The obtained results provide a detailed insight into the dynamic behaviour of viscoelastic
cylindrical shells interacting with viscous fluids. The analysis demonstrates that the combined effects
of shell viscoelasticity and fluid viscosity fundamentally alter both wave propagation and attenuation
characteristics compared to classical elastic models.

One of the key observations is the monotonic growth of the imaginary part of the eigenfrequency
when both the shell and the fluid exhibit dissipative properties. This behaviour indicates that the
mechanical system does not exhibit internal resonance or instability within the considered parameter
range. Instead, energy dissipation increases steadily with increasing spatial frequency, which is a
desirable feature for applications involving vibration suppression and noise reduction.

The reduction of the real part of the eigenfrequencies due to viscoelastic effects highlights the
importance of accounting for material memory in polymer pipelines and similar structures.
Neglecting viscoelasticity can lead to overestimation of natural frequencies and, consequently, unsafe
design assumptions, especially in systems operating at medium and high frequencies.

The comparison between compressible and incompressible fluid models shows that
compressibility plays a critical role in determining the number and nature of propagating modes.
Compressible fluids introduce additional acoustic-type modes, which interact with structural
vibrations and lead to more complex dispersion patterns. In practical terms, this means that pressure
wave effects cannot be ignored in high-speed flow or transient loading conditions.

The non-monotonic behavior of attenuation observed in elastic shells with viscous fluids
confirms the presence of the Troyanovsky-Safarov effect, previously reported for dissipative-
inhomogeneous mechanical systems. The present results extend this effect to viscoelastic shells and
show that it persists even when both constituents of the system contribute to dissipation. This
synergistic interaction leads to localized amplification of damping near mode intersection points,
where longitudinal and transverse modes strongly interact.

From a physical standpoint, these intersections correspond to energy exchange between
different deformation mechanisms. Near such points, small changes in material or fluid parameters
can result in significant variations in attenuation, which should be carefully considered in design and
control applications.

The observed boundary-layer effects emphasize the role of fluid viscosity in modifying the
effective dynamic stiffness of the shell. Even relatively small viscosity values lead to noticeable
changes in attenuation and mode shapes, particularly for higher modes. This finding is especially
relevant for polymer pipelines transporting highly viscous fluids, where neglecting fluid viscosity
may lead to inaccurate predictions of vibration decay.

Overall, the results demonstrate that the dynamic response of fluid-filled viscoelastic shells
cannot be adequately described by simplified elastic or inviscid models. Accurate prediction of
natural frequencies, wave propagation velocities, and damping characteristics requires a fully
coupled hydro—viscoelastic formulation.

These findings provide a solid theoretical basis for further studies on finite-length shells,
transient wave processes, and stability analysis under dynamic loading. They also offer practical
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guidance for the design of pipeline systems, vibration isolation components, and shell structures
operating in fluid environments where both material memory and fluid viscosity are significant.

5. Conclusions

1. Analyzing the dependence of energy dissipation on the wave number, it should be noted that
there are two opposite trends: with the growth of the wave number at a fixed amplitude v, the
tangential stresses pze increase linearly, and, as the numerical results show, simultaneously, the
localization of the fluid movement amplitudes near the shell occurs, as a result of which the mass of
the fluid involved in the movement, as well as the tangential stresses pre, decrease.

2. For low viscosity, the frequencies Re k of both modes are close to each other in the low-
frequency region, and at high frequencies, the phase velocity Cy of the first mode tends to the velocity
of the dry shell. The damping coefficients increase linearly, and for the second mode, this coefficient
is always greater than for the first. In the case of greater viscosity, the frequency Rek:1is significantly
greater than the frequency Rekz2 across the entire w-variation range, and the phase velocity Cy, tends
to infinity with increasing C.
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