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Abstract

We investigate the off-shell generalized parton distributions (GPDs) of kaons within the framework of
the Nambu–Jona-Lasinio model, employing proper time regularization. In comparison to pion off-shell
GPDs, the effects of off-shellness in kaons are found to be comparable. The influence of these off-shell
effects on GPDs is approximately 10% to 25%, which is significant. Additionally, the x-moments of
off-shell GPDs exhibit odd powers due to a lack of crossing symmetry, leading to the emergence of
new off-shell form factors. We explore the relationships among the off-shell form factors for kaons,
drawing an analogy with their electromagnetic counterparts. Our findings extend pion off-shell GPDs
to include those for kaons while simultaneously addressing their associated off-shell form factors.
Furthermore, we examine and compare the off-shell gravitational form factors of kaons with their
on-shell counterparts.

Keywords: off-shell generalized parton distributions; Nambu–Jona-Lasinio model; off-shell form
factors

1. Introduction
One of the most important topics in hadronic physics is understanding the internal structures of

hadrons in terms of quarks and gluons. The partonic structure of a hadron is effectively characterized
by various light-cone partonic distribution functions, such as parton distribution functions (PDFs) [1–3].
PDFs represent the diagonal matrix elements of specific operators and serve as essential inputs for
theoretical calculations of physical observables in deep inelastic scattering (DIS) high-energy processes.
However, PDFs only describe the longitudinal momentum distribution of partons within hadrons. To
gain insight into the three-dimensional internal structure of a hadron, one must consider non-diagonal
or off-forward matrix elements. These non-diagonal matrix elements can be parameterized using
generalized parton distributions (GPDs) [4–19].

Since their proposal, GPDs have been extensively studied because they elucidate the partonic
probability densities concerning longitudinal momentum, transverse position, and angular momentum.
This means that GPDs contain information about how partons are distributed in a plane perpendicular
to the direction of motion of the hadron. Consequently, one can derive the three-dimensional structure
of hadrons through GPDs. On one hand, different Mellin moments of GPDs are associated with
various hadron form factors (FFs) [20–23], including electromagnetic FFs [24], axial FFs, gravitational
FFs (GFFs), and transition FFs [25]. The GFFs are linked to the energy-momentum tensor [26], which
facilitates a gauge-invariant spin decomposition of hadrons. Furthermore, these distributions encom-
pass mass and pressure profiles as well as their Fourier transforms related to Breit-frame pressure
distributions and shear pressure distributions. On the other hand, in the forward limit, GPDs reduce to
conventional PDFs. For GPDs at zero skewness, by performing a Fourier transform on the transverse
component of momentum transfer, one can derive the impact parameter distribution (IPD). The IPD
elucidates the probability density of locating a parton at a transverse distance b from the center of
momentum of the hadron with longitudinal momentum fraction x. In general, GPDs contain substan-
tial information regarding angular momentum, mass, and mechanical properties of hadrons. They
provide critical insights into spatial distributions as well as spin and orbital motion of quarks within
these particles.
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These features render GPDs a crucial component in various types of hard exclusive and elastic
scattering processes, including deeply virtual Compton scattering (DVCS) [27–30], deep virtual meson
production (DVMP) [31–33], and timelike Compton scattering (TCS) [34–38]. Through these experi-
mental processes, researchers gain valuable insights into GPDs. Recently, GPDs have been extracted
by analyzing global electron scattering data [39,40].

The phenomenological determination of GPDs is less advanced than the contemporary analyses
of PDFs and FFs. However, interest in GPDs is rapidly increasing due to the recent approval of the U.S.
Electron-Ion Collider (EIC) and the electron-ion colliders in China (EicC). Additionally, lattice QCD
has made first-principle calculations of GPDs more accessible.

The studies presented in Refs. [41,42] investigate the accessibility of pion GPDs through the
Sullivan process [43] at future electron-ion colliders. They conclude that experimental access may
soon be feasible. The amplitude associated with the Sullivan process involves an off-shell pion,
necessitating careful consideration of potential off-shellness issues both within the process and in the
GPDs themselves.

In addition, transverse momentum dependent parton distributions (TMDs) [44,45] provide a
more comprehensive understanding of parton structures, particularly the transverse characteristics of
hadrons. Therefore, we also compute the off-shell TMDs for kaons.

In Refs. [46–48], investigations into the off-shell behavior of pion GPDs are conducted using a
chiral quark model. In this paper, we extend our analysis from pion off-shell GPDs to kaon off-shell
GPDs within the framework of the Nambu–Jona-Lasinio (NJL) model [49–53]. The NJL model incor-
porates global symmetries inherent to Quantum Chromodynamics (QCD), particularly emphasizing
chiral symmetry. In this effective model, gluonic degrees of freedom have been integrated out, re-
sulting in point-like interactions between quarks; however, this characteristic renders the NJL model
non-renormalizable. Consequently, it is imperative to select an appropriate regularization scheme to
fully define this model. The NJL framework has been extensively employed for studying hadronic
structure [54–66].

This paper is organized as follows: In Section 2, we provide a concise introduction to the NJL
model, followed by the definition and calculation of kaon off-shell GPDs. Additionally, we will
examine the fundamental properties of off-shell kaon GPDs in this section. In Section 3, the off-shell
TMDs of the kaon are evaluated. In Section 4, we present a brief summary and outlook.

2. The Off-Shell GPDs
2.1. Nambu–Jona-Lasinio Model

The SU(3) flavor NJL Lagrangian in the q̄q interaction channel is presented in the form described
in [67],

L = ψ̄
(
iγµ∂µ − m̂

)
ψ + Gπ [(ψ̄λaψ)2 − (ψ̄γ5λaψ)2], (1)

The quark field is represented by the flavor components ψT = (u, d, s). The matrices λa, where
a = 0, ..., 8, denote the eight Gell-Mann matrices in flavor space. Notably, λ0 is defined as

√
2/3 ⊮.

The current quark mass matrix is represented as m̂ = diag(mu, md, ms). The parameter Gπ denotes the
effective coupling strength associated with the scalar interaction channel (q̄λaq) and the pseudoscalar
interaction channel (q̄γ5λaq).

The dressed quark propagator within the framework of the NJL model is derived by solving the
gap equation illustrated in Figure 1

Sq(k) =
1

̸ k − Mq + iε
, (2)
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the dressed quark mass is denoted as Mq = (Mu, Md, Ms). The interaction kernel of the gap equation
illustrated in Fig. 1 is local; therefore, we obtain a constant dressed quark mass Mq, which satisfies the
following condition:

Mq = mq + 12iGπ

∫ d4l
(2π)4 TrD[Sq(l)], (3)

the trace is taken over Dirac indices. From the preceding equation, it is evident that the SU(3) flavor
case contrasts with the SU(2) flavor scenario, as flavor mixing is absent [49,68]. Furthermore, dynamical
chiral symmetry breaking can occur only when the coupling constant Gπ > Gcritical , which yields a
nontrivial solution where Mq > 0.

In the NJL model, mesons are described as bound states of q̄q, which is derived from the Bethe-
Salpeter equation (BSE). The solution to the BSE in each meson channel is represented by a two-body
t-matrix that varies according to the specific nature of the interaction channel. For instance, the reduced
t-matrices for kaon mesons can be expressed as follows:

τK(q) =
−2i Gπ

1 + 2GπΠPP(q2)
, (4)

the bubble diagram ΠPP(q2) is defined as

ΠPP(q2)δij = 3i
∫ d4k

(2π)4 Tr[γ5τiSu(k)γ5τjSs(k + q)], (5)

the traces are taken over Dirac and isospin indices. The mass of the kaon is determined by the pole in
the reduced t-matrix

1 + 2 GπΠPP(q2 = m2
K) = 0. (6)

Expanding the complete t-matrix around the pole yields the homogeneous Bethe-Salpeter vertex for
the kaon

Γi
K =

√
ZKγ5λi, (7)

the normalization factor is defined as follows:

Z−1
K = − ∂

∂q2 ΠPP(q2)|q2=m2
K

. (8)

This residue can be interpreted as the square of the effective meson-quark-quark coupling constant.
Homogeneous Bethe-Salpeter vertex functions are essential components in, for instance, triangle
diagrams that determine the form factors of mesons.

The NJL model is a non-renormalizable framework, necessitating the implementation of a regu-
larization scheme. In this context, we will employ the PTR scheme [69–71].

1
Xn =

1
(n − 1)!

∫ ∞

0
dτ τn−1e−τX

→ 1
(n − 1)!

∫ 1/Λ2
IR

1/Λ2
UV

dτ τn−1e−τX , (9)

The expression X denotes a product of propagators that have been interconnected through Feynman
parametrization. The symbol ΛUV represents the ultraviolet cutoff. It is important to note that the NJL
model does not incorporate confinement; thus, an infrared cutoff is employed to simulate this effect.
Consequently, it should be on the order of ΛQCD. For our purposes, we select ΛIR = 0.240 GeV.
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For the dressed masses of light quarks, we select Mu = Md = 0.4 GeV, the strange quark mass
Ms = 0.59 GeV. The ultraviolet cutoff ΛUV and the coupling constant Gπ are constrained by empirical
values for the pion decay constant and pion mass. The kaon is treated as a relativistic bound state
composed of a dressed quark and a dressed antiquark, with its properties determined by solving the
Bethe-Salpeter equation in the pseudoscalar channel for the q̄q system. In Table 1, we present the
parameters utilized in this study.

In the subsequent sections, we will employ the C functions and formulas as detailed in the
appendix.

Table 1. The parameter set utilized in our study is presented here. The dressed quark mass and regularization
parameters are expressed in units of GeV, while the coupling constants are measured in units of GeV−2.

ΛIR ΛUV Mu Ms Gπ mK ZK
0.240 0.645 0.40 0.59 19.0 0.47 20.47

Figure 1. The NJL gap equation, formulated within the Hartree-Fock approximation, is depicted with a thin
line representing the elementary quark propagator and a shaded circle denoting the q̄q interaction kernel. It is
important to note that higher-order terms, such as those arising from meson loops, are not incorporated into the
kernel of the gap equation.

2.2. The Off-Shell Kaon GPDs

In the NJL model, the kaon off-shell GPDs are illustrated in Figure 2. Here, p represents the initial
kaon momentum, while p′ denotes the final kaon momentum. In the case of off-shell conditions where
p2 ̸= p′2 ̸= m2

K, the kinematics and related quantities pertinent to this process are defined as follows:

t = q2 = (p′ − p)2 = −Q2, (10)

P =
p + p′

2
, ξ =

p+ − p′+

p+ + p′+
, n2 = 0, (11)

where ξ represents the skewness parameter, and n denotes the light-cone four-vector defined as
n = (1, 0, 0,−1) in the context of light-cone coordinates

v± = (v0 ± v3), v = (v1, v2), (12)

for any four-vector v+, it can be defined in light-cone coordinates as follows:

v+ = v · n, (13)

The vector and tensor quark GPDs of kaon are defined as

Hq(x, ξ, t, p2, p′2) =
1
2

∫ dz−

2π
e

i
2 x(p++p′+)z−

× ⟨p′|q̄(−1
2

z)γ+q(
1
2

z)|p⟩ |z+=0,z=0, (14)
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P+qj − Pjq+

P+mK
Eq(x, ξ, t, p2, p′2)

=
1
2

∫ dz−

2π
e

i
2 x(p++p′+)z−

× ⟨p′|q̄(−1
2

z)iσ+jq(
1
2

z)|p⟩ |z+=0,z=0, (15)

where x represents the longitudinal momentum fraction. The function Hq(x, ξ, t, p2, p′2) denotes the
non-spin-flip or vector GPD, while Eq(x, ξ, t, p2, p′2) corresponds to the spin-flip or tensor GPD.

Figure 2. Diagrams of off-shell GPDs for kaons, where p2 ̸= p′2 ̸= m2
K .

The operators depicted in Figure 2 for off-shell kaon GPDs are structured as follows:

•1 = γ+δ(x − k+

P+
) , (16a)

•2 = iσ+jδ(x − k+

P+
), (16b)

where the first for vector GPD and the second for tensor GPD.
In the NJL model, the vector and tensor GPDs of the u quark in the K+ meson are defined as

follows:

Hu
(

x, ξ, t, p2, p′2
)
= 2iNcZK

∫ d4k
(2π)4 δx

n(k)

× Tr
[
γ5Su(k+)γ+Su(k−)γ5Ss(kP)

]
, (17)

P+qj − Pjq+

P+mK
Eu
(

x, ξ, t, p2, p′2
)

= 2iNcZK

∫ d4k
(2π)4 δx

n(k)

× Tr
[
γ5Su(k+)iσ+jSu(k−)γ5Ss(kP)

]
, (18)

where δx
n(k) = δ(xP+ − k+) k+ = k + q

2 , k− = k − q
2 , kP = k − P.

Here we use the notations

Du
k+ =

(
k +

q
2

)2
− M2

u , (19a)

Du
k− =

(
k − q

2

)2
− M2

u , (19b)

Ds
kP

=
(

k − p − q
2

)2
− M2

s , (19c)
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one can derive the following simplified formulas

p · q =
p′2 − p2 − q2

2
, (20a)

k · q =
1
2

(
Du

k+ −Du
k−

)
, (20b)

k · p = −1
2

(
Ds

kP
−Du

k− − M2
u + M2

s −
p′2 + p2 − q2

2

)
, (20c)

k2 =
1
2

(
Du

k+ +Du
k−

)
+ M2

u −
q2

4
, (20d)

after some calculation we arrive at

Hu
(

x, ξ, t, p2, p′2
)

=
NcZK

8π2

[
θξ̄1C̄1(σ4) + θξ1C̄1(σ5) +

θξ̄ξ

ξ
xC̄1(σ6)

]
+

NcZK

8π2

∫ 1

0
dα

θαξ

ξ

1
σ7

C̄2(σ7)

× ((p′2 − p2)ξ + (1 − x)t + x(p2 + p′2)− 2x(Mu − Ms)
2), (21)

Eu
(

x, ξ, t, p2, p′2
)

=
NcZK

4π2

∫ 1

0
dα

θαξ mK

ξ
((Ms − Mu)α + Mu)

C̄2(σ7)

σ7
, (22)

and

θξ̄1 = x ∈ [−ξ, 1] , (23a)

θξ1 = x ∈ [ξ, 1] , (23b)

θξ̄ξ = x ∈ [−ξ, ξ] , (23c)

θαξ = x ∈ [α(ξ + 1)− ξ, α(1 − ξ) + ξ] ∩ x ∈ [−1, 1]. (23d)

We denote the step function by θ. It takes the value of 1 in the corresponding region, and is otherwise
equal to zero. These results pertain to the region where ξ > 0. Under the transformation ξ → −ξ, we
observe that: θξ̄1 ↔ θξ1; furthermore, both θξ̄ξ/ξ and θαξ /ξ remain invariant.

The diagrams of H(x, ξ, t, p2, m2
π) and E(x, ξ, t, p2, m2

π) are presented in Figures 3 and 4. The
off-shellness is influenced by p2 at the condition where p′2 = m2

π . The diagrams illustrate that as p2

increases, the off-shell effects of half-off-shell pion GPDs become increasingly pronounced. Specifically,
at p2 = 0.4GeV2, this relative effect reaches approximately 10%, while at p2 = 0.6GeV2, it escalates to
about 25%. These findings are consistent with those observed for off-shell pion GPDs.
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Figure 3. Kaon off-shell vector GPD: H(x, ξ, t, p2, p′2) in Eq. (21), we only plot ξ > 0. upper panel – The
off-shell GPDs H(x, 0.5, 0, p2, m2

K). H(x, 0.5, 0, m2
K , m2

K) – black dotted line; H(x, 0.5, 0, 0, m2
K) – red solid line;

H(x, 0.5, 0, 0.4, m2
K) – blue dashed line; H(x, 0.5, 0, 0.6, m2

K) – purple dotdashed line. lower panel – The off-
shell GPDs H(x, 0.5,−1, p2, m2

K). H(x, 0.5,−1, m2
K , m2

K) – black dotted line; H(x, 0.5,−1, 0, m2
K) – red solid line;

H(x, 0.5, 0,−1, 0.4, m2
K) – blue dashed line; H(x, 0.5,−1, 0.6, m2

K) – purple dotdashed line.
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Figure 4. Pion off-shell tensor GPD: E(x, ξ, t, p2, p′2) in Eq. (22), we only plot ξ > 0. upper panel – The
off-shell GPDs E(x, 0.5, 0, p2, m2

K). H(x, 0.5, 0, m2
K , m2

K) – black dotted line; E(x, 0.5, 0, 0, m2
K) – red solid line;

E(x, 0.5, 0, 0.4, m2
K) – blue dashed line; E(x, 0.5, 0, 0.6, m2

K) – purple dotdashed line. lower panel – The off-
shell GPDs E(x, 0.5, 0, p2, m2

K). E(x, 0.5,−1, m2
K , m2

K) – black dotted line; E(x, 0.5,−1, 0, m2
K) – red solid line;

E(x, 0.5, 0,−1, 0.4, m2
K) – blue dashed line; E(x, 0.5,−1, 0.6, m2

K) – purple dotdashed line.
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2.3. The Properties of Kaon Off-Shell GPDs
2.3.1. Forward Limit

In the case the initial and final kaon have the same momentum p = p′, which means ξ = 0, t = 0,
vector GPD reduces to kaon PDF,

uK(x, p2)

=
3ZK

4π2 C̄1(σ1)

+
3ZK

2π2 x(1 − x)(p2 − (Mu − Ms)
2)
C̄2(σ1)

σ1
, (24)

when the skewness parameter ξ = 0, the function Hu(x, 0, 0, p2, p2) vanishes in the region where
x ∈ [−1, 0]. In contrast, for the region where x ∈ [0, 1], this off-shell PDF of the u quark in kaons differs
from that of pions as described in the NJL model [12,72].

In Figure 5, we present the diagram of the off-shell u quark PDF. It is evident that when p2 = 0
and p2 = m2

K, the lines are nearly straight. As p2 increases, particularly in the context of an off-shell
kaon, a more pronounced dependence on x emerges. The NJL model effectively describes low-energy
properties within QCD. At high values of Q2, however, evolution becomes necessary; consequently,
the dependence on x will vary as a result of this evolution. Different from the pion PDF, the position of
x corresponding to the maximum value of the function has shifted to a region where x is less than 0.5.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

x

u
K
(x
,p
2
)

Figure 5. The off-shell u quark PDFs of kaon: u
(

x, p2) with p2 = 0 GeV2 — orange dotted curve, p2 = m2
K = 0.472

GeV2 — red solid curve, p2 = 0.4 GeV−2 — blue dashed curve, p2 = 0.6 GeV2 — purple dot-dashed curve,
p2 = 0.8 GeV2 — black solid thick curve.

2.3.2. Polynomiality Condition

The x-moments of the off-shell GPDs also include odd powers of the skewness parameter ξ.

∫ 1

−1
xnHq(x, ξ, t, p2, p′2)dx =

(n+1)

∑
i=0

An,i(t, p, p′)ξ i , (25a)

∫ 1

−1
xndxEq(x, ξ, t, p2, p′2)dx =

(n+1)

∑
i=0

Bq
n,i(t, p2, p′2)ξ i. (25b)

When n = 0, we obtain FFs ∫ 1

−1
x0Hudx = Au

1,0 + ξ Au
1,1 = Fu − Guξ , (26a)∫ 1

−1
x0Eudx = Bu

1,0 + ξBu
1,1, (26b)

where Au
1,0 and Bu

1,0 are the u quark vector and tensor FFs. Au
1,1 and Bu

1,1 are FFs due to the off-shellness.
Au

1,0 and Bu
1,0 are symmetry about the p and p′, but Au

1,1 and Bu
1,1 are antisymmetry about p and p′.
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The functions F(t, p2, p′2) and G(t, p2, p′2) are defined in the general covariant structure of the
kaon-photon vertex:

Γµ(p, p′) = 2PµF(t, p2, p′2) + qµG(t, p2, p′2), (27)

at t = 0, the relationship [48]

G(t, p2, p′2) =
(p′2 − p2)

t

[
F(0, p2, p′2)− F(t, p2, p′2)

]
, (28)

where G(0, p2, p′2) = (p′2 − p2)dF(t, p2, p′2)/dt|t=0 indicates that, due to crossing symmetry, one can
conclude that G(t, p2, p2) = 0. Here, F(t, p2, p′2) represents the electromagnetic FFs, and it is noted
that F(0, m2

K, m2
K) = 1. From the off-shell kaon GPDs, one can derive

Au
1,0(Q

2, p2, p′2)

=
NcZK

8π2

∫ 1

0
dx C̄1(σ1) +

NcZK

8π2

∫ 1

0
dx C̄1(σ2)

+
NcZK

4π2

∫ 1

0
dx
∫ 1−x

0
dy

1
σ8

C̄2(σ8)

× ((1 − x − y)((p2 + p′2)− 2(M2
u − Ms)

2)− (x + y)Q2), (29)

Au
1,1(Q

2, p2, p′2)

=
NcZK

8π2

∫ 1

0
dx C̄1(σ1)−

NcZK

8π2

∫ 1

0
dx C̄1(σ2)

− NcZK

4π2

∫ 1

0
dx
∫ 1−x

0
dy(p2 − p′2)

C̄2(σ8)

σ8

− NcZK

4π2

∫ 1

0
dx
∫ 1−x

0
dy

C̄2(σ8)

σ8

× ((p2 − p′2) + (y − x)(p2 + p′2 + Q − 2(Mu − Ms)
2)), (30)

Bu
1,0(Q

2, p2, p′2)

=
NcZK

2π2

∫ 1

0
dx
∫ 1−x

0
dy

× mK((Ms − Mu)(1 − x − y) + Mu)
C̄2(σ8)

σ8
, (31)

where Bu
1,1(Q

2, p2, p′2) = 0.
We demonstrate that our Au

1,1(Q
2, p2, p′2) is equivalent to −Gu(Q2, p2, p′2) as presented in Eq.

(28), consistent with the findings of Ref. [48].
For n = 1, GPDs should follow the sum rule:∫ 1

−1
x dxHu(x, ξ, t, p2, p′2)

= Au
2,0(t, p2, p′2) + ξ Au

2,1(t, p2, p′2) + ξ2 Au
2,2(t, p2, p′2)

= θu
2 (t, p2, p′2)− ξθu

3 (t, p2, p′2)− ξ2θu
1 (t, p2, p′2) , (32a)∫ 1

−1
x dxEu(x, ξ, t, p2, p′2)

= Bu
2,0(t, p2, p′2) + ξBu

2,1(t, p2, p′2) + ξ2Bu
2,2(t, p2, p′2), (32b)
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where θu
2 pertains to the mass distribution of the u quark within the kaon, while θu

1 is associated with
the pressure distribution of the u quark. The polynomial contains only the terms ξ0 and ξ2, thereby
satisfying Eqs. (25). The generalized FFs for n = 1 are as follows:

Au
2,0(Q

2, p2, p′2)

=
NcZK

8π2

∫ 1

0
dxxC̄1(σ1) +

NcZK

8π2

∫ 1

0
dxxC̄1(σ2)

+
NcZK

4π2

∫ 1

0
dx
∫ 1−x

0
dy(1 − x − y)

1
σ8

C̄2(σ8)

×(((p2 + p′2)− 2(Ms − Mu)
2)(1 − x − y)− Q2(x + y)), (33)

A2,1 =
NcZK

8π2

(
1
p2 − 1

p′2

)
(C0(M2

u)− C0(M2
s ))

+
NcZK

8π2

∫ 1

0
dxC̄1(σ1)

×
(

2x − 1 +
2x(p2 + p′2 − 2(Mu − Ms)2)

Q2 − M2
s − M2

u
p2

)
− NcZK

8π2

∫ 1

0
dxC̄1(σ2)

×
(

2x − 1 +
2x(p2 + p′2 − 2(Mu − Ms)2)

Q2 − M2
s − M2

u
p′2

)
+

NcZK

2π2

∫ 1

0
dx
∫ 1−x

0
dy(1 − x − y)(p′2 − p2)

C̄2(σ8)

σ8

×
(
(x + y)− (p′2 + p2 − 2(Mu − Ms)2)(1 − x − y)

Q2

)
, (34)

A2,2 = −NcZK

2π2

∫ 1

0
dxx(1 − 2x)C̄1(σ3)

+
NcZK

8π2

∫ 1

0
dx(C̄1(σ2)− C̄1(σ1))(p2 − p′2)

×
(

x − 1
Q2 +

x(p′2 + p2 − 2(Mu − Ms)2)

Q4

)
+

NcZπ

8π2

∫ 1

0
dx(C̄1(σ2) + C̄1(σ1))

× (1 − x)
(p′2 + p2 − 2(Mu − Ms)2)

Q2

− NcZK

4π2

∫ 1

0
dx
∫ 1−x

0
dyC̄1(σ8)

×
(
(p′2 + p2 − 2(Mu − Ms)2)

Q2 + 1
)

+
NcZK

4π2

∫ 1

0
dx
∫ 1−x

0
dy(1 − x − y)(p′2 − p2)2 C̄2(σ8)

σ8

×
(
(p′2 + p2 − 2(Mu − Ms)2)(1 − x − y)

Q4 − (x + y)
Q2

)
, (35)
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Bu
2,0(Q

2, p2, p′2)

=
NcZK

2π2

∫ 1

0
dx
∫ 1−x

0
dy

1
σ8

C̄2(σ8)

×mK((1 − x − y)2(Ms − Mu) + (1 − x − y)Mu), (36)

Bu
2,1(Q

2, p2, p′2)

= −NcZK

4π2

∫ 1

0
dx

mK(x(Ms − Mu) + Mu)

Q2 C̄1(σ1)

+
NcZK

4π2

∫ 1

0
dx

mK(x(Ms − Mu) + Mu)

Q2 C̄1(σ2)

− NcZK

2π2

∫ 1

0
dx
∫ 1−x

0
dy(1 − x − y)

C̄2(σ8)

σ8

× mK((1 − x − y)(Ms − Mu) + Mu)
(p′2 − p2)

Q2 . (37)

For the u quark tensor GPD Eu(x, ξ, t, p2, p′2) of the kaon within the NJL model, it is noted that
Bu

2,2(Q
2, p2, p′2) = 0.

2.3.3. Impact Parameter Denpendent PDFs

The impact parameter dependent PDFs are given by,

q
(

x, b2
⊥, p2, p′2

)
=
∫ d2q⊥

(2π)2 e−ib⊥ ·q⊥ Hq
(

x, 0,−q2
⊥, p2, p′2

)
. (38)

This means that the impact parameter dependent PDFs defined above are the Fourier transform
of Hu(x, 0,−q2

⊥
)
, therefore, when we obtain Hu(x, 0,−q2

⊥
)
, parton distribution as a function of the

distance b⊥ and the light-cone momentum fraction x can be determined.
When ξ → 0 and t ̸= 0, GPDs become

Hu
(

x, 0,−q2
⊥, p2, p′2

)
=

3ZK

8π2 (C̄1(σ1) + C̄1(σ2))

+
3ZK

4π2

∫ 1−x

0
dα

1
σ9

C̄2(σ9)

× ((x − 1)q2
⊥ + x((p′2 + p2)− 2(Mu − Ms)

2)), (39)

Eu
(

x, 0,−q2
⊥, p2, p′2

)
=

NcZK

2π2

∫ 1−x

0
dα mK((Ms − Mu)α + Mu)

C̄2(σ9)

σ9
, (40)

where x is defined within the interval x ∈ [0, 1], we can derive the following:

uK

(
x, b2

⊥, p2, p′2
)
=

NcZK
8π2

∫ d2q⊥
(2π)2 e−ib⊥ ·q⊥ (C̄1(σ1) + C̄1(σ2))

+
NcZK
32π3

∫ 1−x

0
dα
∫

dτ

(
(x − 1) + ατx(1 − α − x)((p′2 + p2)− 2(Mu − Ms)2)

α2τ2(1 − α − x)2 +
(x − 1)b2

⊥
4α3τ3(1 − α − x)3

)

× e−τ((1−x)M2
u+xM2

s−(xαp2+x(1−α−x)p′2))e−
b2
⊥

4τα(1−α−x) , (41)
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uT
K

(
x, b2

⊥, p2, p′2
)
=

NcZK
16π3

∫ 1−x

0
dα
∫

dτ
mK((Ms − Mu)α + Mu)

α(1 − α − x)τ
e−

1
4τ(1−α−x)α b2

⊥ e−τ((1−x)M2
u+xM2

s−(xαp2+x(1−α−x)p′2)),

(42)

when integrating b⊥, we can obtain the u quark PDF as presented in Eq. (24).
Figure 6 illustrates the off-shell impact parameter space PDFs multiplied by x at b2

⊥ = 0.5 GeV−2 for various
values of p2. From the diagram, it is evident that the maximum value of xu

(
x, 0.5, p2, m2

π

)
corresponds to a larger

value of x compared to that associated with the maximum value of xuT
(

x, 0.5, p2, m2
π

)
. As the value of p2 increases,

the maximum values of xu
(

x, 0.5, p2, m2
π

)
and xuT

(
x, 0.5, p2, m2

π

)
also rise. Concurrently, with the increase in

p2, the position x that corresponds to the maximum value of xu
(

x, 0.5, p2, m2
π

)
decreases, while maintaining a

coordinate where x > 0.5. In contrast, for xuT
(

x, 0.5, p2, m2
π

)
, as p2 increases, the position of x corresponding to

its maximum values remains relatively unchanged, hovering around approximately x = 0.5.

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

0.25

x

xu
(x
,0
.5
,p
2
,m

K
2
)

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.01

0.02

0.03

0.04

0.05

0.06

x

xu
T
(x
,0
.5
,p
2
,m

K
2
)

Figure 6. Impact parameter space PDFs : upper panel – xu
(

x, 0.5, p2, m2
π

)
, the δ2(b⊥) component first line of Eq.

(41) – is suppressed in the image, and lower panel – xuT
(

x, 0.5, p2, m2
π

)
both panels with p2 = 0 GeV2 — orange

dotted curve, p2 = 0.142 GeV2 — red solid curve, p2 = 0.2 GeV−2 — blue dashed curve, p2 = 0.4 GeV2 — purple
dot-dashed curve.

3. The Kaon Off-Shell TMDs
The kaon TMD is depicted in Figure 7. Within the context of the Nambu-Jona-Lasinio (NJL) model, it is

defined as follows:

⟨Γ⟩(x, k2
⊥) = − iNcZK

p+

∫ dk+dk−

(2π)4 δ(x − k+

p+
)

× trD

[
γ5Su(k)γ+Su(k)γ5Ss(k − p)

]
, (43)

where trD represents a trace over spinor indices. As a result, we have successfully derived the final expression for
the off-shell kaon TMD.

f (x, k2
⊥, p2)

=
NcZK
2π3

C̄2(σ10)

σ10

+
NcZK
4π3 x(1 − x)(p2 − (Mu − Ms)

2)
6C̄3(σ10)

σ2
10

, (44)

in Figure 8, we plot a three-dimensional diagram of the on-shell and off-shell kaon TMD at p2 = 0.6 GeV2. For the
on-shell case, it is evident that as x → 0, the function f (x, k2

⊥) reaches its maximum value. This behavior contrasts
with that of the pion on-shell TMD. The off-shell TMD exhibits a more pronounced dependence on x, resembling
the characteristics of the pion off-shell TMD. However, it is noteworthy that the value of x corresponding to the
maximum has shifted to a position less than 0.5, which distinguishes it from both the pion on-shell and off-shell
TMDs, as those are symmetric about x = 0.5. The off-shell kaon PDF as articulated in Eq. (24) can be derived
through the integration over k⊥.
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Figure 7. Feynman diagrams illustrating the kaon TMDs within the NJL model are presented. The shaded circles
denote the kaon Bethe-Salpeter vertex functions, while the solid lines represent the dressed quark propagator.
The operator insertion takes the form γ+δ(x − k+

p+ ). The left diagram corresponds to the TMDs of the up u quark,
whereas the right diagram pertains to those of the strange s quark in relation to the kaon.

Figure 8. Kaon TMDs: Upper Panel – The on-shell kaon TMDs represented as f (x, k2
⊥, m2

K); Lower Panel – The
off-shell kaon TMDs denoted by f (x, k2

⊥, 0.6)

4. Summary and Outlook
In this paper, we investigate the off-shell generalized parton distributions (GPDs) and transverse momentum

dependent parton distributions (TMDs) of kaons within the framework of the Nambu–Jona-Lasinio (NJL) model,
employing proper time regularization. We derive off-shell form factors (FFs), off-shell parton distribution functions
(PDFs), and impact parameter-dependent PDFs. Subsequently, we compare these distributions with their on-shell
counterparts and examine their properties.

Unlike on-shell GPDs, the lack of crossing symmetry in off-shell GPDs results in their Mellin moments
exhibiting not only even powers of the skewness parameter but also odd powers. This indicates the emergence of
new off-shell FFs. Our findings indicate the modifications in kaon GPDs resulting from off-shell effects. Unlike
their on-shell counterparts, certain properties may not hold in the off-shell scenario; for instance, symmetry
properties and polynomiality conditions may no longer be applicable.

For the off-shell kaon GPDs, the relative off-shell effect ranges from approximately 15% to 25%. We have also
conducted a comparison between the off-shell kaon GPDs and those of pions. By analyzing the Mellin moments
of kaon GPDs, we derive both the off-shell FFs and gravitational FFs. Furthermore, we compare the off-shell FFs
of kaons with those of pions.

In summary, the NJL model has been demonstrated to effectively describe the off-shell characteristics of pion
and kaon structures. In future work, we can extend these calculations to encompass the off-shell GPDs and FFs of
vector mesons such as ρ and K∗, as well as protons and neutrons. Furthermore, we can replicate the results for
off-shell GPDs obtained in this study using models that incorporate more realistic interactions; this may provide
additional insights into the underlying physics.

Acknowledgments: Work supported by: the Scientific Research Foundation of Nanjing Institute of Technology
(Grant No. YKJ202352).
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Appendix A. Useful Formulae
Here we use the gamma-functions (n ∈ Z, n ≥ 0)

C0(z) =
∫ ∞

0
ds s

∫ τ2
ir

τ2
uv

dτe−τ(s+z)

= z[Γ(−1, zτ2
uv)− Γ(−1, zτ2

ir)] , (A1a)

Cn(z) = (−)n σn

n!
dn

dσn C0(σ) , (A1b)

C̄i(z) =
1
z
Ci(z). (A1c)

where τuv,ir = 1/ΛUV,IR are, respectively, the infrared and ultraviolet regulators described above.
The functions denoted by σ are defined as follows:

σ1 = (1 − x)M2
u + xM2

s − x(1 − x)p2 , (A2a)

σ2 = (1 − x)M2
u + xM2

s − x(1 − x)p′2 , (A2b)

σ3 = M2
u − x(1 − x)t , (A2c)

σ4 =
1 − x
1 + ξ

M2
u +

x + ξ

1 + ξ
M2

s −
x + ξ

1 + ξ

1 − x
1 + ξ

p2 , (A2d)

σ5 =
1 − x
1 − ξ

M2
u +

x − ξ

1 − ξ
M2

s −
x − ξ

1 − ξ

1 − x
1 − ξ

p′2 , (A2e)

σ6 = M2
u − 1

4
(1 +

x
ξ
)(1 − x

ξ
)t , (A2f)

σ7 = (1 − α)M2
u + αM2

s

− α

((
ξ − x

2ξ
+ α

1 − ξ

2ξ

)
p2 +

(
ξ + x

2ξ
− α

1 + ξ

2ξ

)
p′2
)

−
(

ξ + x
2ξ

− α
1 + ξ

2ξ

)(
ξ − x

2ξ
+ α

1 − ξ

2ξ

)
t , (A2g)

σ8 = x(x − 1)p′2 + y(y − 1)p2 + xy(p2 + p′2)

+ (x + y)M2
u + (1 − x − y)M2

s , (A2h)

σ9 = (1 − x)M2
u + xM2

s + (1 − α − x)αq2
⊥

− (xαp2 + x(1 − α − x)p′2) , (A2i)

σ10 = k2
⊥ + (1 − x)M2

u + xM2
s − x(1 − x)p2, (A2j)
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