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Abstract

Georg Cantor’s transfinite numbers theory, established in the late 19th century, revolutionized
mathematics by formalizing the quantification and comparison of infinite sets. Known as Cantorian
formalism, it proposes a hierarchy of actual infinities (e.g., o, N1, the continuum) based on one-to-
one correspondence. While foundational to set theory, this abstract framework has faced
philosophical challenges. intuitive resistance since its inception. This article posits that fractal
geometry, a field largely developed a century after Cantor, offers a potent visual and conceptual
counterargument. Fractals —with their infinite self-similarity, non-integer dimensions, and genesis in
iterative processes—present an alternative ontology of infinity. This perspective challenges the
primacy of Cantorian cardinality by reintroducing a dynamic, process-oriented, and geometrically-
grounded vision of the infinite. By contrasting the static, abstract sets of Cantor with the intricate,
evolving structures of fractals, we argue that the fractal paradigm reveals dimensions of complexity
and structure that Cantorian formalism, in its focus on sheer quantity, necessarily obscures. This
suggests not a refutation of Cantor's logic, but a compelling case for a more pluralistic understanding
of infinity in mathematics.

Keywords: infinity; cantor; set theory; fractals; fractal dimension; philosophy of mathematics; actual
infinity; potential infinity

1. Introduction: The Taming of the Infinite

Infinity has haunted human thought for millennia, often viewed as a paradoxical notion (Moore,
2018). Georg Cantor (1890) subjected infinity to mathematical treatment, developing set theory and
establishing a formal system for comparing infinite sets using one-to-one correspondence, or bijection
(Dauben, 2020).His earth-shattering conclusion was that not all infinities are created equal. He proved
the existence of a smallest infinity, Aleph-null (X,), the cardinality of the set of natural numbers, and
demonstrated that the infinity of the real number continuum (c) was demonstrably larger (Cantor,
1890).

This "paradise” that Cantor created, as David Hilbert famously called it, became the bedrock of
20th-century mathematics (Cohen, 2024). Yet, this paradise was not without its serpents. Critics like
Leopold Kronecker and Henri Poincaré recoiled from the abstract, non-intuitive nature of "actual”
infinities —completed, static totalities that exist independently of any human or mechanical process
(Darrigol, 2024). They championed a more classical, Aristotelian view of "potential” infinity: a process
that can be continued indefinitely but is never finished (Builes & Wilson, 2022).

Early critiques were philosophical, but fractal geometry, developed by Benoit Mandelbrot in the
late 20th century, offered a powerful language for dissent. Fractals depict infinity through geometric
complexity, process, and structure rather than abstract cardinality.This article explores how fractal
geometry serves as a profound counterargument to the hegemony of the Cantorian worldview,
suggesting that its focus on "how many" overlooks the equally vital question of "how complex."
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2. The Cantorian Edifice: An Infinity of Discrete Quantities

At the heart of Cantorianism is a radical conceptual leap: treating infinite sets as complete, self-
contained objects, or actual infinities (Builes & Wilson, 2022). The primary tool for comparing these
objects is not traditional measurement but bijection. If a one-to-one mapping can be found between
the elements of two sets, they are declared to have the same cardinal number, regardless of their
apparent structure. This leads to counter-intuitive results, such as the set of even numbers being the
same size as the set of all natural numbers, and the set of rational numbers being no larger than either
(Poincaré, 2024).

Cantor's most celebrated proof, the diagonal argument, established the uncountability of the real
numbers, thereby proving a fundamental schism in the infinite. He demonstrated that no bijection
could ever be constructed between the natural numbers (X,) and the real numbers on a line segment
[0,1], whose cardinality is the continuum, c (Farmelo, 2019).

In (Burkiet, 2025), the author discussed Cantor's lemma using modern symbols to explain how
infinite sequences of 0s and 1s can represent all possible subsets of natural numbers (N). Cantor's
diagonal argument (CDA) claims that for any list of these sequences, you can create a new sequence
that differs from every sequence in the list, showing that not all subsets can be listed (i.e., some are
uncountable). The author points out that Cantor's assumption that his method works for any
complete list is flawed, as it is possible to construct a list where his diagonal method fails. Delving
into visualisation, it is suggested to look at Figures 1-9 (Burkiet, 2025).

Figure 1 illustrates Cantor's Diagonal Argument (CDA), showing that some sets, like real
numbers, are "uncountable” and cannot be listed like natural numbers. The figure highlights how
CDA constructs a new number differing from each list number, proving no complete list of real

set T of all infinite =00000000000...
sequences of , =11111111111...
binary digits =01010101010...

=10101010101...

s =11010110101...

list S:sy, Sy, ..., Sn, ... IS any s =00110110110...
enumeration $; =10001000100...

of elements =00110011001...
|:> from T S, =11001100110...

‘EMI 110111001[}1--.
:
L SdiS stri 19 fro diagcn al

- list without change digits il S« =01000101100...
BT/ s is string from diagonal s =10111010011...

list with change digits

numbers exists.

Figure 1. Process and example CDA.

Extracting the diagonal is a key step in Cantor's Diagonal Argument (Figure 2), which shows
some sets are uncountable. It involves creating a new sequence from the diagonal of a two-
dimensional list of sequences. This new sequence differs from every sequence in the original list,
proving that not all sequences can be listed, demonstrating the existence of uncountable sets.
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Figure 2. Extracting diagonal.

Changing digits from diagonal to antidiagonal is a method in CDA. Instead of selecting diagonal
digits, you choose antidiagonal digits (Figure 3), creating a new number that differs from each original
list number at one digit. This demonstrates the list cannot contain all possible numbers, highlighting
that there are more real numbers than can be counted, leading to uncountable sets.

Figure 3. Change diagonal to antidiagonal digits.

The existence of a list containing a diagonal string for any antidiagonal refers to a concept in
CDA, which shows that you can create a new sequence (the diagonal) from a list of sequences. This
new sequence differs from each entry in the list at least at one position, meaning it cannot be found
in the original list. This idea is used to demonstrate that there are more real numbers than natural
numbers, suggesting the existence of uncountable sets. This is showcased through Figure 4.
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Figure 4. A list with diagonal string for any antidiagonal.

Figure 5 demonstrates the Indicator functions as mathematical tools used to represent whether
elements belong to a specific subset. For a given set, the indicator function assigns a value of 1 to
elements that are in the set and a value of 0 to those that are not. In the context of Cantor's work, the
indicator function helps illustrate properties of sets, particularly when examining contradictions
related to uncountable sets and their complements.

Inmndicator

m
(8]
a
D
a
a1
i
a
L8

Figure 5. Formula subset indicator functions.

Figure 6 visualises how CDA would provide a new set, called set B, by changing the characters
on the diagonal of a list to their opposites. Set B cannot be part of the original list, leading to a
contradiction of uncountable sets. The author (Burkiet, 2025) explained equivalent definitions
describe sets without changing elements, clarifying relationships between sets and their

complements.

£:N — P(N)

Figure 6. A clear example of how mutually complementing sequences depend on one another.
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Real numbers are the set of numbers that include all the rational numbers (like fractions) and all
the irrational numbers (like the square root of 2 or ), which cannot be expressed as simple fractions.
Inserting a diagonal definition in line k refers to CDA, where a new real number is created by
changing the digits of the numbers listed in a sequence, ensuring that this new number differs from
each number in the list at least at one position. This process demonstrates that there are more real
numbers than natural numbers, leading to the conclusion that real numbers are uncountable, see

Figure 7.
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Figure 7. Real numbers. Inserting a diagonal definition in line k.

In the context of CDA (Burkiet, 2025), a list with corrected diagonals and antidiagonals refers to
a method of identifying elements in a sequence that are constructed to show how certain numbers
can be excluded from a list, as in Figure 8. Diagonal elements are from the original list; antidiagonal
elements change each diagonal element, demonstrating more real numbers than can be listed,
concluding that some sets are uncountable. This concept is central to understanding contradictions
in infinity and uncountable sets.

sequence definitions
taken from T: F sample list S
©)...= s, —0000000000O0 ...
F= ((0)""Sd’ba) T oso= S, = 00100100 100...
o if itn | sa= S =—1111101101T1...
Snp=58 =d,dod,... where d;{o""if o 0)= s, —0000000000O0 ...
sg= Ss = 00100100100 ...
si= S — 1101 1111011.._.
T e e a={1-a-i‘if i#=ml 0)..= s, —0000000000O0 ...
oo o LT U= R S —00100100100 ...
Si= S =— 1 101 1011111 ..
o ...
o ...
=(001)... : 233 P:3iiiiie.

Figure 8. Diagonals and antidiagonals have been adjusted in the list.
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The "Method of Nested Intervals" is a mathematical technique used to find points in a space by
repeatedly narrowing down intervals that contain those points(See Figure 9). The phrase "depriving
the Method Nested of Interval of defective self-reference" suggests that the author is proposing a way
to eliminate contradictions that arise from self-referential definitions within this method. Essentially,
the goal is to refine the method so that it avoids ambiguities and contradictions, leading to clearer
and more reliable results in identifying points within those intervals.

Cantor’s Criterion %

g Separating Pérmutation
cc g N according toL

1 = 1
g 3 Method Nested of Interwals
Lum L
3 . A

I—00

R-Richard’s
list of real number

T- Richard’s
ist of all texts

Figure 9. Scheme for depriving the Method Nested of Interval of defective self-reference.

This elegant proof cemented a hierarchical vision of infinity: a ladder of transfinite cardinals (Xo,
X1, Ky, ...) where each successive Aleph is unimaginably larger than the last. The entire system,
however, relies on accepting infinite sets as static, platonic objects. The line segment from [0,1] is not
seen as a space to be traversed but as a pre-existing, complete collection of points. This abstraction
detaches infinity from physical or geometric intuition, a move that many found deeply unsettling (Lv
, 2024; Ratcliffe, 2024). The Cantorian framework is essentially a quantitative science of the infinite; it
counts points.

3. The Fractal Perspective: Infinity as a Generative Process

Fractal geometry, as articulated by Mandelbrot and combined with educatory
mathematics(Mageed and Bhat, 2022; Mageed, 2023; Mageed, 2024 a-m, Mageed and Li, 2025;
Mageed, 2025 a-m), offers a starkly different conception of infinity. A fractal is a geometric object
characterized by self-similarity across all scales and, most critically, a non-integer dimension (Fraser,
2020). Unlike the smooth, idealized shapes of Euclidean geometry, fractals are rough, fragmented,
and infinitely complex. Consider the Koch Snowflake, a classic fractal construction.

One begins with an equilateral triangle. In the first iteration, the middle third of each side is
replaced with two new sides, forming a smaller equilateral triangle pointing outwards. This process
is then repeated on every new line segment, ad infinitum (Peitgen et al., 2004).

In the late twentieth century, Benoit Mandelbrot (Mageed and Bhat, 2022; Mageed, 2023;
Mageed, 2024 a-m, Mageed and Li, 2025; Mageed, 2025 a-m) revolutionised the intriguing world of
fractals, which are objects that exhibit self-similarity across different scales. One of the most stunning
examples in this category is the Koch Snowflake, as depicted in Figure 10(Husain et al., 2021) and
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Figure 11 (c.f.,, Peitgen et al., 2004), a wonderful work of grace and clarity. The amazing geometry of
Koch snowflake is manifested through visualisation.

The Koch curve presents a direct challenge to classical and Cantorian thinking. At each step of
its construction, the total length of the curve increases by a factor of 4/3. It all begins with an
equilateral triangle known as the initiator. In each stage of the process, or iteration, the middle third
of each line segment is changed by two sides of a smaller equilateral triangle pointing outward —this
is known as the generator.

As the number of iterations approaches infinity, the curve's length also approaches infinity. Yet,
this infinitely long line encloses a finite, calculable area (Akhmet et al., 2020). This paradox
immediately highlights the inadequacy of traditional measurement.

Figure 10. The elegant Koch Snowflake.
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Figure 11. The magnificence of Koch snowflake fractal.

And this process goes on forever (von Koch, 1904; Aravindraj et al., 2023). The visual illustration
is showcased by Figure 12(c.f., Aravindraj et al., 2023).

Ak

0 1 2 3

Figure 12. Expanding Koch Snowflake Fractal pattern layers.

What's truly remarkable about the Koch snowflake is that it has two well-known properties.
First, its perimeter is infinite. The boundary length rises by a factor of (4/3) with each iteration,
resulting in an ever-expanding perimeter as the iterations continue indefinitely. Second, despite its
infinite perimeter, the area is finite, eventually reducing to (8/5) the area of the original triangle
(Akhmet et al., 2020). This intriguing mix of finite and infinite measurements within a single
geometric shape is a fundamental aspect of fractal geometry. Additionally, the Koch curve is
continuous everywhere but differentiable nowhere, which posed a significant challenge to traditional
calculus (Husain et al., 2022a, 2022b). It has a Hausdorff dimension of log(4)/log(3) =~ 1.2618,
which indicates its "roughness" or ability to fill space. This means that is more than simply a one-
dimensional line but not nearly a two-dimensional plane (Bunimovich and Skums (2024). While
these qualities are well understood, they pave the way for even more profound, unresolved concerns.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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More profoundly, the Koch curve embodies potential infinity. It is not a static object but the
result of an unending process. Its "existence" is defined by the algorithm that generates it. One cannot
"hold" the completed object; one can only understand its generative rule and its properties at the limit
(Venegas Aravena & Cordaro, 2025). This stands in direct opposition to Cantor's insistence on the
actual, completed infinite. For the fractalism, infinity is not a destination but a journey of infinite
recursion (Su, 2020).

This process-oriented view culminates in the concept of fractal dimension, or Hausdorff
dimension (Edgar, 2019). While a line is one-dimensional and a plane is two-dimensional, the Koch
curve has a dimension of log(4)/log(3) =~ 1.26. This non-integer value provides a measure of its
complexity and space-filling capacity. It tells us how it occupies space, a quality entirely missed by
Cantorian cardinality. From a Cantorian perspective, the set of points on the Koch curve has the same
cardinality (c) as a simple straight line (Mageed and Bhat, 2022; Mageed, 2023; Mageed, 2024 a-m,
Mageed and Li, 2025; Mageed, 2025 a-m).The formalist sees no difference in their "size." The
geometer, however, sees a universe of difference in their structure, a difference elegantly captured
by the fractal dimension.

4. Juxtaposing the Infinities: Cardinality vs. Complexity

The conflict between Cantorian formalism and the fractal perspective is thus a conflict of
foundational questions. Cantor asks, "How many points?" while the fractal geometer asks, "How is
the structure organized?" and "How does it fill space?" (Weinberg, 2022).

Let us visualize this contrast. Imagine two sets of points, both with cardinality c.

o Set A: The points on a smooth line segment from [0,1]. This is the canonical Cantorian
continuum. It is uniform, simple, and one-dimensional.

o Set B: The points on a space-filling curve, such as the Peano curve, or a highly
complex fractal like the boundary of the Mandelbrot set.

The work of (Jackson, 2025) discussed different types of infinity, focusing on "countable
infinity," which includes natural numbers (like 0, 1, 2, 3, ...) and the spaces on a Turing machine's
tape. It argues that the infinite paths in an "infinity tree," which represent decimal numbers between
0 and 1, can be written down on a Turing machine's tape, showing that these paths are also countably
infinite. The author emphasizes that this approach does not consider decimal equivalences (like
0.3999... being the same as 0.4000...) and concludes that the set of numbers in the range [0, 1] is
countably infinite.

The "infinity tree" (Jackson, 2025) is a conceptual structure used to represent the real numbers
between 0 and 1 (See Figure 13(c.f., Jackson, 2025). It starts with a root node labelled as a decimal
point (0), and each node branches out to 10 unique nodes labelled with the digits 0 through 9, creating
a tree-like pattern. This structure is designed so that no two nodes point to the same node, ensuring
a clear and non-repeating path through the tree, which helps in understanding the concept of
countability in mathematics.
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Figure 13. A partial illustration of the first four layers of the infinite tree.

The Turing machine (Jackson, 2025) uses twelve infinite tapes to efficiently process paths in the
infinity tree. One tape serves as the input, containing decimal representations of paths from the root
node to a certain level, while other serves as the output for the next level. The remaining ten tapes,
called branch tapes, help extend these paths to the child nodes, allowing the machine to
systematically generate and store all paths through the tree as it progresses through each level.

The Turing machine described in the text is a theoretical model that can generate all the real
numbers between 0 and 1 by writing them down on an infinite tape, using an infinite number of
steps. This process suggests that the set of real numbers in that interval is countably infinite, meaning
it can be matched with the natural numbers. Additionally, the text argues that the structure called
the "infinity tree" also contains only a countable number of paths, indicating that every real number
in that range can be generated by the Turing machine without missing any.

In discussion of a special type of Turing machine called an "infinite time Turing machine"
(ITTM), which can perform calculations for an infinite number of steps while keeping track of the
information it generates. This machine operates using a set of rules that dictate how it reads and
writes symbols on a tape, allowing it to process an infinite sequence of tasks. The paper argues that
this ITTM can generate all real numbers between 0 and 1 using a finite number of tapes and an infinite
number of computation steps, challenging traditional views on the countability of real numbers.

In his work "What is Cantor’s Continuum Problem?", Godel argues that Cantor's theory of
cardinality(Parker, 2019), which states that two sets have the same number of elements if there is a
one-to-one correspondence (bijection) between them, is uniquely valid. However, recent scholars
have proposed alternative theories of cardinality that align with standard set theory (ZFC) and offer
useful mathematical properties that Cantor's theory does not. The author critiques Godel's argument
by pointing out that its foundational assumptions are not strong enough to dismiss other perspectives
and that Godel's conclusion about the uniqueness of Cantor's theory is logically flawed.

In (Parker, 2019), the author discusses the concept of "cardinality,” which refers to the number
of elements in a collection. The central idea is that Cantor's Bijection Principle (BP) states that if two
sets can be paired off one-to-one, they have the same number of elements. The author critiques
Godel's argument that Cantor's definition of cardinality is the only valid one, suggesting that there
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are alternative theories that challenge this view and that Godel's reasoning has flaws, particularly in
assuming that BP must apply universally to all sets.

The author (Parker, 2019) explored Godel's argument about Cantor's definition of cardinality,
which suggests that there should be a single definition of number that applies to all types of elements
without considering their differences. However, the author argues that Godel's reasoning is flawed
because it doesn't convincingly dismiss other valid concepts of cardinality, and his conclusion that
Cantor's definition is the only acceptable one is not well-supported. Ultimately, the author believes
that while Godel's argument is interesting, it fails to prove that Cantor's approach is uniquely correct
or that we have no other reasonable options.

The main issue with Godel's argument is that it relies on premises that are not universally
accepted(Parker, 2019), particularly the idea that qualitatively similar sets should have the same
number of elements. Critics argue that this assumption is not necessarily true and that different
concepts of cardinality can be valid, especially in practical applications. Additionally, Godel's
conclusion that his theory of cardinality is the only acceptable one fails because it does not adequately
consider alternative theories that might also be useful or intuitive.

(Parker, 2019) provided critiques Godel's argument for why Cantor's definition of cardinality
(the concept of counting sets) should be accepted as the only valid one. It points out that even if we
agree with Godel's starting points, his conclusion doesn't logically follow because he assumes that a
principle that works for one type of objects (like physical ones) must apply to all types of objects,
which isn't necessarily true. The author argues that there are alternative definitions of cardinality that
could also be valid, showing that Godel's reasoning is flawed.

Godel's argument suggests that Cantor's Bijection Principle (BP) (Parker, 2019), which states that
two sets have the same number of elements if there is a one-to-one correspondence between them,
should apply to all sets, including those made of physical objects. However, the author argues that
Godel's reasoning is flawed because it doesn't adequately dismiss other valid theories of cardinality
that may not follow BP but are still consistent with established set theory (ZFC). Ultimately, while
Cantor's theory is significant and widely accepted, there are alternative approaches to understanding
cardinality that also have merit and could be useful in different contexts.

According to Cantor's metric, Set A and Set B are equivalent in size. His system provides no
language to describe the staggering difference in their geometric complexity, information content,
and structural organization. Cantorian formalism flattens this rich topography into a single number:
¢ (Rucker, 2019).

Fractal dimension, however, reveals the profound distinction. The simple line has a dimension
of 1. A space-filling curve has a dimension of 2, indicating its plane-covering nature. The Mandelbrot
set's boundary, one of the most complex objects in mathematics, also has a dimension of exactly 2
(Edgar, 2019), signifying a level of intricacy that far surpasses a simple line.

This is not a mathematical contradiction of Cantor's proofs. The bijections that equate the
cardinality of sets are logically sound within their axiomatic system (Abarca, 2023). Rather, it is a
philosophical and practical challenge to the sufficiency of that system. The fractal perspective argues
that by focusing exclusively on cardinality, we gain a precise but impoverished understanding of the
infinite. We learn the number of atoms in a statue but nothing of its form (Xiang et al., 2023). The
visual and intuitive power of fractals serves as a constant reminder that infinity possesses qualities —
like structure, depth, and generative potential —that transcend mere numerosity (Kessler, 2022).

5. Conclusions: Towards a Pluralistic Infinity

Cantorian formalism was a monumental achievement, providing a rigorous language for an
aspect of infinity that had previously been intractable. Its model of a static, actual infinity composed
of discrete points organized into a hierarchy of cardinalities remains a cornerstone of pure
mathematics. However, the visual and conceptual universe revealed by fractal geometry serves as a
powerful counter-narrative.

Fractals re-center the discussion on process, complexity, and geometric intuition. They embody a
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potential infinity, one that is perpetually unfolding through iterative rules. Their non-integer
dimensions provide a nuanced measure of structure that is completely invisible to the lens of
cardinality. By placing a smooth line next to a Koch curve or the Mandelbrot set, we are visually
confronted with the limitations of a purely quantitative description of the infinite.

The argument is not that Cantor was "wrong," but that the Cantorian framework is not the only valid
or useful way to conceptualize infinity. Just as non-Euclidean geometries did not invalidate Euclid
but rather revealed its contextual limits, fractal geometry does not invalidate Cantor but rather
highlights the specificity of his perspective (Aguiar e Oliveira Jr, 2022). The infinity of set theory is an
infinity of abstraction and quantity. The infinity of fractals is an infinity of structure, process, and
visual complexity. Acknowledging both allows for a richer, more pluralistic mathematics, one that
embraces the infinite not as a single, settled concept, but as a deep and multifaceted domain that
continues to unfold in surprising and beautiful ways.
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