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Abstract: If ¢ and H are simple, connected, undirected graphs, and ¢ can be covered by an H-covering,
then for a positive integer p, a total p-labeling ¢ on ¢ is considered as a total H-irregular p-labeling if,
for every subgraph K of ¢ that is isomorphic to H, the weight of K (the sum of the labels of all vertices
and edges of K) is a unique number. The smallest integer p for which graph ¢ can be labeled with a
total H-irregular p-labeling is called the total H-irregularity strength of graph G. This paper presents
the exact total H-irregularity strength values for some particular graphs including balloon graphs,
double balloon graphs, and double balloon ladder graphs.
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1. Introduction

Wilson (see [11]) defines a graph ¢ as (V' (0), E(0)), where V (0) represents a finite set of nonempty
vertices and E(p) is a finite set of unordered pairs of distinct elements from V' (¢), known as edges.

Wallis in [10] describes a labeling on ¢ as a function whose domain is either V(¢), E(o), or
V(o) UE(p), and its codomain is a set of positive or nonnegative integers. When the domain is V (o),
it is called vertex labeling; when it is E(p), it is edge labeling; and when it is V(¢) U E(p), it is total
labeling. Various labeling techniques can be employed, one of which is irregular labeling with the
domain V(¢) U E(0) mapping to a set of positive integers. This labeling is discussed in this paper.

Gallian in [4] states that there are about 200 types of labeling techniques, evolving in approximately
3000 papers. These techniques include irregular labeling, introduced by Chartrand et al. (see [3]). In
irregular labeling, the weight of a vertex v € V(o) relative to a total labeling is defined as the sum of
the label of v and all labels of edges incident to v. From some types of irregular labeling on a graph o,
the concepts of total edge irregularity strength (tes) and total vertex irregularity strength (fvs) arise.

Ashraf et al. (see [2]) introduced the strength of irregularity-H, an extension of tes and tvs. A
graph ¢ with an H-covering means that for any edge of ¢, there exists a subgraph of ¢ isomorphic
to H that includes the edge. Let ¢ : V(o) UE(0) — {1,2,...,p} be any total p-labeling on o. For
any subgraph K of ¢ isomorphic to H, the H-weight of K with respect to ¢, denoted by wt,(K), is
defined as wty(K) = Lyev(x) @(v) + Lecr (k) ¢(€)- A total p-labeling on ¢ is called H-irregular if
wty(K') # wty(K") for every two distinct subgraphs K’ and K" isomorphic to H. The smallest integer
p such that ¢ can be labeled with an H-irregular total p-labeling is called the total H-irregularity
strength of o, denoted by tHs(o, H).

Recently, tHs(o, H) has been extensively studied. Agustin et al. in [1] obtained results on
tHs(o, H) for shackles and amalgamation graphs. Nisviasari et al. in [7] researched tHs(o, H) for
triangular ladder and grid graphs. Hidayatul et al. (see [5]) obtained results on tHs(o, H) for grid,
butterfly, hexagonal, and diamond graphs. Suni et al. in [9] investigated diamond ladder, circular
triple ladder, and prism graphs. Wahyujati et al. (see [12]) studied the total H-irregularity strength of
edge comb product graphs. Shulhany et al. (see [8]) examined the same parameter for some classes
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of graphs, while Labane et al. (see [6]) have done so for cycles and diamond graphs. In this work,
we introduce a new type of graph that has not been previously studied by other researchers, which
involves applying specific graph operations. These results not only provide fresh insights but also
extend the applicability of tHs(g, H) to a broader spectrum of graph types. The use of graph operations
in the investigation further highlights the structural complexity and versatility of the studied graphs.
This finding will significantly enrich the theory of tHs(o, H) by deepening our understanding of its
behavior in diverse graph classes and paving the way for future studies in this area.

Theorem 1. [2]. Let ¢ be a graph admitting an H—covering and have w subgraphs isomorphic to H. Then

w—1
[V(H)[+|E(H)| |

tHs(o,H) > |1+

2. Main Results

Our research findings will be presented in this section. First, we begin with the following
definition.

Definition 1. The balloon graph Bl,, n > 1, is a graph with

V(Bly) ={xqy5:9=12,...,n}U{zg:q=1,2,...,n +1}

and
E(Bly) = {XqYq,YqZq YaZq+1,2¢%q41 : 9 = 1,2,..., 11}

The following is provided as an example of balloon graph.

Figure 1. Balloon Graph Bls

Theorem 2. Given Bly, 1 > 1 with Bl; —covering. Then, for 1 < ¢ <1,

60 +1+1

PROOE. The balloon Bl,7, 7 > 1 admits Blg—covering with exactly # — ¢ 41 balloons Blg, 1<7<ny
and 7 is a positive integer. From Theorem 1, it holds

Next, putp = [65721#—‘ , tHs(Bly, Bl;) < p will be proven. On balloon graph Bl; with Bl; —covering,

1 <7 <y, we define

¥, V(Bl) UE(BL,) — {1,2,...,p},

for{ =1,2,...,n,in this manner:
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2
mte = [ o= [ < [£5]

+3 +4 15
¥y (yqzq) = {%Tg—‘,‘l’ﬂé(yqzqﬂ) = {gg—_i_i-‘,‘lj,],g(zqzqﬂ) = ﬁé—-i-ﬂ

forg=12,...,n+1,
( )
WC 7§ 1

The largest label is reached when g = 5 + 1, that is, ¥, 7 (z;) = [6%14{1} .

Foreveryr =1,2,3,...,1 — ( + 1, the vertex set is

V(Blg) = {xr+q,Yr+q:9=0,1,2,...,0 =1} U{zr14:9=0,1,2,...,}

and edge set is

E(BZC) = {xr+qyr+qryr+qzr+qryr+qzr+q+1rzr+qzr+q+1 :q=0,1,2,...,0 —1}.

Furthermore, for every subgraph B ZE in Bl; the weight of Bl7,r = 1,2,...,57 — { + 1, with respect
to¥,;: V(Bl;)UE(Bl;) = {1,2,...,p}is

thﬂ,C(Blg): 2 ¥y (o) + 2 ¥z (e).
veV(Blg) eeE(Blg)

Then, forr =1,2,...,5 -,

wt\ymgBlg—H

- Wt‘FW,gBZE :Tty,é(xr—%) + %0 (Yreg) + Yz (Zryz41)
+ ¥y (i gyrag) + ¥y (Yragzrg)
+%y, Zj(]/r+§zr+§+1) +%, é(zr+§zr+§+1) -y, §( Xr)
ﬂ,C(y ) — ,C(ZV) - ﬂ,C(xryr) - W,C(yrzr)
(

=¥y (Wrzri1) — ¥y z(zrzr1)

| r+C r+ 3¢ r+7¢+1 r+20
{7€+J+{75+1L{ 7T+ 1 L{%Hw

[rvag| [resc]  [r+eg r
7y I b7 +{7g+1}‘{7§+1}
__1’+2§___r—|-6§_ r+¢ r+ 3¢

70+1 70 +1 70+1 70+1

[r+4z] [r+5¢]

7 +1] |70+1
~1.

For every r = 1,2,...,11 — { we get wty, (BI}) < th”’g(Blgﬂ). Hence, wt\yw(Bl?“l) =1+
wty,  (BI7). Moreover, all DBL;—weights are distinct. Therefore, ¥,  is total Bl —irregular labeling
of Bly.
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Since tHs(Bly, Bl;) > p and tHs(Bly, Bl;) < p, we have tHs(Bl;, Bl;) = p, which can be ex-
pressed as

tHs(Bl,, Bl;) = {6“—’7“]

70+ 1
O
The following on Figure 2 is an example of Blyy with Blz—covering and we have tHs(Blyg, Bl3) =

Figure 2. Balloon graph Bljy with Bl3—covering.

Now, by double balloon graph, we mean the graph defined in Definition 2 as follows.
Definition 2. A double ballon graph DBIy, 1 > 1, is a graph with
V(DBly) = {xq,y5:9=1,2,...,1} U{wg,z;: 9 =1,2,..., 1+ 1}

and
E(DBIy) = {ZUqZUq+1,quL7,XqZUq+1,quq,quq,quq+l,Zqu+1 q=12,...,1}

The following figure is provided as an example of double balloon graph.

Figure 3. Double Balloon Graph DBI5

Theorem 3. Given DBI;,n > 1 with DBl;—covering. Then, for1 < <1,

1 2
tHs(DBI,, DBI;) = {01@12—1;} .

PROOF. The double balloon graph, DBl,7, 7 > 1 admits DBlg—covering with exactly 7 — { +1
double balloon DBI;, 1 < { < 7 and 7 is a positive integer. From Theorem 1, we obtain

tHs(DBly, DBI;) > {H (’7_€+1>—1w _ FOCJHHZ]

110 +2 110 +2
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Next, put p = [%-‘ , tHs(DBl,, DBI;) < p will be proven. On double balloon graph DBI,
with DBlg—covering, 1 < ¢ <y, we define

¥, : V(DBl,) UE(DBL) = {1,2,...,p},

for =1,2,...,1,as follows:
forg=1,2,...,71,

+7 +4 [ q+5
¥y o(xg) = {ﬁg—é-"‘yné(yq) = qué +€2wa7,§(qu& = fngfz-‘/

q+3¢ |

q+2¢

q%g(%ﬂq)::{11§+-2

q q+¢
‘Fq,g(zqzqﬂ) = LleLz-‘,‘Pq,g(wqqu) = {m-‘,

q+8¢

forgq=1,2,...,n+1,

¥y o (wg) = {w-‘ ¥y o(zg) = {qu%

117 + 2 11 +2
. _ . _ [ 1004+n+2
The largest label is reached when g = 1 + 1, thatis ¥, - (w;) = {W—‘

Foreveryr =1,2,3,...,1 — C + 1, the vertex set is

V(DBl;) = {xr4q,Yr+q:9=0,1,2,...,0 =1} U{wryq,2r44:9=0,1,2,...,(}

and the edge set is

E(DBIC) :{wr+qwr+q+1/ Xr+qWr+q, Xr+qWrq+1, Xr+qYr+q, Yr+qZr+q,

yr+qzr+q+1;zr+qzr+q+1 q= Or 1/ 2/ ceey g - ]-}

Furthermore, for every subgraph DBZE in DBI;, the weight of DBI7,r = 1,2,...,1 — { +1, with
respect to ¥, . : V(DBI;) UE(DBI;) — {1,2,...,p}is

wty,  (DBI}) = ) ¥, (0) + Y ¥y (e).
veV(DBI}) e€E(DBI})

Then, forr =1,2,...,57 — {, we have
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wt\yqréDBlg’l —wty, DBIL =¥, c (W, yg41) + ¥y 0 (WrigWrig11)

+ ¥y (rgwrrg) + ¥y g (X gWrigi1)

+ ¥y (xr10) + ¥y (Wrag) + ¥z (Zrig41)
+ ¥y (i) + ¥y g (Wrigzrg)

+ Tﬂ tWrrgZrigi) + ¥y g (Zragzrig1)

Foreveryr =1,2,..

,C(x) né(]/r)_ 17,47(27)_ r],é(wr)
=¥y (wrwpg1) =¥y o (xrwr) =¥y ¢ (rwy i)
- ‘I’,7 é(xryr) - r],é(yrzr) - Tiy,@(yrzr—s-l)
- TU,C(ZVZrJrl)
r+110+2 n r+2¢ n r+7¢
117 +2 11742 110 +2
[ r 497 r+87 r45¢
+ 115+J + {11“2} + ngn
[r+107+1 r 467 r+3¢
Tl g2 % LluJ * Llﬁz
+_r+4§_+_ r+¢ | _ _r+7§
11742 117 42 117 +2
][9] [r+100+1
117+ 2 11742 117 42
[ rxg ] [rrec] [r+sg
117+ 2 117 42 117 +2
st a2 [r+3g
117 +2 11742 110 +2
— | r ]
117+ 2

=1.

., —{ we get wtxyné(DBlz) < wtxyﬂ/g(DBZEH). Hence, wtqfw(DBlE“)

1+ wtq:M(DBlz). Furthermore, all DBL; —weights are distinct. Thus, ¥, ; is total DBI; —irregular

labeling of DBI,,.

Since tHs(DBI;, DBI;) > p and tHs(DBI;, DBI;) < p, we have

tHs(DBI,, DBl;) = p,

which can be expressed as

tHs(DBl,, DBI;) = |

O

107 +

i7+21.

11742

Figure 4 is given as an example of DBlyg with DBI,—covering, and with tHs(DBly9, DBly) = 2.
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Figure 4. Double Ballon Graph DBLg with DBL;—covering

Subsequently, Definition 3 furnishes the definition of a double balloon ladder graph.
Definition 3. A double balloon ladder graph DBILy, 1 > 1, is a graph with

V(DBILy) = {xq,y5:9=1,2,...,n} U{wg, 2y : q=1,2,...,n +1}

and
E(DBILy) = {wqwq+1,xqwq, XqWy11, XqYq, YaZq, YaZq+1,2q%q41 - 9 = 1,2, .}

U{wyzg:q=1,2,..., 1+ 1}

The following is provided as an example of double balloon ladder graph.

Figure 5. Double Balloon Ladder Graph DBIL5

Theorem 4. Given DBIL;,n > 1 with DBl;—covering. Then, for1 <7 <1,

tHs(DBIL,, DBIL;) = {%w .

Proof. The balloon DBILy, 7 > 1 admits DBIL;—covering with exactly 7 — ¢ + 1 double balloon
ladder DBIL;, 1 < ¢ < 17 and 7 is a positive integer. By Theorem 1,

tHs(DBIL,, DBIL;) > {H (’7_§+1>—1w _ {11€+11+3]

120 +3 127 +3

Next, put p = Pll%z;r?’—‘ ,tHs(DBILy, DBIL;) < p will be proven. On double balloon ladder DBIL,;
with DBng—covering, 1 <7 <y, we define

¥, : V(DBILy) UE(DBILy) — {1,2,...,p},

for =1,2,...,1,in this way:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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forg=1,2,...,1,

16 +3 [ g+4
Yy o(xg) = Lqu-l—gS-‘ Yz (yq) = qug _|_g3-"1f77,§(quq) = 1172€+€3-‘,

q+2¢
Yy (Ygzgr1) = {12§+3 ’

+
¥y0(yqzq) = ngf3

-6
=
~
—
N
=
N
=
+
—
~—
I
- 1
—_
&
N
_|_
w
_ 1
-6
=
&~
—
S
=
S
N
+
—
N~—
- 1
—_
&
=
+
»
_

+10 +1
¥y g (wyzg) = {%-‘

The largest label is obtained when g = 1 + 1, thatis ¥, s (w,) = [nfzgzgﬂ

Foreveryr =1,2,3,...,1 — ( + 1, the vertex set is

V(DBIL;) = {xr+q,Yr+q:9=0,1,2,...,0 =1} U{w,14,2r14:9=0,1,2,...,0}
and the edge set

E(DBng) :{wr+qwr+q+1r Xr+qWr+q, Xr+qWrtq+1, Xr+qYr+q, Yr+qZr+q,
YrqZriql, Zr+qZriqi1, WeZzqg 1 4 = 0,1,2,..., 0 — 1}.

Furthermore, for every subgraph DBI LZ in DBI; we have weight DBIL;,r = 1,2,...,1 —{ + 1, with
respect to ¥,/ : V(DBIL;) UE(DBIL;) — {1,2,...,p}1is

wty, (DBI) =}, ¥c@+ ) ¥y

veV/(DBILY) ecE(DBILY)

Then, forr =1,2,...,1 — {, we have

wtquDBlE“ —wty, DBI; =Y ¢ (wrig41) + ¥y g (Wrig0rig41)

+ ¥y o (X gwrrg) + ¥y g (X gWrig41)

+%,, (%) + Ty, t(Wreg) + Yy, 7(zriz41)

+ ¥y 0 (X gYrg) + ¥y Wragzrg)

+ ¥y Wrigzrige1) + ¥y g (zrgzrigan)
L Wrigi1zeig1) = Yy o) = ¥y 0 (yr)
g (zr) = ¥y g (wr) =¥y g (wrtor 1)
g (xrwr) — Try,g(xrwﬂ—l) - Tq,é(xryr)
(yrzr) Tq,@(]/rzwrl) - ‘Pry,é(zrzr-s-l)
i

T’?
‘Y
‘Y
‘Y
‘Y
-Y, Wyzy)
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| r+120+3 r+9¢ r+ 67
| T12c43 | T |i2c+3| T 12013
[ r+87 r+7¢ 447
+ 1zg+3w+ 12g+3w+{12g+3w
[r+107 +1 r 457 r+2¢
T 2 13 120+3| | 12053
43¢ r+¢ 4117 42
Tligas| a2 | T 12043
467 r+3¢ r 497
S |120+3| |120+3| |120+3

[r+117+2 r+ 8¢ r+5¢
| 12043 | [120+43| |120+3
Crwrg] [rvac] [ oreg
120 +3 120 +3 12 +3

_r+2§ r r+10C +1
C 112043 [120+3| | 120+3

=1.

Foreveryr =1,2,...,5 —{wegetwty, (DBIL}) < wtqfw(DBlLEH). Hence, wtqfﬂlé(DBlLEH) =
1+ wty, , (DBI LE) Furthermore, all DBL; —weights are distinct. Thus, ¥, 7 is total DBIL; —irregular
labeling of DBIL,,.

Since tHs(DBIL;, DBIL;) > p and tHs(DBILy;, DBIL;) < p we have

tHs(DBIL,, DBIL;) = p,

which can be expressed as
117 +7n + 3}

tHs(DBIL,, DBIL;) = | B3

O

The following on Figure 6 is an example of DBIlLyg with DBIL;—covering, and we get
tHs(DBILyg, DBILy) = 2.

Figure 6. Total DBI/L—Irregularity Labeling of DBIL)g

3. Concluding Remarks

This research focuses on the total H—irregularity strength of balloon graph Bl;, with Bl; —covering,
double balloon graph DBI;, and double balloon ladder graph DBIL, with DBI;—covering. We found
that the lower bound given in Theorem 1 is sharp for all these graphs.
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