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Article

On Dobrushin’s Central Limit Theorem for
Non-homogeneous Markov Chains in the Array
Scheme, II
Aisha Nurieva

NRU HSE; ai_nurieva@mail.ru

Abstract

This paper proposes a new sufficient condition for the Central Limit Theorem to hold for non-
homogeneous Markov chains in an array scheme, even when the Markov-Dobrushin ergodicity
coefficient violates the classical Dobrushin condition.

Keywords: Dobrushin’s CLT; Markov chains; ergodic coefficients; array scheme

1. Introduction
An important central limit theorem (CLT) for non-homogeneous Markov chains was established by

R.L. Dobrushin in 1956, a result that has since attracted considerable attention. This paper contributes a
further extension of this celebrated theorem, which differs from the one proposed in our recent preprint
(arXiv:2406.16156). The initial work in this direction by A.A. Markov was subsequently advanced by
Bernstein, Sapogov, and Linnik, culminating in Dobrushin’s seminal publication. Dobrushin ultimately
showed that, under an additional non-degeneracy condition on the variances, the sufficient condition

lim
n→∞

n1/3αn = ∞,

is also very close to necessary. Here, αn denotes the Dobrushin (or Markov-Dobrushin) ergodic
coefficient. The optimality of the rate n1/3 was demonstrated by the Bernstein-Dobrushin example.
While extensions exist for Markov chains with memory and the results have been simplified using
martingale methods, this paper employs an adapted martingale approach to establish a CLT under new,
slightly modified assumptions. Our motivation stems from the central role of the CLT in mathematical
statistics.

The paper consists of 5 sections: Introduction, The setting, Main results, Auxiliary results, Proof
of the theorem.

2. The Setting
Consider a non-homogeneous Markov chain defined on a probability space (Ω,F ,P). Let

πi,i+1(x, dy) denote the Markov transition kernel governing the evolution from time i to i + 1 on
a measurable space (X,B(X)), which is assumed to satisfy the standard conditions for a Markov
process (cf. [5]). The corresponding transition probabilities are defined by the relation:

P[Xi+1 ∈ A|Xi = x] a.s.
= πi,i+1(x, A),

where {Xi : 1 ≤ i ≤ n} is the trajectory of the process on [1, n]. In particular, if the initial distribution
is X1 ∼ µ then the distribution at time k ≥ 2 is given by the measure µπ1,2π2,3 . . . πk−1,k.

Due to the nature of conditional expectations, certain equalities and inequalities hold only almost
surely (a.s.).
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For i < j let us denote by πi,i+k the k-step transition kernel, which has a form due to the Chapman-
Kolmogorov equation,

πi,j = πi,i+1πi+1,i+2 . . . πj−1,j.

Definition 1. The Markov-Dobrushin (MD) coefficient1 δ(π) is defined by any of the three equivalent expres-
sions,

δ(π)= sup
x1,x2∈X,
A∈B(X)

|π(x1, A)−π(x2, A)|= 1
2

sup
x1,x2∈X,
∥ f ∥B≤1

|
∫

f (y)[π(x1, dy)−π(x2, dy)]|

= sup
x1,x2∈X,

u∈U

|(πu)(x1)−(πu)(x2)|, where U={u(·) : sup
y1,y2

|u(y1)−u(y2)| ≤ 1}.

(1)

where U = {u(·) : supy1,y2
|u(y1)− u(y2)| ≤ 1}.

Here ∥ f ∥B = supx∈X | f (x)|. It follows from the definition that 0 ≤ δ(π) ≤ 1, and that δ(π) = 0 if and
only if the measure π(x, dy) does not depend on x, and in the latter case the second random variable
does not depend on the first one. The measure π will be called non-degenerate of 0 ≤ δ(π) < 1. To
denote integrals, standard notations will be used,

(µπ)(A) =
∫

µ(dx)π(x, A), (πu)(x) =
∫

u(y)π(x, dy).

Let
Osc(u) := sup

x1,x2

|u(x1)− u(x2)|.

This semi-norm will be applied to random variables (see lemmata 13, 14), interpreted in the sense
of the essential supremum norm.That is, for any random variable X on (Ω,F ,P), we define:

Osc(X) := ess
P

sup
ω∈Ω

X(ω)− ess
P

inf
ω∈Ω

X(ω). (2)

Further, for any transition kernels π1, π2 and two-step transition kernel π1π2 (the first transition
is according to the matrix π1, while the second – according to π2), the following inequality holds true,

δ(π1π2) ≤ δ(π1)δ(π2),

Similarly,
δ(πi,j) ≤ δ(πi,i+1)δ(πi+1,i+2) . . . δ(πj−1,j).

δ(πi,j) ≤ (1 − αn)
j−i. (3)

Accordingly,
α(πi,j) = 1 − δ(πi,j).

In what follows, EY and D[Y] stand for the expectation and for the variance of the random variable Y,
respectively.

We work in an array scheme: for each n ≥ 1, let X(n)
i : 1 ≤ i ≤ n be a Markov chain on X with

transition kernels π
(n)
i,i+1(x, dy) : 1 ≤ i ≤ n − 1 and initial distribution µ(n). For simplicity, all processes

(X(n)) are defined on a common probability space (Ω,F ,P), though this assumption can be relaxed.
Define the minimal ergodicity coefficient as:

αn = min
1≤i≤n−1

α(π
(n)
i,i+1).

1 In [13] it is called just the contraction coefficient.
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Further, let { f (n)i : X 7→ R, 1 ≤ i ≤ n} be real-valued functions on X. For any n ≥ 1 let

Sn :=
n

∑
i=1

f (n)i (X(n)
i ).

The main result of Dobrushin’s paper, along with a key corollary, is presented in [13] as follows (we
state it as a proposition to distinguish it from our main result, which will be termed a theorem). Here,
“ =⇒ ” denotes weak convergence.

Proposition 2. Let Cn := sup1≤i≤n supx∈X | f (n)i (x)| < ∞. In this case, if

lim
n→∞

C2
nα−3

n
[ n

∑
i=1

D( f (n)i (X(n)
i ))

]−1
= 0, (4)

then the CLT holds true in the array scheme:

Sn − E(Sn)√
D(Sn)

=⇒ N (0, 1). (5)

Corollary 3. Under the assumptions of the theorem, if supn Cn = C < ∞, and inf
i,n

D( f (n)i (X(n)
i )) ≥ c > 0,

and if
lim

n→∞
n1/3αn = ∞, (6)

then weak convergence (5) holds.

3. Main Results

Let fix n and define (β
(n)
k , 1 ≤ k ≤ n) to be a non-random sequence of ones and zeros, like

(110010 . . . 01), and let for 1 ≤ i ≤ j ≤ n,

κ
β
j =

j

∑
k=1

1(β
(n)
k = 1)

Denote
α

β
n := min

1≤i≤n−1: β
(n)
i =1

α(π
(n)
i,i+1).

Then (3) may be relaxed to

δ(πi,j) ≤ (1 − α
β
n)

κ
β
j −κ

β
i . (7)

Definition 4. We say that the condition (Hβ) is met if there exist m0 > 0 and c > 0 such that for any n the

sequence (β
(n)
k , 1 ≤ k ≤ n) satisfies the following property: for any pair (i < j) with j − i ≥ m0, the inequality

kβ
j − kβ

i ≥ c(j − i) (8)

is satisfied.

In what follows such a sequence (β
(n)
k , 1 ≤ k ≤ n) is fixed for each n. The next theorem is the

main result of the paper.

Theorem 5. Let the assumption (Hβ) be met, and let also

sup
1≤i≤n

sup
x∈X

| f (n)i (x)| ≤ Cn < ∞. (9)
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Then, if condition

lim
n→∞

C2
nα−1

n (α
β
n)

−2[ n−1

∑
i=1

β
(n)
i D( f (n)i+1(X(n)

i+1))
]−1

= 0 (10)

is satisfied, then C−2
n D(Sn) → ∞ and the CLT holds true,

Sn − E(Sn)√
D(Sn)

=⇒ N (0, 1). (11)

Corollary 6. If supn Cn = C < ∞ and

inf
i,n

D( f (n)i (X(n)
i )) ≥ c > 0, (12)

and the conditions (8) along with
lim

n→∞
nαn(α

β
n)

2 = ∞, (13)

hold, then convergence (11) is valid.

4. Auxiliary Results
The following auxiliary results are collected in this section. Unless stated otherwise, they are

reproduced without proof from [7] and [13]. However, proofs are provided for Lemmata 8, 12, and 14.
Because, despite their simplicity, they involve new calculations that are crucial for proving the main
result. The notation used is consistent with that in [13]. In particular, the essential supremum norm of
a random variable Z is defined as:

∥Z∥L∞ := ess
P

sup
ω∈Ω

|Z(ω)|. (14)

Proposition 7. ([7, Theorem 3.2], [10, Theorem 5.5.8]) Let for any n ≥ 1 the process {(W(n)
i : 0 ≤ i ≤ n} be

a martingale with respect to a filtration (G(n)
i ), W(n)

0 = 0, and let ξ
(n)
i := W(n)

i − W(n)
i−1. If

max
1≤i≤n

∥ξ
(n)
i ∥L∞ → 0,

n

∑
i=1

E[(ξ
(n)
i )2|G(n)

i ] → 1 in L2 (15)

Or in other words

max
1≤i≤n

ess
P

sup
ω

|ξ(n)i (ω)| → 0, E

∣∣∣∣∣ n

∑
i=1

E[(ξ
(n)
i )2|G(n)

i ]− 1

∣∣∣∣∣
2

→ 0

then the weak convergence takes place,
W(n)

n =⇒ N (0, 1).

Following [13], we assume without loss of generality that the functions f (n)i are centered:

E[ f (n)i (X(n)
i )] = 0, 1 ≤ i ≤ n, n ≥ 1.

Define

Z(n)
k :=

n

∑
i=k

E[ f (n)i (X(n)
i )|X(n)

k ], (16)

so that

Z(n)
k =


f (n)k (X(n)

k ) + ∑n
i=k+1 E[ f (n)i (X(n)

i )|X(n)
k ], 1 ≤ k ≤ n − 1,

f (n)n (X(n)
n ), k = n.
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Then, for any 1 ≤ k ≤ n − 1, the representation holds,

f (n)k (X(n)
k ) = Z(n)

k − E[Z(n)
k+1|X

(n)
k ]. (17)

Furthermore, for any 2 ≤ k ≤ n − 1, this expression can be equivalently rewritten as

(Z(n)
k − E[Z(n)

k |X(n)
k−1]) + (E[Z(n)

k |X(n)
k−1]− E[Z(n)

k+1|X
(n)
k ])

Consequently, the sum Sn can be expressed in martingale form as follows:

Sn =
n

∑
i=1

f (n)i (X(n)
i ) = Z(n)

1 +
n

∑
k=2

[Z(n)
k − E[Z(n)

k |X(n)
k−1]].

As emphasized in [13], this transformation originates from the seminal paper [6] on a "simple" CLT for
Markov chains. Given that all terms on the right-hand side of this representation are uncorrelated, it
follows that

D(Sn) =
n

∑
k=2

D(Z(n)
k − E[Z(n)

k |X(n)
k−1]) +D(Z(n)

1 ).

Let
ξ
(n)
k =

1√
D(Sn)

[Z(n)
k − E[Z(n)

k |X(n)
k−1]] (18)

M(n)
k =

k

∑
ℓ=1

ξ
(n)
ℓ (19)

Then the process M(n)
k is a martingale with respect to the filtration F (n)

k = σ{X(n)
ℓ : 1 ≤ ℓ ≤ k} for

1 ≤ k ≤ n. The central limit theorem will be established by approximating the normalized sum
Sn√
D(Sn)

by the terminal martingale value M(n)
n and then applying a martingale CLT, following the

approach in [13] (see Proposition 7). It therefore suffices to verify the two conditions in (15).
Further, by f (n)i πi,j f (n)j we denote the product of the functions f (n)i and πi,j f (n)j . Notice that for

any i < j, n, and function f (n)j ,

Osc(πi,j( f (n)j )) ≤ δ(πi,j)Osc( f (n)j ). (20)

Lemma 8. Under the conditions of the theorem, for any 1 ≤ i ≤ j ≤ n,

∥πi,j f (n)j ∥B ≤ 2Cn(1 − α
β
n)

κ
β
j −κ

β
i , Osc(πi,j( f (n)j )2) ≤ 2C2

n(1 − α
β
n)

κ
β
j −κ

β
i ; (21)

and also for 1 ≤ l < i ≤ j ≤ n,

Osc(πl,i( f (n)i πi,j f (n)j )) ≤ 6C2
n(1 − α

β
n)

κ
β
i −κ

β
l (1 − α

β
n)

κ
β
j −κ

β
i = 6C2

n(1 − α
β
n)

κ
β
j −κ

β
l ; (22)

Proof. Since ∥ f (n)j ∥ ≤ Cn, then Osc( f (n)j ) ≤ 2Cn. It follows from the definitions of the coefficients δ

and α
(2)
n , and from (3) that

Osc(πi,j f (n)j ) ≤ δ(πi,j)Osc( f (n)j ) ≤ 2Cn(1 − α
β
n)

κ
β
j −κ

β
i .

Since E[(πi,j f (n)j )(X(n)
i )] = E[ f (n)j (X(n)

j )] = 0, the first inequality in (21) follows from the bounds

∥πi,j f (n)j ∥B ≤ Osc(πi,j f (n)j ) ≤ 2Cn(1 − α
β
n)

κ
β
j −κ

β
i .
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The second inequality in (21) is established similarly. Indeed, we have due to (20),

Osc(πi,j( f (n)j )2) ≤ δ(πi,j)Osc(( f (n)j )2) ≤ 2C2
n(1 − α

β
n)

κ
β
j −κ

β
i .

To prove the third inequality of the lemma, we estimate using (21):

Osc(πl,i( f (n)i πi,j f (n)j )) ≤ (1 − α
β
n)

κ
β
l −κ

β
i Osc( f (n)i πi,j f (n)j )

≤ (1 − α
β
n)

κ
β
l −κ

β
i

(
Osc( f (n)i )∥πi,j f (n)j ∥B + ∥ f (n)j ∥B Osc(πi,j f (n)j )

)

≤ 6C2
n(1 − α

β
n)

κ
β
i −κ

β
l (1 − α

β
n)

κ
β
j −κ

β
i ,

as required.

The following lemma provides a lower bound for the variance of the sum, a result that is crucial
for proving the main theorem. We were unable to improve this bound using the coefficient α

β
n;

consequently, we state it exactly as in [13] and without proof. Nevertheless, even with the weaker
coefficient αn, this bound remains highly useful in the subsequent analysis.

Proposition 9 ([13], proposition 3.2). Under the assumptions of the theorem 5, for any n ≥ 1,

D(Sn) ≥
αn

4

n

∑
i=1

D( f (n)i (X(n)
i )).

To prove this proposition, the following auxiliary statements are necessary.

Lemma 10 (Lemma 4.1, [13]). Let λ be a probability measure on X × X with marginals α and β respectively.
Let π(x1, dx2) and π̂(x2, dx1) be the corresponding transition probabilities in the two directions so that απ = β

and βπ̂ = α. Let f (x1) and g(x2) be square integrable with respect to α and β respectively. If∫
f (x1)α(dx1) =

∫
g(x2)β(dx2) = 0

then, ∣∣∣∣∫ f (x1)g(x2)λ(dx1, dx2)

∣∣∣∣ ≤ √δ(π)∥ f ∥L2(α)
∥g∥L2(β).

Lemma 11 (Lemma 4.2, [13]). Let f (x1) and g(x2) be square integrable with respect to α and β respectively.
Then,

E
[
( f (x1)− g(x2))

2
]
≥ α(π)V( f (x1))

as well as
E
[
( f (x1)− g(x2))

2
]
≥ α(π)V(g(x2)).

We now estimate the ratio |Z(n)k|L∞/
√

D(Sn) in the following lemma. Note that by the definition
of the L∞ norm in (14), the value ∥Z(n)

k ∥L∞ is nonrandom; see the definition of Z(n)
k in (16).

Lemma 12. Under the assumptions of the theorem 5, the equality holds,

lim
n→∞

sup
1≤k≤n

∥Z(n)
k ∥L∞√
D(Sn)

= 0. (23)

Proof. We have,
EE[ f (n)i (X(n)

i )|X(n)
k ] = 0.
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Therefore, because of the equality

E[ f (n)i (X(n)
i )|X(n)

k ]
a.s.
= πk,i f (n)i (X(n)

k ),

and by virtue of (21), we obtain,

∥E[ f (n)i (X(n)
i )|X(n)

k ]∥L∞ = ess
P

sup
ω∈Ω

|E[ f (n)i (X(n)
i )|X(n)

k ]|

= ess
P

sup
ω

|πk,i f (n)i (X(n)
k )| ≤ ∥πk,i f (n)i ∥B ≤ 2Cn(1 − α

β
n)

κ
β
i −κ

β
k .

So, it follows,

∥Z(n)
k ∥L∞ ≤

n

∑
i=k

∥E[ f (n)i (X(n)
i )|X(n)

k ]∥L∞ =
n

∑
i=k

∥πk,i f (n)i ∥B ≤
n

∑
i=k

2Cn(1 − α
β
n)

κ
β
i −κ

β
k

≤ 2Cnm0 + 2Cn

n

∑
i=k+m0+1

2Cn(1 − α
β
n)

κ
β
i −κ

β
k
(8)
≤ 2Cnm0 + 2Cn

n

∑
i=k+m0+1

(1 − α
β
n)

c(i−k)

≤ 2Cnm0 + 2Cn

∞

∑
i=k+m0+1

(1 − α
β
n)

c(i−k) ≤ 2Cnm0 + 2Cn

n

∑
i=k+m0+1

(1 − α
β
n)

c(i−k) ≤

The last inequality is due to the formula for the geometric sum with the common ratio 0 ≤ (1− α
β
n) < 1.

Continue sequance of inequalities:

≤ 2Cnm0 +
2Cn

1 − (1 − α
β
n)c

≤ 2Cnm0 +
2Cn

cα
β
n
= 2Cn

(cm0 + 1)/c

α
β
n

.

And here we use inequality (1 − α
β
n)

c ≤ 1 − cα
β
n. Finally, applying the bound from the proposition 9,

we get,

sup
1≤k≤n

∥Z(n)
k ∥L∞√
D(Sn)

≤ 4 Cn

(
(α

β
n)

2αn

n

∑
i=1

1(β
(n)
i = 1)D( f (n)i (X(n)

i ))

)−1/2

.

Due to the condition (9) this implies the inequality (23), as required.

The proof of the following lemma is given in [13, Lemma 3.3] and is therefore omitted here. Recall
that the semi-norm Osc, when applied to a random variable, is defined as in (2).

Lemma 13. Let
{

Y(n)
l : 1 ≤ l ≤ n

}
and

{
G(n)

l : 1 ≤ l ≤ n
}

, for n ≥ 1, are, respectively, the sequence of

non-negative random variables and sigma-fields such that σ
{

Y(n)
1 , . . . , Y(n)

l

}
⊂ G(n)

l . Suppose that

lim
n→∞

E

[
n

∑
l=1

Y(n)
l

]
= 1 and sup

1≤i≤n

∥∥∥Y(n)
i

∥∥∥
L∞

≤ ϵn,

where limn→∞ ϵn = 0. Suppose in addition that

lim
n→∞

sup
1≤l≤n−1

Osc

(
E

[
n

∑
j=l+1

Y(n)
j | G(n)

l

])
= 0.
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Then

lim
n→∞

n

∑
l=1

Y(n)
l = 1 in L2.

Further, denote random variables

v(n)j := E[(ξ
(n)
j )2 | F (n)

j−1], where ξ
(n)
j =

1
D(Sn)

[Z(n)
k − E[Z(n)

k |X(n)
k−1]]

These random variables are measurable with respect to the sigma-fields G(n)
j = F (n)

j−1 for 2 ≤ j ≤ n,
respectively.

Lemma 14. Under the assumptions of the theorem 5 the convergence

sup
2≤l≤n−1

Osc

(
E

[
n

∑
j=l+1

v(n)j | F (n)
l−1

]
(ω)

)
= o(1), n → ∞,

holds true.

Note that in this paper, all o(1) terms are deterministic. This is a consequence of our convention
for the oscillation semi-norm applied to random variables, as defined in (2).

Proof. By the martingale property and definitions (17) and (18), it follows that E
[
ξ
(n)
r ξ

(n)
s | F (n)

u

]
= 0

(a.s.) for all r > s > u. Therefore,

E

[
n

∑
j=l+1

v(n)j | F (n)
l−1

]
= E

[
n

∑
j=l+1

(
ξ
(n)
j

)2
| F (n)

l−1

]
= E

( n

∑
j=l+1

ξ
(n)
j

)2

| X(n)
l−1



= (DSn)
−1E

( n

∑
j=l+1

f (n)j

(
X(n)

j

)
− E

[
Z(n)

l+1 | X(n)
l

])2

| X(n)
l−1



= (DSn)
−1E

( n

∑
j=l+1

f (n)j

(
X(n)

j

))2

| X(n)
l−1

− (DSn)
−1E

[
E
[

Z(n)
l+1 | X(n)

l

]2
| X(n)

l−1

]
. (24)

By Lemma 12, the second term in (24) is bounded above by sup2≤l≤n−1(DSn)
−1
∥∥∥Z(n)

l+1

∥∥∥2

L∞
, which is

o(1). Consequently, its oscillation is also o(1) as n → ∞, uniformly in ω. Recall that Z(n)
k is defined as

(cf. (16)):

Z(n)
k :=

n

∑
i=k

E[ f (n)i (X(n)
i )|X(n)

k ]

We now estimate the oscillation of the first term in (24).

Osc

(DSn)
−1E

( n

∑
j=l+1

f (n)j

(
X(n)

j

))2

| X(n)
l−1



≤ (DSn)
−1 ∑

l+1≤j,m≤n
Osc

(
E
[

f (n)j

(
X(n)

j

)
f (n)m

(
X(n)

m

)
| X(n)

l−1

])
.
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Let us highlight that our definition of “Osc” for r.v. in (2) allows us not to worry about the difference
between sure and almost sure inequalities, despite conditional expectations in the expressions. We
now apply Lemma 8:

Osc
(
E
[

f (n)j

(
X(n)

j

)
f (n)m

(
X(n)

m

)
| X(n)

l−1

])
≤ 6C2

n

(
1 − α

β
n

)κ
β
j −κ

β
l
(

1 − α
β
n

)|κβ
m−κ

β
j |.

In the remaining cases the estimates are analogous, with at most one or two additional factors of
(1 − αn), each bounded above by 1. Summing over all terms then yields the bound

Osc(·) ≤ (DSn)
−1C2

n(α
β
n)

−2,

uniformly with respect to l. Combining this estimate with Proposition9 and condition 9 completes the
proof of the lemma.

5. Proof of the Theorem 5
Proof. It follows from the lemma 12 that it suffices to show convergence

M(n)
n /

√
D(Sn) =⇒ N (0, 1).

This property follows from the proposition 7, because it was already verified that

(a) sup2≤k≤n

∥∥∥ξ
(n)
k

∥∥∥
L∞

→ 0, n → ∞;

(b) E

∣∣∣∣∑n
k=2 E

[(
ξ
(n)
k

)2
| F (n)

k−1

]∣∣∣∣2 → 1, n → ∞.

Here, part (a) follows from the lemma 12 (negligibility). To verify condition (b), we apply 13, 14(LLN).
This is valid since (a) holds and the variance decomposition (after 13) combined with Lemma 12 gives

∑n
k=2 E[(ξ

(n)
k )2] = 1 + o(1).
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