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Abstract

Hand planting is slow, variable, and risky in windy, rocky coastal or bushland terrain. We reframe
aerial seeding as an environment-aware optimization that selects drone height, airspeed, and heading
to maximize per-cell hit rate while maintaining throughput over large areas. Central to our approach
is a physics-based drop model: we compute the exact fall time under quadratic drag, predict mean
horizontal drift by coupling vehicle motion with wind at release height, and model random spread
using an Ornstein-Uhlenbeck turbulence process whose time scale increases with altitude. We then
couple the latter with an error budget that accounts for timing, heading, and wind-direction uncer-
tainty, yielding finite-time dispersion that is operationally realistic. Compared with altitude-only
rules or heading-agnostic heuristics common in the restoration literature, our formulation makes the
environment explicit-wind speed, wind direction, and turbulence intensity enter transparently-and
produces reproducible, parameter-tuned operating points rather than ad-hoc settings. We provide
equation-level details for local calibration and a lightweight dashboard that visualizes recall, drift
distance, and recommended settings balancing hit rate and coverage speed in real time. In this scheme,
the optimizer selects height, speed, and heading of the drone to center the expected impact on the
target while reducing variance under the prevailing turbulence and relative wind angle.

Keywords: UAV; aerial seeding; physics-informed planning; wind drift; turbulence; decision support;
optimization

1. Introduction

Precision aerial seeding technology using unmanned-aerial vehicles (UAVs) is being developed
as a promising tool for ecological restoration, precision agriculture and post-disaster vegetation reha-
bilitation. Aerial seeding holds the potential for significantly faster coverage (an order of magnitude)
than in manual planting; however, flying higher to avoid obstacles or cover larger swaths increases
wind-driven drift and turbulence driven spread. The literature contains altitude heuristics or wind-
agnostic rules, which give some quantitative guidance on selecting the flight parameters or a path
plan under site-specific winds. In this context, drones are especially effective for extending assets
on steep and difficult terrain, achieving higher-spatial accuracy with lower cost and less human
risk than traditional ground or manned aircraft approaches. However, utilization of this potential is
contingent on maintaining control of seed delivery under environmental perturbations such as wind,
turbulence, and timing jitter that collectively define the probability seeds are effectively delivered to
inside the target zone. Achieving reliable placement is challenging as the drop is governed by coupled
aerodynamics, stochastic winds, and operational uncertainties, despite progress toward autonomy
and flight stability. Most of the existing mission-planning tools are often calibrated with empirical
ad-hoc corrections, and no consistent physical relation can be assumed to connect input environment
parameters with accuracy figures. Thereby, they cannot predict the performance of recall (Py;) or reset
flight parameters in real time.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Building on these per-cell estimates, this work fills the existing gap through a physics-informed,
context-aware framework enabling the direct linkage of observable factors to mission-level end states.
We integrate quadratic-drag fall dynamics, height-resolved wind profiles, and finite-time turbulence
dispersion compensated with a timing-, heading- and wind direction-dependent error budget. From
these components, we compute (Py;;) for a chosen cell size, a continuous center-proximity score,
CEPs5(/CRgs accuracy radii, and an along-/cross-track breakdown to diagnose sensitivity to relative
wind angle and control errors. The optimizer applies angle-aware lead compensation to keep the mean
impact centered and then searches height-speed-heading settings that minimize spread under the
current environment. In this paper, we model aerial seeding as a cell-based targeting with an explicit
environmental description,

e = (U, Ow, I),

where Uy is the 10-m wind speed, 8y is the wind direction, and I represents the turbulence intensity.
For any grid cell, we predict (Py;) and aggregate over the selected cells to obtain the overall recall.
To compute these cell-level hit probabilities under a given environmental state e, deterministic and
stochastic mechanisms governing dispersal. The drop is modeled with transparent, reproducible
components:

e  Fall time from quadratic drag, capturing propagule mass/area/drag dependence. (e.g., mo =
mg — %pCDAUZ, with terminal speed v; = /2mg/(oCpA) [1-4].)

*  Mean drift as the vector sum of platform motion and wind at release height, expressed in
along-/cross-track coordinates tied to the current heading (ex,”, ey,1)-

¢  Turbulence-driven spread via an Ornstein—Uhlenbeck process with a height-dependent La-
grangian time scale, yielding closed-form integrals for position variance over the fall.

¢  Operational error budget that incorporates release-timing jitter, small heading deviations, and
wind-direction uncertainty so predictions reflect field realities.

To make the framework useful, we developed an interactive dashboard that translates these
equations into decision support in real-time [5]. It both calculates and visualizes the impacts of altitude,
velocity, and heading on recall given current winds; generating operating envelopes which identify
safe and efficient regions for a specific accuracy level. Our contributions in this paper are summarized
as follows:

e  Physics-grounded model. A concise, reproducible formulation combining quadratic-drag fall
time, a height-varying wind field, Ornstein-Uhlenbeck (OU) turbulence, and a calibrated opera-
tional error budget to explain accuracy across environments.

e  Performance in visible metrics. To evaluate our environment formulation, we report several
key performance parameters such as hit probability, center-proximity score, CEP5y/CRgs, and
along-/cross-track error decomposition reveal how height, speed, and heading shape precision
and recall.

e  Practitioner-ready tooling. A lightweight, web-based dashboard renders KPIs, visual maps, and
“what-if” analyses to guide operators toward height-speed-heading choices and flight paths that
maximize recall for a given environment.

¢  Environment-aware optimizer. Given ambient conditions (10 m wind speed, wind-to direction,
and turbulence intensity), the system recommends the drone’s height, speed and heading to
maximize hit rate under throughput and safety constraints.

These contributions deliver a reproducible and interpretable decision-support system for precision
aerial seeding, integrating physics-based modeling, probabilistic reasoning, and real-time planning
into a single operational tool.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Related Work

We leverage previous work in four areas related to UAV-based aerial seeding: (i) application field
experience in forestry and agriculture, (ii) mathematical models for drop accuracy, and (iii) wind-aware
path and coverage planning, and (iv) metrics for quality of accuracy results. We conclude with the gap
motivating our approach.

2.1. UAV Seeding in Forestry and Farming

UAV seeding has recently been recognized as a rapid and inexpensive tool for restoration and
reforestation, with significant emerging applications in post-fire forests or coastal systems such as
mangroves [6,7]. However, most previous engineering articles focused on dispenser mechanics
with the distribution uniformity (row/broadcast width, metering, blockage) [8-12] instead of end-
to-end placement accuracy under wind. In this case, we reformulate the aerial seeding problem as a
targeting problem and calculate hit probability at a per-cell level based on flight characteristics and
flow properties.

2.2. Drop Accuracy Relevant Dispersion Models

For transport within the atmosphere, Lagrangian stochastic (LS) formulations are widely consid-
ered to be the envelope of particle dispersion as it is based on well-mixed condition [13-15]. At the
aircraft height, wind shear and turbulence intensity dominate spread; in practical vertical interpolation
log-law or power-law profiles are typically used as a function of roughness and stability [16,17]. This
body of literature provides validated structure for drift and spread, but is seldom linked to UAV seed-
ing (a process that will lead to route- or cell-level recall). In this paper, we close this gap by considering
a Langevin spread in the spirit of OU (Ornstein—-Uhlenbeck) process and explicitly accounting for its
influence on the hit probability.

2.3. Accuracy Metrics and Reporting

Navigation and airdrop communities characterize horizontal error with CEP and Ros derived from
the Rayleigh/Rice family for 2-D Gaussian possibly-biased error [18-22]. We adopt these conventions—
reporting CEP50/CR95 along with a task-relevant “hit within cell” probability with each report, and
we additionally disaggregate error into both along- and cross-track error contributions to demonstrate
how heading relative to wind conditions influences performance. We further separate mean bias
(lead-compensable) from random spread (turbulence/jitter), clarifying when Rayleigh (mean-centered)
versus Rice (offset) statistics apply.

2.4. Summary and Gap

Existing work shows that UAV seeding is observable, wind-aware routing is necessary, but there
does not exist a white-box, equation-level connection from flight parameters and wind to each cell’s hit
probability and the route tirple’s given recall. This paper addresses this gap with a physics-inspired
model, route-informed scoring, and a replicable implementation that can be tuned to site-specific
winds by practitioners, providing a transparent, equation-level connection between flight parameters,
wind, and seeding accuracy. As an external point of reference for the resulting accuracy estimates,
and to partially mitigate the limited availability of field datasets at the planning stage, we include a
consistency check by comparing our predicted CEPs5j/CRgs and hit probabilities under representative
conditions with published UAV seed-dropping field accuracy at comparable release heights [23].

3. Physics-Based Model and Rationale

In this section, we model the near-surface horizontal transport of a seed / propagule deployed from
a UAV. The model is environment-aware: wind comes in via {Uyg, Oy, [} where Uy (m s~ represents
the mean wind at 10 m; 6y is the wind direction, and I is the Turbulence intensity. As well, drone
control enter via {H, V;,0p }, where H is the height of drones; V} is the airspeed and 60 is the UAV
heading. These parameters constitute the core inputs to formulate our environment in the next sections.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We first derive the exact fall time at height H, T¢(H), under quadratic drag, which defines the exposure
time for drift, turbulence, and operational errors. Next, we map the 10 m reference wind Ujg to the
release height to obtain U(H) that represents the wind speed at height H. Using T(H), U(H), the
airspeed V;, and the relative angle between 0y, and 6p, we compute the mean drift D = (Dy, Dy) in
the heading frame. Then, we model the finite-time turbulent spread with an Ornstein—Uhlenbeck
process. We propagate operational errors to obtain the axis-wise spreads (o, 0y ). After that, we define
an effective isotropic spread o for circular acceptance, where a drop is counted as a hit if it lands
inside the target circle of radius r. Finally, we evaluate the closed-form hit probability Py, which is
used in the recall model.

A. Vertical Descent Under Quadratic Drag (Summary; Calculation Introduced in A)

In this section, we determine the physically consistent fall time T¢(H) from release height H,
assuming the quadratic aerodynamic drag. We will derive the expression T¢(H) used to represent the
exposure time for mean drift, turbulence and operational errors. Let’s start with the Newton’s second
law with the quadratic drag [1],

dv
md—tz = mg — %pCDAvg 3.1)

We adopt a downward-positive vertical coordinate z; m is the mass in kg; ¢ denotes the gravitational
acceleration in ms~?; p is the air density in kg m~—3; Cp represents the dimension less drag coefficient,

2

taken approximately constant over the descent; A is the projected area, in m*~ ; v, represents the

downward vertical speed in ms~!. During steady descent, gravity and drag are in equilibrium; from

(3.1) with dv, /dt = 0, we obtain:
_ | 2mg
Ut = pCDA (32)

where the terminal speed v; is understood as a constant aerodynamic steady descent speed at

which drag balances gravity. With the above equation, (3.1) reads as:

dv, B vé
o= g(l v%) (3.3)

with release from rest v;(0) = 0. Then, the fall time to drop a distance H is given by the closed-form
expression (derivation is reported in Appendix A):

Ut gH
T:(H) = — arcosh(exp e > (3.4)
f I'g ( v? )

For small heights (gH < U%), Tf(H ) ~ \/2H/ g (ballistic/free-fall). For large heights (gH > v%),
T¢(H) ~ H/vt (near-terminal speed).

B. Mean Wind at Release Height

In the following, we map the 10 m reference wind to release height H to estimate the mean
advection velocity utilized in drift and turbulence. Following the empirical boundary-layer wind
profile, we can write U(H) as follows [24]:

U(H) = um(ﬁ))“, w € [01,02). (35)

where « represents the standard one-parameter approximation over this narrow layer and ho-
mogeneous exposure. & summarizes roughness/stability effects; In our simulation, we set a to 0.2,
commonly used over open terrain. Site-specific values should replace the default when available.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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C. Mean Drift in the Heading Frame

For this purpose, we calculate in the following the mean horizontal displacement during the drop,
T = T¢(H), and use it to (i) pre-compensate the aim point and (ii) transmit the mean offset into the
recall model. During the short fall time T, consider airspeed and the mean wind at release height
constant. Using to-bearings for heading 0p and wind 6}y, we define the relative wind angle

$rel = wrap(fy — 0p) € (-7, 7).

Figure 1 provides an illustrative view on the geometric configurations between the wind direction Oy
and the UAV heading 6, and their relative angle ¢,. Let {é | é 1 } be the heading-frame basis with é I
along the vehicle heading (x) and é, left-positive cross-track (y). The mean wind vector at height H
pointing toward 6y can be expressed in this frame via the relative wind angle ¢, as,

é(Ow) = oS Pre1 &) + Sin Pre1 €1 (3.6)
Thus, the ground-relative velocity during the drop is

Vg = Vy é” + U(H) é(gw) (3.7)
= (Vd + U(H) cos 4’rel) é” + (U(H) sincprel) é| (3.8)

Over the short fall time T, we treat vg as a constant! , so the mean displacement is D = fOT Vg dt =
T vg, which yields
Dy = T(Vy+ U(H) cos ¢ret), Dy = T(U(H) sin ¢ye)) (3.9)

d=|D|| = /D% +Dj (3.10)

d is the mean shifting distance from the release point to the expected landing point during the drop.
Further details on D, Dy and D, are provided in Appendix B. Figure 1 also illustrates the mean
displacement vector D and its components (Dy, D,) from the target point to the expected landing

Equivalently,

point during the drop.

1 The assumption that v, is constant during the short fall time T, however, has been successfully used in modeling near surface
p 3 g y g

dispersion semi-classically [13,25]. For typical release heights (H . S10 m), T is about one second, so any acceleration term
1aT? contributes a second-order bias O(T?) that is negligible relative to the modeled turbulent and operational spreads
(Secs. 3-D,E). This approximation enables closed-form solutions without loss of predictive accuracy.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Vector Addition: Ground Velocity and Mean Drift

( é(eT/V) = COos ¢rel é I + sin ¢rel é 1 J

e (y)

D, =TU(H)sin ¢re1

0p (heading) ¢ | (x)

Figure 1. Vector Addition of Ground Velocity and Mean Drift.

D. Turbulence-Driven Spread (Summary; Full Derivation in Appendix C)

While the mean-drift model in Sec. 3 C determines the expected impact point of the propagule,
real atmospheric conditions rarely allow such deterministic precision. Short-time gusts during the drop
(0<t<T,T=Ts(H) from Sec. A) produce stochastic displacements about that mean. To represent
the measured near-surface Lagrangian statistics-zero mean, exponential temporal autocovariance, and
Gaussian increments, we model each horizontal fluctuation U/ (t), i € {x, y}?, as an Ornstein-Uhlenbeck

(OU) process [13,25,26]:
202,
du; = 1 u/dt + |/ —**dB, (3.11)
(93 (95

where 0, ; is the RMS gust speed and 17 the Lagrangian integral time scale. OU is the minimal
Gaussian-Markov model that (i) reproduces the observed exponential memory, (ii) has physically
interpretable parameters (07, 71,), and (iii) yields closed-form finite-time dispersion, avoiding Monte-
Carlo time stepping [13,25].

2 U;(t) is the total horizontal wind component along axis i € {x,y}; it is the wind actually observed at time t. The term U/ (¢)
denotes the random fluctuation about the mean. Accordingly, we decompose U;(t) into a deterministic mean and a random
fluctuation: U;(t) = u; + ul(t)

'

mean (deterministic)  fluctuation (random)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let the turbulent displacement accumulated over the exposure is X;(T) = fOT Ul(t) dt. For the OU
model, X;(T) is Gaussian with zero mean and following variance (see Appendix C for more details),
Var{Xi(T)} — 2027 {T —mq(1—eT TL)] (3.12)

Hence, we obtain the definition of the RMS Turbulent Displacement as follows:

Sturb,i = 1/ Var[X;(T)]

- (3.13)
=0y, TL \/Z(TL -1+ e—T/TL>

This expression shows that the RMS turbulent displacement sy,;1, ; (in meters) is directly proportional

to the RMS gust velocity ¢,; (in m/s) and the eddy memory time 7, (in s). Physically, o, ; determines
the strength of the random velocity fluctuations in axis i, while 77 characterizes how long these

fluctuations remain correlated during the particle’s fall. The multiplicative term \/ 2(% —1+4e T/ TL)

acts as a finite-time correction that transitions smoothly between the short-exposure (ballistic) and
long-exposure (diffusive) regimes.

To make the turbulent spread model fully consistent with the mean-drift framework (Sec. 3-C), we
express the stochastic parameters (o3 ;, 77 ) in terms of measurable atmospheric quantities. In practice,
wind-field data and seeding flight logs provide the mean wind speed U(H) and the turbulence
intensity I, rather than the RMS turbulent velocity components ¢, ; directly [25,27]. Accordingly, we
map the latter to the available quantities through the empirical relationships [28],

Gop = TU(H), oy ~ 070y x. (3.14)

The 0.7 factor accounts for the measured lateral-to-streamwise anisotropy of turbulence in near-neutral
boundary layers. Introducing these relations here is necessary because the OU model requires the
fluctuation amplitude ¢, ; as input. Thus, equations (3.11)— (3.14) establish the complete link between
measurable atmospheric parameters and the turbulence-induced position spread sy, ;. The later
parameter is then used in variance with timing/heading/wind-direction/mechanical terms (Sec. E) in
order to form the total spreads by the hit-probability Py;; calculation (Sec. G).

E. Operational error budget

Even with a physically correct exposure time T = T¢(H) and mean wind U(H), real-world
releases remain imperfect. Indeed, the trigger fires slightly early/late (timing jitter oy), and the vehicle
heading wobbles by small angles about the commanded track (heading jitter o). Moreover, a small
uncertainty in the wind direction (wind-direction jitter op) also persists over T. Each of these mechanisms
translates directly into meters during the short drop and, if omitted, biases the predicted spreads
(0x,0y) downward and inflates Pp;;. Below, we map these jitters into axis-wise distance standard
deviations using the same heading frame and exposure T as in Secs. A-D. From Sec. C, the along-track
ground speed is

Ve =Va+U(H)cospr (m s7h). (3.15)

For timing jitter, Ax = V,, | At with std(At) = o3, so
Utiming = Var(Ax) = Vg,|| Ot. (3.16)
For heading error 0},qg, we pre-compensate by an upstream leg of length

Ly = Vg Ty (3.17)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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A small yaw error ¢ rotates that leg, producing a cross-track miss L| sing ~ L, hence
Uhdg = LH Op = Vng Tf Oy- (318)

For wind-direction error oy,4;,, a small angle error 6 rotates the wind, introducing a cross-track
speed U(H)sin® ~ U(H)® sustained over Ty [25,27]. Start from the mean horizontal wind vector
components:

Uy = U(H) oS ¢rel, Uy = U(H) sin ¢y (3.19)
Now, we perturb the wind direction by a small angle 0:
Uy = U(H) cos(¢re1 +6), Uy, = U(H) sin(¢re + 6). (3.20)

For small 6 (in radians),

08(¢prel + 6) A COS Pret — 0 Sin Prel, (3.21)
Sin(Prej + 0) A i Pre) + 0 €OS Py (3.22)

Therefore, the change in the crosswind component (lateral speed error) is
AU, = U, — Uy ~ U(H) 0 oS re. (3.23)

Assuming this small misalignment persists during the drop time T, the corresponding lateral
displacement is

Ay = AUy T = U(H) T cos re1 6, (3.24)

consistent with linearized lateral-drift kinematics [29].
If 6 is a zero-mean random variable with standard deviation 0y, the standard deviation of the
induced lateral displacement is

Owdir = U(H) T cos ¢yl 0o, (3.25)

which follows the standard first-order (small-angle) linear propagation of uncertainty [30]. Combining
turbulence-driven spreads from Sec. D with operational terms (and a small mechanical floor oyech’),
we obtain:

_ 2 2 2
Ox = \/sturb,x + Utiming + O mech,x / (3.26)

Oy = \/ Sturby T Ohdg T Twdir T Tmechy - (3.27)

The resulting (v, 0y ) are in meters and feed directly into the recall model (Sec. G).

F. Effective isotropic spread for a circular acceptance

We evaluate accuracy with a circular acceptance of radius r. The landing error in the heading frame
is Gaussian with axis-wise standard deviations (oy, O'y) from Secs. D-E. With a circular acceptance,
we use an isotropic surrogate matched by the radial second moment, so hit probabilities follow the
Rayleigh (zero-mean) or Rice (biased) forms [31-35].

3 We include a small, nonzero mechanical floor 0ppeq, to prevent a zero-variance artifact when aerodynamic terms are small,
keep the hit-probability model well-posed, and avoid forcing turbulence/jitter parameters to absorb hardware imperfections.
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For a zero-mean bivariate , we obtain
E[R’] = E[X*+Y?] = o7 +0y, (3.28)

For an isotropic normal with variance Uesz on each axis, E[R?] = ZUesz. Equating the two gives the
effective isotropic spread,

Tef = \/3 (0% +07) (3.29)

which preserves the radial second moment appropriate for circular acceptance and enables the closed-
form Rayleigh/Rice hit probabilities widely used in practice [31,32,34,35].

G. Hit probability for a circular acceptance

We assess accuracy against a circular acceptance of radius r: a drop is counted as a hit if its
horizontal miss distance R from the target satisfies R < r. The mean horizontal offset of the expected
landing point, due to mean drift (Sec. C), is denoted by D = (Dy, Dy) with magnitude d = |D||.
Each individual drop then deviates randomly from this mean according to a zero-mean bivariate
normal residual (X, Y) with isotropic standard deviation o (from Secs. D-F). The total error relative
to the target is thus D + (X, Y). Consequently, the radial miss R = \/ (Dx + X)? + (Dy 4 Y)? follows a
Rayleigh distribution when d = 0 and a Rice distribution when d > 0 [34-37].

Case 1 — Mean-centered (d = 0): with lead compensation

This configuration corresponds to an intentional lead correction before release: by leading the drop
point (offsetting it by —D), the drone can ensure that, on average, seeds hit exactly in their intended
location. In this case, the mean of the impact distribution is equal to the target (d = 0). Physically, this
is achieved when the onboard planner or dashboard estimates the wind drift and correct the release
point accordingly. All other error is pure randomness (turbulence, timing noise, low heading jitter),
which produce a zero-mean cloud centered at the target. The distribution of the radial miss distance
R is, therefore a Rayleigh distribution with scale 0., and the probability for a hit inside an acceptance
radius r is

2
P =1- exp( - 2i) (3.30)

Practical interpretation: this represents the ideal operational mode once deterministic drift has
been corrected, only stochastic errors remain. This case maximizes Py;; at the same pair (7, Oef).

Case 2 — Mean-offset (d > 0): without lead compensation

If the drone does no lead correction or even possibly a non-perfect compensation, in that case
the mean impact point remains offset from the target by d > 0. The impact cloud center is nearer
downwind or forward in the flight path.

In practice this happens when drops are actuated directly under the drone without compensating
for drift, or when wind direction, timing delay, or sensor biases introduce systematic error.

In this case, R follows a Rice distribution (a non-central form of the Rayleigh), and the hit probability
is

Pt =1- Qi3 %), (33D)

where Q1 (-, -) is the first-order Marcum Q-function. A convenient closed-form approximation is

=1 ow (-5 (%), o

with Iy(-) the modified Bessel function of order zero. As d — 0, this naturally reduces to the Rayleigh
case (3.30).

Practical interpretation: the impact pattern is now systematically shifted; even with small random
dispersion, many seeds fall outside the target area. Increasing d reduces Py;; rapidly.
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In summary, when the lead is applied (d=0), the formulation in (3.30) is employed. Otherwise,

the Marcum—Q expression in (3.31) is adopted (available in standard scientific libraries [36,37]).

Table 1. Definitions of symbols/parameters.

Symbol Meaning Units
H Release height above ground m
m Seed/propagule mass kg
A Aerodynamic reference area )
(projected) m
Cp Quadratic drag coefficient -
0 Air density kgm3
g Gravitational acceleration ms~2
Ut Terminal speed (vertical) (3.2) ms™!
T(H) Exact fall time (3.4) s
Ujo Wind speed at 10m AGL ms~!
N Power-law shear exponent 3
(3.5)
U(H) i\é[(;e)m wind speed at height H ms-1
u Mean wind vector at H ms~!
Ow—s Wind-to direction (azimuth) rad or deg
fp Vehicle heading (to) rad or deg
Prel iigi;(lgfvinﬁleﬂp) rad or deg
Va Vehicle airspeed along heading ms™!
k Drag constant poCp A/ (2m) m~!
N Heading and cross-heading
l-eL unit vectors B
Dy, Dy Along-/ cross-track drift (3.9) m
D Mean drift vector (3.10) m
d Mean offset = || D|| m
I Turbulence intensity -
o oy Turbulent stdevs (along/cross) ms™!
T Lagrangian timescale S
foe Timescale constant (2-5) -
s Turbulent position spreads
turb,x/y (OU) m
ot Release-time jitter stdev s
oy Heading jitter stdev rad
Wind-direction uncertainty
o rad
stdev
. Sensor/mechanical error floor m
mesh (per axis)
. Total along/cross spreads m
s (3.26)-(3.27)
Ooff Effective isotropic spread (3.29) m
s Cell side length m
Thit Acceptance radius = 5/2 m
P Hit probability 3
hit (Rayleigh/Rice)
CEPs5 50% circular error probable m
CRos 95% containment radius m
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4. From Model to Tool: Real-Time Seeding Planner (Dashboard & Package)

In this section, we operationalize the modeling in Sec. 3 into a lightweight, user-friendly planner.
Given the release height H, airspeed V;;, 10-meter wind speed Ujg, and wind direction 6}y, the planner
evaluates:

*  Exposure time T = T;(H) (Sec. 3 A).

*  Mean wind at height U(H) via the power law (Sec. 3 B).

*  Mean drift (Dy, Dy) and d = || D|| in the heading frame (Sec. 3 C).

e Turbulence spread S x, Sturb,y from OU finite-time dispersion (Sec. 3 D).

*  Operational errors (timing, heading, wind-direction) mapped to meters (Sec. E), combined
axis-wise to (o, 0y).

e Effective isotropic spread o; = (/1 (02 + o) (Sec. 3F).

e  Hit probability Py for circular acceptance of radius r (Rayleigh for lead /d=0, Rice/Marcum-Q
for no-lead/d>0, Sec. 3 G).

Our dashboard presents: (i) Recall vs. height at fixed speed; (ii) Drift vs. height with signed (Dy, Dy );
(iii) Recall vs. speed; (iv) error breakdown (turbulence, timing, heading/wind, total RMS); (v) operational
zones across (H, Vy); (vi) a speed—height map with per-cell Pp;;. These views are computed from the same
analytic expressions as the paper and update in real time as H, V;, Uy, 8y, turbulence intensity I, and
cell size s change. Figure 2 illustrates the interactive dashboard implementing these computations; the
live version is available at [5].

In our dashboard, all plots are calculated from closed-form expressions (no Monte Carlo), ensuring
that all parameters are updated instantaneously and reproducibly from a parameter JSON file. The
artifact uses the same symbols and equations as the manuscript; parameter defaults (e.g., =0.20,
cr~3) can be overridden to match site surveys. A rule-based layer evaluates (H, Vi, Uy, I ) and the
current Pp;. If the predicted recall falls below target, it emits concise, actionable guidance (e.g., “lower
Hto < 8m” or “reduce V;to < 6 ms’l”), so adjustments act on the correct levers—exposure Tf(H ),
along-track speed, and cross-track wobble—rather than implicitly retuning turbulence. For decision
support, we classify settings as Excellent (> 97%), Good (80-96%), or Low (< 80%), using per-cell Py;.
To navigate throughput/safety trade-offs, we perform a grid or Bayesian search over (H, V;,60p) to
maximize recall and produce height-speed-heading maps annotated by these classes.
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Mangrove Propagule Seeding

System Parameters

Propagule (Rhizophora): Lagrangian Time Scale: Speed-Dependent Errors:

Mass: 20g wL=3.0xH/U(H) Timing: o_timing = Vd x ot
Diameter: 1.8cm Proper surface-layer scaling Heading: 0_heading=Vd x T x oy
Cd: 0.9 (tip-first) Realistic turbulent spread Combined in quadrature (RMS)

Terminal velocity: ~10.8 m/s

Interactive Controls

Environmental Parameters Operating Parameters
Wind Speed (10m): ==@——————— 30m/s Drone Height: @&———————— > 4n
Wind Dir (10m): @@———————— 30° Drone Speed: =) ) 55mfs
Turbulence Cell Size: e > 30mx30m
Intensity: -amd—————— (5
Drone Heading (*): @ 0°
Conservative
Drift curve mode:  (monotonic)
Current Performance Analysis
Height: 4m Fall Time Recommendation
Speed: 5.5 m/s 0.95s Excellent

97% Hit Rate

EP/CR (Rayleigh, mean-centered)
CEP50: 0.65m
CR9S:1.36 m

Figure 2. Wind-Aware Seeding Dashboard: Live Recall, Drift & Route Picks.

To demonstrate how the framework operates under real conditions, we present two operating
examples that can be evaluated in closed form and validated against the dashboard. All aerodynamic
and stochastic ingredients follow Secs. 3 A-G. We assume a circular acceptance of radius r (Sec. 3 F) and
lead compensation so that the mean bias is zero (d=0, Sec. 3 C). Later setting yields Rayleigh statistics
for the hit probability.

Shared dashboard defaults: Unless stated otherwise, we use ¢; = 0.06s, 0y = 3° (0.052rad), 0g = 5°
(0.087rad), r = 1.5m, 0ppech = 0.15m, v; = 10.8ms~ !, and ¢ = 9.81ms~2.

Example A (Excellent recall; dashboard: 98-99%)

Inputs: Ujg = 3.0ms ™1, [ = 0.15,« = 0.20, H = 4m, V; = 55ms~!, wind-to 6y = 30°, heading
fp = 0°; hence the relative angle is ¢,] = O — 0p = 30°. First, we compute the fall time (Sec. 3 A).
With gH/v? = 9.81x4/10.8% = 0.336, we have

(7 gH 10.8
T, = — hi e ~ —— x0.867 = 0.954 4.1
) gacos (exp( v% )) 981 % 0.86 0.954 s (4.1)

Thus, Ty sets the exposure window for turbulence and operational mappings. Next, we evaluate the
mean wind at height H using the power law (Sec. 3 B):

U(H) = Uy (H/10)* = 3.0(0.4)°2 = 250 ms™! (4.2)
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Consequently, U(H) determines both advection and the turbulence velocity scale. Then, in the drone-
heading frame we form the along-track ground speed and the lead distance (Sec. 3 C), noting cos ¢, =

0.866:
ngH =V;+ U(H) COS Prel (4.3)
=5542.50-0.866 (4.4)
=766ms (4.5)
LH = Vng Tf (4.6)
— 7.66-0.954 4.7)
=731m (4.8)

After that, we map operational jitters to meters (Sec. 3 E) and combine by axis (Sec. 3 F):

Ttiming = |Vg,| 0t = 7.66 X 0.06 = 0.460 m, 49)
Ohdg = |Lj| 0y = 7.31x0.052 = 0.383m, (4.10)
Owdir = U(H) Ty cos ¢re1 09 (4.11)

=2.50-0.954 - 0.866 - 0.087 (4.12)
=0.180m (4.13)

Next, we compute finite-time OU spreads (Sec. 3 D). Since 1p = 3H/U = 12/2.50 = 4.80s and
Ty /7t = 0.199, the velocity RMS values are:

Gox =IU = 0.15x250 = 0.375ms (4.14)

Ooy = 0705, = 0.263ms ™ (4.15)

Hence, with A = T¢ /1, — 1+ e~ T/T = 0.0188, the position spreads are

Sturb,x = Oov,x TL \/ﬁ (4-16)
=0.375-4.80- v/2 x 0.0188 4.17)
=0.349m, (4.18)

Sturby = Ooy T V2A (4.19)
=10.263-4.80 - v/2 x 0.0188 (4.20)
=0.245m (4.21)

Combining these results, we obtain:
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Ux = \/Stzurb,x + Utziming + Urznech (4.22)
= 1/0.3492 + 0.4602 + 0.152 (4.23)
= 0.597m, (4.24)
Oy = \/S%urb,y + (Tl'%dg + Ugvdir + Jrznech (4.25)
= 1/0.2452 + 0.3832 + 0.1802 + 0.152 (4.26)
=0.511m, (4.27)
Oett = 1/ 3 (03 +0F) (4.28)
= /1(05972 +05112) (4.29)
= 0.556m (4.30)
Consequently, the Rayleigh closed form (Sec. 3 G) yields
Phit =1 —exp| ——- 4.31
205

=1—ex —i =0.974 (4.32)

- PlT2705562) — ‘

Dashboard expectation: Our dashboard, shown in Figure 2, yields the same results when using
the parameters of Example A, achieving a recall of 97%. Within this envelope, our calculations and
dashboard indicate that heights from 1 m up to a data-driven limit Heyx (here =~ 5.5m) and speeds from
1 to 6ms~! achieve excellent recall, thereby improving seeding safety (greater clearance, reduced
vegetation interaction) and throughput (higher drone speed) while still meeting the recall target.

To put the dispersion levels obtained in Example A into context, we compare the resulting accuracy
scales (e.g., Ppnit, CEP50/CRys, and drift-spread breakdowns) with reported placement statistics from
recent UAV seed-dropping experiments. Although this work does not introduce new field trials,
such a comparison provides a practical sanity check on whether the predicted footprints fall within
realistic ranges. As a reference point, Lee et al. [23] report approximately 90% successful deployments
and ~ 1m accuracy at a 4 m release height, with a reported 95% coverage circle of about 1.03m in
controlled tests (and a mean offset of ~ 0.61 m) for a seed-ball dropping system.

Under comparable mild-wind conditions in Example A (H =4m, Ujp =3m s71 I =0.15; lead
applied, d = 0), our closed-form model yields o, = 0.556 m and Pp;; = 0.974 for ¥ = 1.5m; this
corresponds to CEP5y =~ 0.65m and CRg5 ~ 1.36 m (Rayleigh, mean-centered [34]). These meter-
scale containment radii are consistent with published field measurements at similar release heights,
providing a sanity check that the model does not substantially under- or over-estimate placement
dispersion in mild winds [23]. Our main contribution is to extend these insights into a multi-parameter
operational tool that explicitly maps accuracy over wind speed, wind direction, heading, flight speed,
and turbulence intensity. Future work, will conduct controlled hover- and in-flight drop tests under
measured wind conditions to quantitatively validate the predicted CEP5/CRgs and Py across a wider
range of operating regimes.

Example B (low recall under tailwind alignment)

Inputs: H=10m, V; = 6.0m,s™ !, Ujg = 50m,s™ !, [ = 0.22, « = 0.20, Oy = 62°, 0p = 60°
(pre1 = 2°), ¥ = 1.5,m; lead applied (d = 0). Then Tf(H) ~ 1.63,5, U(H) ~ 5.0,m,s7 !, (o, oy) =
(1.85,1.69),m, and oo ~ 1.77,m, giving

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2230.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2025 d0i:10.20944/preprints202512.2230.v1

15 of 25

2
P =1— exp( - %) = 0.30 (4.33)

Dashboard expectation: ~30% (“Low recall”), corresponding to the near-tailwind, high drone
altitude-height, gusty conditions. In this example, the combination of high release height (H = 10m),
stronger wind (Ujgp = 5m s~1, I = 0.22), and near-tailwind alignment (¢ ~0°) drives a large along-track
ground speed V, | (= 11ms~1) and long lead distance L (= 18m). Consequently, the timing and
heading jitters are mapped into large meter-scale spreads (via |V, | |or and |L)|oy), while the longer
exposure Ty increases the finite-time OU dispersion. With lead applied (d = 0), the mean is centered
and the Rayleigh law depends only on o¢; here, oo ~1.77 m is comparable to the acceptance radius
(r = 1.5m), yielding low recall. To increase Py;; under the same conditions and zone, the following
controllable levers can be adjusted: (i) reduce height (e.g., H — 8 m) to shorten Tr and OU spread; (ii)
increase the heading from the wind (increase |¢y| to 10-20°) to reduce Vel and Ly; (iii) tighten the
trigger (07) to shrink the dominant along-track term; or (iv) enlarge the acceptance radius r (larger cell).
Each change of the later recommendations can reduce o.¢ and, by the Rayleigh mapping, increases

Phit-

To bring the above analysis into a concrete form for such conditions, we first measure how recall
depends on speed while fixed the heights as in Figure 3. The curves show the hit probability (recall) as
a function of drone speed for three different release altitudes:

5 m (orange): lower release, best precision, minimal wind exposure;

10 m (green): nominal operating altitude;

15 m (red): higher release, more drift, degraded accuracy.

Across all heights, recall drops with speed at all height. The drop is shallow at 5m as the fall time
is low and becomes steeper at 15 m where seeds stay longer in the air. The greater vertical separation
enables the horizontal wind and control errors to accumulate and hence results in a more widespread
dispersive footprint. This plot provides direct evidence of the trade-off between operational efficiency
and precision: Fly higher (or faster) to cover more area at the cost of losing precision. For an optimal
mission, therefore we trade-off throughput with acceptable loss in recall.
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[ Current Height (10m) [__] Lower Height (5m) [___] Higher Height (15m)

1.0
0.9
0.8
0.7
0.6
0.5

0.4

Recall (Hit Probability)

0.3
0.2

0.1

1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 85 9 95 10
Drone Speed (m/s)

Figure 3. Recall vs. Drone Speed at Different Height

To explain why recall decreases as speed rises, we plot in Figure 4 the effective error at fixed
height and wind. The turbulence term is approximately constant (turquoise, ~ 0.60 m), since finite-time
OU dispersion is set by U(H), I, and Ty, not by Vj.

By contrast, operational terms evolve with speed: the along-track timing term scales with |Vg,” o
(pink, ~ 0.22 — 0.75m from 1-10ms~!), while the cross-track heading + wind term scales with
Ly = Vg Tr and U(H)Tf cos ¢re 0p (orange, ~ 0.48 —> 1.1m), typically surpassing turbulence by
~3-4ms~!. The total effective spread (purple), lies between the axis-wise spreads and therefore
follows the dominant contributor from below. Operationally, low speeds keep timing secondary;
at moderate speeds the cross-track term is the first constraint; and at high speeds both timing and
cross-track terms dominate. Practically, avoiding near-tailwind alignment (larger |¢ye1|), tightening
trigger jitter, and stabilizing heading are the key levers; otherwise o, approaches ~1mby ~10ms~1,
materially reducing Py for meter-scale cells.
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[ Turbulence (Combined) [____] Timing (Along-track) Heading+Wind (Cross-track)

] Total Effective o

1.2

Error (m)

1 15 2 25 3 385 4 45 5 55 6 65 7 75 8 85 9 95 10

Drone Speed (m/s)

Figure 4. Error Budget vs. Speed: What Drives Placement Spread

We now turn the view and investigate elevation sensitivity for several particular velocities, as

illustrated in Figure 5. The recall (Py;;) was plotted as a function of release height for three drone
speeds:

e ===== Low (2 m/s, green dashed)

Nominal (current speed, solid green)
e ===== High (8 m/s, red dashed)
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] currentSpeed T ™" " Low Speed (2 m/s) T " " High Speed (8 m/s)
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Figure 5. Recall vs. Height at Different Speeds

At any given speed, recall drops with altitude due to the longer descent and greater exposure to
turbulence and wind shear. Conversely, at any fixed altitude, increasing speed always results less recall,
as along-track and cross-track errors increase almost linearly with speed. The figure demonstrates
the dual sensitivity of recall to both parameters: the degradations due to altitude and due to speed
compound rather than simply add. In practice, missions should jointly reduce these parameters in
windy conditions or high precision tasks and have them raised only if throughput or battery savings is
essential.

Finally, we combine both of the factors (Height and Speed) in one operational map as in Figure 6.
Each colored circle represents an (height, speed) pair of the parameters and by color also performance
quality:

* @ Green: excellent seeding accuracy (> 97%)
* @ Orange: acceptable or good performance (80-90%)
* @ Red: degraded performance (< 80%)
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Figure 6. Speed—-Height Operating Map: Expected Seeding Recall

At lower altitudes (below 8 m) and moderate speeds (below 6 m/s), the hit probability remains
high. The airflow perturbation is minimal, and the seed experiences less lateral drift and dispersion
before impact. As height increases, or as drone speed exceeds 8-10 m/s, aerodynamic turbulence and
timing error dominate. The seed’s descent time grows exponentially with height, exposing it to wind
longer; meanwhile, at high speeds, along-track error caused by timing and heading misalignment
expands the impact spread. The plot clearly highlights a safe operational corridor: a region of
height-speed pairs where excellent recall can be maintained. With this map, operators can have a
reference on how to setup their missions in mild winds and ensure accurate seeding.

5. Conclusion

In this study, we develop a general modeling and operational scheme for precision aerial sowing
with variable wind conditions. By integrating analytical dispersion modeling with real-time pre-
sentation in an interactive dashboard, we turned intricate aerodynamic and stochastic activity into
actionable operational advice. The proposed model relates observable flight characteristics such as
height, speed the mean wind vector and turbulence intensity with a single probabilistic measure, Py,
which can be used for quantitative assessment as well as intuitive decision making support.

By analyzing example scenarios such as the low-recall tailwind alignment or high-recall cross-
wind conditions in this study, we showed that recall performance sensitively depends on wind
alignment, drone speed, drone heading and flight altitude. By mapping a recall target P* to the feasible
height-speed envelope £(P*), the planner prescribes settings that maintain the required hit rate while
transparently trading safety margin (height) against throughput (speed).

Apart from its analytical rigor, our dashboard makes environmental variability operational by
defining data-driven limitations of flight to guarantee reliability and adaptability in the deployment
zones. The future work will be to broaden the dashboard with autonomous adaptive control loops
and to integrate field validation data in order to cover the simulation-to-reality gap. Collectively, the
research provides a step towards field-scale sustainable accurate seeding operations.
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Appendix A. Vertical Dynamics (Quadratic Drag) and Exact Fall Time

Predictions of mean horizontal drift and turbulence-driven dispersion depend on the exposure
time to the flow. That exposure is the fall time from release height H under the same aerodynamics
assumed elsewhere. This appendix derives the exact expression Tt (H) for descent with quadratic
aerodynamic drag and defines the associated parameters v; (terminal speed) and k = g/v?, ensuring
consistency with the horizontal model. Using the exact T, removes systematic biases in both mean
drift and variance estimates.

Model and regime of validity. For small bodies descending in air at moderate-high Reynolds number
(Re ~ 103—10% in our applications), the drag magnitude scales as v> with an approximately constant
coefficient Cp over the operational range; see standard treatments in fluid mechanics and particle
transport [18,38,39]. This justifies adopting the quadratic-drag model for the vertical dynamics. (At
very low Re, Stokes drag would be more appropriate, but that regime is not considered here.)
Parameterization. When available, an empirically measured terminal speed v; is preferred. It implicitly
captures shape, attitude, and modest Cp (Re) variability in a single robust parameter, and it fixes the
drag constant via k = ¢/v?. The same v; and k are used throughout the paper to keep the vertical and
horizontal components aerodynamically consistent.

Sign convention and scope. We take the vertical axis downward-positive; gravity is +mg, and quadratic
drag acts upward (opposing motion). Mean vertical wind is neglected.

Provenance of the equations (sources). The drag law Fp = %pC pAv? comes from classical bluff-body
aerodynamics [3,38]. The vertical equation of motion is Newton’s second law with gravity and
opposing drag. The closed-form solution v (t) = v; tanh(+) and its height/time relations are standard
results for motion under quadratic drag; see derivations in mechanics texts (e.g., [40]) and fluid-
dynamics primers (e.g., [39]). Aerodynamic drag law (quadratic):

Fp = 1pCpA?? (A1)

with air density p (kg m~3), drag coefficient Cp (dimensionless), projected area A (m?), and speed v
relative to air. Drag acts opposite velocity.

Assumptions and sign convention. Take z downward-positive, so gravity is +mg and drag is upward
(negative). We neglect mean vertical wind (no persistent up/down-drafts).

Newton’s second law (force balance):

m % — g — 1pCp a2 (A2)

Terminal speed and drag constant (tie to later sections). Steady descent (dv,/dt = 0) in (A2) gives

2m
—1 2 _ g _ & e o1
mg = ;0CpAvy = vt_“PCD 'k_v% (unitsm™")

Substitute into (A2) to obtain the reduced ODE used in the main text:

do, v2
= 8(1 - 2> (A3)
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Closed-form vertical speed (separable solution). Separate variables in (A3) using v, (0) = v,:
dv, 8
dt A4
1-— vz/ vt)? / (A4)
Z [— g Z
= artanh(v—t> = t+ artanh(vv—:’) (A5)
hence,
v (t) = vy tanh(g t+ artanhvzo> (A6)
Ut Ut
Height as an integral of velocity. Since dH /dt = v,(t) and [ tanhu du = Incoshu,
H(t) = o [h‘mosh(it + artanh@>
8 ” ” (A7)
— Incosh ( artanhvv—zto) ]
Exact fall time Ty (invert H(t) = H). Solving (A7) for t yields
cosh(v% t o+ artanh%”) = e8H/v} cosh( artanh%o) (A8)

= Tran(H; v20) = % [arcosh(egH/”? COSh(artanh%()))
— artanh’;jf] (A9)

For release from rest (v,9 = 0),

_u gt
Tean(H) = S arcosh(exp( 7 )) (A10)
Ttan == 4/ 2;; (ballistic/ free-fall limit). (A11)

For tall drops (¢H > v?), descent is near terminal speed,
Tean = o~ (near-terminal limit). (A12)
t

These checks ensure the exact formula blends smoothly between physical regimes used for back-of-
the-envelope estimates.

Appendix B. Mean Drift: Bearings, Components, and Refinements

Given a release at height H with fall time T = T¢(H), we derive the mean horizontal displacement
D accumulated during the drop under a constant mean wind at the release height. The outputs are: the
heading—frame components (Dy, Dy), the offset magnitude d = ||D||, formulas that accept wind-from
inputs, and an optional refinement with horizontal quadratic drag (consistent with k = g/v?).
Inputs and outputs. Inputs: T = Tf( ) (from Sec. 3 A), airspeed V; (ms™ 1), mean wind at height
H,U(H) (ms™1), vehicle heading 0p (to-bearing, rad), wind direction 0y (to-bearing, rad). Outputs:
D = (Dy, Dy) in the heading frame (along-track x, left-positive cross-track y), its magnitude d, and
(optionally) refined D; with horizontal quadratic drag.
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Conventions and frame. We use to-bearings for both heading and wind. The heading frame is defined by
unit vectors: ¢ along the vehicle’s heading (x axis) and é, left-positive cross-track (y axis). Angles are
wrapped to (—7t, 7] with a function wrap(-).

Assumptions and validity. Over the short drop (T¢(H)), the airspeed V; and mean wind U(H) are
treated as constant (no strong shear, no significant maneuvering). This is the standard approximation
for ballistic drops over a few seconds.

Step 1: relative wind angle. Define
¢re1 = wrap(fy — 0p) € (—m, 7). (A1)

Interpretation: ¢p; = 0 means wind blows toward the nose (tailwind if “from”); ¢, > 0 means wind
from the right (blowing left-to-right across the track).
Step 2: resolve wind in the heading frame. The mean wind vector at height H has components

Uy = U(H) cos ¢re, U, = U(H) sin ¢pel.
Step 3: ground-relative velocity. The constant ground-relative velocity during the drop is
Vg = (Vd+U”)eAH + U, é,.

Step 4: integrate over the fall time. Integrating # = vg from ¢t = 0 to t = T yields the mean displacement

D = T(Vd & + U(H) é(ew)), (A2)

with heading-frame components
Dx = T(Vd + U(H) Cos (Prel)/ (A3)
Dy = T(U(H) sin ¢re ) (A4)

The mean-offset magnitude is

d=|D| = /D2 + D2 (A5)

Step 5: wind-from inputs (direct use). 1If the forecast reports wind as from 9{,{,0“‘, convert to fo with

Ow = wrap(@f,{,om + 71). Equivalently, using cos(a + 71) = — cosa and sin(a + 71) = —sinu,
Dy = T(Vd —U(H) cos(ffrom — eD)), (A6)
D, = T( — U(H) sin(6fo™ — 9D)). (A7)

Step 6: lead compensation (how to use D). Aiming upstream by —D sets d = 0, centering the mean landing
point on the target. Under symmetric spreads (Secs. D-G), this maximizes the hit probability.
Optional refinement: horizontal quadratic drag. For strict consistency with the vertical quadratic-drag
constant k = g/v?, treat the air-relative components V; ; with the same law. The per-axis closed-form
integral over T is

1 .
D; = U; T + sgn(Vy;) P In(1+k|[Vy;|T), ie{xy}, (A8)

where U; € {U), U, } are the heading-frame wind components. For k|V;;|T < 1 (typical short drops),
In(1+ €) =~ € and (A8) reduces to (A3)

- (A4).

Checks and units. Dy, D, are in meters; T in seconds; V; and U(H) in ms~ . Special cases: ¢, = 0 =
Dy = 0 (pure along-track); ¢re] = £71/2 = Dy = T V; (pure cross-wind contribution).
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Appendix C. Finite-Time OU Turbulence and Displacement Variance
Aim.

Using the exposure T = T¢(H) from Sec. Il A, derive axis-wise turbulent position spreads and
justify the OU choice.

Why Ornstein—Uhlenbeck (OU)?

OU is the minimal Gaussian-Markov model with amplitude ¢; (RMS gust) and memory 11
(Lagrangian integral time). It produces the exponential autocovariance commonly observed in surface-
layer Lagrangian statistics and gives correct short-/long-time limits with closed-form integrals [13,25,
26,41-43].

Model (per axis).

1 207 .
au; = ——-ujdt + \/: B, i€ {xy). (A1)

With the stationary initial law: E[UZ’ |=0, Var[l,li’ | = (71,2, and autocovariance
Ri(A) = E[U/()UL(t+ A)] = o A1/

From velocity to displacement.

Define the turbulent displacement X;(T) = fOT U!(t) dt. Because U/ is Gaussian and the integral
is linear, X;(T) is Gaussian with

Var[X,(T)] = //[O,T]ZRZ'(H —s|)dsdt (A2)
T
- 2/0 (T — A)Ri(A) dA (A3)
T

=207 [ (T—A)e /' dA A4

o [(T—a)e (A4

= 2077 [T— 7 (1—e7T/)] (A5)

which is Eq. (3.12) in the main text. Set s, ; = +/ Var[X;(T)].

Parameters and units.

e U/(t) (ms™!): zero-mean turbulent velocity in axis i.
e 0; (ms™!): RMS gust speed in axis .

* 7 (s): Lagrangian integral time scale (memory of U)).
e B Wiener process; E[dB;] = 0, E[dB?] = dt.

*  X;(T) (m): turbulent displacement over T.

Near-surface parametrization (neutral)

Opx = TU(H), 0py =070y, (A6)
H
TL — CT W (CT 6 [2, 3]) (A7)

Here, U(H) is the mean wind at the release height (Sec. 3 B), I is turbulence intensity, and H the release
height. We evaluate at T = T¢(H) (Sec. 3 A) for aerodynamic consistency.
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Limits.
As T — 0: Var ~ (TZ-ZT2 (ballistic). As T — oco: Var ~ ZO'Z-ZTLT (diffusive with effective diffusivity
O'iz‘L'L).
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