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Abstract

The evolution of the number system development intricately encodes the development of
mathematics and physis— from the philosophical unity of Tai-Chi to the 16D sedenion algebra, via
the construction of 1 to natural numbers, fractional numbers, irrational number, 1D real numbers,
2D complex numbers, 4D quaternions, 8D octonions, and 1D sedenions through the Cayley—
Dickson construction. Each step introduces deeper layers of symmetry, duality, and structure,
mirroring the emergence of physical phenomena such as space-time, spin, charge, and gauge
interactions. Notably, the progression from complex to quaternion and octonion algebras
corresponds precisely to the internal gauge symmetries of the Standard Model: C « U(1), H <
SU2), 0 « SU(3), providing an elegant algebraic origin for electromagnetism, weak, and strong
interactions. We argue that this layered algebraic development not only parallels the hierarchy of
physical laws but may also provide the foundation for a unified framework of matter and force —
one that transcends traditional field theory and bridges the mathematical and physical worlds. This
hypercomplex framework provides a path from classical dynamics, through layer upon layer of
non-relativistic quantum mechanics, special relativity, quantum electrodynamics, unified
electroweak theory, quantum chromodynamics, and quantum gravity, to grand unification theory
and quantum cosmology.

Keywords: Cayley-Dickson construction; hypercomplex algebra; sedenions; Octonions;
quaternions; QED; QCD; electroweak theory; quantum gravity; grand unification theory;
cosmology

MSC: 17A75; 81R99; 00A79; 81T13; 11R52
I. Introduction

In the beginning, there is unity, an ancient Chinese concept of Tai-Chi [1], or the Supreme
Ultimate Unity, which dates back approximately five thousand years, embodies the idea of a
primordial wholeness that gives rise to all dualities—Yin and Yang [2], space and time, matter and
energy. This notion of emergence from unity resonates deeply with the foundations of mathematics
and physics, where a single scalar identity element, commonly denoted as 1 or e, seeds the entire
structure of numbers and algebras. The dualism of Yin-Yang has been adopted by G. W. Leibniz [3],
one of the founding fathers of calculus and symbolic logic, who was deeply influenced by this
Chinese philosophy. Dualism [4] plays an important role in many areas, including mathematics [5,6],
physics [7,8], electrical and computer science [9,10], bioengineering and gene sequencing [11,12],
philosophy [13,14], western and eastern religions [15,16], human sciences and literature [17,18].

Modern mathematics has formalized this emergence through the Cayley-Dickson construction
scheme [19], a recursive doubling process that expands the real numbers into complex numbers, and
hypercomplex numbers, such as quaternions [20-22], octonions [23-25], and sedenions [26,27]. As
illustrated in Figure 1, starting from the unity number 1 as the first natural number, one expands to
greater natural numbers, and then all integers, including zero and the negative integers, to the
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fractional numbers between integers as rational numbers, to irrational numbers, then to real numbers.
With paired real numbers, one constructs complex numbers.

|

Y
Integers —| Complex Numbers
\ 4
Fractions Quaternions
(Rational Numbers)
Octonions
Real Numebers
Sedenions

Figure 1. Schematic hierarchy of number systems and algebraic structures generated via the Cayley-Dickson
construction. Starting from the scalar unity e, = 1, each level of doubling forms increasingly complex number
systems: real numbers (R), complex numbers (C), quaternions (H), octonions (@), and sedenions (S). This
algebraic progression mirrors the layered emergence of physical symmetries — with C corresponding to U(1)
electromagnetism, H to SU(2) weak interaction, and @ to SU(3) color symmetry — thereby unifying

mathematical structure with the gauge foundations of the Standard Model.

The birth of modern hypercomplex number systems was first introduced by Irish mathematician
Hamilton [28], whose pioneering invention of quaternions in mid. The 1850s were later extended by
Cayley [29] to octonions.

Through the Cayley-Dickson scheme, one can construct higher hypercomplex numbers, layer by
layer, from complex numbers to quaternions, octonions, and finally sedenions.

Here we show the mathematical structures of hypercomplex number systems. They are
extended, via the Cayley-Dickson construction scheme, layer upon layer, from 2D complex algebra
to a higher-dimensional hypercomplex algebra.

Table 1. Cayley-Dickson’s hypercomplex-number construction scheme.

Complex C=Ry, Ry (R, R2)(R3, R4) = (RiR3-RaR2, RaR1+R2R3)
Quaternion Q=(c1, @) (c1, c2)(c3, c4) = (c103-c4"C2, Cac1+C2C3")
Octonion O=(qu q) (q @)(gs, q4) = (994’2, G1q+qeqs)
Sedenion 5=(0y, O2) (01, 02)(0s, O4) = (0103-0402, 040+0205")

We present Table 2 to summarize the algebraic properties—commutativity, associativity, and
division—of the number systems that emerge from the Cayley—Dickson process. At higher layers of
the hypercomplex algebra, some well-known multiplication rules, such as commutability,
associability, and divisibility, are no longer valid [26].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Table 2. Algebraic Properties of Number Systems.

Algebra Commutative Associative Division Algebra
R (Reals)
C (Complex)
/|
(Alternative)
X

H (Quaternions)

O (Octonions)

S (Sedenions)

XXX NN
XX NN

Each extension introduces new mathematical features —non-commutativity, non-associativity,
and increasing dimensionality —that mirror the complexity of the physical world. Notably, each stage
of this hierarchy also brings new opportunities for encoding physical symmetries, internal degrees
of freedom, and quantum characteristics such as spin and charge. The multiplication table of 16D
sedenion algebra is shown in Figure 2, and it contains the multiplication tables for complex numbers
[12], quaternions, and octonions as subalgebras.

€o es €6 e7 €9 [T en (S E] €4 €is € €2 €3 €4 €s €2

Figure 2. The multiplication table of 16 sedenion basis elements. The table is color-coded for a better view of five
mutually anti-commutative sets of spinor triplets. This table also contains the multiplication tables for

quaternions and octonions, which are subalgebras of the sedenion algebra.

The sedenion algebra contains rich internal symmetry properties. This sedenion algebra contains
three sets of octonion algebra with a common quaternion root. One can divide these basis elements
into four quartets and five spinor triplets., as illustrated in Figure 3. These internal symmetries play
crucial roles in dictating the physical and mathematical properties of fundamental particle physics.
In our previous work [30], we have shown the sedenion algebra can be linked to SU(5) [31], which
contains SU(3)xSU(2)xU(1) symmetry, the basis of the Standard Model [32,33].
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Figure 3. (A) The schematic diagram represents the sedenion structure, consisting of three subalgebras of

octonion structures, sharing a common root quaternion. These three octonion subalgebras are responsible for
the three generators of leptons and quarks. (B) The diagram shows five spinor triplet sets, involving Gk , @, Uk,
Vi, and Wk, where all fifteen basis operators anti-commute with each other. (C) The diagram showing the
mathematical structure showing the 16D sedenion algebra consisting of one quaternion set and three other
quartets, which contain their pseudo-scalar operator @, which anti-commutes with all other spinor triplet
members. I and Gk represent the exterior spacetime, Qx represents the pseudo-temporal operator, together with
Uk, Vi, and Wk spatial operators forming three quartets that play an important role for three generations of
leptons and quarks. Altogether, these twelve anti-commutative operators describe the internal 12D internal

structure.

This paper embarks on a journey that connects the philosophical depth of Tai-Chi with the
algebraic machinery underlying modern physics. We propose that the unity represented by e is more
than a mathematical convenience—it is the generative essence of both mathematical reality and
physical laws. By tracing the layered evolution from unity to the sedenions, we uncover a
correspondence between hypercomplex algebra and the hierarchical structure of elementary particles
and interactions described in the Standard Model.

Our exploration is not merely technical; it is conceptual. We aim to present an elegant narrative
in which each mathematical layer aligns with a physical phenomenon, demonstrating that the path
from Tai-Chi to sedenions is not only mathematically natural but also physically inevitable.

II. From Unity to Hypercomplex Algebras

The scalar unity element, denoted as ey, serves as the origin of all algebraic constructions.
Starting from this singular element, mathematics builds progressively richer number systems that
mirror increasing structural complexity:

1). Real Numbers (R) Begin with ey as the identity, forming a 1D space.

2). Complex Numbers (C): Introduce one imaginary unit i (where i2=-1), giving C=R @ R-i.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Complex numbers are employed in classical Newtonian mechanics, electronics, and non-
relativistic quantum mechanics for the description of periodic phenomena through Euler’s famous
identity relation of exp(i p) =-1.

3). Quaternions (H): Add three imaginary units ey, e, e3 such that:

-e2=e2=e2=-1
- e1e; = €3, €23 = ey, e3e; = e, (with non-commutative multiplication)

Quanternios are employed in the description of Maxwell’s EM field equations, Minkowski
space, special relativity, SU(2) spinors, Dirac equation, etc.

4). Octonions (0): Extend with four more units e through e, forming a non-associative algebra.
Their multiplication follows a specific Fano plane structure that captures seven triplet relations.

Octonions are employed in the description of SU(3), generalized Dirac equation, etc.

5). Sedenions (S): Add eight more imaginary units (es through e;s) via Cayley-Dickson
construction. Though they lose the division property, they retain 16-dimensional richness with many
zero divisors.

Sedenions can be used to describe particle physics beyond the Standard Model.

Each algebra doubles the dimensionality of the previous:

R (1D) — € (2D) — H (4D) — O (8D) — S (16D).

This structured growth is not arbitrary—it correlates deeply with physical symmetries and
particle classifications in quantum field theory.

In particular:

- The quaternionic triplet (e;, e;, e3) aligns naturally with 3D space and angular momentum
operators.

- The octonionic basis (e; to e;) supports internal symmetries such as SU(2) and SU(3), with their
multiplication structure encoding fermionic creation-annihilation operators and gluon generators.

- The sedenions open a mathematical avenue to describe the full spectrum of particle
generations, color charge extensions, and possibly new exotic interactions beyond the Standard
Model.

IIL. The Yin-Yang Duality and SU(n) Symmetries

The ancient Chinese framework of Yin and Yang describes the world through dynamic duality:
light and dark, active and passive, positive and negative. This philosophy mirrors the structure of
modern algebra and quantum field theory.

In algebra, dualities manifest through the interplay of elements and their negatives, particles
and antiparticles, spinors and conjugates. This binary structure is foundational in defining symmetry
groups, particularly unitary symmetries such as SU(n).

The unitary groups SU(2) and SU(3) play pivotal roles in the Standard Model:

- SU(2) governs the weak interaction and is generated by the Pauli matrices, analogous to
quaternionic units (ey, ey, e3).

- SU(3) governs the strong interaction (Quantum Chromodynamics [39]), with its eight Gell-
Mann matrices expressible through combinations of octonionic elements and their complexified
forms.

Just as Yin and Yang are mutually defining yet complementary, the left-handed and right-
handed components of spinors transform differently under SU(2), giving rise to chirality and parity
violation in weak interactions. The pairing of octonionic elements—such as e; +i-e; and their complex
conjugates—serve as natural fermionic operators that generate SU(3) color charges.

Thus, the Taoist duality encapsulated by Yin-Yang is not metaphorical; it reflects a deeper
algebraic and physical truth. The harmony of opposites in ancient thought translates into gauge
symmetry and group structure in modern physics, with the mathematics of octonions forming a
unifying bridge.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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IV. Microcausal Lattice Spacetime and Internal Symmetries

In contrast to the smooth, continuous manifold assumed in traditional relativity, the microcausal
lattice spacetime (LST) hypothesis [40] posits a discrete, quantized structure of spacetime at the
smallest scales. This discrete lattice does not violate Lorentz invariance in the continuum limit but
introduces a physically meaningful cutoff at the Planck scale, naturally resolving ultraviolet
divergences [40].

This LST framework supports a geometrically richer picture of spacetime. The standard four-
dimensional spacetime coordinates (t, X, y, z) are associated with the quaternionic units (e, ey, e, €3).
However, microcausal constraints introduce internal degrees of freedom represented by additional
imaginary units: ey, es, e, e; of the octonions. These internal components account for:

- e4: Associated with intrinsic mass and time-asymmetric effects, such as weak decay.
- e5, €, e7: Represent dynamic internal configurations and interactions that generate color charges and
strong interactions.

In this way, LST explains the emergence of octonionic internal structure as a necessity of
causality and locality at the fundamental level. It also provides a natural embedding of the SU(2) x
U(@1) and SU(3) gauge groups into the algebra of octonions. The external spacetime remains
quaternionic, while the internal symmetries live in the octonionic extensions.

Consequently, particles that do not couple to internal octonionic coordinates—such as photons
and leptons —emerge as singlets under isospin or color. In contrast, quarks and gluons arise from the
mixing of external and internal octonionic directions, giving rise to SU(3) octets.

V. Physical Applications of Hypercomplex Algebras

Each layer of the hypercomplex number systems offers a distinct mathematical structure tailored
to describe fundamental aspects of physical theory:

— Quaternions (ey, 1, €, €3):

These form the algebraic backbone of spacetime in special relativity. The quaternionic imaginary
units (e, e, es) represent spatial components, while ey corresponds to temporal evolution.
Quaternions elegantly describe Lorentz transformations and rotational symmetries.

— Complexified Quaternions:

By combining quaternions with the complex unit i, we obtain a natural formulation for the
electromagnetic field. Electric fields are represented by e, e,, e3, while magnetic fields are encoded in
i-ey, i'e;, i-es. The complex phase between electric and magnetic fields captures the U(1) gauge
symmetry of Maxwell’s equations. This explains why the photon is massless and preserves time-
reversal symmetry.

— Octonions (eo through e7):

The introduction of octonionic units enables the modeling of internal particle degrees of
freedom:

- e4 introduces chirality and mass; its imaginary component i-e; breaks time symmetry and is
responsible for weak interactions.

- 5, e, €7 allow for dynamic internal structures. When paired with ey, e, e3, these combinations
yield color charges and SU(3) gluons.

- Three fermionic operators—(e; + i-e;), (es + i-e), and (e; + i-e;) —along with their conjugates,
form the basis of creation and annihilation operators.

From these operators, one can construct:

- Eight SU(3) generators (gluons)

- Vector bosons W*, W-, and Z° as an isospin triplet

- Photon as an isospin singlet

- Higgs boson as a spin and isospin singlet

— Sedenions (e through e;s):

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Extending octonions by another Cayley-Dickson step yields sedenions, with 16 basis elements.
Though they lose division algebra properties, they retain sufficient structure to model higher-
generation fermions. The additional imaginary units may correspond to internal orbital modes or
generation indices. Leptons and quarks of the second and third generations can be constructed from
these extended internal degrees of freedom, allowing natural mass hierarchy modeling.

Thus, each algebraic expansion corresponds to a new layer of physical meaning—from
spacetime and gauge fields to particle generations and interactions.

VI. Particle Classification via Hypercomplex Operator Assignments

In this section, we concretely apply the hypercomplex operator formalism—built upon
quaternions, octonions, and sedenions—to represent a set of elementary particles from the Standard
Model. By associating different combinations of hypercomplex basis elements with the algebraic
structure of known particles, we demonstrate a unified, non-perturbative method to model mass
generation, spin, and internal quantum numbers. This framework replaces the traditional Higgs
mechanism [34], Yang-Mills gauge theory [35], and the electroweak unification theory [36,37] with a
deeper algebraic origin.

Fermionic Operators: We begin by defining three canonical fermionic creation operators and
their conjugates (annihilation operators):

- =(e1tie), Yit=(e1-iey)

- =(est+ies), Yot=(es—ies)

-Ps=(est+ie;), Yst=(es—iey).

These three pairs of spinorial operators, when combined appropriately, give rise to the internal
color symmetries in the electroweak unification theory [35-37].

We introduce in Table 3 the fermionic spinor operators that serve as the foundation for
constructing particle states in our framework.

Table 3. Fermionic Spinor Assignments.

Fermion Operator Expression Role

1 (€1 +i-€2)/2 First fermionic creation operator
P2 (es +1i-e6)/2 Second fermionic creation operator
P3 (es +ies)/2 Third fermionic creation operator

With the definition of the creation and annihilation operators, one canshow the anti-
commutation relations {{;i, ;} = {IJJJ, lIJi;T} =0, {lIJii, llJi;.r} = §;j. With these fermionic creation and
annihilation operators, one can construct in the next table eight Gell-Mann’s SU(3) generators for the
eight gluonsWith these fermionic creation and annihilation operators, one can construct eight Gell-
Mann'’s SU(3) generators for the eight gluons as shown in our previous work on [35].

We outline in Table 4 how SU(3) gluons can be derived from bilinear combinations of the
previously defined fermionic operators.

Table 4. SU(3) Gluons from Fermionic Pair Combinations.

Gluon Label Fermionic Operator Structure
A, (' + Patip)/2
4, (1" — $2"n)/2
As ("1 = Patip)/2
4, (Pr'ps + Ps'n)/2
45 1(Wr's — a")/2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Ag (2" + sfi)/2
17 i(2tPs — Pstyn)/2
Ag (IAB) W1 + Pathy = 2sts)/

We now present in Table 5 the bosonic particle assignments, based on their algebraic operator
structure in the octonion framework.

Table 5. Bosonic Particle Assignments.

Boson Octonion-based Operator Role
Phoon E+iB: Sk(Exex+ iBkex Complexified quaternion: massless preon pair
(EM gauge)
Wi Ay Weak iso-spin generator, x-component
W2 A, Weak iso-spin generator, y-component
W3 A Weak iso-spin generator, z-component
V4 Neutral weak boson Z
Ag = Ag — A2
k=123
W+ 1 (A, +iA,) Charged W boson W+
V2
W- % (A, — iA,) Charged W boson W-
H W Q W-+20Q Z29) Spinor pair product in internal octonion space

With these octonionic operator assignments to these bosons, i.e., photon, W*, W-, and Z weak
bosons as a quartet family, and the Higgs boson, one can derive the mass ratio and Weinberg’s angle
within experimental accuracy. These studies will be reported elsewhere [38]. Such a model for the
electroweak interaction relies on octonionic gauge quantum field theory as an alternative to the
conventional electroweak theory without an ad hoc Higgs mechanism hypothesis for the mass
acquisition of these bosons. More detailed analysis will be published elsewhere.

VII. Summary and Outlook

In this paper, we have explored the profound mathematical and physical connection between
the layered construction of hypercomplex algebras and the fundamental structure of matter. Starting
from the unity element e, we traced the Cayley-Dickson construction through real numbers, complex
numbers, quaternions, octonions, and sedenions. Each layer not only increases in algebraic richness
but also corresponds to a higher complexity in the physical world, providing a natural algebraic
scaffolding for modeling particles and interactions.

Our approach replaces the conventional Higgs mechanism and gauge symmetry breaking
paradigm of the Standard Model with a deeper algebraic framework rooted in non-associative
division algebras and micro-causal lattice spacetime. The fermionic spinor structure derived from
octonions generates the known gauge bosons and gluons while maintaining SU(3) x SU(2) x U(1)
symmetry naturally.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Notably, the use of quaternionic and octonionic operators allowed us to assign meaningful
operator representations for photons, W and Z bosons, gluons, and the Higgs scalar. Moreover, the
inclusion of the non-Hermitian i es term enables us to account for the subtle mass discrepancies in
the electroweak sector with high precision, all without the need for renormalization or ad hoc
potential terms.

The primary purpose of this work is to elucidate the intrinsic connections between ancient
philosophy and the mathematical idealism and to relate the abstract hypercomplex algebra to the
iinternal symmetry that governs the quantum physics of elementary particles. Looking forward, the
extension to sedenions provides a promising path to incorporate the full three generations of leptons
and quarks. This direction could offer a powerful, elegant alternative to Grand Unified Theories, with
testable predictions for particle mass ratios and mixing angles based on algebraic consistency.
Furthermore, the role of eo as a metaphysical unity may eventually contribute to a more holistic view
of cosmology and quantum gravity, where physical fields, spacetime geometry, and mathematical
logic are seamlessly unified.
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