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Abstract 

Currently, the shear strength of coarse-grained soil is commonly determined using the Duncan 
formula, which establishes a relationship between the shear strength and confining pressure. 
Specifically, the parameters of the Duncan formula are estimated based on available test data using 
least squares regression, which mitigates the limitations associated with small sample sizes and 
significant errors in the classic grouping method. However, hypothesis testing in mathematical 
statistics reveals that the residual variances from the classic least squares estimation exhibit 
heteroscedasticity and autocorrelation, violating the fundamental assumptions required for least 
squares regression. Consequently, parameter estimates obtained through classic least squares 
regression have large variances, leading to unreliable statistical inferences. To address this issue, we 
propose a generalized least squares method that corrects for heteroscedasticity and autocorrelation 
of the residuals. Triaxial test data for five different coarse-grained soil materials are analyzed using 
the proposed method. The results show that the mean values of the estimated parameters of the 
Duncan formula are close to those obtained using the classic method, while their variances are 
significantly reduced, demonstrating the effectiveness of the proposed approach. 

Keywords: coarse-grained soil; shear strength; variance 
 

1. Introduction 

Coarse-grained soil has the advantages of easy accessibility, low cost, and high permeability and 
is therefore widely utilized in engineering projects such as roads, earth-rock dams, land reclamation, 
and high-fill airports. The shear strength of coarse-grained soil is a critical technical parameter as it 
directly affects both project safety and investment benefits. 

The guidelines for determining the standard soil shear strength vary among different standards. 
For instance, the Design Code for Rolled Earth-Rock Fill Dams (SL274-2020) and standard NB/T10872-
2021. stipulate that the standard value should be the average of the minimum shear strength. These 
specifications also define the required number of test groups: for anti-seepage soil materials, at least 
11 groups are required, and each group contains 4–6 confining pressure levels. For coarse-grained 
materials, NB/T10872-2021 mandates a minimum of six test groups, whereas SL274-2020 requires at 
least 11 groups for both fine-grained soil and coarse-grained soil. The Unified Standard for Reliability 
Design of Hydraulic Engineering Structures (GB5099-2013) recommends using the 0.1 quantile of the 
probability distribution as the standard value for the strength of geotechnical materials and artificial 
foundations. In addition, the Code for Investigation of Geotechnical Engineering (GB 50021-2001, 2009 
Edition) specifies that the standard value of a geotechnical parameter should be based on the one-
sided confidence limit of the confidence interval for the mean value of the parameter matrix, which 
is derived using statistical interval estimation theory. By simplifying this approach, the relationship 
between the standard value 𝜙௞ and the mean value 𝜙௠ can be expressed as follows: 𝜙௞ = 𝛾௦𝜙௠,𝛾௦ = 1 ± (ଵ.଻଴ସ௡భ/మ + ସ.଺଻଼௡మ )𝛿 (1) 
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where 𝛿 is the coefficient of variation, which is the ratio of the standard deviation to the mean. n is 
the number of groups. 

Apparently, it is equally important to determine the mean and variance (or standard deviation) 
of the soil shear strength for engineering practices. 

Currently, the shear strength of coarse-grained soil is predominantly represented by the Duncan 
formula. In reliability analyses of the anti-sliding stability and foundation bearing capacity of coarse-
grained soil, it is essential to predefine the variance of the parameters. Therefore, it is crucial to 
investigate the variance of the variables in the Duncan formula for determining the nonlinear shear 
strength of coarse-grained soil (Aghchai et al., 2020). 

2. Nonlinear Shear Strength of Coarse-Grained Soil 

The shear strength of soil is generally described by the Mohr-Coulomb theory: 𝜏௙ = 𝜎௡𝑡𝑎𝑛𝜑 + 𝑐or 𝜎ଵ = 𝜎ଷ𝑡𝑎𝑛ଶ(𝜑 2⁄ + 45°) + 2𝑐𝑡𝑎𝑛(𝜑 2⁄ + 45°), (2) 
where 𝜏௙ is the shear strength of the soil, 𝜎௡ is the normal stress on the shear plane, 𝑐 and 𝜑 are 
the cohesion (or interlocking force) and internal friction angle of the soil, and 𝜎1 and 𝜎3 are the major 
and minor principal stresses at the limit equilibrium failure point in the triaxial test. 

Typically, the indices c and 𝜑 are constants. However, for coarse-grained soil, the shear strength 
exhibits strong nonlinearity; hence, it is necessary to define these indices within a limited confining 
pressure range. In contrast to the linear relationship observed under low confining pressure 
conditions, under high confining pressure conditions, the strength envelope deviates from a straight 
line. To characterize the shear strength of coarse-grained soil across a wide confining pressure range, 
the following approaches have been employed in engineering practices. The first method involves a 
segmented description, in which different values of c and 𝜑 are used for low (typically 100–800 kPa) 
and high confining pressure conditions. Another approach directly models the curved envelope of 
the shear strength, such as the Demeler formula 𝜏௙ = 𝐴𝜎௠ and the Duncan formula φ = φ଴ − ∆φlg(σଷ/Pୟ), (3) 
where 𝐴 and 𝑚 are the shear strength coefficient and exponent. φ଴ is the internal friction angle 
when the confining pressure is equal to the standard atmosphere, and ∆φ is the decrease in the 
friction angle when the confining pressure σଷ  increases by 10 times. According to the Duncan 
formula, the friction angle is expressed as follows: φ = sinିଵ ቀ஢భି஢య஢భା஢యቁ. 

There are two methods for determining nonlinear strength indices. In the first method, the 
strength indices φ଴  and ∆φ are determined based on the test groups, and then, their minimum 
average values are determined. In the second method, the minimum average values of (𝜎ଵ − 𝜎ଷ) and (𝜎ଵ + 𝜎ଷ) under each confining pressure are determined first, and then, the friction angle is calculated 
based on these minimum average values. Finally, the strength indices are determined based on the 
Duncan formula. The parameters derived using these two methods differ and both methods suffer 
from an insufficient number of grouped samples, leading to large errors and a low accuracy for 
intermediate transition variables. To address this issue, all test data should be utilized, and the least 
squares method should be used to directly estimate the nonlinear strength parameters (Chen et al., 
2019; Cao et al., 2007). 

Linear regression for estimating Duncan’s nonlinear shear strength parameters of coarse-
grained soil. φ = φ଴ − ∆φlg ቀఙయ௉ೌ ቁ (4) 

where lg(σ3/Pa) is the independent variable, which is a non-random variable. Φ is the dependent 
variable, which is a random variable. φ0 and −∆φ are the parameters to be determined. 

The prerequisite of this method is that the regression residuals meet the requirements of classic 
least squares estimation. 

3. Classic Least Squares Estimation 

The linear regression model is as follows: 
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(𝜑)௜ = 𝜑଴ − ∆𝜑ሾ𝑙𝑔(𝜎ଷ/𝑃௔)ሿ௜ + 𝑒௜ , (𝑖 = 1,2,⋯ ,𝑛), (5) 
where 𝑒௜ is the residual term or the error term, which represents the influences of factors other than ሾ𝑙𝑔(𝜎ଷ/𝑃௔)ሿ on the friction angle 𝜑 and the measurement error. 

If the residual term 𝑒௜ (𝑖 = 1,2,⋯ ,𝑛) satisfies the following three conditions, then the least 
squares regression is valid: (a) the mathematical expectation is 𝐸(𝑒௜) = 0, (b) the residuals under 
different confining pressures have equal variances, that is, Var(𝑒௜) = σଶ, (𝑖 = 1,2,⋯ ,𝑛), and (c) the 
residuals under different confining pressures are uncorrelated, that is, Cov(𝑒௜, 𝑒௝) = 0, 𝑖 ≠ 𝑗 . The 
above is the Gauss-Markov hypothesis. 

The least squares method finds estimates of 𝜑଴ and −∆𝜑 that minimize the square of the length 
of the residual vector 𝑒 = (𝜑)௜ − ሼ𝝋𝟎 − ∆𝝋ሾ𝒍𝒈(𝝈𝟑/𝑷𝒂)ሿ𝒊ሽ, i.e.,‖(𝜑)௜ − ሼ𝜑଴ − ∆𝜑ሾ𝑙𝑔(𝜎ଷ/𝑃௔)ሿ௜ሽ‖ଶ. 

By expanding this formula and taking partial derivatives with respect to 𝜑଴  and −∆𝜑  and 
setting them equal to zero, 𝜑଴ and −∆𝜑 can be obtained. ሾ𝑙𝑔(𝜎ଷ/𝑃௔)ሿ௜ = 𝑥௜, (𝜑)௜ = 𝑦௜, ଵ୬∑ 𝑥௜௡௜ୀଵ = 𝑥̅, ଵ୬ ∑ 𝑦௜௡௜ୀଵ = 𝑦ത, −∆𝜑 = ∑ (௫೔ି௫̅)(௬೔ି௬ത)೙೔సభ∑ (௫೔ି௫̅)మ೙೔సభ𝜑଴ = 𝑦ത + ∆𝜑𝑥̅. , (6) 

By substituting n sets of observation data (ሾ𝑙𝑔(𝜎ଷ/𝑃௔)ሿ௜ , (𝜑)௜) into the above equation, we can 
obtain estimated values of 𝜑଴ and −∆𝜑. 

4. Homogeneity of Variance and Correlation Test of the Residuals of the Duncan 
Formula Estimated VIA Least Squares Regression 

Currently, the prerequisite of the least squares method is generally not tested when determining 
the shear strength parameters of soil. Chen et al. (2005) noticed the variance of the regression residuals 
and proposed that the weighted least squares method be applied to improve the regression. The 
weighting coefficient is 𝑤௜ = 1/(𝛼 + 𝛽𝑥௜)ଶ , and 𝛼 and 𝛽 are obtained via linear regression of the 
residuals and independent variables. This approach partially eliminates the variance of the residuals, 
but it does not fundamentally solve the problem. In the regression method recommended by the 
specification, i.e., 𝑞 = ఙభିఙయଶ , and 𝑝 = ఙభାఙయଶ , the independent variable 𝑝 = ఙభାఙయଶ  is also a random 
variable. Based on this characteristic, Yu et al. (2012) proposed that the orthogonal least squares 
method be applied to correct the shear strength estimated based on regression using 𝑝-𝑞. The above 
methods only involve regressions of the parameters of the Mohr-Coulomb formula, which only 
partially eliminates the variance of the regression residuals. To the best of our knowledge, the 
variance and correlation of the residuals in nonlinear regression of the shear strength of coarse-
grained soil has not been studied (Chen et al., 2007; Gong et al., 2020; Gong et al., 2018). 

4.1. Regression Residuals and the Covariance Matrix 

Based on the test results for several coarse-grained materials from the sites of engineering 
projects, the nonlinear shear strength was determined to examine the variance and correlation of the 
residuals in the nonlinear strength regression. Specifically, in the triaxial test on coarse-grained 
granite from Area I of earth-rock dam project A, twelve sets of parallel tests were conducted under 
six confining pressure conditions (i.e., 100, 500, 1000, 1500, 2000, and 2500 kPa). The regression 
equation is shown in Figure 1, and the regression residuals are shown in Figure 2. As can be seen 
from Figure 2, the distribution of the residuals varies across the different confining pressures, 
indicating that the variance of the residuals is not uniform. To determine whether the residuals under 
the six confining pressures are correlated, it is necessary to test the covariance matrix of the residuals. 
The regression residuals of the friction angle from the triaxial tests were calculated, and the residual 
covariance matrix was obtained: 
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Cov൫e୧, e୨൯ = ⎣⎢⎢
⎢⎢⎡3.685 0.969 0.3310.969 1.147 0.3080.331 0.308 0.402 1.591 0.82 0.6880.747 0.438 0.3530.641 0.432 0.1881.591 0.747 0.6410.82 0.438 0.4320.688 0.353 0.188 4.02 2.432 0.7542.432 1.607 0.4680.754 0.468 0.286⎦⎥⎥

⎥⎥⎤ (7) 

It can be seen that the main diagonal elements of the residual covariance matrix are not equal, 
and the non-diagonal elements are not zero, suggesting variance homogeneity and correlation of the 
residuals. In order to accurately determine the homogeneity and correlation of the regression 
residuals, hypothesis testing is required. 

 

Figure 1. Classic least squares regression of nonlinear shear strength and friction angle of coarse-grained soil 
from Area I of engineering project A. 

 

Figure 2. Regression residuals of nonlinear shear strength and friction angle of coarse-grained soil from Area I 
of engineering project A from large-scale triaxial tests. 

First, the Kolmogorov–Smirnov (K-S) method was applied to test whether the residuals as a 
whole satisfy the assumption of a normal distribution. Next, assuming that the ratio of the sample 
variances of the regression residuals at each confining pressure level follows the F-distribution, the 
sample variance at each confining pressure was calculated to test whether the residual variances were 
consistent across different confining pressures under a certain probability level (quantile). This step 
corresponds to the variance homogeneity test. Finally, the correlation of the regression residuals 
under different confining pressure levels was examined. 
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4.2. K-S Test for Normal Distribution of Regression Residuals 

(1) Null hypothesis 𝐻଴ : 𝐹(𝑥) = 𝐹଴(𝑥); and alternative hypothesis 𝐻ଵ : 𝐹(𝑥) ≠ 𝐹଴(𝑥) , where 𝐹଴(𝑥)  is the given normal distribution function. (2) The test statistic 𝐷௡ = 𝑠𝑢𝑝|𝐹௡(𝑥) − 𝐹(𝑥)|  is 
selected as the principal variable. When the null hypothesis is true, the test statistic is 𝐷௡ =𝑠𝑢𝑝|𝐹௡(𝑥) − 𝐹଴(𝑥)|. At the significance level α, if √𝑛𝐷௡ > 𝑘 , then the null hypothesis is rejected, 
where 𝑘  is an appropriate constant. Kolmogorov derived the limiting distribution of √𝑛𝐷௡  and 
tabulated it. (3) The rejection region is determined. For a given significance level α that satisfies P(√𝑛𝐷௡ ≥ t஑) = α, the quantile t஑ is the critical value, and the rejection region is ሾ𝑡ఈ , +∞). 

Table 1 presents the regression residuals for the coarse-grained granite from Area I of project A 
under various confining pressure conditions. The mean and standard deviation of all of the residuals 
are 2.6659 ×10−4 and 1.6573. For a significance level of 0.01, 𝑃൫√𝑛𝐷௡ ≥ 𝑡଴.଴ଵ൯ =0.01, and t =1.63, 
which is taken as an approximate value of 𝑡଴.଴ଵ . Then, the rejection region is [1.63, +∞). 𝐷௡ =𝑚𝑎𝑥(𝑑଴ଵ,𝑑଴ଶ) =0.1782. Because √𝑛𝐷௡ = √72 ×0.1782 = 1.5119, and it falls outside the rejection region 
[1.63, +∞), we accept the hypothesis that the regression residuals of the shear strength are normally 
distributed. 

Table 1. Least squares regression residuals and the residual variances. 

Confining 

pressure (kPa) 

Friction angle residual (°) Vari

ance 

100 0.3

32 

−0.

77 

0.1

75 

0.0

19 

0.7

49 

4.9

45 

−0.

356 

5.0

4 

1.7

3 

1.4

66 

0.7

49 

−0.

033 

3.685 

300 −0.

798 

−2.

182 

−1.

196 

−0.

318 

−0.

421 

0.0

79 

−3.

15 

−0.

251 

0.6

39 

−0.

771 

−0.

728 

0.4

59 

1.147 

500 −0.

669 

−1.

916 

0.5

78 

−0.

296 

−0.

108 

−0.

071 

−0.

833 

−0.

612 

0.0

38 

−1.

05 

−0.

84 

−0.

707 

0.402 

900 −5.

914 

−5.

168 

−0.

487 

−1.

096 

−0.

419 

−0.

259 

−0.

848 

−0.

064 

−0.

406 

−0.

285 

−0.

114 

−0.

644 

4.02 

1500 −2.

77 

−2.

604 

0.7

63 

0.4

69 

0.4

03 

0.4

87 

0.2

33 

0.3

66 

0.3

84 

1.2

7 

−0.

071 

0.3

35 

1.607 

2500 0.6

53 

0.7

94 

1.7

57 

1.2 2.0

26 

2.3

55 

0.7

46 

1.8

14 

1.5

44 

1.7

28 

1.2

93 

1.6

29 

0.286 

4.3. Homogeneity Test of Regression Residuals Under Different Confining Pressure Conditions 

Theoretical studies have shown that the F-test is sensitive to deviations from homogeneity of 
variance, making it suitable for testing the variance of residuals under different confining pressures. 
The null hypothesis H0 and alternative hypothesis H1 are 𝐻଴: 𝜎ଵଶ = 𝜎ଶଶ = ⋯ = 𝜎௞ଶ and 𝐻ଵ: 𝜎ଵଶ, 𝜎ଶଶ, ⋯, 𝜎௞ଶ, and they are not all equal. 
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Determine the rejection region. 
Let α = 0.05, 𝑃(𝐹 ≤ 𝐹ଵିమഀ(𝑛ଵ − 1,𝑛ଶ − 1)) = ఈଶ, 𝑃 ቆ𝐹 ≥ 𝐹మഀ(𝑛ଵ − 1,𝑛ଶ − 1)ቇ = ఈଶ, (8) 𝑃(ௌభమௌమమ ≤ 𝐹଴.ଽ଻ହ(11,11)) = 0.025, 𝐹଴.ଽ଻ହ(11,11) = ଵிబ.బమఱ(ଵଵ,ଵଵ) = ଵଷ.ସ଼ = 0.287356, 

and 𝐹଴.଴ଶହ(11,11) = 3.48. 
Then, the rejection region is (0, 0.2874] and [3.48, +∞). 
Table 2 shows the sample variance ratios of the regression residuals under various confining 

pressures and whether they are in the rejection region. √ indicates that the variance ratio is in the 
acceptance region and the null hypothesis is accepted, while × indicates that the variance ratio is in 
the rejection region and the null hypothesis is not accepted. 

Table 2. Ratio of variance of least squares regression residuals under different confining pressures. 

Confining pressure (kPa) 100 300 500 900 1500 2500 

100 1      

300 0.311/√ 1     

500 0.109/× 0.351/√ 1    

900 1.091/√ 3.503/× 9.991/× 1   

1500 0.436/√ 1.4/√ 3.994/× 0.4/√ 1  

2500 0.078/× 0.249/× 0.71/√ 0.071/× 0.178/× 1 

Note: √ denotes acceptance of the null hypothesis, × denotes rejection of the null hypothesis. 

It can be seen that except for the diagonal elements where the variance ratio is equal to 1, seven 
of the sample variance ratios of the residuals under different confining pressures are in the acceptance 
region and eight are in the rejection region. Therefore, the variance homogeneity hypothesis is not 
accepted. 

4.4. Residual Independence Test Under Different Confining Pressure Conditions 

Assuming that the regression residuals under different confining pressures are two different 
random variables U and V, the independence test is equivalent to testing their correlation coefficient ρ. The null hypothesis H0 and alternative hypothesis H1 are 𝐻଴: 𝜌 = 0, and 𝐻ଵ: 𝜌 ≠0. The sample 
correlation coefficient R is used as the point estimator of 𝜌. R is shown in Table 3. 

Table 3. Calculation of R. 

Confining pressure (kPa) 100 300 500 900 1500 2500 

100 1      

300 0.471 1     

500 0.272 0.453 1    
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900 0.413 0.348 0.504 1   

1500 0.337 0.323 0.537 0.957 1  

2500 0.67 0.616 0.555 0.704 0.69 1 

𝑅 = ∑ (௎೔ି௎ഥ)(௏೔ି௏ഥ)೙೔సభට∑ (௎೔ି௎ഥ)మ೙೔సభ ට∑ (௏೔ି௏ഥ)మ೙೔సభ . (9) 

When 𝐻଴ is true, 𝑡 = ோඥଵିோమ √𝑛 − 2. (10) 

It follows a t-distribution with degrees of freedom of 𝑛 − 2. t can be found in Table 4. Given a 
significance level α, 

 𝑃 ቆ|𝑡| ≥ 𝑡మഀ(𝑛 − 2)ቇ = 𝛼. (11) 

If the observed value of t satisfies |𝑡| ≥ 𝑡మഀ(𝑛 − 2), then the null hypothesis 𝐻଴ is rejected. α = 0.1. P(|t| ≥ t଴.଴ହ(10)) = 0.1, and t଴.଴ହ(10)=1.812. 
The rejection regions are (0, −1.812] and [1.812, +∞). 

Table 4. Calculation of t. 

Confining pressure (kPa) 100 300 500 900 1500 2500 

100       

300 1.688/√      

500 0.894/√ 1.607/√     

900 1.434/√ 1.174/√ 1.845/×    

1500 1.132/√ 1.079/√ 2.013/× 10.432/×   

2500 2.854/× 2.473/× 2.11/√ 3.135/× 3.015/×  

Note: √ denotes acceptance of the null hypothesis, × denotes rejection of the null hypothesis. 

It can be seen that seven of the above t values are within the rejection region. Therefore, the 
independence hypothesis of the residuals under each confining pressure is rejected. 

The regression residual analysis of the nonlinear shear strength based on the Duncan formula 
for the coarse-grained soils from three engineering projects (projects A, B, and C) indicates that the 
diagonal elements of the covariance matrix of the least squares regression residuals for the nonlinear 
shear strength friction angle are not equal, and the non-diagonal elements are not zero. Although the 
probability distribution of the residuals passes the normality test, the residuals under different 
confining pressures exhibit homogeneity of variance and irrelevance. This confirms the occurrence 
of residual variance heteroscedasticity and autocorrelation across the different confining pressures. 

5. Elimination of Residual Variance Heteroscedasticity and Autocorrelation 

If the residuals exhibit heteroscedasticity and autocorrelation, the regression equation no longer 
meets the prerequisites of least squares regression. In this case, if the least squares method is used, 
although the estimated values of the parameters are unbiased, the variances of the parameters could 
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deviate from the actual value. A solution is to replace the regression variables. For the linear 
regression equation 𝒚 = 𝑿𝜷 + 𝒆,𝑬(𝒆) = 𝟎, 𝑪𝒐𝒗(𝒆) = 𝝈𝟐𝑽, (12) 

where X = ൤ 1 1 ⋯ 1
x1 x2 ⋯ xn

൨ ′ , y = ൣφ1 φ2 ⋯ φn൧ ‘. 𝜷 = [𝝋𝟎 −∆𝝋ሿ, x1 = lg൫σ3
1/Pa൯,⋯ , xi =

lg ൬ఙ3
೔௉ೌ ൰ ,⋯ , and xn = lg(σ3

n/Pa), σ3
i  and φi  are the confining pressure and friction angle of the ith 

test. The symbol ‘ denotes matrix transposition. 𝑉 is the covariance matrix of the residual vector 
under different confining pressures. σ2 is the variance of the residual vector. 

It can be seen that the covariance matrix of the residual is not an identity matrix. 𝑉  is 
nonsingular and positive definite, and there exists a nonsingular symmetric matrix 𝐾  such that 𝐾‘𝐾 = 𝐾ିଵ𝐾 = 𝑉, that is, the matrix 𝐾 is the square root matrix of 𝑉. 

By defining new variables (Wang et al., 2021; Douglas et al., 2022), namely, 𝒛 = 𝐾ିଵ𝑦, 𝐵 = 𝐾ିଵ𝑋, and 𝑔 = 𝐾ିଵ𝑒 (13) 
the regression equation 𝒚 = 𝑿𝜷 + 𝜺 becomes 𝑲ି𝟏𝒚 = 𝑲ି𝟏𝑿𝜷 + 𝑲ି𝟏𝒆, i.e., 𝒛 = 𝑩𝜷 + 𝒈. (14) 

After this transformation, the model residuals have a zero mean, i.e., 𝑬(𝒈) =  𝑲ି𝟏𝑬(𝒆)=0, and 
the covariance matrix of 𝒈 is 𝑽𝒂𝒓(𝒈) = ሼ[𝒈 − 𝑬(𝒈)ሿ[𝒈 − 𝑬(𝒈)ሿᇱሽ = 𝑬(𝒈𝒈ᇱ) = 𝑬(𝑲ି𝟏𝒆𝒆ᇱ𝑲ି𝟏) = 𝑲ି𝟏𝑬(𝒆𝒆ᇱ)𝑲ି𝟏 = 𝜎ଶ𝑲ି𝟏𝑉𝑲ି𝟏 = 𝜎ଶ𝑲ି𝟏𝑲𝑲𝑲ି𝟏 = 𝜎ଶ𝐼. 

Therefore, 𝒈  has a zero mean, constant variance, and uncorrelated variance. Equation (14) 
satisfies the general assumptions of the classic least squares estimation, and the least squares function 
is 𝑸(𝜷) = 𝒈ᇱ𝒈 = 𝒆ᇱ𝑽ି𝟏𝒆 = (𝒚 − 𝑿𝜷)ᇱ𝑽ି𝟏(𝒚 − 𝑿𝜷). 

The canonical equation for least squares is 𝑿ᇱ𝑽ି𝟏𝑿𝜷෡∗ = 𝑿ᇱ𝑽ି𝟏𝒚. 
The solution to the equation is 𝜷෡∗ = (𝑿ᇱ𝑽ି𝟏𝑿)ି𝟏𝑿ᇱ𝑽ି𝟏𝒚.  (15) 

6. Examples 

The triaxial test data for five types of coarse-grained materials used in three engineering projects 
(A, B, and C) were used to perform classic least squares regression and regression after eliminating 
the heteroscedasticity and autocorrelation of the residual variance. After obtaining the regression 
equation, the covariance matrix of the parameters was calculated (Table 5). 

Table 5. Regression parameters of the Duncan formula for nonlinear shear strength of coarse-grained 
materials. 

 Regression 

method 

Regression equation Covariance matrix 

Slightly 

weathered 

coarse-grained 

granite from 

Classic least 

squares method 

φ = 55.738 − 12.272lg(σ3/Pa) ቂ 2.054 −1.954−1.954 2.510 ቃ 
Generalized least 

squares method 

φ = 54.321 − 10.227lg(σ3/Pa) ቂ 0.748 −0.402−0.402 0.266 ቃ 
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Area I of the 

engineering 

project A 

Coarse 

aggregate from 

Area II of 

engineering 

project A  

Classic least 

squares method 

φ = 50.309 − 11.680lg(σ3/Pa) ቂ 1.854 −1.763−1.763 2.265 ቃ 
Generalized least 

squares method 

φ = 50.709 − 11.721lg(σ3/Pa) ቂ 0.569 −0.312−0.312 0.309 ቃ 

Weathered 

coarse-grained 

granite from 

Area II of 

engineering 

project B 

Classic least 

squares method 

φ = 54.234 − 12.033lg(σ3/Pa) ቂ 1.939 −1.844−1.844 2.369 ቃ 
Generalized least 

squares method 

φ = 54.004 − 12.131lg(σ3/Pa) ቂ 1.137 −1.396−1.396 1.884 ቃ 

Coarse 

aggregate from 

Area II of 

engineering 

project B 

Classic least 

squares method 

φ = 53.190 − 13.415lg(σ3/Pa) ቂ 2.477 −2.355−2.355 3.026 ቃ 
Generalized least 

squares method 

φ = 52.824 − 12.415lg(σ3/Pa) ቂ 1.504 −1.499−1.499 1.807 ቃ 

Gravel clay 

material from 

engineering 

project C 

Classic least 

squares method 

φ = 39.977 − 12.374lg(σ3/Pa) ቂ 2.200 −2.090−2.090 2.685 ቃ 
Generalized least 

squares method 

φ = 41.75 − 11.18lg(σ3/Pa) ቂ2.181 0.920
0.920 1.152ቃ 

Note: The generalized least squares method can eliminate residual variance heteroscedasticity and 
autocorrelation. Intermediate variables are used to ensure that the regression meets the prerequisites of the least 
squares method. 

It can be seen that for each coarse-grained material, the regression parameters obtained using 
the two methods are similar, yet the variances of the parameters are reduced when the proposed 
method is applied. 
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For example, for the coarse-grained material from Area II of Project A, the regression equation 
from the classic least squares method and the covariance matrix between 𝜑଴ and ∆φ are φ = 50.309 − 11.680lg ቀఙయ௉ೌ ቁ (16) 

and Cov(𝜑଴,∆φ) = ቂ 1.854 −1.763−1.763 2.265 ቃ (17) 

After eliminating the residual variance heteroscedasticity and autocorrelation, the regression 
equation and covariance matrix are φ = 50.709 − 11.721lg(σଷ/Pୟ) (18) 

and Cov(𝜑଴,∆φ) = ቂ 0.569 −0.312−0.312 0.309 ቃ (19) 

It can be seen that after eliminating the heteroscedasticity and autocorrelation, the parameter 
variance is reduced, providing more accurate estimates of the shear strength parameters of the coarse-
grained soil. 

7. Conclusions 

The shear strength of coarse-grained soil has strong non-linearity and is commonly determined 
using the Duncan formula. However, the classic grouping method for estimating the parameters has 
the limitations of small sample sizes and large errors. When the classic least squares method is 
applied to estimate the Duncan shear strength parameters based on triaxial test data, it has been 
found that the residual variance exhibited heteroscedasticity and autocorrelation, which violates the 
prerequisites of the least squares method. In this study, we introduced a generalized least squares 
method to eliminate these issues. By analyzing triaxial test data from five types of coarse-grained soil 
materials used in three engineering projects, it was found that while the mean values of the shear 
strength parameters remained relatively unchanged compared to those obtained using the classic 
least squares method, the variance was significantly reduced, demonstrating the effectiveness of the 
proposed method. These improvements enable a more accurate characterization of the nonlinear 
shear strength of coarse-grained soil materials, enhancing the precision of geotechnical calculations. 
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