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Article

Noncommutative
Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani
Uncertainty Principle

K. Mahesh Krishna

School of Mathematics and Natural Sciences,Chanakya University Global Campus,Haraluru Village, Near Kempe Gowda
International Airport (BIAL),Devanahalli Taluk, Bengaluru Rural District,Karnataka 562 110 India;kmaheshak@gmail.com

Abstract: Let {τn}∞
n=1 and {ωm}∞

m=1 be two modular Parseval frames for a Hilbert C*-module E . Then for

every x ∈ E \ {0}, we show that ‖θτ x‖0‖θωx‖0 ≥ 1
supn,m∈N ‖〈τn ,ωm〉‖2 . We call Inequality (??) as Noncommutative

Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty Principle. Inequality (??) is the noncommutative

analogue of breakthrough Ricaud-Torrésani uncertainty principle [IEEE Trans. Inform. Theory, 2013]. In particular,

Inequality (??) extends Elad-Bruckstein uncertainty principle [IEEE Trans. Inform. Theory, 2002] and Donoho-Stark

uncertainty principle [SIAM J. Appl. Math., 1989].
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1. Introduction

In 1989, Donoho and Stark derived following uncertainty principle which is one of the greatest
inequality of all time in both pure and applied Mathematics [1]. For h ∈ Cd, let ‖h‖0 be the number of
nonzero entries in h. Letˆ : Cd → Cd be the Fourier transform defined by

(̂aj)
d−1
j=0 :=

1√
d

(
d−1

∑
j=0

aje
−2πijk

d

)d−1

k=0

, ∀(aj)
d−1
j=0 ∈ Cd.

Theorem 1. (Donoho-Stark Uncertainty Principle) [1,2] For every d ∈ N,(
‖h‖0 + ‖ĥ‖0

2

)2

≥ ‖h‖0‖ĥ‖0 ≥ d, ∀h ∈ Cd \ {0}. (1)

By noting that Fourier transform is unitary and unitary operators are in one to one correspon-
dence with orthonormal bases, in 2002, Elad and Bruckstein generalized Inequality (1) to arbitrary
orthonormal bases [3]. To state the result we need some notations. Given a collection {τj}n

j=1 in a finite
dimensional Hilbert spaceH over K (R or C), we define

θτ : H 3 h 7→ θτh := (〈h, τj〉)n
j=1 ∈ Kn.

Theorem 2. (Elad-Bruckstein Uncertainty Principle) [3,4] Let {τj}n
j=1, {ωj}n

j=1 be two orthonormal
bases for a finite dimensional Hilbert spaceH. Then(

‖θτh‖0 + ‖θωh‖0

2

)2

≥ ‖θτh‖0‖θωh‖0 ≥
1

max1≤j,k≤n |〈τj, ωk〉|2
, ∀h ∈ H \ {0}.
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In 2013, Ricaud and Torrésani showed that orthonormal bases in Theorem 2 can be improved to
Parseval frames [5]. Recall that a collection {τj}n

j=1 in a finite dimensional Hilbert spaceH is said to be
a Parseval frame forH [6] if

‖h‖2 =
n

∑
j=1
|〈h, τj〉|2, ∀h ∈ H.

Theorem 3. (Ricaud-Torrésani Uncertainty Principle) [5] Let {τj}n
j=1, {ωj}n

j=1 be two Parseval frames
for a finite dimensional Hilbert spaceH. Then(

‖θτh‖0 + ‖θωh‖0

2

)2

≥ ‖θτh‖0‖θωh‖0 ≥
1

max1≤j,k≤n |〈τj, ωk〉|2
, ∀h ∈ H \ {0}.

The main purpose of this paper is to generalize and derive a noncommutative version of Theorem
3. For this we want generalization of Hilbert spaces known as Hilbert C*-modules. Hilbert C*-modules
are first introduced by Kaplansky [7] for modules over commutative C*-algebras and later developed
for modules over arbitrary C*-algebras by Paschke [8] and Rieffel [9].

Definition 1. [7–9] LetA be a unital C*-algebra. A left module E overA is said to be a (left) Hilbert C*-module
if there exists a map 〈·, ·〉 : E × E → A such that the following hold.

(i) 〈x, x〉 ≥ 0, ∀x ∈ E . If x ∈ E satisfies 〈x, x〉 = 0, then x = 0.
(ii) 〈x + y, z〉 = 〈x, z〉+ 〈y, z〉, ∀x, y, z ∈ E .
(iii) 〈ax, y〉 = a〈x, y〉, ∀x, y ∈ E . ∀a ∈ A.
(iv) 〈x, y〉 = 〈y, x〉∗, ∀x, y ∈ E .
(v) E is complete w.r.t. the norm ‖x‖ :=

√
‖〈x, x〉‖, ∀x ∈ E .

We are going to use the following inequality.

Lemma 1. [8] (Noncommutative Cauchy-Schwarz inequality) If E is a Hilbert C*-module over A, then

〈x, y〉〈y, x〉 ≤ ‖〈y, y〉‖〈x, x〉, ∀x, y ∈ E .

Given a unital C*-algebra A, define

`2(N,A) :=

{
{an}∞

n=1 : an ∈ A, ∀n ∈ N,
∞

∑
n=1

ana∗n converges in A
}

.

Modular A-inner product on `2(N,A) is defined as

〈{an}∞
n=1, {bn}∞

n=1〉 :=
∞

∑
n=1

anb∗n, ∀{an}∞
n=1, {bn}∞

n=1 ∈ `2(N,A).

Hence the norm on `2(N,A) becomes

‖{an}∞
n=1‖ :=

∥∥∥∥∥ ∞

∑
n=1

ana∗n

∥∥∥∥∥
1
2

, ∀{an}∞
n=1 ∈ `2(N,A).

2. Noncommutative Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty Principle

We start by recalling the definition of Parseval frames for Hilbert C*-modules by Frank and
Larson [10].
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Definition 2. [10] Let E be a Hilbert C*-module over a unital C*-algebra A. A collection {τn}∞
n=1 in E is said

to be a modular Parseval frame for E if

〈x, x〉 =
∞

∑
n=1
〈x, τn〉〈τn, x〉, ∀x ∈ E .

As shown in [10] a modular Parseval frame {τn}∞
n=1 for E gives an adjointable isometry

θτ : E 3 x 7→ θτx := {〈x, τn〉}∞
n=1 ∈ `2(N,A)

with adjoint

θ∗τ : `2(N,A) 3 {an}∞
n=1 7→ θ∗τ{an}∞

n=1 :=
∞

∑
n=1

anτn ∈ E .

We this preliminaries we can derive noncommutative analogue of Theorem 3. In the following theorem,
given a subset Λ ⊆ N, we set the notation

o(Λ) := Number of elements in Λ.

Theorem 4. (Noncommutative Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty Prin-
ciple) For any two modular Parseval frames {τn}∞

n=1 and {ωm}∞
m=1 for a Hilbert C*-module E , we have(

‖θτx‖0 + ‖θωx‖0

2

)2

≥ ‖θτx‖0‖θωx‖0 ≥
1

supn,m∈N ‖〈τn, ωm〉‖2 , ∀x ∈ E , x 6= 0.

Proof. Let x ∈ E be nonzero. Using Lemma 1 and the well-known fact in C*-algebra that ‘norm
respects ordering of positive elements’, we get

‖x‖2 = ‖〈x, x〉‖ =
∥∥∥∥∥ ∞

∑
n=1
〈x, τn〉〈τn, x〉

∥∥∥∥∥ =

∥∥∥∥∥∥ ∑
n∈supp(θτ x)

〈x, τn〉〈τn, x〉

∥∥∥∥∥∥
=

∥∥∥∥∥∥ ∑
n∈supp(θτ x)

〈
∞

∑
m=1
〈x, ωm〉ωm, τn

〉〈
τn,

∞

∑
k=1
〈x, ωk〉ωk

〉∥∥∥∥∥∥
=

∥∥∥∥∥∥ ∑
n∈supp(θτ x)

〈
∑

m∈supp(θω x)
〈x, ωm〉ωm, τn

〉〈
τn, ∑

k∈supp(θω x)
〈x, ωk〉ωk

〉∥∥∥∥∥∥
=

∥∥∥∥∥∥ ∑
n∈supp(θτ x)

 ∑
m∈supp(θω x)

〈x, ωm〉〈τn, ωm〉∗
 ∑

k∈supp(θω x)
〈x, ωk〉〈τn, ωk〉

∗∥∥∥∥∥∥
≤

∥∥∥∥∥∥ ∑
n∈supp(θτ x)

∥∥∥∥∥∥ ∑
m∈supp(θω x)

〈τn, ωm〉〈τn, ωm〉∗
∥∥∥∥∥∥
 ∑

k∈supp(θω x)
〈x, ωk〉〈ωk, x〉

∥∥∥∥∥∥
≤

∥∥∥∥∥∥ ∑
n∈supp(θτ x)

∑
m∈supp(θω x)

‖〈τn, ωm〉〈τn, ωm〉∗‖

 ∑
k∈supp(θω x)

〈x, ωk〉〈ωk, x〉

∥∥∥∥∥∥
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≤
(

sup
n,m∈N

‖〈τn, ωm〉‖2

)∥∥∥∥∥∥ ∑
n∈supp(θτ x)

∑
m∈supp(θω x)

1 ·

 ∑
k∈supp(θω x)

〈x, ωk〉〈ωk, x〉

∥∥∥∥∥∥
≤
(

sup
n,m∈N

‖〈τn, ωm〉‖2

)∥∥∥∥∥∥o(supp(θτx)o(supp(θωx)

 ∑
k∈supp(θω x)

〈x, ωk〉〈ωk, x〉

∥∥∥∥∥∥
=

(
sup

n,m∈N
‖〈τn, ωm〉‖2

)
‖θτx‖0‖θωx‖0

∥∥∥∥∥∥ ∑
k∈supp(θω x)

〈x, ωk〉〈ωk, x〉

∥∥∥∥∥∥
=

(
sup

n,m∈N
‖〈τn, ωm〉‖2

)
‖θτx‖0‖θωx‖0‖〈x, x〉‖

=

(
sup

n,m∈N
‖〈τn, ωm〉‖2

)
‖θτx‖0‖θωx‖0‖x‖2.

By canceling ‖x‖ we get the stated inequality.

Using Chebotarev theorem, in 2005, Tao [11,12] improved Theorem 1 for prime dimensions d.

Theorem 5. (Tao Uncertainty Principle) [11] For every prime p,

‖h‖0 + ‖ĥ‖0 ≥ p + 1, ∀h ∈ Cp \ {0}.

In view of Theorem 5 we make the following conjecture.

Conjecture 6. Let p be a prime and A be a unital C*-algebra with invariant basis number property. Let
ˆ : Ap → Ap be the noncommutative Fourier transform defined by

̂
(aj)

p−1
j=0 :=

1
√

p

(
p−1

∑
j=0

aje
−2πijk

p

)p−1

k=0

, ∀(aj)
p−1
j=0 ∈ A

p.

Then

‖x‖0 + ‖x̂‖0 ≥ p + 1, ∀x ∈ Ap \ {0}.
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