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Abstract: This paper focuses on studying the generalized Marcinkiewicz integral operators with mixed
homogeneity. Under the Grafakos-Stefanov condition on their kernel functions, the L boundedness of
these operators over symmetric spaces is established. The main results generalize and improve some
previously known results.
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1. Introduction

Let d > 2 and S?~! be the unit sphere in the Euclidean space R? equipped with the induced
Lebesgue surface measure do, (w'). Forj € {1,2,--- ,d}, let xj > 1 be fixed numbers. Define the real

d
mapping I on Ry x R by T'(y,w) = ‘21 w]2 "% with w = (wy,ws,...,w;) € RY. For each fixed
j=

w € RY, we denote the unique solution to the equation I'(y,w) = 1 by 7 = v4(w). The metric space
(R?, ) is known by the mixed homogeneity space associated to {K]-}?Il.

The change of variables concerning the space (R, ) is presented in the following transformation:

wy = Y cosvy - COSVG_p COSTV4_1,
wy = Y2 cosvy -+ - COSVy_pSINTV,_1,

Wy_1 = Y1 cos vy sinvy,
wy = k" sinv.

d d
So, dw = y* ] (w')dydog(w'), wherex = Y- xj, J(w') = ¥ Kj(w;-)z, w' =M, 1w e $471, 1 (w)
=1 =1

is the Jacobian of the transformation, and M,, is the d x d diagonal matrix given by

7 0
Mfy - .
0 ¥k
In [1], it was proved that J(w') € C®(S¥~1) and J(w') € [1,C] for some real constant C > 1.

Let U € L'(S?~1) be a measurable mapping satisfying:

OMyw) = U(w), Yy >0 (1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and
L, @) @)des(w) = o, @
For f € S(RY) and T € (1,00), we define the generalized parabolic Marcinkiewicz integral gg)
by
1 o@ L [ar\'”
G (f)(x) = / f/ x—v)——2 gy & .
(6] (f)( ) R+ r ’)/(’U)ST f( )(’)’(U))K71 r
We point out when x; = kp = --- = x; = 1, we have k = d, 7(v) = |v| and (R%, ) = (R%,|-]).

In this case, we denote QZ(ST ) by QZ(ST )’C. Moreover, when T = 2, the operator g{; )

7

“is reduced to the
classical Marcinkiewicz integral operator, which is denoted by M;5. We remark that the operator M;s
was introduced by E. Stein in [2] in which he proved that the L boundedness of M;ys for p € (1,2)
holds under the condition U € Lip, (S~!) with 0 < v < 1. Subsequently, the operator M; has been
investigated by many authors. For example, Walsh [3] proved the L? boundedness of M5 provided
that U € L(logL)'/2(S%~1), and proved that the condition € L(logL)!/?(S?~1) in nearly optimal.
Later, this result was extended and improved in [4] where the authors obtained that My; is of type
(p,p) forall p € (1,00) if U € L(logL)/2(S?~1). If U belongs to a certain class of block spaces, the
authors in [5] proved that if U belongs to the block space B,go'_l/ 2) (S41), then Mj; is bounded on
LP(R?) for all p € (1,00) and this condition on U is nearly optimal.

On the other hand, the authors of [7] proved that whenever U belongs to the Grafakos-Stefanov
class F,(S%~1) with a > 0, then the operator My; is bounded on LP(R?) for all p € (212%,24 + 2).

1+2a”
Readers may consult: For a more background information on M;j; [8-11], for its extensions and

developments [12-17] and for recent advances [18-20].
The generalized Marcinkiewicz operator gg)'f was introduced by the authors of [21]. They
proved that if § € L7(S?~1) with g > 1, then the inequality

967Dy gy < N5, 3

LP(R4)

holds for all p, T € (1,00). Later, Le improved this result in [22] under the weaker condition U €
L(log L)(S?~1). These results were extended and improved by the authors of [23] who showed that if

;1
U is in either L(log L)Y/ 7(S?~1) or in B;O' v )(Sd’l), then gl@'c is bounded on L?(R?) for p, T € (1, 0).

The authors of [24] proved the inequality (3) for all p, T € (§132,2a + 2) provided that U € F(S771)
for some « > 0. For relevant results, we refer the reader to [25-27].
We point out that the Grafakos-Stefanov class F,(S?~1) (for « > 0), which is the set of all

integrable functions U over S#~! such that

sup [ 1og" (12 - uf [ (u) o) < o, @
gesi-1
was introduced in [3] and then developed in [28].
Now let us recall the definition of homogeneous Triebel-Lizorkin space F:’T (R%). For € € R and
T,p € (1,00), the space P;’T(Rd) is the collection of all tempered distribution functions f defined on
R? such that

< 0o,

1/t
er =) ety o £IT
Hf”l—"p (R4) || <jeZ | ]*f| )

LP(RA)
where ‘/I’\](g ) =T(27/7) and T € C3°(R") is a radial mapping satisfying the following:
MO0<T(E) <1,

d0i:10.20944/preprints202502.0182.v1
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@ supp (1) € {¢:1¢l € [3,2]},

(3) For || € [2, 3], there is a positive constant C such that T'({) > C,
(4) For { # 0, wehave ¥ T(277¢) = 1.

The authors of [25] prozzee%:l the following:

(a) The Schwartz space S(R?) is dense in F;’T(Rd),

(b) For p € (1, ), F(;'Z(Rd) = LP(RY),

(c) F;'ﬁ (R%) C P;’TZ(Rd) whenever 71 < 1.

Motivated by the work done in [24] regarding the LF boundedness of the generalized
Marcinkiewicz integral QZ(ST)’C in the classical form whenever U € F,(S?7!), and by the work
done in [16] regarding the L? boundedness of the parabolic Marcinkiewicz integral gg) whenever
U € Fo(S?1), we shall study the LP boundedness of the generalized parabolic Marcinkiewicz integral
gg) provided that § € F,(S%~1). In fact, we shall prove the following:

Theorem 1. Let U € Fo (S 1) for some « > 0 and satisfy (1)—(2). Then there exits a positive constant
Cp > 0 such that

’M”MMMSQWEWQ

forall p € (535,20 +2) and T € (3132, 20 +2).

Remarks

(1) Forthecasesx; =1 (1 <j <d)and T = 2, the LP boundedness of gg) was proved in [2] for
p € (1,2) provided that § € Lip, (S%~1) C F,(S?1). Hence, our result generalizes and improves
the result in [2].

(2) Since | L(S?1) C Fy(S¥1), Theorem 1 generalizes and improves the result in [14] for the
7>1
case T = 2.

(3) If we take T = 2 in Theorem 1, the main result in [16] is obtained.

(4) The authors of [17,19] proved the boundedness of Qg) whenever U belongs to the space

1
L(log L)1/2(S?~1) and the space Bgo’ 2) (S9-1), respectively, which are totally different from
the space J,(S7~1).
(5)  For the special case x; = 1 (1 < j < d), we obtain the main result in [24].

Henceforth, the letter C will denote a positive constant, the value of which may vary at each

occurrence but remains independent of the essential variables.

2. Auxiliary Lemmas

We begin this section by presenting several definitions and lemmas. Define the family of measures
{Asy,j = Arjir € Ry, j € Z} and its corresponding maximal operator A* on R? by

1
R fd)LV,] - ﬁ ,/21*1r§’y(u)§2j7 U(u)f(u)du,

and

A(f) = supsup ||| * f],
JEZ reR ¢

where |A, ;| is defined in the same way as A, ; but U is replaced by |U].

We shall need the following lemma from [29].

d0i:10.20944/preprints202502.0182.v1
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Lemma 1. Let P(y) = (019", v29*2, - -+, v4"¢), where vj,kj € Randj € {1,2,---,d}. Suppose that
M p is the maximal function defined on RY by

Mpf(w) =sup ~ [*|f(w - P(7))|d7.
p>0p 0

Then, there a positive C, (independent of v;.s) exists such that the estimate
IMp(F)llLr@ey < Coll fllp(me)
holds forall 1 < p < oo.
We shall need the following lemma which is due to Chen and Ding [15].

Lemma 2. Assume that v indicates to the distinct numbers of {K]-};.i:1 and that § € [0,1]. Then there exists
C > Osuch that foru € S* ' and { € RY,

1 .
/ ele-éd'V‘ <Clu-g|°*.
1/2 v

By using Lemma 1, we directly deduce the following result.
Lemma 3. Let U € LY(S?"1) and f € LP(R?). Then for each p € (1,00), there a positive Cp, such that
1A (O ety < Coll Ol o1y 11l p ey 5)

Lemma 4. Let § € F,(S41) for some o > 0 and satisfy (1)—(2). Then there is a positive constant C such
that

Il < c ©)

A, < Cmin{|My,¢

, (log My, g) "V}, 7)
where || A || is the total variation of A,.

Proof. By the definition of A, ;, it is easy to verify that (6) holds. By Holder’s inequality, we get

a

d
|/\r,j(€)| T

1 —iMy; ug
c [, | L suree ™nt )| 27

IN

1 dy
< cf, o] 16unTdow), ®
where

1 M w
I(g’u’r):A/Ze lejr,yugd’;/)/'

Thanks to Lemma 2, we deduce that

I(Z,u,7) < [M,ju - g]‘g
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which when combined with the trivial estimate |I({, u, 7| < 1 and using the fact (¢/ log" t) is increasing
over the interval (2%, 00), we have that

1x+1(

)y IMy;,¢] > 1, 9)

1z u,r)| < C
lX-‘rl ’MZJrZ;’

where 17 = ‘M CI Thus, by (8)-(9) we get

IN

Aj(@)] < Cllog]My,g) ™ [ [65(0)|10g* (1 - ul e ()

C(log|M,;, g) ™" if My,g| > 1. (10)

IN

Now by the condition (2), we obtain

IN

A2i(2)] o) [ 16 u,r) ~ 11 Doy

Sd- 1
CIMy,gl. a1

IN

Consequently, by (10)-(11), we get (7) which ends the proof the lemma. [

Now we need to prove the following result:

Lemma 5. Let U € F,(S1) for some a > 0 satisfy (1)—(2). Then for any class of functions {H;(), jeZ}

defined on R?, we have
1/t
(2 |H1|T>
€z

1/T
dr
2/|/\” # 1|7 < C|IIp1 st
JELZY
Proof. As p > 1, by duality, a non-negative mapping ¢ € LP (R?) exists such that ||¢)| I (R) <1land

LP(R4)
(gl

where ¢(w) = ¢(—w). Thus, by Lemma 3, Holder’s inequality and (13), we obtain that

(12)

LP(R)

foralll < p,T < oo

2 dr
N /Rd],ezz /1 [Arj * Hj(w)| - p(w)dw

LP(RY)

IN

L, Z1#(@) 2 (9) (—w)de, (13
jez

(2/’/\71 *H, ‘) < C||6]| 1 (ga-1y (14)
]GZ LP(Rd) ]EZ LP(Rd)
for 1 < p < co. On the other hand, by the inequality (5), we get
sup sup |A, < ||A* (sup|7-lj|>
j€Z rel1,2) LP (RA) JEL LP(RY)
< ClB] i (si1)||sup|H;] (15)
jEZ LP(Rd)
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forall p € (1, 00). Therefore, by interpolating between (13) and (15) we have

2 p 1/ 1/t
r
(Z/’/\,]*’H]}T ) SC”U”U(Sd*) (Z”H}’T>
JEZ Ly () JEZ LP(RY)
forall p,7 € (1,00). O
3. Proof of Theorem 1
Assume that U € F,(S%1) for some a« > 0. By Minkowski’s inequality, we obtain
@ o )
g(Hx) = / / x—v 9 o) X
SO0 = (L7 foteywmn 1605 5
0 1 o Ca\
T P
=0 \/R+| 7" J2T r<n(0)<27r (7(0)) 04
1/T
< C(Z/ [Arj# f(x) ”) : (16)
j=0/1 7

on R, satisfying the following

) Aj(0)” =

Choose a set of smooth mappings {A;}

Aj(w) = Aj(y(w)), A; C
€z

dmAj(U) Cm

do™ - vm

- [2*1*j,21*7'], and

supp (A;)
(¥; = f)(C). Hence, for any

For { € R, define the operators (Y;i(2) = Aj(v(0)) and S;(0) =
feSRY,

d 1/t

A N

; ) = D(f)(x).

2 Sjwn(Arj* (Sjsnf)) (%)

nez

():/ A # () T‘”>/ (])E:Z/

Thus, to prove our main result, it suffices to prove that
D 4y < C Ot
PPl < Gl

(17)

14

forall p € (%igz,th +2)and T € (%igg, 2 + 2). Define the mapping T by

T: {Hjn( }n]eZ — {Z S]+n( j,n)(x)}
jeZ

Then, it is easy to show:
(()Forl<p<tandl <s<p,

(&

JEL

T
d
Y. Sien(Hjn) )‘ 7)

nez

LP(RY)
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s 1/s
£\ (2 fmrs)
nez JEL L7 (RA)
([{i)Fort < p<oandl<s<yp,
d T
Y
(2/ Y Sjtn(Hjn)) 7)
JEZL nez LP(RY)
1/7||% s/\ 1
d
/ zm]n &

nez JEZ LP(R)

To prove (17), we need to consider three cases:
Casel. p € (%ﬁz, T)and T € (%ﬁg,sz +2). By (18), we deduce that
s 1/s
dy
1D ey < € (2/Lm 5.00f) " )
JEZ LP(R)

1/s
C < Z ||An,ff||SLp(Rd)>

nez

forall1l < s < p, where

1/t

cd
Anf = <%/ |Arj o (Sjnf)] 7)
je

.0,
Let us estimate the L norm of A, f whenever p = T = 2. For this case, we have that F,

L*(R¢). Thus, by Plancherel’s theorem along with Fubini’s theorem and (7), we get

2, _ Zdr)/ N 2
Aoy < GG
: MfHLz(Rd) ]EZZ /On+j /1 ! r ‘
<cy [ ] O min{[My,2[%, (10g My, 2]) 2+ g
jEZ "+]
< ﬂ+hm*1”Wﬂ@m@

= C(L+ )2 f 3,
Rd)

where O, = {z; eR:|Z| € [zflf",zlf"]}.
It is clear that by Lemma 5, we have
1/t
(Zpwes7)

||An,ff||LP(Rd) < C”O”U(Sd*l)
jeZ

~Clfll 7+
LP(Rd) FF (Rd)

7 of 9

(18)

(19)

(20)

(21)

?(Rd) =

(22)

(23)
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forall1 < p, T < oo. Therefore, by interpolation (22) with (23), there exists a constant 6§ € (1/(1+«),1)

such that for all p € (32, 1),

[Ancf ey < COA+ mDYIfI 50 - (24)
F, " (RY)

Forfixp € (ﬁ—%g, T), choose 1 < s < p so thatsf > 1/(a + 1) and employing (20) along with (24),

we confirm (17) which by (16) proves our main result for the case p € (§£3%,7) and 7 € ($13%,2a +2).

Case2. p € (1,20 +2) and T € ($3%, 2a + 2). We construct the proof of Theorem 1 by following

a similar argument as above except that we need to invoke (19) instead of (18). The details are omitted.

Case3.p = Tand T € (§132,2a + 2). By the definition of D(f) and Lemma 1, we have

2 2 “dr v
||Df||Lp(Rd) = (/Rdjeszl ngzsjm(/\r,j*(sﬂnf))(x) rdx)
> N i 1/t
< CBluey | L[ IMeUS Dl
j€
1/t
< CHU”Ll(Sd*l) <Z|\P]*f“f>
JEL LP(RA)
<

ClIBN s £ o7
FI’

(®)
Consequently, the proof of Theorem 1 is complete.

4. Conclusions

In this work, we introduced the generalized parabolic Marcinkiewicz operator gg) under a very
weak condition on the rough kernel 0. Whenever U belongs to the Grafakos-Stefanov class F, (S~ 1)

for some & > 0, we proved that the operator Qz(;) is bounded from homogeneous Triebel-Lizorkin

-0,
space F), ‘ (R) to LP (R¥) space for all p, T € (3132, 2a + 2). The results obtained in this paper improve

and generalize a number of previously known results, see [2,7,14,16,21,24].
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