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Abstract: The objective of this study, which is divided into two parts, is twofold: to address long 
standing challenges in the sensing of atmospheric turbulence-induced wavefront aberrations in 
strong scintillation conditions via comparative analysis of several basic scintillation resistant 
wavefront sensing (SR-WFS) architectures and iterative phase retrieval (IPR) techniques (Part I, this 
paper), and to develop a framework for the potential integration of SR-WFS techniques into practical 
closed-loop non-astronomical atmospheric adaptive optics (AO) systems (Part II). In this paper we 
consider basic SR-WFS mathematical models and phase retrieval algorithms, tradeoffs in sensor 
design and phase retrieval technique implementation, and methodologies for WFS parameter 
optimization and performance assessment. The analysis is based on wave-optics numerical 
simulations imitating realistic turbulence-induced phase aberrations and intensity scintillations, 
and optical field propagation inside SR-WFSs. Several potential issues important for practical 
implementation of SR-WFS and IPR techniques such as requirements for phase retrieval 
computational grid resolution, tolerance with respect to optical element misalignments, and the 
impact of camera noise and input light non-monochromaticity are also considered. Results 
demonstrate that major wavefront sensing requirements desirable for AO operation in strong 
intensity scintillations can potentially be achieved by transitioning to novel SR-WFS architectures 
based on iterative phase retrieval techniques. 

Keywords: adaptive optics; wavefront sensing; atmospheric turbulence; laser beam propagation; 
numerical simulations 
 

1. Introduction 

Operational principles of wavefront sensors (WFS) used in astronomical adaptive optics (AO) 
applications including Shack–Hartmann (SH) [1,2], curvature sensor [3,4], lateral shearing 
interferometer [5,6], pyramid WFS [7,8], etc., are based on the assumption of relatively weak intensity 
inhomogeneities (scintillations) in the entering WFS optical field. For this reason, it is not a surprise 
that these sensors are not efficient in AO applications associated with laser beam propagation over 
near-horizontal or slant atmospheric paths, which are commonly characterized by moderate-to-
strong intensity scintillations [9]. This drawback precludes efficient utilization of AO techniques in 
such rapidly growing atmospheric optics areas as directed energy (DE) [10,11], remote laser power 
beaming [12], laser communications [13], and active (laser illumination based) imaging [14].  

Several efforts were undertaken in recent years to develop wavefront sensors that are less 
affected by scintillations (scintillation-resistant WFS) and, hence, can be used for turbulence-induced 
aberration sensing in various non-astronomical atmospheric AO systems [15,16]. Despite some 
progress in tackling the scintillation problem, the scintillation resistant wavefront sensing (SR-WFS) 
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approaches have not (as to our knowledge) been implemented in practical closed-loop non-
astronomical atmospheric AO systems.  

One of the reason for this outcome is that in addition to scintillation resistance, such sensors 
should meet several additional criteria: (a) high closed-loop operational bandwidth (typically close 
to or above 1.0 kHz); (b) sufficiently high spatial resolution in phase aberration sensing (e.g., ranging 
from about 102 to 103 resolvable phase values); (c) cost efficiency; (d) robustness in operation under a 
wide range of turbulence and environmental conditions; (e) easy alignment and maintenance; (f) 
operation at a low signal to noise ratio (SNR) and with a non-monochromatic light source; and (g) 
high accuracy in aberration sensing with errors not exceeding a small fraction of the operational 
wavelength.  

This list of desired WFS characteristics may require modification and/or extension for certain, 
specific atmospheric AO applications. However, it is quite a challenge to meet even a portion of the 
previously mentioned criteria with a single WFS instrument. Furthermore, some requirements may 
be at odds with each other. For example, increasing the WFS operational bandwidth most likely will 
only be achieved at the expense of wavefront sensing resolution and accuracy, and vice versa. On the 
other hand, the classical SH sensor represents an excellent example of wavefront sensing system that 
meets nearly all of the criteria outlined above with the exception of resistance to scintillations, and 
inadequate spatial resolution for some AO applications. In this study the SH sensor is considered as 
the model to be followed in the development of scintillation-resistant wavefront sensing techniques 
for atmospheric AO applications.  

In this paper we demonstrate that most of the wavefront sensing characteristics desired for 
atmospheric AO can potentially be achieved by transitioning to WFS architectures based on iterative 
phase retrieval (IPR) techniques.  

In Section 2 we provide a synopsis of basic WFS configurations and IPR algorithms that may be 
considered as candidates for turbulence-induced phase aberration sensing and AO mitigation in 
strong scintillations. These sensors can be described in terms of a generic SR-WFS model introduced 
here. This model is further applied to derive iterative phase and complex field (phase and magnitude) 
retrieval algorithms based on gradient descent optimization of a fidelity (error) metric – analogues of 
the classical Gerchberg-Saxton (GS) and Fienup error reduction and hybrid-input-output (HIO) 
phase retrieval algorithms [17–20]. We also outline the similarity of the iterative phase retrieval 
techniques and algorithms used for synthesis of programmable diffractive optics elements (DOE) in 
laser beam shaping applications [21,22]. This section also provides a description of IPR computational 
steps and metrics that can be utilized for phase and complex field retrieval accuracy assessment.  

In Section 3 we analyze the general properties of optical field transformation in basic SR-WFS 
configurations which are “favorable” for achieving high performance in closed-loop operation under 
a wide range of turbulence conditions. This analysis is further applied to the SR-WFS optical 
configuration introduced here and referred to as the scintillation-resistant advanced phase contrast 
(SAPCO) sensor that, similarly the SH WFS, is composed of a single optical element – a specially 
designed phase mask. In this section we also outline and discuss several tradeoffs that should be 
considered in designing SR-WFS instruments for atmospheric AO applications, including tradeoffs 
between phase retrieval accuracy and required computational time.  

Section 3 is concluded by a description of the numerical simulation setting used for analysis and 
parameter optimization of SR-WFSs and IPR-based wave front sensing techniques. Numerical 
simulations were conducted using a conventional wave-optics (split-step operator based [23]) 
numerical simulation approach. To imitate realistic turbulence-induced wavefront aberrations and 
intensity scintillations the modeling and simulation (M&S) setting included laser beacon beam 
propagation over 5 km to the SR-WFS input plane through atmospheric turbulence uniformly 
distributed along the path.  

Section 4 provides examples of parameter selection and optimization for basic SR-WFS types 
with special emphasis on the SAPCO sensor. Optimization of WFS parameters was based on the 
computation of phase retrieval error in the course of HIO algorithm iterations. The corresponding 
dependencies (phase retrieval error evolution curves) were obtained in a set of numerical simulation 
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trials conducted for statistically independent atmospheric turbulence realizations, WFS parameter 
values, and under different turbulence conditions. Trial results were averaged over turbulence 
realizations and the corresponding atmospheric-averaged phase retrieval error evolution curves 
were used for parameter optimization and comparative performance assessment of basic SR-WFS 
types. This methodology was applied to address issues important for practical (hardware) 
implementation of SR-WFS architectures based on the IPR technique such as tolerance with respect 
to SR-WFS parameter deviations unaccounted for in the mathematical model used for phase retrieval, 
and the impact of WFS photo-array (camera) noise and laser source non-monochromaticity.  

In the concluding remarks (Section 5) we deliberate the path forward for SR-WFS technique 
integration into closed-loop AO systems. A framework for this integration with specific examples of 
SR-WFS-based AO architectures and performance analysis are presented in a following paper (Part 
II). 

2. Scintillation Resistant Wavefront Sensing for Atmospheric AO 

2.1. Intensity Scintillation Impact on Zonal and Modal WFSs 

Due to point-to-point (or zonal) mapping of input and output field characteristics in 
conventional WFSs, spatial modulation of the input field intensity ( )inI r  is practically “imprinted” 
into the sensor output intensity ( )outI r  used for input field phase ( )ϕ r  computation (retrieval), 
where { , }x y=r  is a coordinate vector in the WFS input and output planes. Correspondingly, under 
strong scintillations the output intensity distribution in these sensors may contain low-intensity 
(“dark”) regions with an SNR unacceptably low for accurate phase retrieval.  

At the same time, intensity inhomogeneities (e.g., resulting from turbulence-induced 
scintillations) are not a major concern for modal-type WFSs where input intensity “dark” regions are 
dispersed across the sensor output plane.1 Transformation of the optical field in these WFSs can be 
considered non-localized.  

A simple lens with a photo-array (camera) located at its focal plane represents a canonic example 
of a modal-type optical system that provides non-localized mapping of input and output fields. 
Referred to here as the lens-based WFS, this optical system is illustrated in Figure 1. In lens-based 
and other modal-type WFSs the output intensity ( )outI r  is predominantly defined by the input field 
phase ( )ϕ r  and is only weakly influenced by input field intensity inhomogeneities – the major 
reason why modal-type wavefront sensing systems are more resilient to intensity scintillations. This 
low sensitivity (resilience) with respect to intensity scintillations comes at the price of significantly 
more complicated and time-consuming (in comparison with conventional WFSs) signal processing 
requirements for phase function ( )ϕ r  retrieval from output intensity measurements.  
Potential utilization of SR-WFSs for atmospheric AO is contingent on how efficient (fast and accurate) 
phase retrieval can be performed. This, in turn, largely depends on both the SR-WFS type (WFS 
optical configuration) defining the input-to-output field transformation, and the phase retrieval 
algorithm utilized. Both the WFS optical configuration (optical design) and phase retrieval algorithm 
should be jointly optimized while accounting for input field phase and intensity characteristics 
specific for A-AO applications. The following sections include discussions of both of these key 
matters. 
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Figure 1. Examples of single-camera-based modal type WFS configurations and the corresponding 
generic SR-WFS model (bottom right). 

2.2. Basic SR-WFS Architectures 

Examples of WFS types weakly affected by scintillations considered in this paper are represented 
in Figure 1 by notional schematics of: (a) the lens-based WFS; (b) classical Zernike filter (Zernike WFS) 
[25–27]; (c) multi-aperture phase reconstruction (MAPR) sensor [15]; (d) multi-aperture phase 
contrast (MAPCO) WFS [16]; and (e) a WFS based on a phase-only spatial light modulator (SLM) 
used for imposing a high-resolution random phase modulation pattern onto the optical field entering 
the sensor [28–30]. 

The optical schematics of the Zernike and MAPCO WFSs in Figure 1 include phase-shifting 
elements (phase masks). The Zernike sensor phase mask represents a diffraction-limited circular 
region (Zernike phase dot) at the lens focus that introduces a π/2 radian phase shift into the optical 
wave passing through the phase dot [25]. The corresponding phase mask of the MAPCO WFS is 
composed of a large number of differently configured Zernike phase dots that impose π radian phase 
shift [16]. 

In the SR-WFSs in Figure 1 phase masks, and phase-only SLM that can also be considered as a 
phase mask, provide non-localized input-to-output optical field transformation enabling mitigation 
of the input field intensity scintillations (dark regions) impact on sensor output intensity. Note that 
in the case of lens-based and MAPR WFSs non-localized optical field transformation is achieved via 
positioning of the photo-array in the focal plane of the correspondingly lens and lenslet array. 
Characteristic output intensity patterns for the modal type basic SR-WFS configurations in Figure 1 
are illustrated in Figure 2 for relatively weak (top row), moderate-to-strong (middle row), and strong 
(bottom row) turbulence conditions. These intensity patterns were computed using the input field 
intensity ( )inI r  and phase ( )ϕ r  distributions shown in Figure 3, which are identical for all WFSs. 
Note that the phase patterns in this figure (bottom row) have characteristic topological singularities 
(branch points [31]) and 2π phase cuts, which grow in number when turbulence strength is increased. 
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Figure 2. Examples of output intensity patterns corresponding to the basic SR-WFS configurations in 
Figure 1. The input field complex amplitudes entering the sensors were obtained through numerical 
simulations of monochromatic (λ = 1064 nm) plane wave propagation over L = 5 km in homogeneously 
distributed (volume) turbulence under relatively weak (top row, 0/ 3D r = , 2 1.18Rσ = ), moderate-to-

strong (middle row, 0/ 10D r = , 2 8.77Rσ = ), and strong (bottom row, 0/ 15D r = , 2 17.25Rσ = ) 

conditions. The squares indicate the sensor aperture of size DWFS =D/M =3.55 mm, where D is the input 
field aperture size (D =15 cm) and M = 42.2 is the demagnification factor of the optical receiver telescope 
in front of the WFS. The optical wave propagation length inside the WFSs (between the input and output 
planes) was LWFS = 100 cm for the lens-based WFS and LWFS = 28 cm for all other WFS configurations. A 
densely packed array of 4x4 square lenses (lenslet array) was used in M&S of both the MAPR and 
MAPCO WFSs. The phase mask of the MAPCO sensor with size Dmask =2DWFS was composed of 
randomly distributed Ndot = 3600 identical phase dots of ddot =100 μm diameter. Grey-scale images in this 
and all subsequent figures correspond to the 2DWFS x 2DWFS square at the WFS input and output planes, 
and correspondingly the 2D x 2D square at the receiver telescope pupil plane. 

 
Figure 3. Input field intensity (top row) and phase (bottom row) patterns used in computation of the 
SR-WFS output intensity distributions shown in Figure 2: 0/ 3D r = (left column), 0/ 10D r = (middle 

column) and 0 15/D r = (right column). Phase functions are shown module 2π. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 July 2024                   doi:10.20944/preprints202407.2193.v1

https://doi.org/10.20944/preprints202407.2193.v1


 6 

 

The impact of turbulence is characterized in Figure 2 and elsewhere in this paper by the 
following commonly used parameters: the ratio 0/D r  of the WFS aperture size D to the Fried 
parameter 0r  (the measure of the input field phase aberration correlation length), and the Rytov 
variance 2

Rσ describing input field intensity scintillation strength [32–34]. 
For the numerical analysis in this paper the following expressions for 0r  and 2

Rσ  were utilized: 
2 2 3/5

0 (0.16 )nr C k L −=  and 2 2 7/6 11/61.23R nC k Lσ −=  [33]. Here 2
nC is the defining turbulence strength 

refractive index structure parameter, 2 /k π λ=  is wavenumber for a monochromatic optical wave of 
wavelength λ , and L is the atmospheric propagation path length. 

Comparing the input and output intensity distributions in Figures 2 and 3 reveals the lack of 
correlation between the corresponding intensity patterns, which is typical for modal type wavefront 
sensors. Note that some similarity between ( )inI r  and ( )outI r  can still be observed in Figure 2 for 
the Zernike WFS but only under relatively weak turbulence 0( / 3)D r = . 

It is worthwhile to point out a distinguishing characteristic of the output intensity distributions 
in Figure 2 that is (as further discussed) important for selecting the SR-WFS type for atmospheric AO 
applications. As seen from Figure 2, when turbulence strength is increased the output intensity 
patterns for the lens-based WFS, MAPR, and Zernike WFS undergo quite a significant 
transformation. Conversely, the corresponding intensity distributions for phase contrast type sensors 
such as MAPCO and phase-SLM based sensors preserve a similar spatial structure (randomly 
scattered spots) when turbulence strength is increased. For these sensors we would expect (as further 
discussed in Sections 3.1 and 4.3) that phase retrieval efficiency would be less affected by turbulence 
strength – an important advantage for closed-loop wavefront sensing and AO control under diverse 
turbulence conditions. 

2.3. Generic Scintillation Resistance WFS: Mathematical Model 

Consider a generic SR-WFS model as illustrated in Figure 1 (bottom right panel). This model 
provides a general framework for analysis of different WFS architectures. Transformation of a 
coherent monochromatic (quasi-monochromatic) input optical field with complex amplitude ( )inA r  
is described in this model by accounting for the following effects: (a) input field diffraction at the 
WFS aperture diaphragm [pupil-plane mask ( )inM r ]; (b) propagation through SR-WFS phase-only 
optical element(s) located between the input (z=0) and output ( WFSz L= ) planes; and (c) propagation 
along optical path segments between these elements. Additionally, we assume that optical power 
loses inside the SR-WFS are negligibly small and can be neglected. 

The impact of phase-only optical elements (e.g., lenses, lenslets, phase masks, etc.) on the optical 
field complex amplitude ( , )A zr , where 0 WFSz L≤ ≤ , is described in the SR-WFS model by the 
refractive index ( , )WFSn zr  dependence on the transversal and longitudinal (along the sensor optical 
axis) coordinates, correspondingly { , }x y=r  and z. 

For example, a thin phase-only optical element (e.g., a phase mask, lens, or lenslet array) located 
at the plane elmz z= , where 0 elm WFSz L≤ ≤ , is described by the function ( , ) ( ) ( )WFS elm elmn z n z zδ= −r r , 
where ( )elmz zδ −  is a delta function and ( )elmn r  is the phase modulation introduced by the phase-
only optical element. It is easy to see that the generic SR-WFS model can be applied for analysis of 
optical field transformation performed in all sensing systems shown in Figure 1. 

In general terms, transformation of the optical field complex amplitude ( , )A zr  inside the 
generic SR-WFS can be described in the framework of the Fresnel approximation of diffraction theory 
using the following parabolic (quasi-optics propagation) equation [34]: 

2
2 2

2
0

( , )( , )2 ( , ) 1 ( , ), 0WFS
WFS

n zA zik A z k A z z L
z n⊥

 ∂
= ∇ + − ≤ ≤ ∂  

rr r r  (1) 

where 2 2 2 2 2/ /x y⊥∇ = ∂ ∂ + ∂ ∂ is the Laplacian operator 0n  is the undisturbed refractive index and

02 /k nπ λ= . The boundary condition for Equation (1) is defined by the input field complex amplitude
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0( , 0) ( ) ( ) exp[ ( )]inA z A A iϕ= ≡ =r r r r , where 1/2
0 ( ) ( ) ( )in inA M I=r r r  is the input field magnitude within 

the aperture diaphragm ( )inM r . 
In the generic SR-WFS model considered here, it is assumed that retrieval of the input field phase 

( ) arg[ ( ,0)]Aϕ =r r  inside the WFS aperture is solely based on processing of the output intensity 
distribution 2( ) ( ) | ( , ) |out PA WFSI M A z L= =r r r  inside the photo-array region as described by the 
aperture function ( )PAM r . For simplicity we assume that ( )inM r  and ( )PAM r  are window 
functions equal to one inside and zero outside of the corresponding squares of size WFSD  and PAD . It 
is also convenient to assume that PAD  exceeds the characteristic output field footprint size and that 
the camera pixel size can be considered as infinitely small. This implies that 2( ) | ( , ) |out WFSI A L=r r . 

The SR-WFS model introduced here can be applied to describe input-to-output optical field 
transformation for a wide range of wavefront sensing architectures (including WFSs that are not 
necessarily resilient to intensity scintillations). In the following sections this SR-WFS model is utilized 
in derivation of IPR algorithms used in the efficiency analysis of wavefront sensing of atmospheric 
turbulence-induced aberrations. 

2.4. Phase Retrieval via Optimization of a SR-WFS Output Field Fidelity Metric 

The phase retrieval problem can be formulated as a minimization problem for the following 
fidelity metric (also referred to as an error metric and cost function) [20,35]: 

21/2 1/2 2( ) ( )out outJ I I d = − ∫ r r r  (2) 

Here 2( ) | ( , ) |out WFSI A L=r r  and ( , )WFSA Lr  are, correspondingly, the SR-WFS output field intensity 

and complex amplitude computed using the input field estimation 0( ) ( ) exp[ ( )]inA A iϕ=r r r 

  for the 
“true” input field complex amplitude 0( ) ( ) exp[ ( )]inA A iϕ=r r r  inside WFS aperture diaphragm. Here 

0 ( ) 0A ≥r  and ( )ϕ r  are corresponding estimations of the true magnitude and phase.2 

The complex amplitude estimation ( )inA r  defines the boundary condition 

0( ,0) ( ) ( ) exp[ ( )]inA A A iϕ= =r r r r 

  (3) 

for propagation Equation (1) that is used for computation of the output field intensity estimation 
( )outI r  and the corresponding value of the fidelity metric [Equation (2)]. 

Fidelity metric minimization is considered here by iterative modification (“shaping”) of the 
phase ( )ϕ r  and magnitude 0 ( )A r  estimations aimed at retrieval of the true phase function ( )ϕ r . 
Note that minimization of a fidelity metric analogous to Equation (2) is commonly used for synthesis 
of phase-only diffractive optics elements (DOE-based beam shapers) that perform transformation of 
a laser beam with a known input intensity distribution ( )inI r  into a beam with output intensity 

( )outI r  that is maximally “close” [optimal in terms of the metric (2)] to the desired intensity ( )outI r  
at a pre-defined distance DOEL  from the beam shaper [21,22]. 

Similar to the beam shaping problem statement mentioned above, both the input ( )inI r and 
output ( )outI r  intensity distributions are assumed to be known in the classical GS error reduction 
iterative phase retrieval algorithm originally developed for reconstruction of astronomical images 
[17,18,36]. Note that the original GS technique requires utilization of two cameras enabling 
synchronous measurements of both the input and output intensity distributions. 

The core GS algorithm concept was further exploited to include complex field (both phase and 
magnitude) retrieval based on processing of a single and multiple intensity distributions (e.g., error-
reduction iterative Fourier transform [18,20], phase diversity [36], incremental binary random 
sampling [37], beam-propagation-based random phase modulation [38], coded diffraction pattern 
[39], etc.). 

In the single-camera based wavefront sensing configurations considered here, the input field 
intensity ( )inI r  is assumed to be unknown. Although knowledge of this intensity distribution is not 
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required for AO operation, the function ( )inI r  still needs to be retrieved since the error metric (2) 
absolute minimum value can only be achieved when both the input field intensity and phase 
distributions are correctly determined. Thus, in the case of single-camera-based SR-WFS we 
“unavoidably” deal with the complex field retrieval problem. By keeping this in mind, we 
interchangeably refer in this paper to either “phase” or “complex field” retrieval. 

2.5. Complex Field Retrieval for the Generic SR-WFS Model 

To further proceed with phase (complex field) retrieval algorithms for the SR-WFS model, it is 
convenient to represent the error metric (2) in the following equivalent form: 

2 2 2( ) ( ) 2 ( , ) ( , )out out WFS WFSJ I d I d A L L dψ= + −∫ ∫ ∫r r r r r r r , (4) 

where 
1/2( , ) ( ) exp[ arg ( , )]WFS out WFSL I i A Lψ = −r r r  (5) 

is the complex function corresponding to formal replacement of the magnitude ( , ) || WFSA Lr  in 

( , )WFSA Lr  by the true output field magnitude 1/2 ( )outI r . 

Assume that the selected input field intensity ( )inI r estimation is defined within the aperture 

diaphragm ( )inM r  and the function 1/2( ) ( ) exp[ ( )]in inA I iϕ=r r r 

  obeys the following condition 
describing preservation of the optical power 0W  inside the SR-WFS: 

2 2 2
0( ) ( ) ( )in out outI d I d I d W const= = = =∫ ∫ ∫r r r r r r  . (6) 

Under this condition, minimization of the fidelity metric (4) is equivalent to maximization of the 
following expression (referred to as the overlapping integral [40] or the interference metric [41]): 

2Re ( , ) ( , )int WFS WFSJ A L L dψ= ∫ r r r . (7) 

Assume now that the function ( , )WFSLψ r  in Equation (5) defines the boundary condition for 
the complex amplitude ( , )zψ r  of an auxiliary “optical wave” propagating along the SR-WFS optical 
axis in the reverse direction (from the output WFSz L=  to the input 0z = plane). Correspondingly, 
propagation (back-propagation) of this auxiliary wave can be described by the following quasi-optics 
equation similar to expression (1): 

2
2 2

2
0

( , )( , )2 ( , ) 1 ( , )WFSn zzik z k z
z n

ψ ψ ψ⊥

 ∂
− = ∇ + − ∂  

rr r r . (8) 

Note that the term “propagating” or “back-propagating” wave is applied to the solution (numerical 
solution) of either Equations (1) or (8), rather than to the propagation of real optical waves. 
Using Equations (1) and (8) for the counter-propagating waves with complex amplitudes ( , )A zr  
and ( , )zψ r , one can derive the following relationship coupling integral characteristics of these 
complex amplitudes at the SR-WFS input and output planes [41,42]: 

2 2 2Re ( , ) ( , ) Re ( , ) ( , ) Re ( ,0) ( ,0)int WFS WFSJ A L L d A z z d A dψ ψ ψ= = =∫ ∫ ∫r r r r r r r r r   , (9) 

where ( , )A zr denotes the complex amplitude corresponding to the solution of Equation (1) with 
boundary condition (3). Note that expression (9) is valid for arbitrary boundary conditions for both 
Equations (1) and (8). Using expressions (3) and (5), relationship (9) can be represented in the form: 

1/2 1/2 2 2
0( ) ( ) Re ( ) | ( ,0) | exp[ ( ) ( )]int out outJ I I d A i i dψψ ϕ ϕ= = +∫ ∫r r r r r r r r

 , (10) 

where ( ) arg[ ( ,0)]ψϕ ψ=r r . 
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Consider now an iterative procedure of metric intJ [Equation (10)] maximization with respect to 

estimations of the input field phase ( )ϕ r  and magnitude 0 ( )A r . Define these estimations at the n-th 

iteration (n=0,…,) as ( ) ( )nϕ r  and ( )
0 ( )nA r , correspondingly. In the introduced notations the right-hand 

side of Equation (10) is given by: 

( ) ( ) 2
0Re ( ) | ( ,0) | exp[ ( ) ( )]n n

intJ A i i dψψ ϕ ϕ= +∫ r r r r r

 , (11) 

where ( ) ( ,0)nψ r  and ( ) ( )( ) arg[ ( ,0)]n n
ψϕ ψ=r r  are, correspondingly, the complex amplitude and phase 

of the back-propagating wave at the SR-WFS input plane computed based on the estimations ( ) ( )nϕ r  
and ( )

0 ( )nA r . 
The functions ( )ϕ r and 0 ( )A r  in expression (11) denote the input field phase and magnitude 

estimations that should be selected at the next (n+1-st) iteration. It is easy to see that metric intJ  in 
Equation (11) can be increased by choosing the n+1-st input field phase estimation ( )ϕ r  as the 
following: 

( 1) ( )( ) arg[ ( ,0)]n nϕ ψ+ = −r r . (12) 

Derived iterative procedure [Equation (12)] formally coincides with the original GS phase retrieval 
algorithm, assuming that both the input and output intensity distributions are known. In the single-
camera-based SR-WFS model considering here, the input intensity ( )inI r  or, equivalently, the 
magnitude 1/2

0 ( ) ( )inA I=r r  is the unknown function that should be retrieved jointly with the input 
field phase ( )ϕ r . 

To derive the corresponding algorithm for input field magnitude retrieval, substitute ( 1) ( )nϕ + r  
from Equation (12) into expression (11), which now reads 

( ) 2
0 ( ) | ( ,0) |n

intJ A dψ= ∫ r r r . (13) 

It can be shown that the metric intJ  in Equation (13) can be increased by selecting at the next (n+1-
st) iteration the input field magnitude estimation in the form: 

( 1) ( )
0 ( ) ( ) | ( ,0) |n n

inA M ψ+ =r r r . (14) 

Here we used optical power conservation condition (6) and the assumption that the input field 
estimation 0 ( )A r  is defined inside the aperture diaphragm ( )inM r . 

The update rules for input phase [Equation (12)] and magnitude [Equation (14)] estimations can 
be represented in the form of a single iterative equation: 

( 1) ( ) ( ) ( )( ) ( ) | ( ,0) | exp[ ( )] ( ) ( ,0)n n n n
in in inA M i Mψψ ϕ ψ+ ∗= − ≡r r r r r r , (15) 

where the notation ( ) ( ,0)nψ ∗ r  defines a complex function conjugated with respect to ( ) ( ,0)nψ r . 
Expression (15) describes an iterative procedure of back-propagating wave complex amplitude 

conjugation inside the aperture diaphragm ( )inM r . It can be shown that the complex field retrieval 
iterative algorithm (15) is directly related to error metric (2) minimization via the conditional gradient 
search technique [35,43].3 

Iterative equation (15) represents a formal analogous to the known in AO complex field 
conjugation (CFC) control algorithm in which the function ( ) ( ,0)nψ r  is associated with the complex 
amplitude of an optical wave scattered off a remotely located target and propagated back to the laser 
beam projection transceiver aperture (target-return wave) [44]. This resemblance between phase 
(complex field) retrieval and AO CFC control algorithms is further discussed in Part II. Referring to 
this formal analogy between the AO CFC control and the iterative algorithm for complex field 
retrieval via the auxiliary function conjugation (AFC) as described by iterative equation (15), the latter 
expression is referred to here as the AFC algorithm. 
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The iterative procedures described by Equations (12) and (15) belong to a wide framework of 
Fienup phase and complex field retrieval algorithms originally developed (see Ref. [20,45]) for 
astronomical imaging. One of the major issues with practical application of these algorithms for 
wavefront sensing in atmospheric AO systems is their relatively slow convergence resulting in 
potentially unacceptably low closed-loop operational bandwidth. As shown in Section 4.3, complex 
field retrieval convergence can be significantly improved using the AFC algorithm clone referred to 
as the hybrid input-output (HIO) iterative scheme introduced by Fienup (Ref [18]). 

The iterative procedure for complex amplitude estimation update in the HIO algorithm is given 
by: 

( 1) ( ) ( ) ( )( ) ( ) ( ,0) ( ) ( ) ( ,0)n n n n
in in inA M W Aψ βψ+ ∗ ∗ = + − r r r r r r  , (16) 

where β  is a tuning parameter ( 0.95β  ) and ( ) 1 ( )inW M= −r r  is a window function that is zero 
inside the aperture diaphragm, and one otherwise. When compared with Equation (15), the HIO 
algorithm contains an additional term on the right hand side of expression (16), which affects complex 
amplitude estimations outside the aperture diaphragm ( )inM r  [within the window-function ( )W r ]. 
While the origin of this term, referred to here as Fienup’s complex field retrieval acceleration term, 
still lacks rigorous justification (as pointed out in Ref. [46]), its presence commonly results in 
noticeable acceleration of complex field retrieval process convergence [16,18,28]. 

2.6. Complex Field Retrieval Computational Steps 

Consider now the computational steps associated with utilization of the AFC [Equation (15)], 
and HIO [Equation (16)] complex field retrieval algorithms. 

In both cases iterations start from the selection of an initial (defined by the superscript n=0) 
estimation for the input field complex amplitude ( 0) ( 0) ( 0)

0( ) ( ) exp[ ( )]n n n
inA A iϕ= = ==r r r 

 . In the M&S 

described in Sections 4 and 5, the magnitude ( 0)
0 ( )nA = r was always set equal to a constant inside the 

SR-WFS aperture diaphragm ( )inM r and zero otherwise. At the same time, the initial phase estimation 
( 0) ( )nϕ = r  was represented by a random realization of a delta-correlated field with zero mean and 

uniform probability distribution inside the interval [-π, π]. 
In analysis of the closed-loop wavefront sensing and AO control described in the paper that 

follows this study (Part II) the initial estimation ( 0) ( )n
inA = r  was changed at each step of AO control 

variable update (at each AO control cycle). In this case to accelerate convergence the initial complex 
field estimation ( 0) ( )n

inA = r  was set equal to the retrieved complex amplitude obtained during the 
preceding AO control cycle. 

In both cases the initial estimation ( 0) ( )n
inA = r  was utilized as the boundary condition 

( 0)( ,0) ( )n
inA A ==r r  for propagation Equation (1), which describes evolution of the complex amplitude

( , )A zr along the SR-WFS optical axis from 0z =  to WFSz L= . 
The computational steps associated with subsequent (ranging from n=1 to Nit) iterations are 

identical for both the AFC [Equation (15)] and HIO [Equation (16)] algorithms and include: 
(1) Numerical integration of Equation (1) with the boundary condition ( )( ,0) ( )n

inA A=r r  enabling 

computation of the complex amplitude ( ) ( , ) ( , )n
WFS WFSA L A L≡r r at the sensor output plane. 

(2) Setting the boundary condition ( ) 1/2 ( )( , ) ( ) exp[ arg ( , )]n n
WFS out WFSL I i A Lψ = −r r r  [Equation (5)] for 

the auxiliary complex amplitude ( , )zψ r . 
(3) Numerical integration of Equation (8) from WFSz L=  to 0z =  to obtain the complex 

amplitude ( ) ( ,0) ( ,0)nψ ψ≡r r at the SR-WFS input plane. 

(4) Computation of the input field complex amplitude estimation ( 1) ( )n
inA + r  at the n +1-st 

iteration using either the AFC [Equation (15)] or HIO [Equation (16)] update rule. 
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Steps (1) through (4) are repeated utilizing the complex field estimation ( 1) ( )n
inA + r  as the 

boundary condition for Equation (1). 
The complex amplitude retrieval trial ends with computation of the complex field estimation 

( 1) ( )itN
inA + r  after completing the set of Nit iterations. The number of required iterations Nit depends on 

the metric selected for evaluation of phase and/or complex field retrieval quality. Note that in the 
case of closed-loop WFS operation, the number of iterations Nit may be constrained by the duration 

AOτ  of the AO control cycle and the computational time itτ  needed to perform a single phase 
retrieval iteration. 

2.7. Complex Field and Phase Retrieval Quality Metrics 

For phase retrieval quality assessment, it is necessary to account for the 2π phase ambiguity 
[31,47]. This implies that the phase estimation functions ( )ϕ r  which are distinguished from the true 
phase function ( )ϕ r  by points or regions having a modulo 2π difference, should be considered as 
equivalent. For this reason, performance evaluation of phase retrieval algorithms should be based on 
metrics that are insensitive to modulo 2π phase value jumps. This requirement is satisfied for the 
following metrics that can be used for phase retrieval accuracy evaluation at each nth iteration: 

2
1 ( ) 2( ) ( ) exp[ ( )]n

M inSt n S M i dδ δ−= ∫ r r r , and  

( ) 1 ( )n St nδ δε = − , 
(17) 

where MS  and ( ) ( )( ) ( ) ( )n nδ ϕ ϕ= −r r r  are, correspondingly, the WFS input aperture area and the 
residual phase computed at the nth phase retrieval iteration. Note that ideal retrieval of the true phase 

( )ϕ r corresponds to ( ) 1St nδ =  and ( ) 0nδε = . Metric (17a) can be associated with the Strehl ratio 
well-known in AO that is applied here for an optical wave with uniform intensity [ ( )inI const=r ] and 

phase aberration ( ) ( )nδ r . The metric ( )nδε  in Equation (17b) is referred to here as the phase retrieval 
error. This metric is convenient for estimation of the number of iterations 0( )itN ε  required to reach 
a pre-selected phase retrieval error threshold 0( )itn Nδε ε= =  [16]. 

For quality assessment of complex field retrieval, the following metrics characterizing 
“matching” of the true ( )inA r  and retrieved ( ) ( )n

inA r  complex amplitudes can be used: 

* ( ) 2 2( ) ( ) ( ) ( ) / ( )n
fld in in in inJ n M A A d I d= ∫ ∫r r r r r r , 

( ) 1 ( )fld fldn J nε = − . 
(18) 

Ideal input field complex amplitude retrieval (both phase and magnitude) corresponds to 
( ) 1fldJ n =  and ( ) 0fld nε = . 
The spatial distribution of retrieved phase error within the WFS aperture may play an important 

role in AO beam projection applications in which a larger error is more “acceptable” (causes a smaller 
impact on AO system performance) within laser beam footprint areas with lower intensity, e.g., 
within the tail section of a truncated Gaussian-shaped beam formed by an off-axis type transmitter 
telescope (beam director). For this reason, the projected beam intensity distribution ( )beamI r  (beam 
“shape”) should somehow be accounted for in the phase retrieval quality metric. This can be achieved 
by adding a weighting function ( ) ( ) / max[ ( )]beam beam beamW I I=r r r  proportional to ( )beamI r  into 
expression (17a). The corresponding phase retrieval quality metrics accounting for the transmitted 
beam shape are given by: 

2
( )1 2( ) ( ) ( )exp[ ( )]n

inW M beamSt n S M W i dδ−= ∫ r r r r and ( ) 1 ( )W Wn St nε = −  (19) 

Note that a similar beam shape weighting factor can also be applied into the corresponding 
expressions (18) for complex field retrieval quality metrics. 
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These introduced metrics may not be adequate for analysis of phase retrieval error impact on 
overall performance of closed-loop atmospheric AO systems. In addition to evaluation of phase 
retrieval errors, such a performance analysis may require consideration of a number of mutually 
dependent factors such as beam director configuration, propagation geometry, atmospheric 
turbulence strength, feedback control algorithm, beam control performance measures, etc. An 
example of such an analysis is presented in Part II of this paper. 

3. Tradeoffs in SR-WFS Design and Phase Retrieval Technique Implementation 

3.1. Basic Considerations for SR-WFS Design: SAPCO WFS 

The phase retrieval convergence rate defined here as 01/ ( )conv itR N ε= , represents one of the 
most important characteristics for assessment of IPR-based wavefront sensing technique relevance 
for atmospheric AO. The convergence rate depends not only on the phase retrieval algorithm, pre-
selected phase error threshold 0ε , and initial complex field estimation, but to large degree on the 
optical configuration specific for each SR-WFS (WFS optical design/schematic) defining the input-to-
output optical field transformation inside the WFS, atmospheric turbulence strength, and the 
propagation geometry on which the spatio-temporal characteristics of the input field phase and 
intensity distributions depend. 

As shown in the M&S described in Section 4 a higher phase retrieval convergence rate is 
expected with WFS optical designs that provide highly non-localized mapping of input and output 
fields resulting in near homogeneous output intensity spread across the entire photo-array area with 
the absence of dominating intensity spikes. Such highly non-localized input-to-output mapping leads 
to increase SNR and mitigation of phase retrieval process stagnation. 

For the atmospheric AO applications considered here, it is also important to achieve uniform 
phase retrieval convergence rate for a wide range of turbulence conditions - from weak turbulence 
characterized by the presence of smooth (low-order) phase aberrations and relatively weak intensity 
scintillations, to strong turbulence for which the input field phase has a complicated topological 
structure with a number of branch points and the intensity is highly scintillated. This suggests that 
more uniform convergence rates are anticipated for SR-WFS optical configurations where the 
variation in turbulence strength and, hence, input field characteristics do not significantly affect the 
general structure of the WFS output intensity patterns. 

In terms of the outlined (“favorable” for achieving a high phase retrieval convergence rate) 
criteria, compare the basic SR-WFS architectures shown in Figure 1. The following physics-based 
analysis provides general guidance for development and optimization of the most promising SR-
WFS architectures for atmospheric AO applications, such as the scintillation-resistant advanced 
phase contrast (SAPCO) WFS introduced here. 

1. Lens-based WFS (top left panel in Figure 1). The output intensity distributions in this sensor 
(left column in Figure 2), are highly non-uniform and characterized by the presence of dominant 
(bright) intensity spots surrounded by relatively weak side-lobes in weak and moderate-to-strong 
turbulence. Turbulence strength increases result in side-lobe area widening and an associated 
diminishing of the bright spot, which practically vanishes under strong turbulence conditions. Note 
that input field phase aberrations predominantly affect the intensity distribution pattern within the 
side-lobe region. Correspondingly, in order to ensure an SNR sufficiently high for accurate phase 
retrieval under weak turbulence, lens-based WFS would require a photo-array (camera) with a large 
dynamical range. In addition, to scale the output intensity footprint into the camera chip area the 
lens, or a combination of lenses used for optical field scaling, should have a relatively long focal 
length F thus leading to WFS hardware implementations that are potentially bulky and sensitive to 
vibrations. 

2. MAPR WFS (middle left panel in Figure 1). The drawbacks of the lens-based sensor are 
partially alleviated in the MAPR WFS design by utilization of a 2D lenslet array composed of l ln n×  
densely packaged lenslets of size /sub WFS ld D n= . The lenslet array performs input field partitioning 
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into ln -fold smaller zones (subregions) resulting in both a general decrease in sensor output intensity 
spatial nonuniformity and a decrease in the impact of turbulence strength on the output intensity 
spatial structure inside subregions, as illustrated in Fig 2 (second column) for 4ln = . Additionally, ln
-fold smaller size lenslets enables a proportional decrease in the focal length /l lf F n= , potentially 
providing for a more compact WFS hardware implementation. Another advantage of the MAPR WFS 
is the possibility for significant improvement in both the phase retrieval convergence rate and 
required computational time with processing of output intensity within subregions in parallel [15]. 
On the other hand, input field partitioning may lead to crosstalk between neighboring subregions 
(especially in strong turbulence conditions) resulting in a decline in phase retrieval accuracy (see 
Section 4.3). 

3. Zernike WFS (top right panel in Figure 1). This sensor provides for more spatially uniform 
output intensity spreading across the photo-array area than both the lens-based and MAPR sensors 
(compare corresponding images in Figure 2). One of the major potential drawbacks of this sensor is 
its high sensitivity to turbulence-induced wavefront tilts leading to focal spot lateral displacements 
with respect to the phase shifting dot. These displacements, typical for weak turbulence conditions, 
result in strong variations in output intensity pattern contrast that negatively affect phase retrieval 
convergence. Intensity pattern contrast variations and its general decline also occur due to 
fluctuations of optical power within the phase shifting dot area when turbulence strength increases. 
Furthermore, Zernike WFS is even bulkier than are the lens-based and MAPR sensors. 

4. MAPCO WFS (top middle panel in Figure 1). The shortcomings of the SR-WFS discussed 
above are addressed in the MAPCO WFS consisting of a densely packed array of phase contrast 
(Zernike-type) sensors [16]. Here the same approach as in the MAPR WFS is applied - input field 
partitioning with a lenslet array. Mitigation of the negative impact of local (inside lenslet subregions) 
wavefront tilts is achieved using a phase mask composed of a large (~ 103) number of identical phase 
shifting dots arranged either randomly (random-dot phase mask) or in the form of a 2D grid (grid-
dot phase mask) [16]. The optical wave entering the MAPCO sensor is focused by the lenslet array 
onto the phase mask and, after receiving the corresponding phase modulation, undergoes free-space 
propagation (diffraction) over the relatively short distance difL  to the photo-array. The output 
intensity patterns of the MAPCO sensor are comprised of a large number of spots that are nearly 
evenly spread across the output plane as illustrated in Figure 2 (fourth column). Note that increases 
in turbulence strength have little impact on the general structure and spatial extent of the output 
intensity patterns – a desired WFS characteristic for obtaining comparably even phase retrieval 
convergence rate under a wide range of turbulence conditions. 

The characteristic size and configuration of spots in the MAPCO WFS output intensity depend 
on a set of design parameters including the propagation length difL , dimension ln  and focal length 

lensletf  of the lenslet array, and phase dot pattern characteristics such as the phase dot size dotd , 
introduced phase modulation amplitude dot∆ , and the geometry and density dotη  of dots within the 
phase mask. The density dotη  is defined here as the percentage of mask area occupied by phase dots. 
This parameter primarily impacts the output intensity pattern contrast that reaches its maximum 
value when the phase dots occupy approximately 50% of the entire phase mask area, as discussed in 
Section 4.2. 

5. WFS based on phase-only SLM (bottom left panel in Figure 1). The characteristic output 
intensity distributions in this WFS consist of random structures composed of bright spots (speckles) 
as shown in Figure 2 (right column). The characteristic size and spatial extent (spread) of these spots 
depend on the overall sensor length WFSL  and parameters of the random phase modulation pattern 
induced by the SLM, namely the phase modulation variance 2

SLMσ  and correlation length SLMr 4 Note 
that increases in turbulence strength cause a noticeable increase in the characteristic speckle size and 
the output intensity spatial extent. 

As numerical simulations shown (see Section 4), phase retrieval convergence rate for sensors 
considered here depends on characteristic spatial structure of output intensity distributions which 
can be (at some degree) engineered by turning (optimizing) WFS optical design and / or sensor 
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parameters. From this view point the MAPCO WFS has the largest parameter space to be used for 
the phase retrieval convergence rate optimization. 

Another important issue to be considered in selection of SR-WFS optical configuration and 
parameter optimization is the strong phase retrieval error dependence on the accuracy of 
mathematical and computational models describing the actual (implemented in hardware) sensor. 
Discrepancy between optical field transformation occurring in a specific WFS type and its “imitation” 
in phase retrieval computations may cause uncompensated phase errors that are “invisible” for AO 
controller. 

This disparity between hardware-implemented WFS and its mathematical/computational model 
may emerge from a number of unaccounted for factors that can influence sensor output intensity 
such as misalignments, unidentified phase aberrations in the optical elements, and non-
monochromaticity of the input light and/or changes in environmental conditions occurring during 
WFS operation. 

From this viewpoint, a SR-WFS optical configuration comprised of the minimal possible 
numbers of optical components packaged into a compact rigid instrument has an obvious advantage, 
certainly, if such a SR-WFS can also provide a high convergence rate and accuracy in input field phase 
retrieval. 

The SR-WFS design criteria discussed above were considered in the SAPCO sensor proposed 
here. The optical schematic of this sensor shown in Figure 4 is similar to the MAPCO WFS (middle 
right panel in Figure 1) with the exception that the SAPCO WFS does not have a lenslet array. Both 
sensors include phase masks composed of large numbers of phase dots with parameters identical or 
similar to the MAPCO sensor discussed above. In addition to phase mask characteristics the SAPCO 
sensor output intensity structure also depends on the propagation distances maskL  and difL , 
correspondingly, between the input aperture diaphragm and phase mask, and between the phase 
mask and the photo-array as shown in Figure 4. The spatial structure of output intensity patterns for 
both sensors are alike (compare the corresponding output intensity distributions in Figure 2 and 
Figure 4). As M&S shows (see Section 4.3) the absence of the lenslet array in the SAPCO sensor 
practically does not impact phase retrieval convergence speed while it simplifies both the WFS optical 
design (lesser number of optical elements) and the corresponding mathematical model used in phase 
retrieval computations. 

 
Figure 4. Optical schematic of the SAPCO WFS. The sensor is composed of an aperture diaphragm 
(aperture), phase mask containing large numbers of circular phase dots of diameter dotd  that are 

either distributed randomly or in the form of a 2D grid (shown in right inserts), and a photo-array. 
The SAPCO WFS output intensity patterns (shown by grey-scale images) are computed for the 
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numerical simulation setting and input field phase and intensity distributions (shown in Figure 3) 
identical to those described in Figure 2. The parameters used in M&S are: DWFS =3.55 mm, Dmask =2DWFS, 
Lmask = Ldif = 14 cm, ddot =100 μm, and Δdot = π rad. Simulations were conducted for a random-dot mask 
(top right) composed of Ndot= 3600 dots inside the DWFS x DWFS area with approximately 50% density (

0.5dotη  ). 

3.2. Phase Retrieval Computational Time 

In addition to optical design simplification and a potentially more rigorous mathematical model 
describing optical field transformation in the actual WFS, the lesser number of optical components is 
also desired to reduce the computational time itτ  needed to perform single phase retrieval iteration 
(iteration time). Correspondingly, decreases in itτ  lead to shortening the overall phase retrieval 
computation time it itNϕτ τ= . Here Nit is the number of iterations associated with either the selected 
phase retrieval error threshold 0( )itn Nδε ε= = , as defined by Equation (17), or the limitation imposed 
by the AO control cycle duration. 

In a simplified generic SR-WFS model comprised of elmM  thin phase-only optical elements, the 
iteration time itτ  is primarily defined by the time required for numerical integration of Equations (1) and 
(8) describing propagation of the outgoing and back-propagating (auxiliary) waves in an optically 
homogeneous media 0[ ( , ) ]WFSn z n=r  along 1elmM +  consecutive non-zero-length optical path 
segments defined by the optical element locations inside the SR-WFS. Note that the parameter elmM  does 
not account for the optical elements located at the input and output planes, e.g., the optical elements at 
the input plane in the SR-WFS schematics shown Figure 1 (left column) for which 0elmM = . 

In the standard wave-optics based M&S technique (Ref [23]) numerical integration of the 
propagation equations Equations (1) and (8) includes a direct 2D fast Fourier transform (FFT), followed 
by multiplication of the result by a 2D array (phase term) and, further, an inverse FFT of the 
multiplication product [48,49]. The associated computational times required for a single FFT and 
multiplication by the phase term (complex 2D array) are defined, correspondingly, as FFTτ  and mplτ . 

Similarly, the impact of a thin phase-only element (or phase mask) is accounted for by 
multiplication of the ingoing complex amplitude [complex 2D array] by a complex 2D array 
describing the phase-only element induced wavefront phase modulation. This operation adds an 
additional computational time mplτ . 

Thus, the computational time required for single phase retrieval iteration for the generic SR-WFS 
composed of a single phase-only element at the pupil plane (lens, lenslet array or phase mask) and 

elmM  phase-only elements inside the sensor can be estimated as: 

4( 1)( )it elm FFT mpl updateM ψτ τ τ τ τ+ + + + . (20) 

Here ψτ  and updateτ  are, correspondingly, the times required to compute the boundary condition for 
the back-propagating wave complex amplitude at the sensor’s output plane [Equation (5)], and to 
perform complex amplitude estimation update based on either AFC [Equation (15)] or HIO [Equation 
(16)] algorithms. Note that computational times in Equation (20) depend on the numerical grid size 
(resolution) and specific computational hardware and software used. In most cases the 
computational times mplτ , updateτ  and ψτ  are significantly shorter than FFTτ  and can be neglected, 
which simplifies expression (20): 

4( 1)it elm FFTMτ τ+ . (21) 

It follows from Equation (21) that the expected phase retrieval iteration time itτ  for SR-WFS 
optical configurations, comprised of elmM  optical elements located between the sensor input and 
output planes, is a factor 1elmM +  longer than for the optical schematics shown in the left column in 
Figure 1 for which 0elmM = . Note that 1elmM =  for both MAPCO and SAPCO WFSs as both sensors 
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have a single phase-only optical element (phase mask) inside the WFS propagation path (the lenslet 
array of the MAPCO WFS is not accounted for as being located directly at the input plane). 

Results of iteration time itτ  benchmarking for the SR-WFS optical configuration with 1elmM =  
(MAPCO and SAPCO WFS shown in Figures 2 and 4) are presented in Table 1 for a numerical grid 
of different resolution NPR (numerical grid with NPR x NPR pixels). The simulations were performed 
using different NVIDIA Geforce GPU models. Iterative phase retrieval computations were performed 
for the HIO algorithm. The benchmarking was conducted using the CUDA-based, GPU-optimized 
C# WaveJet software package [50]. Note that the presented estimates for itτ  can vary based on such 
factors as the specific CPU and GPU models, FFT implementation, computer code, etc. 

Further phase retrieval iteration time decreases are expected with ongoing advancements in 
GPU technology and software optimization. More drastic phase retrieval computation acceleration 
by several folds is anticipated with transitioning to a specialized FPGA-based signal processing 
hardware. This suggests (and is further elaborated in the following Part II) potential achievements 
exceeding one kHz closed-loop AO control system bandwidth with utilization of IPR techniques and 
the SR-WFS architectures described. 

Table 1. Results of phase retrieval iteration time benchmarking for MAPCO and SAPCO sensors. 

Computational time required for single phase retrieval operation in milliseconds (ms)  

GPU model 
Iterative phase retrieval (PR) computational grid NPR x NPR pixels 

2048 x 2048 1024 x 1024 512 x 512 256 x 256 
NVIDIA Geforce  

RTX 2080 Ti 
 5.15 ms 1.24 ms 0.234 ms 0.140 ms 

NVIDIA Geforce  
RTX 3090 

 3.36 ms 0.84 ms 0.194 ms 0.139 ms 

NVIDIA Geforce  
RTX 4090 

1.30 ms 0.362 ms 0.157 ms 0.133 ms 

  

itτ
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3.3. Phase Retrieval Computational Grid 

As indicated in Table 1, the reduction in the iteration time itτ  desired for AO control bandwidth 
increase could potentially be achieved by minimizing the phase retrieval computational grid 
resolution (grid size NPR). The question to ask is, how small could NPR be without sacrificing phase 
retrieval convergence rate and accuracy? 

From a general AO requirements viewpoint, spatial resolution in phase aberration sensing on 
the order of 103 (e.g., 32x32) resolvable phase values would be sufficient for the majority of 
atmospheric AO applications. This may incite the idea that a numerical grid with NWFS =32 (NWFS x 
NWFS pixels inside the SR-WFS aperture diaphragm) could be an acceptable option. However, the AO 
wavefront sensing resolution requirement does not imply that accurate phase retrieval computations 
can be performed using such a low-resolution numerical grid. There are some constraints that should 
be accounted for in selection of an acceptable phase retrieval numerical grid resolution (parameter 
NPR) and the associated actual (physical) size DPR for the phase retrieval computational area. 

First, the SR-WFS output intensity distribution ( )outI r  may quite significantly extend beyond 
the sensor aperture area of size DWFS, as shown in Figures 2 and 4. Correspondingly, both the photo-
array size DPA and physical size DPR of the phase retrieval computational area should exceed DWFS. It 
is important that the parameters DPA and DPR should provide accurate representation (approximation) 
of the measured intensity on the chosen numerical grid. As seen from Figure 2, the output intensity 
patterns do not extend beyond approximately twice the size of DWFS for all SR-WFS configurations 
considered. Therefore, we may set DPA =DPR =2DWFS, also additionally assuming that that in the course 
of phase retrieval computations the complex amplitudes ( ) ( , )nA zr  and ( ) ( , )n zψ r  do not extend 
beyond the selected computational area of size DPR. Note that for optimal SR-WFS performance, the 
phase retrieval computational grid (resolution and pixel pitch) should match the corresponding 
photo-array parameters. 

Second, the computational grid resolution should provide a sufficiently accurate numerical 
representation of: (a) the SR-WFS optical elements; (b) characteristic spatial features of the measured 
output intensity pattern; and (c) the complex amplitudes ( ) ( , )nA zr  and ( ) ( , )n zψ r  within the entire 
phase retrieval computational volume DPR x DPR x LWFS. For the basic SR-WFS optical configurations 
considered (shown in Figures 1 and 4), the smallest spatial scale is associated with phase-shifting 
elements: phase dots of the Zernike, MAPCO, and SAPCO WFSs, and the characteristic phase 
modulation correlation length SLMr  of the SLM-based WFS. Note that in the course of the phase 

retrieval computations the complex amplitudes ( ) ( , )nA zr  and ( ) ( , )n zψ r  can be truncated by the 
phase mask boundary. In order to prevent such truncation, the phase mask size Dmask should exceed 
DWFS. To be on the safe side, the following SR-WFS design parameters defining the phase retrieval 
computational grid size NPR were used in M&S: Dmask = DPA =DPR = 2DWFS. 

For estimation of the smallest acceptable grid size NPR, consider as an example the phase mask 
shown in Figure 4 composed of an array of 24x24 square-shape phase dots inside the DWFS x DWFS area 
(48x48 phase dots within the entire mask of size Dmask = 2DWFS). By assuming that each phase-shifting 
dot can be satisfactorily represented at the numerical grid by a 4x4 pixel square, for the smallest 
possible computational grid dimension we obtain NPR =256. This implies that the phase retrieval 
computations at this grid will provide input field phase aberration estimation at NWFS x NWFS grid 
points, where NWFS = NPR / 2 =128, that is with significantly higher (4-fold) resolution than is required 
for the majority of atmospheric AO applications. As M&S shows, phase mask numerical 
representation using a smaller number of pixels (3x3 or 2x2) per phase dot aiming to potentially 
decrease NPR resulted in slow convergence and unacceptably high phase retrieval errors. The origin 
of such errors is insufficiently accurate (for such a small number of pixels per phase dot) numerical 
integration of parabolic Equations (1) and (8) in the course of the phase retrieval iterations. 

As mentioned above, the computational grid should also provide accurate approximation of the 
characteristic spatial structures for the output intensity distribution ( )outI r . In the case of phase 
contrast type sensors (Zernike, MAPCO, SAPCO, and phase SLM-based WFSs) for which the 
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intensity patterns contain small bright spots (speckles) as shown in Figures 2 and 3, the numerical 
grid pixel size should be several fold smaller than the characteristic speckle size lsp. Note that for 
MAPCO and SAPCO sensors the speckle size lsp can be adjusted (scaled) by changing the distance 

difL  between the phase mask and photo-array. In the numerical simulations described here, this 
distance was set to 14.0difL = cm in order to obtain approximately 4x4 or 5x5 pixels per intensity 
bright spot at the numerical grid with NPR =256. This computational grid resolution was used in M&S 
for all SR-WFS types considered. 

An important factor that defines the overall SR-WFS design parameter space (including the 
required computational grid resolution) is the photo-array size DPA. In the numerical simulations we 
used DPA = DPR =7.10 mm (256x256 pixels) to match the smallest dimension of a commercially available 
CCD camera. Correspondingly, the square WFS aperture mask was set twice smaller: DWFS = DPA /2 = 
3.55 mm (128x128 pixels). 

We also assumed a receiver telescope (beam reducer) providing reimaging of the pupil square 
area of size D =15 cm into the WFS aperture diaphragm with the demagnification factor M=D/DWFS 
=42.2 as shown in Figure 5. These parameters were identical for all SR-WFS types considered here. In 
M&S of phase contrast-type sensors the physical size of the phase-shifting dots was set to ddot =100 
μm. In the case of WFS based on phase-only SLM, the introduced phase modulation was modeled 
using random field realizations delta-correlated on the numerical grid. Other parameters of the basic 
SR-WFS models in Figure 1 (e.g., focal distances of lenses and lenslet arrays) were selected based on 
numerical analysis of phase retrieval efficiency under a wide range of atmospheric turbulence 
conditions. 

 

Figure 5. Schematic diagram of the numerical simulation setting for SR-WFS performance analysis. 

3.4. Numerical Modeling and Simulations Setting 

For numerical modeling of optical field realizations entering the SR-WFS typical of atmospheric 
AO applications, the M&S setting included a monochromatic (λ= 1064 nm) laser beacon located a 
distance L= 5 km from the beam reducer telescope as shown in Figure 5. We assumed that the 
collimated Gaussian beam of width dbeacon generated by a beacon laser source propagates through 
homogeneously distributed isotropic atmospheric turbulence prior to entering the beam reducer 
telescope. A lens (not shown in Figure 5) with focal distance f = L/M at the beam reducer exit plane 
was included into the numerical model for mitigation of static defocus type aberrations of the optical 
field at the SR-WFS input plane (plane of the aperture diaphragm). 

Numerical simulations of beacon beam propagation in the turbulent atmosphere were based on 
the conventional wave-optics (split-step operator [23,48,49]) technique using a computational grid 
with a resolution of 1024x1024 pixels. The physical size of the simulation area corresponded to a 0.6-
m square with about 0.58-mm pixel size. The beacon beam complex amplitude ( )inA r  at the beam 
reducer input plane was rescaled to the 512x512 pixel grid and the central 256x256 pixel section (30x30 
cm2) was assigned as the phase retrieval computational grid with resolution NPR =256 and ~1.17-mm 
pixel size (prior to demagnification by the beam reducer). Beacon optical wave reimaging by the 
beam reducer telescope with demagnification factor M=D/DWFS =42.2 was modeled by simple 
reassignment (M-fold reduction) of the grid pixel size from ~1.17-mm to ΔWFS ~27.7μm. 

Atmospheric propagation over L=5 km  
D = 15 cm

Beam 
reducer

DWFS =3.55 mm Laser beacon;
dbeacon=3 cm

Datm = 60 cm

SR-WFS

DPA =7.10 mm

Photo-
array

Aperture
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Turbulence-induced refractive index inhomogeneities along the beacon beam propagation path 
were represented by a set of Nφ =20 equally spaced 2D random thin phase screens corresponding to 
the Kolmogorov turbulence power spectrum [51]. A single set of the generated Nφ phase screens is 
referred to here as a “turbulence realization” [52]. Each turbulence realization was comprised of Nφ 
statistically uncorrelated phase screens. 

Turbulence and intensity scintillation strength were correspondingly characterized by the 0/D r  
ratio and Rytov variance 2

Rσ  defined in Section 2.2. The parameter D/r0 was altered (from zero to

0/D r =20) via equivalent changes of the phase screen modulation amplitudes in each turbulence 
realization. This enables simulation of SR-WFS input field realizations { ( )}inA r  with Rytov variances 
ranging from zero to 2 28Rσ  . Characteristic examples of computed input field phase and intensity 
distributions are shown in Figure 3. 

The spatial inhomogeneity of the generated input field intensity realizations { ( )}inI r  within the 
receiver beam reducer telescope square aperture of area SRx = DxD was characterized by the 
scintillation index 2

Iσ  [16]: 

22 1 2 2( ) ( ) / ,I Rx Rx in in in atmatm
S M I I d Iσ −  = − ∫ r r r  (22) 

where inI  is the mean value of the input field intensity within the receiver aperture described by the 
window ( )RxM r . In Equation (22) and elsewhere below < >atm denotes averaging (also referred to as 
atmospheric averaging) corresponding to an ensemble of Natm statistically independent turbulence 
realizations. The parameter Natm equal to 100 was used in all M&S described below. 

For each SR-WFS type and pre-selected 0/D r  value phase retrieval performance was evaluated 
in a set of Natm phase retrieval trials resulting in computation of the corresponding dependencies

( )
0{ ( , / )}j n D rδε , (j=1,…, Natm) of the phase retrieval error [Equation (17b)] on the iteration number n, 

which were averaged over atmospheric trials. The obtained dependencies 0( , / )
atm

n D rδε  computed 
for different 0/D r  values (referred to here as atmospheric-averaged phase retrieval error evolution 
curves) were used for parameter optimization and performance assessment of the basic SR-WFS 
types shown in Figure 1. 

For comparative analysis of the SR-WFSs and phase retrieval algorithms we also utilized the 
atmospheric-averaged number of iterations 0( / )it atm

N D r  required for each fixed 0/D r  ratio to 

reach a pre-selected threshold level 0ε =0.1 (a 10% phase retrieval error). The 0( / )it atm
N D r values 

were computed by averaging the corresponding iteration numbers ( )
0{ ( / )}j

itN D r  obtained for each 
phase retrieval trial, where j=1,…, Natm. 

4. SR-WFS Parameter Optimization and Performance Assessment 

4.1. SR-WFS Optimization Parameter Space 

As previously mentioned, phase retrieval process convergence depends on a number of 
parameters specific for each SR-WFS type. Correspondingly, for unbiased performance comparison 
of different sensors, these parameters should be independently optimized for each SR-WFS 
configuration. The overall parameter space for the SR-WFSs considered here is quite extensive, which 
makes such a comparative analysis a challenging task. 

To simplify the problem, we assumed several (pre-selected) parameters common for all SR-WFS 
types, including phase retrieval computational grid resolution (NPR =256) and the physical sizes of 
the WFS input aperture DWFS, photo-array DPR = 2 DWFS, phase retrieval computational area DPA =DPR 
= 2DWFS, photo-array DPA = DPR = 2 DWFS, and the aperture size for the beam reducer D = MDWFS. 

We also used fixed and already optimized for the MAPCO WFS (see Ref [16]) the diameter and 
phase modulation amplitude of the phase shifting dots (correspondingly 100dotd = μm and dot π∆ =
rad), and the propagation (diffraction) distance difL  between the phase mask and photo-array (
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14difL = cm). These parameters were pre-set for both the MAPCO and SAPCO sensors. Lenslet arrays 
composed of 4x4 densely packed lenses was used in M&S of both MAPR and MAPCO WFS, while 
optimal focal distance value lf  was determined separately for each sensor: lf  =28 cm for MARP 
and lf  =20 cm for MAPCO WFS. 

As a result, the optimization parameter space was significantly reduced. It included the lens 
focal distance F for the lens-based and Zernike WFSs, propagation distances WFSL  and maskL  
between the WFS aperture diaphragm and, correspondingly, the photo-array for the phase-only 
SLM-based WFS, and a phase mask for the SAPCO WFS. In both the SAPCO and MAPCO WFSs we 
also considered random-dot and grid-dot type phase masks of size DPA and optimized the number of 
phase dots (Ndot) within the phase mask. 

Selection and optimization of the SR-WFS parameters were based on a comparison of 
atmospheric-averaged phase retrieval errors 0( , / )

atm
n D rδε  (phase retrieval error evolution curves), 

which were computed using the HIO algorithm. To verify that the selected SR-WFS parameter values 
are satisfactory under a wide range of turbulence conditions, numerical simulations were performed 
for weak-to-moderate turbulence ( 0/ 5D r = , 2 2.76Rσ = , 2 1.2Iσ = ), moderate-to-strong turbulence (

0/ 10D r = , 2 8.77Rσ = , 2 3.4Iσ = ) and strong turbulence ( 0/ 20D r = , 2 27.8Rσ = , 2 4.3Iσ = ). 

4.2. Parameter Optimization Methodology Examples 

As an example of SR-WFS parameter optimization, consider the SAPCO sensor optical setting 
in Figure 4. The design parameters to be optimized included the distance maskL  between the WFS 
aperture diaphragm and phase mask, and the geometry and density of the phase shifting dots dotη  
of the sensor phase mask. Corresponding numerical simulation results are presented in Figures 6 and 
7 by sets of atmospheric-averaged phase retrieval error evolution curves ( )

atm
nδε  computed using 

the HIO algorithm for 0/ 5D r =  and 0/ 10D r = . 

 

Figure 6. Atmospheric-averaged phase retrieval error ( )
atm

nδε  evolution curves for the SAPCO 

WFS configuration (Figure 4) with a phase mask composed of randomly distributed phase shifting 
dots with density 52%dotη =  (Ndot=3600 dots within a square of size Dmask = 2DWFS). Results were 
obtained for different parameter maskL  values and turbulence conditions corresponding to 0/D r  = 5 
(left) and 0/D r  = 10 (right). Phase retrieval simulations were performed using the HIO (solid lines) 

and AFC (dashed line) algorithms [Equations (15) and (16)]. Averaging was performed using Natm = 
100 statistically independent turbulence realizations. Grey-scale images illustrate the auxiliary 
function magnitude ( 0) ( ,0) || nψ = r  within the phase retrieval grid area DPR x DPR at the sensor input 

plane prior to the first (n=1) complex field estimation update. 
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Figure 7. Atmospheric-averaged phase retrieval error ( )
atm

nδε  evolution curves for a SAPCO WFS 

with grid-dot type phase masks having different grid pattern dimension parameter ndot values (solid 
lines), and with a random-dot type mask composed of Ndot =3600 dots randomly located across the 
mask area (RND dashed line) for turbulence conditions corresponding to 0/D r  = 5 (left) and 0/D r  

= 10 (right). 

As can be seen from the ( )
atm

nδε  curves in Figure 6, phase retrieval iterative process 
convergence speed strongly depends on the phase mask position (parameter maskL ). It is especially 
slow for the SAPCO WFS with phase mask located at the sensor pupil plane ( 0)maskL = . Note that this 
WFS configuration coincides with the phase-only SLM-based WFS in Figure 1 (bottom left), except 
that the parameters of the random phase modulation pattern for this sensor (phase modulation 
variance 2

SLMσ  and correlation length SLMr ) are quite different from the phase mask parameters of the 
SAPCO WFS and could be separately optimized to improve convergence. 

Gradually increasing the distance maskL  from zero to approximately 20 cm resulted in a 
significant acceleration of the phase retrieval convergence rate for both weak-to-moderate ( 0/D r  =5) 
and moderate-to-strong ( 0/D r  =10) turbulence conditions. With further parameter maskL  increase 
the iterative process convergence speed only marginally improved. This suggests that, from a 
practical viewpoint (WFS compactness and rigidity), the distance maskL = 20 cm could be considered 
as a reasonable option (optimal) and was used in all numerical simulations further described. 

To understand why the increase in the distance maskL  between the sensor aperture diaphragm 
and phase mask may play so a critical role in phase retrieval convergence speed, consider the grey-
scale images in Figure 6 (right) for the back-propagating wave (auxiliary function) magnitude 

( 0) ( ,0) || nψ = r  at the SAPCO sensor input plane for the following two cases: phase mask located either 
at the WFS pupil plane ( maskL =0), or a distance maskL =20 cm from the WFS aperture diaphragm. For 

maskL =0 (image on the left) nearly the entire back-propagated wave footprint [magnitude ( 0) ( ,0) || nψ = r
] is confined within the WFS aperture diaphragm indicated by the yellow square in Figure 6. 
Correspondingly, in this case the Fienup complex field retrieval process acceleration term 

( 0) ( 0)( ) ( ) ( ,0)n n
inW A βψ= ∗ = − r r r  in the HIO update rule [Equation (16)], which accounts for the 

corresponding complex amplitudes outside the aperture diaphragm ( ) 1 ( )inW M= −r r , is negligibly 

small. Indeed, the product ( 0)( ) ( )n
inW A =r r  in this term is zero as the initial complex field estimate is 

defined solely within the window function ( )inM r . On the other hand, the complex amplitude 
( 0) ( ,0)nψ ∗ = r  in this expression is primarily confined within ( )inM r  due to boundary condition (5) for 

the back-propagating wave describing outgoing field phase conjugation at the WFS output plane. 
With the negligibly small acceleration term, the HIO algorithm nearly coincides with the slow-
converging AFC algorithm [Equation (15)]. 

In the second case ( maskL =20 cm) the back-propagated wave receives strong phase modulation 
after passing through the phase mask resulting in escalated divergence and corresponding expansion 

0 n 100.0

0.2

0.4

0.6

1.0

20 30 40

0.8
δε atm  

 

δε atm  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 July 2024                   doi:10.20944/preprints202407.2193.v1

https://doi.org/10.20944/preprints202407.2193.v1


 22 

 

to outside the input aperture diaphragm after propagation over the distance maskL  as shown in 
Figure 6 (image at right). This back-propagated wave footprint broadening “activates” the 
convergence acceleration term of the HIO algorithm (16) resulting in faster complex field retrieval 
process convergence. Further distance maskL  increase eventually results in a disbalance between the 

convergence acceleration and AFC [ ( )( ) ( ,0)n
inM ψ ∗r r ] terms in Equation (16) for the HIO algorithm, 

leading to marginal convergence speed acceleration and even slowing when the complex amplitude 
( ) ( ,0)nψ ∗ r  expands beyond the physical size DPR of the phase retrieval computational area. 

To emphasize the importance of the back-propagating wave footprint expansion to outside the 
aperture diaphragm in the SAPCO WFS, we computed the phase retrieval error evolution curve 
(shown by dashed line in Figure 6, right) for 20 cmmaskL =  using the AFC algorithm [Equation (15)], 
which does not include the HIO algorithm acceleration term. This resulted in a significant drop in 
the phase retrieval convergence rate – compare the corresponding solid and dashed curves computed 
for 20 cmmaskL = using the HIO and ACF algorithms in Figure 6 (right). 

The second example of SAPCO WFS design parameter optimization is illustrated in Figure 7 
where the atmospheric-averaged phase retrieval error evolution curves ( )

atm
nδε  were computed 

for the grid-dot and random-dot type phase masks (such as shown in Figure 4 right inserts) composed 
of different numbers Ndot of identical phase shifting dots within the mask area of size Dmask = DPR. The 
grid-dot type phase masks were represented by ndot x ndot arrays of phase shifting dots occupying the 
entire mask. The dimension of the phase shifting dot grid pattern (parameter ndot) was varied with 
the goal to optimize the phase retrieval convergence rate. Simulations were performed for weak-to-
moderate ( 0/ 5D r = ) and moderate-to-strong ( 0/ 10D r = ) turbulence conditions with a fixed 
(previously optimized) distance 20 cmmaskL =  between the WFS aperture diaphragm and the phase 
mask. 

As shown in Figure 7, increases in the parameter ndot and, consequently, density of the phase 
dots inside the phase mask (parameter dotη ) from ndot = 24 (Ndot =576, dotη = 10%) to ndot = 40 (Ndot =1600, 

dotη = 27%) resulted in rapid phase retrieval process convergence improvement for both turbulence 
conditions examined. The fastest convergence was observed for the grid-dot mask with ndot =48 (Ndot 

=2304, dotη = 40%). Note that utilization of a random-dot type phase mask (dashed RND line in Figure 
7) with Ndot =3600 provided a nearly optimal phase retrieval convergence rate while use of the grid-
dot type mask with an equal number of phase dots (ndot =60) resulted in noticeably slower 
convergence. This difference can be explained by the fact that the density parameter (percentage of 
mask area occupied by phase dots) for the random-dot mask was nearly 50% ( dotη = 52%) vs 61% for 
the corresponding grid-dot mask with an equal number of phase dots. Since the sensor output 
intensity distribution is formed by the interference of light components passing through and missing 
the phase shifting dots, the highest interference pattern visibility and, hence, the highest output 
intensity pattern contrast can be achieved with the phase dot density factor dotη = 50%. Apparently, 
as confirmed in M&S, a higher output intensity contrast leads to faster HIO phase retrieval algorithm 
convergence. 

In the example considered here, the random arrangement of Ndot =3600 phase dots resulted in 
their occasional overlapping and a corresponding decrease in the density factor from dotη = 61% for 
the 60x60 grid (ndot =60) to dotη = 52%, which is closer to the optimal (50%) density factor value. Based 
on this analysis, in the following M&S of SAPCO and MAPCO WFSs we solely used a random-dot 
type mask with Ndot =3600 phase shifting dots. 

4.3. Comparative Performance Analysis of Basic SR-WFS Configurations 

The methodology of WFS parameter optimization described in section 4.2 for the SAPCO sensor 
was applied to the basic SR-WFS configurations shown in Figure 1. For a fair comparison of phase 
retrieval performance for these sensors, several parameters were set identical for all SR-WFS 
configurations (pre-selected parameters discussed earlier in section 4.1). 
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Additionally, notice that the phase retrieval convergence rate can be strongly affected by 
wavefront tip and tilt (tip/tilt) aberrations in the optical field entering the WFS. In practical 
atmospheric AO systems, this type of aberration is commonly mitigated using a separate AO control 
sub-system utilizing a fast-steering mirror, which typically operates with a significantly higher 
closed-loop frequency bandwidth enabling mitigation (or complete removal) of tip/tilt aberrations 
from the entering WFS optical field. In analysis of such AO system architectures, tip/tilt aberrations 
can be considered as absent (actively removed). In the M&S presented here we also included a SR-
WFS performance analysis for the case of preliminarily removed tip/tilt aberrations. Corresponding 
results [atmospheric-averaged phase retrieval error evolution curves ( )

atm
nδε ] computed using Natm 

= 100 statistically independent turbulence realizations are presented in Figure 8. 

 
Figure 8. Atmospheric-averaged phase retrieval error ( )

atm
nδε  evolution curves for the basic SR-

WFS types (Figure 1) computed for turbulence conditions corresponding to 0/D r  =5 (left panels) 
and 0/D r =10 (right panels) without (top panels) and with (bottom panels) wavefront tip and tilt 

aberration removal from the input optical fields. 

Compare first the phase retrieval iterative process convergence in the absence of tip/tilt removal 
(top panels). Under both the weak-to-moderate and moderate-to-strong turbulence conditions 
examined, both the MAPCO and SAPCO sensors significantly overperform other sensor types 
providing significantly faster phase retrieval convergence and accuracy. Separately, also notice the 
relatively poor performance of both the Zernike- and lens-based WFSs. 

Although the initial stage of phase retrieval computations for the MAPR sensor resulted in the 
most rapid (among all sensors) decrease in the error ( )

atm
nδε , which is due to processing of output 

intensity within subregions in parallel (as mentioned in section 3.1 and Ref [15]), the iterative process 
quickly slowed down and nearly stagnated at approximately 0.1

atmδε   for 0/D r  =5 and 

0.3
atmδε   for 0/D r  =10, as can be seen in Figure 8a,b. 
Removal of wavefront tip and tilt aberrations [Figure 8c,d] clearly resulted in phase retrieval 

process convergence acceleration for all sensors, although this does not change the overall conclusion 
regarding the MAPCO and SAPCO WFS dominant performance superiority. Among the most 
noticeable convergence speed improvements with tip/tilt aberration removal are observed for 
Zernike and phase SLM based sensors in the case of weak-to-medium turbulence ( 0/D r  =5). This 
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result is quite expected for the Zernike WFS when considering the high sensitivity of this sensor to 
input field tip/tilt aberrations, as already mentioned in section 3.1. Note that in strong turbulence 
conditions [Figure 8d] the impact of tip/tilt aberration removal on the performance of both Zernike 
and SLM based WFSs is less pronounced. 

Based on the apparent advantage (clearly seen in Figure 8) of the MAPCO and SAPCO WFS 
architectures for potential practical use in atmospheric AO systems, subsequent analysis was 
narrowed down to further study only these SR-WFS configurations. 

To compare performance of MAPCO and SAPCO WFSs in more detail, consider the 
dependencies shown in Figure 9 describing the atmospheric-averaged number of iterations 

0( / )it atmN D r< >  required to reach a 10% residual phase retrieval error threshold 

0 0[ ( , / ) 0.1]itn N D rδε ε< = >≤ =  as a function of 0/D r  with and without tip/tilt aberration removal. 
As can be seen from the presented curves, for 0/ 5D r ≤  (under weak-to-moderate turbulence 
conditions) the number of iterations it atmN< >  is nearly equal for both WFS types. With turbulence 
strength increase (up to 0/ 20D r =  in Figure 9) it atmN< >  is smaller for the MAPCO WFS, but the 
difference with the SAPCO WFS is within the standard deviation range (shown in Figure 9 by vertical 
error bars). 

 

Figure 9. Average number of iterations <Nit > required to reach a phase retrieval residual error 
threshold of 0 0.1ε =  (10% error) vs 0/D r ratio for MAPCO and SAPCO WFS configurations with 

(dotted lines) and without (solid lines) removal of tip/tilt phase aberration components from the 
entering WFS input field. Vertical bars indicate standard deviation characterizing fluctuations in 
iteration numbers ( ){ }j

itN  computed for Natm =100 phase retrieval trials for the SAPCO WFS with no 

tip/tilt aberration removal. Error bars are virtually identical for all other curves and thus are omitted 
here. 

Removal of tip/tilt aberrations resulted in significant acceleration of phase retrieval convergence 
leading to a nearly two-fold decrease in it atmN< >  for 0/D r  values ranging from 0/ 2D r   to 

0/ 7D r  . Under strong turbulence ( 0/ 10D r ≥ ) tip/tilt aberration removal is noticeably less beneficial 
for both WFSs with the difference in it atmN< >  with and without tip/tilt aberration removal being 
smaller than the standard deviation of the mean. 

In general, the results presented in Figure 9 demonstrate a relatively small difference in phase 
retrieval performance between the SAPCO and MAPCO sensors. Since from a practical viewpoint 
the SAPCO WFS configuration is simpler and hence, easier to align and ruggedize, this sensor may 
have the better (among the SR-WFS types considered here) potential for atmospheric AO 
applications. These factors were behind the selection of the SAPCO WFS for further analysis. 

4.4. SR-WFS Tolerance Analysis Examples 

In this section we consider examples of SR-WFS “tolerance” analysis in assessing the impact of 
the potential discrepancy between optical field transformation in a hardware-implemented SR-WFS 

0 D/r05
0

5

10

15

10

SAPCO WFS

2015

<Nit >

MAPCO WFS

MAPCO WFS 
(tip/tilt  removed)

20

SAPCO WFS 
(tip/tilt  removed)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 July 2024                   doi:10.20944/preprints202407.2193.v1

https://doi.org/10.20944/preprints202407.2193.v1


 25 

 

vs one described in mathematical and/or numerical sensor models used for phase retrieval 
computations. 

The questions to address are, how sensitive are phase retrieval computations to relatively small, 
unaccounted for deviations in the WFS parameters in the SR-WFS model, and how to minimize errors 
resulting from these deviations by tuning the WFS mathematical/numerical model and/or improving 
the accuracy of sensor component alignment. Since the overall WFS parameter space is quite 
extensive, the tolerance analysis presented here is limited to only the SAPCO WFS (Figure 4) and a 
specified set of parameters. 

Consider first the impact of an unrevealed in the SAPCO WFS mathematical model possible 
longitudinal (along the sensor optical axis) deviation ΔCCD in the photo-array (CCD camera) position 
with respect to its prescribed in the model (nominal) location a distance Ldif from the phase mask. 
Such deviation may occur due to insufficiently accurate WFS alignment, and/or environmental 
factors (temperature variations, mechanical jitter, etc.). 

With photo-array longitudinal shift ΔCCD, the measured sensor output intensity ( , )out CCDI ∆r  
corresponds to the distance LCCD = Ldif + ΔCCD. At the same time, phase retrieval computations are 
performed based on the sensor mathematical model that does not account for the photo-array position 
deviation (misalignment), that is, assuming ΔCCD =0. In the course of phase retrieval iterations, this 
misalignment, unaccounted for in the mathematical model, results in residual phase retrieval error 

( ) ( )( , ) ( ) ( , )n n
CCD CCDδ ϕ ϕ∆ = − ∆r r r , (n=0, 1,…) that is dependent on the photo-array displacement ΔCCD. 

Here ( )ϕ r is the true input field phase, and ( ) ( , )n
CCDϕ ∆r  is the phase function computed at the nth 

phase retrieval iteration performed based on the measured intensity ( , )out CCDI ∆r . 
Impact of SAPCO WFS photo-array misalignment was evaluated in numerical simulations using 

the defined by Equation (17 b) phase retrieval error metric ( , )CCDnδε ∆ . Note that, with perfect WFS 
alignment, ( , )CCDnδε ∆ coincides with the phase error metric ( , 0) ( )CCDn nδ δε ε∆ = =  previously 
discussed. 

An analogous approach was applied to evaluate tolerance requirements with respect to the 
longitudinal displacement Δaper of the sensor aperture diaphragm, and lateral shift Δmask of the phase 
mask, by computing the corresponding phase errors ( , )apernδε ∆  and ( , )masknδε ∆ . The corresponding 
results are presented in Figure 10 by sets of atmospheric-averaged phase retrieval error evolution 
curves [dependencies ( , )CCD atmnδε< ∆ > , ( , )aper atmnδε< ∆ > , and ( , )mask atmnδε< ∆ >  ], which were 
computed for different misalignment parameter values ΔCCD , Δaper, and Δmask . The pre-selected phase 
retrieval residual error threshold 0 0.1ε =  (shown in Figure 10 by horizontals dashed lines) was 
considered as the maximum permissible misalignment level. 
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Figure 10. Atmospheric-averaged phase retrieval error ( )

atm
nδε  evolution curves for the SAPCO 

WFS (Figure 4) computed for turbulence conditions corresponding to 0/D r  =10 in the presence of 

longitudinal deviations ΔCCD and Δaper in the WFS photo-array (a) and aperture diaphragm (b) with 
respect to the nominal distances Ldif = 14 cm [for (a)] and Lmask = 20 cm [for (b)], and the phase mask 
lateral shift over the distance Δmask without (c) and with (d) removal of tip/tilt aberrations from the 
input wave entering the WFS. 

By comparing the phase error evolution curves in Figure 10a-c, one can see that phase mask 
lateral positioning requires significantly higher accuracy than does longitudinal positioning of the 
photo-array and aperture diaphragm. Also, note that in the case of phase mask lateral displacement 
[Figure 10c,d], the smallest phase retrieval error is achieved after approximately the first n=15 
iterations and only increases with successive iterations. For the phase dot size ddot = 100 μm used in 
simulations, a phase retrieval error below 10% ( 0.1)atmδε< > ≤  can be obtained with a phase mask 
lateral displacement Δmask not exceeding approximately 5 μm. Corresponding tolerances in 
positioning of the photo-array (ΔCCD ≤ 0.3 mm) and aperture diaphragm (Δaper ≤ 2.0 mm) are 
significantly more relaxed.5 Note that the required alignment accuracy (including phase mask lateral 
positioning) can be fulfilled using commercial opto-mechanical positioners. 

Compare the phase retrieval error evolution curves in Figure 10c,d corresponding to phase mask 
lateral misalignment, computed without and with tip/tilt aberration removal using an external fast 
steering mirror-based control system. The results clearly indicate that tip/tilt aberration mitigation 
results in a noticeably lower alignment accuracy requirement. This difference is quite easy to 
understand from a physics viewpoint as tip/tilt aberrations at the sensor aperture diaphragm lead to 
overall optical field footprint shifts in the phase mask plane, and hence cause an effect analogous to 
phase mask lateral shift. 

Notice that the phase retrieval convergence rate for the perfectly aligned WFS in Figure 10c,d is 
nearly two-fold higher than the corresponding convergence rate in Figure 10a,b, while they are 
expected to be identical. The reason for this difference is that in analysis of phase mask lateral 
misalignment, the numerical grid size NPR was doubled (from NPR =256, which was used in all 
previously described simulations, to NPR =512) to increase the number of pixels per phase dot and, 
hence, the accuracy in M&S of phase mask lateral misalignment. This increase in phase retrieval 
computation grid resolution also resulted in more accurate numerical integration of the propagation 
Equations (1) and (8) for the outgoing and back-propagating (auxiliary) waves in the HIO iterative 
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algorithm [Equation (16)], thus decreasing digital noise and accelerating phase retrieval process 
convergence. This phase retrieval convergence improvement comes not without a price – there is a 
noticeable increase in the iteration time itτ  (see Table #1) and a potential AO control bandwidth 
decline. The optimal choice from an AO control perspective between phase retrieval convergence 
acceleration via increase of the phase retrieval computational grid resolution at the expense of 
iteration time itτ  increase, vs itτ decrease when transitioning to a lower numerical grid resolution, 
is an important subject to be further investigated. 

Phase retrieval computations may offer useful tools for SR-WFS alignment and calibration while 
utilizing for this purpose a plane (reference) input optical wave [ ( ) ]inA const=r . For example, as 
numerical simulations show, in the presence of the WFS misalignment ΔCCD or Δaper, phase retrieval 
computations result in a clearly seen random uncorrelated phase component (phase noise) vs 
spatially uniform phase function for the perfectly aligned sensor. The phase noise component 
amplitude gradually increases with either parameter ΔCCD or Δaper increase. Correspondingly, the 
variance of random fluctuations in the retrieved phase patterns can be used as a metric to be 
minimized in the course of WFS alignment. 

Similarly, retrieved phase patterns can also be used for phase mask lateral alignment. As M&S 
shows, retrieved phase patterns have characteristic (dependent on lateral shift amplitude Δmask) stripe-
shaped spatial structures, which can provide guidance for phase mask lateral alignment during WFS 
calibration. 

4.5. Impact of Camera Noise and Laser Beacon Linewidth 

“Photon-hungry” (low input field photon flux level) operational conditions characterized by 
relatively low SNR are common for atmospheric optics applications. Correspondingly, phase 
retrieval “resilience” with respect to photo-array (camera) noise is an important matter to be 
considered. Camera noise impact is analyzed here for the SAPCO WFS configuration that possesses 
perhaps the lowest optical power loses, and, hence, potentially the highest SNR among the basic SR-
WFS architectures considered above and shown in Figure 1.6 

Camera noise inside the photo-array area of size DPA =2DWFS was represented in M&S by 
statistically independent delta-correlated 2D random fields { ( )}nξ r  (n=1,…, Natm) with uniform 
probability distribution inside the [0,1] interval. After scaling by the factor  each noise realization 

( )nξ r  was superimposed with a corresponding realization of the WFS output intensity distribution 
( ) ( )n
outI r  prior to phase retrieval computations. SNR was defined as the ratio of atmospheric-averaged 

(averaged over Natm =100 turbulence and noise realizations) optical out atm
P  and camera noise 

noise atm
P  powers inside the WFS photo-array area: /out noiseatm atm

SNR P Pν =   . 

Phase retrieval computations with “noisy” WFS output intensity distributions ( ){ ( ) ( )}n
out nI νξ+r r  

were repeated for a set of pre-selected SNR values. The computed dependencies of the atmospheric-
averaged phase retrieval error ( )

atm
nδε  on iteration number n for 0/D r  =5 and 0/D r  =10 are 

presented in Figure 11 for several SNR values. 
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Figure 11. Atmospheric-averaged phase retrieval error ( )
atm

nδε  evolution curves for the SAPCO 

WFS computed for turbulence conditions corresponding to 0/D r  =5 (left) and 0/D r  =10 (right) in 

the presence of photo-array noise for different SNR values. Numerical simulation parameters are 
presented in Fig 5 and described in Sections 3.4, 4.1 and 4.2. 

As might be expected, photo-array noise results in phase retrieval convergence rate and accuracy 
decrease, which are more pronounced for stronger turbulence ( 0/D r  =10 in Figure 11, right). For the 
chosen acceptable phase retrieval error 0.1atmδε< > ≤  the SNR should be approximately above ten 
for weak-to-moderate ( 0/D r  =5) and nearly twice higher for moderate-to-strong ( 0/D r  =10) 
turbulence conditions. 

So far in our previous analysis the light source (laser beacon light) was considered 
monochromatic. This assumption may not be applicable for a number of atmospheric AO 
applications including directed energy and remote laser power beaming based on spectral beam 
combining (see [53]), and utilizing short pulse or wide linewidth laser systems for laser beacon 
generation and active imaging [54]. 

The question to ask is, how non-monochromaticity (non-zero spectral linewidth) of the input 
optical field entering the SR-WFS might potentially impact phase retrieval process accuracy and 
convergence speed. To address this question, consider as an example phase retrieval efficiency for 
the SAPCO WFS operating with a non-monochromatic laser beacon light. 

In numerical simulations a non-monochromatic laser beacon was represented by a set of Nλ =11 
monochromatic collimated Gaussian beams (laser beacon spectral components) having identical 
width dbeacon and different wavelengths {λn } ,(n =1,…, Nλ). It is assumed that the wavelengths {λn } are 
equidistantly distributed within a spectral band (laser beacon linewidth) centered at the wavelength 
λc = 1060 nm corresponding to the largest peak intensity value among Nλ laser beacon monochromatic 
components. 

In the laser beacon model considered here, wavelengths (spectral lines) are symmetrical with 
respect to the central wavelength λc , and peak intensity values of the corresponding laser beacon 
spectral components are described by the Gaussian function of width Δλ (laser beacon linewidth) 
dependent on the wavelength. The linewidth is commonly defined as the full-width at half-maximum 
(FWHM) of the spectral band, where the peak intensity value drops to half its maximum value. In 
example considered here of a Gaussian spectral intensity distribution the wavelength difference 
between two adjacent laser beacon spectral components was equal to Δλ / 6. 

The output intensity ( )outI r  at the SAPCO sensor photo-array was obtained via averaging of Nλ 
output intensity distributions { ( ) ( )n

outI r }, which were computed by considering atmospheric 
propagation of individual monochromatic laser beacon components to the WFS input plane and 
subsequent propagation from the sensor aperture diaphragm to the photo-array plane. The output 
intensity distribution ( )outI r  was further utilized for phase retrieval computations based on the WFS 
mathematical model corresponding to a monochromatic input light with central wavelength λc =1060 
nm, and the HIO algorithm [Equation (16)]. 

In M&S of individual laser beacon component propagation, wavelength difference was 
accounted for via corresponding change in phase screen modulation amplitudes for each turbulence 
realization. A similar phase modulation amplitude scaling was applied to the SAPCO sensor phase 
mask (scaling of the phase dot introduced phase shift). Note that M&S parameters for both the 
SAPCO sensor and atmospheric turbulence were computed for the central laser beacon wavelength 
λc. 

The impact of the laser beacon linewidth Δλ on phase retrieval accuracy and convergence rate 
is illustrated in Figure 12 by the dependence of the atmospheric-averaged phase retrieval error 

( )
atm

nδε  on iteration number for 0/D r  =5 and 0/D r  =10. 
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Figure 12. Atmospheric-averaged phase retrieval error ( )

atm
nδε  evolution curves for the SAPCO 

WFS operating with a non-monochromatic laser beacon of linewidth Δλ, computed for atmospheric 
turbulence conditions corresponding to 0/D r  =5 (left) and 0/D r  =10 (right). M&S parameters are 

presented in Fig 5 and described in Sections 3.4, 4.1 and 4.2. 

Analogous to the impact of photo-array noise (see Figure 11), laser source linewidth broadening 
resulted in a decline in the phase retrieval convergence rate and accuracy, which is more evident 
under stronger turbulence conditions ( 0/D r  =10 in Figure 12). In order to quantify the potential 
decline in WFS performance, consider (as before) the 10% phase retrieval error as an acceptable 
criterion ( 0.1atmδε< > ≤ ), shown in Figure 12 by horizontal dashed lines. This criterion is met for laser 
sources with linewidth Δλ of approximately 22 nm for weak-to-moderate ( 0/D r  =5) and 15 nm for 
moderate-to-strong ( 0/D r  =10) turbulence conditions. 

The results obtained indicate the potential applicability of the SAPCO WFS and iterative phase 
retrieval technique discussed here for atmospheric AO systems operating with broadband (several 
hundred GHz) continuous wave and pico-second-class pulse laser sources. 

5. Concluding Remarks 

Recent advances in the development of GPU and FPGA-based signal processing hardware have 
opened the real prospect for practical application of computationally expensive iterative phase 
retrieval (IPR) techniques in closed-loop atmospheric AO applications. On the other hand, these 
possibilities cannot be fully realized without parallel development of novel wavefront sensing 
architectures that are no longer constrained by the phase retrieval computational time, and are 
uniquely suitable for addressing one of the most challenging atmospheric AO problems related to 
closed-loop wavefront sensing control in the strong scintillation conditions typical for near-ground 
propagation scenarios. 

In this paper we provide a general framework for the analysis of such scintillation-resistant 
wavefront sensing (SR-WFS) architectures based on IPR algorithms, which can be considered as 
candidates for turbulence-induced phase aberration sensing and AO control in strong scintillations. 
It was shown that these sensors can be described in terms of a generic SR-WFS model that was further 
applied for derivation of iterative phase and complex field retrieval algorithms - analogues of the 
classical Gerchberg-Saxton and Fienup hybrid-input-output (HIO) iterative algorithms. This general 
phase retrieval framework was utilized for optimization and comparative performance analysis of 
basic SR-WFS architectures. This analysis led to introduction of the scintillation-resistant advanced 
phase-contrast (SAPCO) WFS. The major advantages of the SAPCO sensor are simplicity from a 
practical implementation viewpoint and efficiency in phase retrieval under a wide range of 
turbulence conditions. The numerical simulation results provided for SAPCO WFS tolerance with 
respect to optical component misalignment, and ability to operate with both non-monochromatic 
light and under relatively low SNR, open attractive opportunities for potential utilization of this IPR 
technique based sensor for closed-loop AO control under strong input field intensity scintillations, 
as described in Part II. 
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Notes 
1. The term “modal WFS” is used here in spite of the fact that this most commonly refers to holographic-type 

WFSs performing input field transformation (mapping) into a set of highly localized spots associated with 
phase aberration components, which can be directly (without phase reconstruction) utilized for closed loop 
AO control [24].    

2. A diacritic tilde symbol is used to distinguish optical field characteristics associated with input field 
estimation. 

3. Corresponding derivations are analogous to those presented in Ref. [44]. 
4. The phase-only SLM in this SR-WFS type can be replaced by a specially designed phase mask providing a 

random phase modulation pattern with analogues parameters 2
SLMσ  and SLMr . 

5. The alignment tolerance results presented are specific to the SAPCO sensor parameters selected in M&S 
(see section 3.4) and turbulence strength, and may vary when these parameters change.   

6. In the analysis we neglect potential optical power losses in the SAPCO sensor related to imperfections in 
the phase mask glass plate antireflection coating.    
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