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Abstract

In this paper, we construct a probabilistic model of a sliding mode. This model is based on the
moment a random walk with positive jumps crosses a certain critical level. It is assumed that the
jump magnitude has a geometric distribution. If the initial state is negative and the critical level is
zero, then after crossing this level, a random walk begins in the opposite direction until it crosses zero
again. As a result, motion orthogonal to the slip line is defined as a regenerative process, in which the
moments of regeneration are the moments of zero crossings from right to left. An estimate of the Qi
Fan metric of the maximum deviation of this random walk over a certain time interval is constructed
under the assumption that the time and magnitude of the jumps are reduced by a factor of m. This
estimate is found to be of the order of Inm/m as m — oo and characterizes the deviation of a random
trajectory orthogonal to the slip line. In the model of motion along a slip line, its velocity is assumed
to assume fixed values when the trajectory of motion orthogonal to the slip line is above or below
zero. Using the central limit theorem for the integral of a regenerative process, an estimate of the
non-uniformity of motion of a random trajectory along the slip line is constructed. It is found that the
characteristic magnitude of this non-uniformity is of the order of 1/m as m — co. This indicates that
the accumulation of random errors during motion along the slip line is significantly faster than during
motion orthogonal to the slip line.

Keywords: slip line; regenerative process; Qi Fan metric; central limit theorem

MSC: 60]28

1. Introduction

The study of motion along a slip line has long attracted the attention of automatic control
specialists. The deterministic models used in the studies allow the derivation of averaged sliding
equations, albeit ambiguously [1]. These models find application in studies of robotic manipulators
and nanorobots [2-5], in the design of converters providing a constant energy load [6], in cascaded
DC power supply systems [7], in calculating stable modes in energy and micromanipulation systems
[8-10], in sliding mode control using a neural network [11], in the control of biochemical processes
[12], in systems with a time delay [13], and in many other technical systems [14]. It should also be
noted that sliding modes can arise when solving nonlinear equations of mathematical physics (see, for
example, [15]).

However, the study of deterministic models of sliding mode, movement along the slip line,
is complicated by the fact that in these models periodic sequences arise, which in some cases are
transformed into pseudo-random ones [16-18] due to the nonlinearity of the control processes. Indeed,
the sliding-mode control strategy transforms unstable trajectories into fairly stable periodic ones. This
circumstance necessitates the development of models in which this periodicity is expressed most
explicitly.

In this paper, we propose to use a probabilistic model of a regenerative random process with the
simplest possible structure. This refers to a process in which the first component, which characterizes
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the deviation of the sliding process orthogonally to the slip line, successively moves from the negative
semi-axis to the positive one and vice versa, while the speed of movement along the slip line at each of
these time intervals also successively changes. Thus, the stochastic model of motion along the slip line
is in many ways similar to the deterministic periodic model.

The choice of the laws for the distribution of the first component residence times in the positive
and negative semi-axes plays an important role. In this case, the regeneration period, which determines
the periodicity of the sliding process, contains the time of the jump from the negative semi-axis to
the positive one and the time of the reverse jump. The distribution of the jump magnitude from the
negative to the positive region (and vice versa) is chosen so that it is independent of movement in the
negative (or positive) region. A geometric distribution, which has the property of no aftereffect, is
most convenient in this case.

In the definition of the stochastic sliding process, a small parameter 1/m is also introduced, which
characterizes both the time step and the magnitude of the jump orthogonal to the slip line at this step.
This construction of a stochastic sliding model allows us to determine the maximum deviation of the
sliding trajectory in the orthogonal direction using the Qi-Fan probabilistic metric [19]. In turn, the
motion trajectory along the slip line allows for research using the law of large numbers and the central
limit theorem for regenerative processes [20].

The result of such an analysis is the dependences of the maximum deviation perpendicular to the
slip line of the order of Inm/m and the unevenness of movement along the slip line of the order of
1/+/m. The presence of fairly clear differences in these values indicates a significant difference between
the constructed model and a conventional periodic process, despite the fact that the stochastic model
is in many ways similar to a deterministic periodic model.

The main result of this work is the construction of a probabilistic model of the sliding mode
and a detailed study of its convergence to the averaged motion with increasing switching frequency.
Probabilistic concepts such as the regenerative process and limit theorems for this process, as well as
the Qi Fan probabilistic metric, are used for this purpose. Each detail of the constructed probabilistic
model is selected in such a way as to maximally simplify its study and comparative analysis of
movement across and along the slip line. This is because the primary goal of this work is not to
construct the most general model possible, but to ensure that it can yield the most accurate and
contrasting results. Specifically, to achieve this, the model’s jump distribution is chosen to be geometric
rather than exponential.

2. Construction of a Probabilistic Sliding Mode Model

Letyo = —¢ (0), be a negative random variable, where ¢~ (0) has a geometric distribution defined
by the equality P(¢~(0) > i) = (1—p_)}, i=1,2,..., 0 < p_ < 1. Consider a discrete random walk
v(0),y(1),...,y(7) withjumps " (1),£7(2),...,&"(1{"), having a geometric distribution of the form
P(et >i)=(1—-py),i=12,...,0<py <1:

y(1) =y(0)+&"(1), y(2) =y() +¢7(2),-.,y(x") =y(r" =)+ (7).

This wandering continues until the moment 7;* = min(k : y(k) > 0) of the first jump through the
point 0, P(y(t;” >t) = (1 —p4)"

After jumping over the point 0 on the left, the random walk y(k) continues in the opposite
direction until the moment 7" + 1, = min(k > 7" : y(7{" + 77 ) < 0) in accordance with the
equalities

y(ot+ ) =y(g) - Q), oy ) =y b -1 - (),
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where the independent random variables ¢~ (1), ¢ (2), ... coincide in distribution with ¢~ (0). The
described random walk is then repeated from the point y(7;” + 7, ) etc. As a result, a regenerative
process is constructed between states

y(0), y(),y(a+1),..., %= ’L'k+ +1.,k=12,...

Letusdenote Ty =0, T1 =11, To = T1 + T2, . . ., due to the property of absence of aftereffect of
the geometric distribution, all random variables y(Ty), y(Ty), ... are independent, less than zero and
their absolute values have a geometric distribution with parameter p_. Similarly, random variables
y(To+ 1), y(T1 +1,), ... are also independent and have a geometric distribution with parameter
p+- Moreover, sequences of random variables Tk+ , k=1,2,... and random variables 7, ", k = 1,2,...
are also independent.

Let us now turn to the description of a continuous-time process. Let h = 1/m, , define Y, (kh) =
y(k)/m, k > 0, where Yy, (kh + 6) = Yy, (kh), 0 < § < h. This definition of the function Y, (kh) can be
rewritten as Yy, () = y(mt)/m, o <t < 2.Our task is to estimate the maximum deviation from zero of
the process Yy, (t), 0 < t < 2.

Let’s denote

T + 7"
U, — max |ym(Tk)’, V., = max Ym (T + )

A =—Ing_, A, = —Ing™.
0<k<m m 0<k<m m naq + nq

From the definition of the geometric distribution it follows that the inequalities 1 < Tk+ 1<, k=
1,2... are almost certainly satisfied, and, therefore 2m < T,,, 1 < m, hence

|V (0)] < max Yy, (#)] < max(Uy, Vi), (1)
0<t<2

P(Uy >u)=1—(1—exp(—mA_u))", P(Viy >u)=1—(1—exp(—mAiu))", u>0. (2

Let f(Yn(t)) = v, Yu(t) < 0; f(Yu(t)) = vy, Ym(t) > 0, where vi,vy > 0 — are the
velocities of the sliding mode along the x-coordinate along the slip line x. Then, on the half-intervals
[To, To+7"), [T1,7;"), . .. the velocity of motion along the x is equal to v;.And on the half-intervals
[To+ 7, T2), [Th + 7, T3),. .. the velocity of motion along the x is equal to v; . We now define the
regenerative process Xy, (kh) = f(Ym(kh)) = v(k), k > 0, and X,,(kh + ) = Xy (kh), 0 < 6 < h. We
now investigate the behavior of the motion velocity of the slip line in the thus constructed stochastic

t
model using the integral S(t) = / f (Y (s))ds.
0

3. Estimating the Deviation of the Stochastic Model Orthogonally to the Slip Line
Let (A, B) = inf{u : P(JA — B| > u} < u} be the Ki-Fan distance (see [19, p. 35]) between

random variables A, B. We formulate our problem in the form of a definition of x [ 0, sup |Y () |> .
0<t<2

We say that sequences of numbers A, (numbers By;), 1 < m satisfy the relation A;; < By, (the
relation the relation) as m — oo, if

limsup@ <1 (lim An :1>.

m—co  Bm M= by
Theorem 1. For 0 < A_, Ay the upper estimate is valid for

2Inm
< | —
K(O,Og?<x2|Ym(t)|> < (0, max(Upy, Vin)) < (A, A )m 3)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. From inequality (1) and the absence of aftereffect for the geometric distribution, it follows that
the random variables U,,, V;, are independent. Therefore, from formula (2) we obtain

P(max(Up, Vin) > u) =1— (1 —exp(—mA_))" (1 —exp(—mAy))™.

2Inm

—————— . Then, —
min(A_,Ay)m €n, asm — o

First, we set (without loss of generality A < A ) and choose u* =

we obtain the relation

- B B _ 2Inm
P(max(Um,Vm) >u*) —m Y 4m A /A 4T 2A /A =< m

A similar relation is obtained for A, < A_. This implies formula (3).
We now consider the case when A_ = A = A and obtain
2Inm

P(max (U, Vi) > u*) = m™ 1 4 m2A+ /A4 =20 /A oy =1 < ST

which also implies formula (3). Moreover, there exists M* such that for any m > M* the inequality

-1
Zlnm] <1 )

lim sup <O, Orgta<><2 Yo (t) |> [ m

m—o0

holds. Theorem 1 is completely proven. O

Theorem 2. Foranye, 0 < e <1/2with0 < A_ = A4 = A the lower estimate is valid

1—2¢)l
(22 < (0, % 0)]) = (0, gma (1)) ©

Proof. The right inequality in formula (7) follows from the left inequality in formula (1). We now

21 1/2—¢
calculate x(0, | Yy (0)|), , for which we define for u, = % the probability
2Inm!/2—¢ 1 2Inm'/27¢ (1 —2¢)Inm
P(|Yu (0)] > us) exp( Am P o~ el o T

This implies the left inequality in formula (7). Theorem 4 is completely proved. [

Theorem 3. IfA_ = A, = A =2, then as m — oo the following relation holds

Inm
Yo (8)| ] ~ —.
(0 Do) ~ 7 ©
Inml-1/(nm)7
Proof. We choose u4 = — for 0 < v < 1,then due to this condition on 7y
ml/ (Inm)¥
P(1Yin(0)] > uss) =exp(—(1—1/(Inm)7)Inm) = =

_exp((Inm)t=7) o exp(Inlnm) Inm

m m m’
Moreover, there exists an M, such that for any m > M, the following inequality holds:

Inm
— << < < .
U P(Yin(0)] > ) < P(ggfgz |Ym<t>|) > ) < K(OIOIgtagz |Ym<t>|)
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From this follows the relation

-1
1< limian(O, max |Ym(t)|> an] )
<

m—c0 0<t m

Combining this inequality with inequality (4) for A = 2, we obtain formula (8). [

Theorem 4. Foranye, 0 < e <1/2with0 < A_ = A, = A the lower estimate is valid

1-— 1
W = x(0, 1Y (0)1) = (0, max [Yon(£)])- )

Proof. The right inequality in formula (7) follows from the left inequality in formula (1). We now

2lnml/2-¢
calculate x(0, |Y;,(0)]), , for which we define for u, = i the probability

1/2—¢ 1/2—¢ _
P(|Ym(0)|>u*)—exp<—)\m-21nm ) 1_, 2lm (1-2¢)lnm.

Am T ol = Am - Am
This implies the left inequality in formula (7). Theorem 4 is completely proved. O

Theorem 5. If A_ = A, = A =2, then as m — oo the following relation holds

Inm
0, Y (t)| | ~ —. 8
(0. ot ~ 55 @
Inml—1/(nm)7
Proof. We choose 4 = —n for 0 < v < 1,then due to this condition on y
ml/ (Inm)¥
P(1Yn(0)] > tss) = exp(—(1—1/(Inm)7)Inm) = — =

_exp((Inm)t=7) o exp(Inlnm)  Inm
N m - m om

Moreover, there exists an M, such that for any m > M, the following inequality holds:

Inm
— < P(|Y, ) <P Y (t wx) < , Y (t)] ).
< DY 0)] > ) < P g ¥ (1) > 1) < (0 Y1) )

From this follows the relation

m—o0

-1
1< limian(O, max |Ym(t)|) [lnm] )
0<t<2 m
Combining this inequality with inequality (4) for A = 2, we obtain formula (8). O

4. Study of the Motion Unevenness Along the Slip Line

Our goal is to study integral S(¢) using the law of large numbers and the central limit theorem for
regenerative processes.

Obviously, the process Yy, (t))is regenerative with regeneration times To/m, T1 /m, ... To use the
law of large numbers and the central limit theorem for regenerative processes, we must introduce
random variables

T=7_+4174, = /OTf(Ym(s))ds =T vf + 140, )

where 7_, T coincide in distribution with the random variables Tl+ , T; , respectively.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 6. When the conditions 0 < q—, q— + < 1 are satisfied, the following characteristics exist:
a=Mrt, ag =M, r=ag/a, d*> = D(& —rT).

Proof. Indeed, let
T (s) =inf(k: y(k) >0/ y(0) = —s < 0),

1 (s) = inf(k : y(k) >0/ y(0) =s >0),

then the inequalities (77 (s))? < s?, (t7(s))?> < s?, almost surely hold, hence M(7™ (s))?> <
s2, M(t%(s))? < s%. And since

M(x P = [ M(x(9)?Po(ds), M(T* ) = [ M(x*(5))*P-(ds),
0 0
the inequalities
M(t7)? < Y Rpaght < oo, M(TH)2 < Y KPpg! < oo,
k=1 k=1
leading to the inequalities MT?> < oo, MT2 < oo. These inequalities and equalities (9) prove the
statement of Theorem 6. [

Remark 1. More accurate (although not fundamentally different) estimates of the regeneration moment distri-
bution are given in [20, Chapter 12].

Using [20, Chapter 13, Theorems 13.8.1, 13.8.4] and Theorem 6, as m — oo we arrive at the
convergence in probability of

S %8 sty = [ FOvmo))ds = m [ F(ms' )i

m

S(m) —rm _ folf(Ym(ms’)ds’ —r
m/a N d\/1/ma

and at the convergence of the distribution of the random variable

to the standard normal distribution.

1
Corollary 1. It follows that the mean square distribution of the random variable / (Y (ms")ds' — r, char-
0

acterizing the unevenness of motion along the slip line, is proportional 1/+/m. In turn, the Ki - Fan distance

0<t<2
therefore, is significantly smaller. This means that random fluctuations in motion along the slip line accumulate

significantly faster than fluctuations in motion orthogonal to the slip line.

1
(3 (0, sup |Yi(t)| | of the transverse deviation of the trajectory from the slip line is proportional to % and,

5. Discussion

A comparison of the stochastic sliding model presented in this paper with known deterministic
models shows that a deterministic sliding model is either periodic or aperiodic, pseudo-random. In
the former case, there is no difference in the accumulation of deviations in this model along and across
the slip line. In the latter case, problems arise associated with the analytical study of such an aperiodic
model.

The above definition of regeneration periods is not entirely suitable when using limit theorems
(the law of large numbers and the central limit theorem) for regenerative processes when considering
a stochastic model of motion along a slip line. This model, strictly speaking, requires the regeneration
period to begin upon reaching a designated point [20, Chapter 12] rather than the negative semi
axis. Instead, the beginning of the regeneration moment can be defined as the moment when the

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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random walks right-to-left transition ends at point —1. However, the transition to this definition of the
regeneration moment is not significantly different from the one given above.

6. Conclusion

This paper constructs a probabilistic sliding mode model based on random variables with a
geometric distribution and the property of no aftereffect. A large parameter m is introduced into
this model, determining the frequency of model switching and allowing the model trajectory to
approximate the slip line. Estimates of the maximum deviation from zero of the random walk
trajectory are constructed, based on the Qi Fan metric. This allows, under certain conditions, to
construct asymptotically accurate estimates in the Qi Fan metric. For motion along the slip line,
estimates of the mean and variance of the integrals of regenerative processes are constructed using
the well-known law of large numbers and the central limit theorem. A comparison of the results of
the deviation analysis of the probabilistic model orthogonally to the slip line and along the slip line
showed that random fluctuations accumulate significantly faster in the latter case.
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