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Abstract

The 4-body equations of motion are derived in our previously published paper. Here we prove the
existence and uniqueness of a periodic solution by applying the fixed point method for a suitable
introduced operator. A natural example of such a problem is the Lithium atom, which has three
electrons orbiting the nucleus. The inequalities that ensure the existence of a periodic solution allow
us to estimate the minimal distances between the electrons on the first and second Bohr-Sommerfeld
stationary states.
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1. Introduction

The main purpose of the present paper is to prove the existence-uniqueness of a periodic
solution of the equations of motion for 4-body problem of classical electrodynamics derived in a
recent paper [1], where a system of 16 equations of motion in Minkowski space is introduced:

2
ds, c

n=l,n#k

dﬂ(k) e 4
m, =N a0y el 30 (k=1,2,3,4; 1 =1,2,3,4),

(1)

where there is a summation on repeating /, c is the vacuum speed of light, m, (k=1,2,3,4) are the
masses, e,(k=1,2,3,4) — the charges of the moving particles, 1*' — the unit tangent vectors to the
world lines; (,) , is the dot product in the Minkowski space, (,) — the usual dot product in the 3-

fmy 00 0"
dimensional subspace. The elements of the electromagnetic tensors F{") =——1 L

=—+'———'_ can be
T o

(n)
calculated by the retarded Lienard-Wiechert potentials (D(r”) =— < ety (cf. [2] - [4]), while the

A (kn>>
¢ 4
radiation terms £’ — as a half a difference of retarded and advanced potentials in accordance

with the Dirac assumption [5]:

(Kyrad =l aA’gk)ret ~ aA'(nn)ret ~ aA’Sk)adv ~ aAr(nn)adv A(k)ret _ ekﬂs,k)m
mn > axfr{c)ret 6x£,k)ret axfyfc)adv axilk)adv ’ n <ﬂ(k)ret’§(k)ret> - ’
4

e ﬂslk)adv

l(k)adv’ (k)adv> :
(e gty

Ar(lk)adv _

In [1] we have proved that every fourth equation of (1) is a consequence of the first three ones.
In this way we obtain 12 equations for unknown velocities.
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The paper consists of six sections and four appendices. Section 1 is an Introduction. Section 2
contains the system of equations of motion simplified for non-relativistic cases. In Section 3 the
operator formulation for periodic solution is given. We introduce a suitable space of periodic
functions and recall some properties of the operator functions. Section 4 begins with the Main lemma
— the system of equations of motion has a unique solution iff the operator defined has a unique fixed
point. Then we formulate the Main theorem guaranteeing an existence-uniqueness of smooth
periodic solution which implies an existence of orbits for the 4-body problem. The proof is based on
the fixed-point theorem proved in a previous paper [14]. In Section 5 we apply the result obtained to
Li atom and calculate the minimal distance between moving electrons. Section 6 is a Conclusion,
where we confirm the results from the 2- and 3- body problem showing the existence of periodic
orbits.

2. Equations of Motion
Compared to [1] here we extend the assumption
(CO): "L’i“‘) " =, I(ii(k) (t),zZ“”(t)) <c¢<c (k=1,2,3,4) by the following one
©:J(@d®@.a" 1) <c, <c (k=1,23,4).

Following Sommerfeld [6] we denote by £, =¢, /c <1(k=1,2,3,4) and rewrite the system of

equations of motion from [1] in the form:
4 34 3
o= -2 Y Y e6P-pr Y @ =UP@) k=1234 a=123.  (BS0)
n=ln#k y=lLy#an=ln#k y=lLy#a

where uV(@O)=ul) (@), i"O)=u")(¢),t<0 (k=1,2,3,4,0=1,2,3) , u'%)(f) are prescribed initial
functions.

The above 4-body system of equations of motion consists of neutral differential equations with
retarded arguments with second-order derivatives generated by the radiation terms. The delays
depend on the unknown trajectories (cf. [7]). Such type of equations generates specific difficulties.

Remark 2.1. Our considerations include moving electrons in the first and second N. Bohr-A. Sommerfeld
stationary states, therefore, following Sommerfeld’s notation, we introduce the notation for the dependencies

Bi=clc=1/137, B, :% = 2><1137;ﬂ3 :% = 4X1137 ,... (cf. [8]-[10]), where ¢ is the velocity of the electron

in the first stationary state, c, - in the second stationary state and so on. Obviously one can disregard the

values

A2 =1/(1377) 2 057 =1/ (22 x137% ) = 0; 87 =1/ (47 <1377} = 0. @)

In view of er"krm <¢ <c, (¢, /c= B, <1) the inequalities (cf. (7) in Appendix 1)

4,7
G(Im)(t) < |eken (1+ﬂn) 1 +a)ner |eken (1+ﬂn) L+a)n_ﬂn .
a - 2_ 2 3 2 2 4
m, Ty, c'ry, m.c T T
2 2 v 2 2 2 2
|G(k)rad <% 9 Uge < S PG _ & D By
“ m, c m, ¢ m

show that all terms G are of the same order. Consequently, we can neglect the terms
containing multipliers 4%, 5%, ~0. In this way we consider the following simplified system of
equations of motion (BS):

4
iD= G+ =UP 1) (k=1234 a=123)

n=ln#k
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or in details

® 4 eken(A,mfgm)kanug) +C,mug’)) e,% ug‘)<ﬁ(k),ﬁ(k)>+c iy, ®
i)=Y <

n=ln#k
(BS)
where 4,,By,,C;, are defined in Appendix 1.
Recalling (cf. [1]) that #® =a® ) and u{” =u (¢t - 14,,), 0" =il (t - 7;,) we conclude that (BS)

is a neutral system with state dependent delays r;, which are defined as solutions of the functional

=UP @) (k=1,234 a=123),

mc ny c

equations 7, () L <§(k”) ,EGn > El\/Z}: [x;") 0-x"(t-7, (t)}2 ,
C [ y=1
©)

£ (kn kn kn kn k n (k n (k n
where &' ):(51( L&, & )):(xl()(t)_xl()(t_rkn) O -5 (1,50 (1) - xg)(t_rkn))

3. Operator Formulation of the Periodic Problem in Suitable Function Spaces
and Preliminary Results
We prove the existence-uniqueness of T’ -periodic solution of the system (BS) jointly with the

functional equations for the delays (3).
Further on we assume that the following compatibility condition is satisfied:

(CO) B O=UP©yih)©)=0L ),k ©=UL(0)... (a =1,2,3;k =1,2,3,4) .

By C;fk,[0,00),(k=1,2,3,4) we denote the set of all infinite differentiable T -periodic

functions. Denoting by T, = pT* (p =0,1,2,...) we introduce the sets of functions:

dmuék)(l)

_r0
< Uo(k)a)kme/’kU ? ) [T (k) T +1(k)];
dtm P

ko (k) w (k) .
M, = {ua € Cr [T, 0):

7,0, m, (k) my ) my, () @)
| o od=0 S 2 oo = o), St L T CL ) g o
T(k) dt”l ”l dtm

(k=12,3,4 =123, p=0,1,..; m=12,.., where U", w,, T",u, >w, are positive constants
and u'%(t) are prescribed initial functions satisfying (CC).

Introduce a family of pseudometrics

m_ (k) m—(k)
d"u)_d"T0|, o
dr" | ’

Plpm) (u(“,ﬁ(")) = ess sup {e”k(””m)a)k'”’ | (k)]},(p =0,1,2,...; m=0,1,2,...)

It is easy to see that the following inequalities

m, (k) m—(k)
e*uk(thp‘”) _n|d U () _ d"u (t)| < e’/’k(”Tp(k))a) " w meﬂk(”Tp(k))U(k) —2U® <o
e | " 4" (3 (3 0 0
“4)
are satisfied for every (p,m) and te[r, 0,1, "] . Therefore

sup{p(p,m) (u,LT) m=0,1,2,..;p= 1,2,...} <

Remark 3.1. Let T be the period of the solution. We notice that all arguments of the unknown functions
are t—z,, , that is, ii =i (t-1z,,). Therefore, we must look for a solution on the initial set, that is, for

t-1,,(t)e[r,;0], where r,=min{t—7, (t):t€[0,T*]}. Since 1-dr,, (t)/dt>0, then t—1z,(t) is an

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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increasing function. We have proved that if the trajectories are T -periodic, then z,, (t) is T -periodic,
too. It follows that -T" -z, (-T")<0-7,,(0)= 7,,(0)<T* -7, (0), -T" -7, (0)<-7,,(0) and
then
0-7,(0)<t-7,@) <1, (T*)=T" -7z, (0)=0. Consequently, -T* <¢-r, (t)<0.Therefore,
t—7,,(t):[0,T®]—[-T"®,0], thatis, r, =-T* and t-7,,(t)e[-T*,0].

Tp+l(k)

t
Recall that the condition j u(t)dt =0 (p=0,1,2,3,...) implies x(¢)= j u(s)ds=0 is T% -
0

,®
periodic function. We have, however, already proved in [11] that every solution of the functional
equation for 7,, has a unique continuous solution for all continuous Lipschitz trajectories and

,, 21, (t)/2c, and if ( x @), x" (@), x§")(t)),(k =1,2,3,4) are T -periodic functions, then 7,,(f) are

T -periodic functions, t
periodic functions, too.
Introduce operator B as a 12-tuple B=(E“’(u)(t),é‘z’(u)(t),é(” (u)(t),BY (u)(t)),

‘ P 1 7 1 ™ 9
| Ué%)ds—[w—zj [ UL @ds——5 [ [ULs)sd0,e e[0.T);
0 0 00
’ (T T 1 La"
B (puxn:=1 | W(s)ds—[ 5 ‘EJ [ Udeds——5 | [ UL G)dsdet [T, 1,01, p=1.2..
7})lk) Tp(ll) Tp(l:) 7:”(1()
ufz? (0),t €[-T™,0]

(k=1,2,3,4, «=1,2,3) , where u;’;) (t) are prescribed infinite differentiable initial functions
defined on [-T*,0].
We use the assertions:

T,;u(k) s Tp+Z(A) s
) uPeM = j j U (0)d6ds = j j UP(0)dbds (p=0.1,2,...) (cf.[12]),

(k) (k) (k) (k)
" T, Ty Ty

2) BY()eM: (cf. [12]).

4. Existence-Uniqueness of a Periodic Solution of the Equations of Motion
Lemma 4.1 (Main lemma) The (7*”,]*2),7*3),7“(“’) -periodic problem for (BS) has a unique solution from
M=MxM)xM;xM}<xM;xM;xM}xM;xM;xM'xM;xM]
iff the operator (E(”(u)(t),é(z) (u)(1), B® (u)(t), B (u)(t)) has a fixed point, belonging to M .
The proof is like the case of 2- and 3-body problems (cf. [12], [13]).

Theorem 4.1 Let the following conditions be fulfilled:

1) (IN) the initial trajectories %, ities u;ko) ®),te[-T™;0] are infinitely differentiable
functions such that 7, (t)= i(x;"’(t) —xﬁ”)(t)) >7, >0, te[-T";0] and satisfy (CC).

7=l

2) The following (infinitely in number) inequalities are satisfied for k& =1,2,3,4:

@
2 i |eken (1+4,) 4 +2a)nﬁn +elf wkzzﬂk et 1

<y®
2 © =Y
n=lnzk m (r,m(o) ) Clin m ¢ Hy

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(k)
5 1+e"*7 -1 4 ‘eken A 4 2a)ﬂ ek o, B, <oU®
® 7 © o |S e
uT =Ltk m, (rkn(O)) mk c
2 2 3
lexen|  32¢(54 + B 8onBy 80,7 By |, ek i 0 U®
n=Ln=k "Mk rkn3 rkn2 Cliy my 02
and so on.
Then there is a unique (T“’ 70,19, 79 ) -periodic solution

Dy ® 5y ® 0@ @ @ @ O O S @ @
@, ul” ul” u® us® ul? u ul? us u ul? u?)  of (BS) for t20.

Proof: In accordance with the Main lemma we must prove that the operator B possesses a unique fixed point,
which means that the 4-body problem has a unique periodic solution.

First, we show that operator B maps the set M into itself.
The set M can be considered as a uniform space with saturated family of pseudo-metrics

formed by {p (ug‘), L(,k)):p =01,.;m= 0,1,...} in the following way

g=1

12
{p(p’m) ((ul,uz,...,uu),(LTI,LTZ,...,LTIZ)) = Zp(%m) (uq,ﬂq): p=0,1..;m=0,1... } ,
where (u,u,,...,u,) = (uf”, ;l),ugl), f”,uf),u} ),ulm u(3) u§3),u1(4
The operator functions B® (u",...u’)()e M}, (k =1,2,3,4),(a =1,2,3).
Indeed, recall that 7" =7, ' —T “'(p=0,1,2,...). One obtains:

u(4) (4))

7 7 g 7 7% ¢

1 1 1 1
BY@Y,.,uP)0) = j U”‘)(s)ds—[T(k) ) j Uff)(s)ds—W j j U® (s)dsd 6 = 5 j U® (s)ds - j j U® (5)dsd6
0 00 0 00

) s )

B, )T = ﬂf) U (s)ds— [_)_ljy]f)[]"‘)( )alg—W J JU"”( YdsdO=— .[U”‘)( )dg_W J JUk)(S)deH

thatis B w",...,ul")(0) = B u”,...ul YTV .

YU 250 0 O ,
In view of the (CC) we have 4B, ot )O) =UY(0)=u(0), 4B, Gt )O) =U®(0)=i®(0)

dt dr*
7,,* t—T® 1
and so on. Since I —L2 ___|dt=0 we obtain
™ 2
Tp(k)
TM‘“ T,m( )y +l(k) 7, ® | T,M”
j BP(p)®, ..ot )(t)dt = j _[Uff)(s)dsdH j ( o jdt j U® (s)ds— T(“T j jUUf)(s)dsde 0
T,® M T, r,® 7,0 7,0 1.®

that is, B® u®,...,ul*)() e M*.
The inequalities from Appendix 1 imply:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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k k
+ Tpﬂ( )

“‘)(s)|ds+— j U(“(s)ds +— j U (s)ds | <2 j |Uf,’°>(s)|ds
Tp(k)

IN

t
B (pu)®) | <
TI,‘

k
7,,%

<2 |

()
TI’

RG] T,,®

ds <2 i H |G| ds+ j |G| a

n=lLn#k (k) 7 (K
TP P

4
(kn) (k)rad
> G +Gl

n=l,n#k

2 2 3 3
c'ty, c’ry, o M c

(k)
k_u, 7™ T 202y rk TR
1 o U, e" e, o Uje™
"[ 410 ds+j—k—k° ds | <

Ta" 5
1 1) el o
- ( + P, ds+ f —"—kz’g"ds <

2 2 2
¢t Ty, po My c

< 24: lece,|0+B)] 4 Zw,B AN
n=lLn#k mk (rkn(O)) (0) mk C2 ’uk

_1 (k)
< Uék)e,uk(f ") .

For the first derivatives we have

(U

dB( (t) J- U (s)ds

(A) 2

m,

Sz[ 3 lael0s)( 4 +2w,,ﬂnJ+e§ wﬁﬂk}

k
<|uto|+ — 4+ 2
n=lLn#k mk rk,, cr,m

2(@“*7“ -] & 208, & o’f PR
g > — b <Dl 1 o >
Hy Hy

=2
n=ln#k mk r]m Cr;m mk c n=l,n#k mk

cr, m. ¢

4 20 ez covz 7
n —+ nﬂn 4k Azﬁk kaUék)eﬂk(r )
Tin

For the second derivative we have

280 0| \JUU‘)(t)\ & e[ 24 2080, 40, ﬁ”J 4 ﬂka% <UD

2 < 2
‘ dt ‘ ‘ bk M erm Tin T ) My

The last inequality is satisfied because on the right-hand side appears o> and the same is true
for higher-order derivatives.

Consequently, B maps M =M/xM)xMixM} xM;xM?xMxM;xM;xM}xM;xM; into
itself.

It remains to show that B is a contractive operator.

First, we define mappings of the index set into itself. They are generated by delay functions z,,
, that is, Jow =t=7, ([T, T, P> [T, ", T,
(kn)=(12),(13),(14),(21),(23),(24),(31),(32),(34),(41), (42),(43).

It is easy to see that every interval [T,",T,, '] after finite number of iterations of j,, coincides
with [-T%,0],

(k
Tp+l

LYl j |U(")(u) U“>(u)|ds+

T(") N

17)(t)| j|U<">(u) U“‘)(u)|ds+

T[H»l( ) 0

1
+T“" TI I

k
7+l T ()

UL ) -UL @ds+ j U () -U )| ds <

UL ) -UL @)

<k)(u)—U§f>(ﬁ)| ds <

p(k) Tp(k) Tp(k) Tp(k)
Tp+I(A) 4 Tp+1(k)
<2 [ Y 6= @|ds+2 [ |G )~ GP @)|ds <
T (0 n#k,n=1 7 (0
P P
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7" 4 kT 3
<2 (=T, > lece, 8(1+ﬂ )o,Use Z W®,7®) |+
= € L 72 h+1 ,0(,, i g
7,0 n=Lnzk My rk,, c'n, =
(k)
2a) Ukeh” 23: o, @®, 7Py |+ 8 + 8a,Use™ emr“"i a)kh @®,7®y |+
h p(ph) ~3 2~ 2 h+1 p(p 1,h)
¢’ Ve r=1\ My Tin C r=1 \ M
*) @, h
4T k (k) —=(k)
2 Uk 1,70 3 41+ B, + B,)e" il Z lo(pfl,h)(u;/ U, )
4C +CTkna)n 0€ et ™ a)k (n) (Vl) k 7=1 ds +
3~ 2 Z h pp Lh) ( ) - S
C r,m y=1 c rkn
T, 2 2 PR h 2
w0 &0yt | 2BU, D ® 7 ® ® 7 ®
+ .[ ¢ 3 € Z p(p,h)(uy )+z h p(p h+2)(u ) ds <
7o m,c c A

@ M (4) —1) = (4) @ M (4) —(1) =) (4)
SK(p-l,h)p(p-l,h)((”1 Uy ey tiy ), (U Uy ey U ))+K(p,h+2)p(p,h+2)((“1 Uy ey tly ), (U Uy ey Uy ))

Therefore

1) (1) 4 R RO R
Pipor(BY.B..... B! ),(Bl ,B",..B! )s

Oy @), @Oz, W 0 Oy GO O 5@
SK(p—l,h)pw—l,h)((“1 sUy s ),y ))+K(p,h+2)p(p,h+2)((ul Uy seestly ) ), (U Uy ey Uy )),

where K +K , iy <1 for sufficiently large he N and sy > ;.

(p-1.h)
Define the map of the index set into itself j,(p,0) — (p—L#4), j,(p,0) > (p,h+2). Itis easy to see
that the maps j,,j, commute, and in view of inequality (4) the space
M XMYxMix M7 x M} x M2 x M} x M3 x M} x M x M x M}
is (Jj,,j,)—bounded in the sense introduced in [14]. Consequently, the operator B is contracting
and has a unique fixed point. It is a periodic solution to the 4-body problem in view of the Main

lemma.
The Theorem 4.1 is thus proved.

Remark 4.1. From the above inequalities of the Theorem 4.1, we obtain

5 1+e”‘Tm -1 i ‘ek A+ 5,) 2(0”:5;1 +ilfwk2ﬁk <
/l/(T(k) n=ln#k m, Can my c* -

r/(?l

AT AT T® ® T® U‘“ 7%
S| | AU = | 1 e | 2| B 1|28 <o U & et 1< = 2m,
wT et 1T | T et -1

e —1-u
(e -1)

gw)>g0)l+ue" —e">0= f{w)<0= f(0)=2= f(u)= uu
el —

Indeed, f(u):MLl+1§27z3f'(u): <0< gu)=1+ue" —e" = g'u)=ue" >0,
o —

1+1S27z,u>0.

This means that the inequalities for the operator functions imply the inequalities for their
derivatives.
5. Conditions of the Main Theorem Applied to the Lithium Atom

Let us consider the inequalities from Theorem 4,1, implying the existence-uniqueness of periodic
solution for Li atom. First, we put the first particle (the nuclei) at the origin:

(x"(6)=0,2" (1) = 0,x" (1) = 0) = (" (1)) = 0,u’ () = 0,u’ () = 0) = T" = 0,9, = 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This means that the equation of motion for the first particle becomes 0=0. Then the second,
third and fourth particles are electrons — the second and third one move along the first stationary

state, while the fourth — moves along the second stationary state. In view of [8]-[9]
B yi=Pp=1/13T,8,=p/2=1/274 ; c=3x10m/sec . TFor the charges we  have
e =3¢, =3x1,6x10°C=4.8x10";¢e, =¢, =¢, =-1,6.10"°C and then
|e]ek| =48x10" x1,6x107"° =7.68x107* .

The masses are m, =mx3x1836=9,11.10"" x5508kg = 5.02x10" kg ,

m=m,=m, =m, =9,11x10"" kg .
For the frequencies on the first Bohr-Sommerfeld orbit we take
o,=0=0=41x10"=>T=T" =TV =27/ 0~1.53x10"";0, = /8 =5.03x10".
m 9.11x10™
4lese,]  4x2,56x107

Then T,=27/w,=Q2r/w)x8=8T ~12.26x107'° and ~8.89x10° ;

5508m

~4.9x%10"°.
4|elez|

Let us choose u, =, =u=45x10". Then = uT =4.5x10"°x1,53.10"° = 6.885 = &' =977.5

and
e -1 _977.5-1 976.5 u  45x10°
uT 6885  6.885 -1 977.5-1
[8]-[9]) we take g, such that g7, =uT . This implies T, =8u,T = uT = u, = /8 and then

~141.8; =5x10". For the second stationary state (cf.

(4)

e -1 e -1 _977.5-1

w,T, = uT = 688.5= "™ =977.5; =8 =8———=7.812x10".
Hy H 10
We recall r, =7, . The constants g, 4, >0 and U’ >0 (k=1,2,3,4) we choose as control
parameters with restrictions 1, 1y € (0;00); 1T = const. and
. —uT 8 —u, T 8
U™ <o U u® <305 g0 pw <€ 3040
137 137 2x137 274

Assuming 1+, =1 we obtain the first group of inequalities for the distances between the
particles of the lithium atom:
4 20 4  wp <U52’ m u 12 o'f

By 137cr, B 8cn, 2 |eze3| e IS ’
4 20p 4 op _UP m_u 12 0B
’7322 Cry, ’7342 8cry, -2 |e3e2|eﬂr_1 ;132 2
i+2wﬂ+i+2wﬂ<% m /,14 _£_ﬁ
Tp' Chy Ty 2 |e462| e =1 R} 1287
2 2 2
Since 2.5 4% we denote by

m, uT <M Q2zr-1)
2e°T e =1 2¢°T
¢ 1651078
me 9,11x107!

my H 4
4, = 26 eﬂ_l(k=2,3,4):>142 =4, =44, =

k

By, =1, =529%107"; 5, =45, =4x529x107" =21.16x10™" ; =2.8x10¥and

3
Jeree] = 3fesea] =3x2.8x107% =8.4x1078(k =2,3,4) . Then we obtain:
m m
6 5
420, 4 1250 (8.92U -42.9)x10” —1.36x10*;
23 13 " T4
6 5
A 20, 8 LY (0000 —42.9)x10" -1.36x10%
2 2 0
23 3 e e
6 6
4210, 3 20 0808 ~268)10" - 107,
24 N I3y 13y
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6 5
() 210" 4 125410 < (8920 - 42.9)10%;
I 3 n T4
6 5
(ii)é+2>ilo +Ai2+1.25:<10 S(8.92Ué3)—42.9)1020}
s Iy N Iy
6 6
(i3 + 210, 4 20 580 ~268)10°"
rz4 N N Ty
o 429 o w 268 . L
Let us assume U 892z4.81; U,” >4.81; U, >2—28z117.55.Fr0m inequality (i) we have:
5 6
0<2 ﬂs(sgzugﬂ—42.9)x102°—;42—2f10 = (8.92U1 ~42.9)x10" 7, ~2x10°F, 4> 0=
Ty Ty s 7

23

10° 4,10 + 4(8.92047 —42.9)x10”
. .

2
(8.92U(” —42.9)x10”

892U —42.9

x107",

In a similar way we have

— ’ S
0«4+ 200 < (500y - 42.9)x10 -2 12X10
P

3 I T4 o

1.25x10° +\/1.252 x10" +16(8.92U(§2) —42.9)><102°
2x(8.92U” —42.9)x10”

= (8.92U” —42.9)x10”7,

A 2
Ty 2 ~
* 8920 —42.9

From inequality (ii) we obtain 7, > -2 2

%1071,

X107, 7, >——= %107,

892U —42.9 V8.9208 - 42.9

From inequality (iii) we get:

2 —1.25x10°%, 4> 0=

6 6
0<2+ 200 < 00500 —aespor - L2100 2500 —268)10" 7, —2x10°7;, ~4 > 0=
Ty Ty M T
. 0° +\/10'2 +4(2.28U;" —268)10" 2 <10
»e (2.28U" —268)10" J2.2808 ~ 268
and
6 6
0< 2 20 congue aegyor -2 20 G 2 0o
TRy noon \2.28U" — 268
Consequently,

S 2x107" 2x107"°
7, max ; ;
: J8920 429" 39200 —42.9

~ { 2x107"° 2x107° }
7,, 2 max ;

89207 —42.9”\[2.28U" —268

& > max 2x107" 2x10°
892U — 429 \[2.28U8" — 268

(6)

Finally, we check the inequalities from the Main theorem for the second derivatives:

2
Jexea ey B ol 80hy |, & BOC 0002054,
n=lLnzk "Mk L o™ Tkn Chn mk e

Indeed, the first one is satisfied
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e 96¢ 64c 8 8 48c 1 1 w
leaes| YT
137m2 [ON63] W13 wr3 [E4X] W Py 27‘24 [0 166‘7’24 Cc
because

10*10(1.16x108+3.19x106+0.85x104 +1.74x10% +1.4x10* +1.7><10+O.24+0.456)S5.

The second one can be checked in a similar way. The last one becomes

107 (1 .12+0.0167 +0.00034 + 0.00004 + 0.189 + 0.0017 + 0.000089 + 0.00000000056) <1.246.

To assure the inequalities of higher order derivatives we notice that for the third derivative we
have
11 1
ot 4B x10% 5204 <1074

for the n-th derivative we obtain the inequality
1 1 1 1 1
1= 16 1 T(ntD) i1 S Sato (1= 2.3,
"7 41" %1019 520" 107110HD 5995 (21.68)" x10°" T 5.29%(2)" x107

).

Remark 5.1. To illustrate the role of the parameters we check the distance relation 7, =1, +1, =45, =
1, =31, known from quantum mechanics (cf. [9], [10]).

Inequality (5) implies

2
P 2 107 =3x529x10" =35, o U _126 %268 187.185117.55 or

\2.28U —268 2.28

-10
20 as00x10" o U =4.987 > 4.81.
/892U —42.9
. . — 2x107° 1 _ )
Inequality (6) yields 7, =———=——===3%x5.29x10"" =35, = U,;” =187.2 or
\2.28U —268

-10

P 20 ss00x10 =37, & U =4.987 > 4.809.

J8.9208 —42.9

6. Conclusion

The interest in the topic is evident from the articles [15]-[28]. We have obtained the existence-
uniqueness of general (7,7, 7,7 )- periodic solution of the 4-body problem extending the

approach from the case of the 2- and 3-body problems. In fact, we apply the same form of radiation
terms following the Dirac’s physical assumption justified by nonstandard analysis (cf. [1]). Our
advantage is that we obtain the estimates of distances between the moving charged particles which
include as a particular case the values from quantum mechanics. Consequently, classical
electrodynamics as a theory of the structure of elementary charged particle and its interaction with
other elementary particles is more general than quantum mechanics.
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Appendix 1. Estimates of the Right-Hand Sides of Equations of Motion and
Their Derivatives

(@) e, <ci|(E.a) < [[E.80) [a.a") < ezpe,5m, zr";—(c’) (k=12,3,4)

(cf. [11]),
where 7, (f) is the distance between the k-th and n-th particle at time .

Differentiating 7, (?) :l <§ | E (k”)> and solving with respect to ddﬂ we obtain
c t
i1 (E 20} )

dt ¢ <f(k"),§(kn)> _<§(k"),ﬁ(")(t - )>

. Using that z',m(t):l <§<"">,§<""’> has a
¢

unique solution 7., (1) we obtain
a0 (E7N)(ENA") S, 0-(EY) | n, 0-cn, 06 _1-4,
dt Cr,O-(E ) Er O~(EWA) o, ren, 0, 144,
dr,, (t +
Consequently 1-7,,(£)>0 and L %5 and 470 () < bith,

1-4,(0) 1-8, dt 1+,
Since the velocities on the first and second steady states are “small” we can simplify the
relativistic terms:

A, = = (@0 0.0 () =1 —(||zz“(>||2 /cz) =e\fl—¢ /1 =eI- B2 =c ;

CZT;G. _<§(kn),u(n>>

7, =1-5)r, SC—Z <(1+p)7, =1, &', _<§(kn)»u(”)> =c'r, .
r, —<62(lm):ﬁ(")>
Then D, = TM: 1 and wusing denotations from [1] we obtain:
'ty —

(<§(lm> ﬁ‘”’>—c2r )<ﬁ(n) ﬁ(")>
= K > kn ’ = - _ -
Hy, =A%+ Dy, | (E9,0 )+ e =+ (E A =g, (@i "),
kn

<(k> <n>>+(<ﬁ<k>’ﬁ(n>> )<u<n> <n>> c +<§(lm> a<n>> <ﬁ<k)j<n)>
2

H, (= (@".a")) h ~
3

v 2 Eln) =(n) v 2 (2 () () c*r c*r, ?
n) —n n) —(n
(C Tkn _<§ U >) Akn (C Tkn <§ >) kn fn

Hkn( 2 f(kn) —»(k)>) D, (<E(k"),ﬁ(k)>—csz,,)<ﬁ("),ﬁ(n)> ) 2 +<é?(kn)’i'i(n)> '

- 7

- 2 - 4_ 2
(kn) *(n) 2 (kn) () 2 CT
(o (Eam) AL -en,) .
£(kn) = (k) 2 E(kn) —(k 2
D, (") =c'n,) (EWa)-cn,

f ZUm) sV (o Zan =\ cr
(<§( ),u(")>—c Tkn) (C Tkn_<é:( ’),u‘”’>) o

Further on, if 7,(t) > 7, =const.>0 andU"e*” <¢, <c then:

kn
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4 <§(kn) ’ﬁ(n)>_ 7, <ﬁ(n) ’ﬁ(n)>

2
- ¢ +(c+c,)r1,

12 of 19

=(n) 9 07
u || < c+ (C+ cn)Tkna)nUOe

< A +(cte)r,mc,

2 - 2 2 2
8 c c c c
2 .
=1+(ﬂn+ﬂn )Tkna)nzl-'—rkna)n no
2 [ EGm) S =(k) =(n) n
A G G I ) 1 Ll o aeprpe, 1 pe.
kn| = = 7
et 7} 7’ czr,m c’r,’ T r,’ r,’ c 7’
2 £ (kn) =(n) =(n)
1 e +<§ U >| 1 ||u 1 a)ﬂ 1
|Bkn vy 2 St 553 |Ckn = ;
c 7, ‘ cr, cr, 't c r,m 7,
(kn) (n)
ee, (4,¢ +C, i ) |e
(kn) _| k n( kn>a kn"a k
|Ga (t)|_ <
m.c
(n)
lece, 1 Bo, I of), , oUe" ™ Iek 1+8, 208,
< 3T o ST | 2 c, 5t 5
mc |\ ct,” cr, r,’ c Th cr,, mkc 7., 7,
)
(k) (k) (k) (k) (k) (k)
e2 U, < U >+C i, |< e ¢, U+t Ue” :ia)kzﬂk
5 = 3 -
m, c m, c m, c

Appendix 2. Estimates of the First Derivatives of the Right-Hand Sides
é?("'” - (ul(") O —-u"(t-7,)x(A=7,),ul” () —ul" (t =7, ) x 1 =7,),ul () —ul” (¢t — 7, )1 -7, ));

> (kn k n . > (kn
EM =uP O —ul (t-7,) x (1= 2,) = |E,"

< |uf1k)(t)| + |uL")(t -7, )| <c¢ +c,;

ld4,| 1 <§"‘”),ﬁ‘")>+<§ i) (—3)(c2 +(& “‘"’,ﬁ("’>)r',m (@0, a" )+ (@®,i")  2)(a®,i")e,
= — + - - <
4 3 4 2 3
| dt | ¢ Z-kn Tkn Tkn Tkn
o O
<L“f ¢ ¢ +|¢ fi+b, + 2 RIAP
c* 7, r,} 1+ 5, 7, )’ 1+ 5,
2
s V3(e, +e,)m,c, +er 3o, . 3(C +CTkn\/§‘0ncn) B+ B, |, 3o0.8¢, +Bwlcc, . 2Baw,c.e, B+ B, -
=7 3 4 2 3 =
¢ Tkn Tkn 1+ IB n Tkn z-krz 1+ ﬂ n
2
L \/E(Ckcn +c, )a),, N N R 3c B.+ B, 3x/§cc” +23¢.c, o B+ B, RS +Bo’cc,
- 4 3 2 4 3 2
¢ z-krz Tkn Tkn 1 + ﬂ Tkn ! 1 + ﬂ n Tkn
RECAY AN A AT ANECN
cr,t ot} c’r,’
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‘A g(kn)‘< 3 ﬁk+ﬁ 4\/7ﬂnwn ﬂk—‘rﬂ wnzﬂn-i_wnzﬁkﬂn-i_a)kwnﬂkﬂn cr <
o BEAREYA c’r,’ 1+, c’r,’ =
REVAYA Mﬂ,,wn(ﬁk +h) 305,
ez, cr,,’ Ty,
ECkn) =(n) Elhkn) S(n) St S
|dB,m|_i‘<§ U >+<§ U >+2c2 +<§(k i )>f L| (¢, +¢,)m,c, +ct,0,c, +2c2 +er o0, B+ B,
| dt | C4 Tknz Tkn3 . 4| Tknz Tkn3 1+ﬁn

2B +5) Z(ﬂk+ﬁ)(2+ﬂ)wﬂ L9, 2(ﬁk+ﬂ) 4wﬁ(ﬁk+ﬂ) wﬂ

cr, 1+ B, ) ’r, 1+ B) czr,m r,’ c’r,’ c’r,

IA

1

2 2
c'ry,

<

_ _L[_ z-krz j
2 2 -
C T

dc,,
dt

Appendix 3. Estimates of the Second Derivatives of the Right-Hand Sides

ek:c( A2 4 4 K0 _ il — B il 4Gkl +c,miig’))

<~(k> 4k>>+u(k)(<4)4)> <4k> (k)>)+cu(k)‘

3 2
n=1,n#k myc CTkn CThp CTiy c Z'kn

eke[z(ﬂwﬁn) 38,0, B4y 3o, By But By o Bat PO ]

‘eke [ k +ﬂn)ﬂn nﬂnz(ﬂk +ﬂn) + @y ﬂn + wnﬂn + wnzﬁn J+

n= 1n;tk myc C"l'kn2 CThp cran CThy
‘ el @ 2 2 3 4 Jeen|( 4 2 4.2 2 3
Cn nﬁ'n P |, & B > knl| 4By +By) | 200Bn | A0n By |, ek B ) 2500
mpc CT, m 2 m;c 3 2 CT m 2 =%k 0
n= 1n¢k k Crkn kn k C n=lnzk "'k CThn CThn kn k C

Appendix 4. Lipschitz Estimates of the Right-Hand Sides

We note that for t€[7,,7,,,]=t-7,()€[T,,,T,] and then
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k —(k —(k k k = (k b —(k (e-1,0 ) @, ) —(k  (t=T,%))
ul (&)=l () < [ul (1, ) =7 (7,4 + j(u“(s) 15 ($)ds| < 0y @, 7D = p o @ T ) <
Tp‘“ Hy
w®, (k)) (=T, w®, (k)) w4 (=T,*) _2 w®, (k)) (=T, 1) |
v p(p i e ¢ p(p e e =2—% p(p n Uy ¢ ’
ﬂ i
) — (k) —(k) NP AN B s —(k)
|xa (1) -x. (t)|£ O (-1, 0)-x0(-T, )|e L j (1 ()" (s)) ds| <

k
Tp( )

s

<sup ¥ () =% (0|1 €[7,,7,., 01} + j(u;kg ) ) ds| + j [ (a2 @ -t (0))dods| <

,® .0 7®
et 7,%) s 7,1
(k) —(k) (k) *) (k) —<k) k) (k)
<sup _[ | (s)—u, (s)|ds tel7,”,T,,"] +p<p0)(u ) +p(p’1)(ua L, ) <
T k ﬂk
uk(r,,ﬂ‘*’—r,,(“’) e 7,%) o 7,9)
® 7+ ® 7+ *) (k)
<Pty s ) + P00 (U s ) + P Uy s, ) <
Hy '« 1uk
by T® h-1
, e w, _7 k)
O ® 7+ (=T, )
<|2 h+l Ry p(p h)(u )e 2
Hy /uk
T
—(n) m _xm| U —(n)
Tpu) — X, (t_Tkn)| S|xao —Xgo |t _[ (s)—u, (s))ds <
t t=1p,
—(n) . k) 7 (k) () —(n) (n) —(n)
Ssup{x 7,)~X(~7,)|: 7, [T, T, ]}+ [ ()= () Ys| +| [ ()=l (5))ds| <
7 '
,,
=7y, t L
(n) —(n) . *) 7 (k) (n) —(n) (n) —(n)
<sup .[ (ua" (s)—u," (s))ds ssell, [T, 7]+ j (ua” (s)—u,” (s))ds + I (ua" (s)—u," (s))ds <
T, 7,™ ~Tha
o) eI g | (s-T,") o [ (o (m)
n) —(n Hy ($= n) —(n n —(n
< Py W T k| [ s T+ [ (0 ()~ (5) | <
n Tp(”) t—1,
2
o g0 T, e PG A g C »
n —(n n —(n n —(n
< p(p 10)(” ) + p(p 0)(” + I |ua (S)_ua (S)|ds <
n n Tpfl(”)
2
P P A A T ) 1)
(n) —(n) (n) (n) () ma (n) i
<P 10)(“ ) + p(pO)(u )+p(p 10)(” ) + p(pO)(u )<
ﬂn ﬂn ﬂn ﬂn
h 2cu,ln, h
w e +1 (n) 2 w, (n)
n Hy T (n) —(n) (n) (n) H, (=T, )
< 7 e Pip- 1h)(u )+— — P, h)(“ ) |e !
H, H, H, K,
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h+l
k =(k Ky —(k (-1
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(= 7,,) =" (= 7,,)| <[l (<7, (0) =" (=, (OD|+ 3y (@7 T <

m RG] » m O]
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