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Abstract

In the manuscript [1] that led to his epoch-making paper "On the Number of Primes Less Than a
Given Magnitude" [2], Bernhard Riemann had already revealed the Reciprocal Sum Formula for all
of the nontrivial zeros of the Riemann zeta function. We leverage this formula to prove the
proposition that is our paper's title.
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1. Introduction

Prime numbers occupy a central place in number theory. They are the multiplicative building
blocks of the positive integers: every integer n > 1 factors uniquely as a product of primes. This is the
content of the Fundamental Theorem of Arithmetic.

In the process of understanding and researching, prime numbers seem to appear irregularly and
uncannily. Although there are one-sided formulas for generating primes, such as those proposed by
Euler and Mersenne, etc., it is always impossible to predict the next prime number. This very mystery
has captivated many mathematicians throughout history, compelling them to devote their efforts—
even their entire lives—to unraveling the patterns governing primes.

This situation was finally terminated by the great mathematician Georg Friedrich Bernhard
Riemann in the mid-19th century. In his famous paper “Uber die Anzahl der Primzahlen unter einer
gegebenen Grosse” [2] (English: "On the Number of Primes Less Than a Given Magnitude" [3, p.299]),
Riemann proved the exact expression of the prime-counting function containing all nontrivial zeros
of the Riemann zeta function. But then, a new problem had emerged from Riemann’s work—the
similar irregularity in the pattern of the nontrivial zeros has led countless mathematicians in various
eras after Riemann to tirelessly and painfully explore the way and the mathematical laws that
determine their presence.

To this day, in mathematics, it is widely known that this problem has not been completely
solved.

Based mainly on the study and exploration of [1, 2, 3], we realize that Riemann presented two
parts of content in his notable 1859 paper:

1.1 Part One: the exact expression of the prime counting function, m(x), which is, in
mathematical history, only an analytical expression of the distribution of primes found until now;

1.2 Part Two: the approximate numbers and approximate distribution of the nontrivial zeros
of the Riemann ((s)or/and &(s)function within a certain range. These estimates were based on the
characteristics of the &(s) function constructed by Riemann. Perhaps based on these, Riemann
proposed the Riemann Hypothesis.

What follows is an overview of Riemann's elegant path to obtaining the prime counting function
without proofs.
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1.1.1 The Leonhard Euler zeta function is normally defined as

o0

<(k)=2% =][,d—p*) ", nandk>1 € N7,

n=1

where, P E P = Set of Primes . Thus, the relationship between all natural numbers and all

primes has been established. This connection prompted Riemann to begin exploring the Prime
Counting Function.
The Riemann zeta function was redefined as

o0

1) @=3 5 =IL,a—p")", s=o+it € C, Re(s)>1,

n=1

on this half-plane, the series converges absolutely and is a holomorphic function.

Next, Riemann started to combine the original definition of ((s) in (1) and Euler's integral
definition of the Gamma function, then performed the complex contour integration (analytic
continuation) on the expression obtained. This equation was then simplified via Euler's formula in

complex analysis and the Jacobi ¢(s) function, Riemann obtained one of the
functional equations between ((s) and ((1-s) [3, p.13] [4, p.13],

. TS
CE)=27r"""tsin —T'(1—s)C(1—9)
2
@) .

Regarding (2), Riemann said in [2]: “it is zero if s is equal to a negative even integer” which is
named a trivial zero of the Riemann zeta function. The other zeros of are correspondingly called the
nontrivial zeros.

Using the identities of Gamma function [3, p.8], Riemann rewrote (2) as another desired
functional equation [3, p.14] [4, p.16]

s 1—s
-5 S -5 1—s
m = )¢(s)=n 2T C1—ys)
2 2
©) :
Obviously, by substituting s with 1-s into the LHS of (3), it becomes the right of (3). Because the

poles of r (S/ 2) on the negative real axis are killed by the trivial zeros of ((s), (3) is a meromorphic
functional equation except for the poles at s =0 and s = 1. There are many other functional equations
[3, p.14] [4, p.16] between ((s) and ((1-s) which will not be needed in this paper.

1.1.2 The mostbrilliant and intelligent thing is that Riemann constructed the following function
[2] [3, p-16] [4, p-16] as

1 5[
, O r(g)as)

It is an entire function, because the remaining only two poles at s = 0 for r (8/ 2) and s =1 for
C(s) are fully canceled by factors s and (1-s), respectively. From (3), it has 13 (8) =£ (1 - S) and

£E(5)= E(l —s) [5, p-159][6, p.22]. The other characteristics about § (8) used in this paper are

stated below in Property 1, 2, 3 and 4 of Section 2.
It is amazing that (4) can also be gracefully presented by Riemann as an infinite product [2] [7]
[3, p.39] with all nontrivial zeros of Riemann zeta function as

e6=e0]I(1-2)
) all p P )
where, £(0) =1/2 and p runs over all nontrivial zeros of Riemann &(s) or ((s) function. It could be
said that the acquisition of (5) is the indispensable key in the process of Riemann finally
demonstrating the analytical prime counting function. Obtaining (5) is considered the most difficult
part of Riemann's paper [3, p.17].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1.1.3 So far, the Riemann product formula in (1) has not been used yet. After having discovered
the following interesting identities

o0
p = s/ z* " 'dz, keN*, Re(s)>1
p* ,
Riemann combined the identities above and the Riemann product formula to represent one
below

In¢(s) = Zi%ks, Re(s)>1

allp k=1

7

and whereupon marvelously wrote down [2]

In¢(s)= s/ J(z)z " 'dx, Re(s)>1
0
where, J(x) is a new step function — Riemann prime counting function. More details refer to [3,
p-22]. In 1889, the function above was proved by Stieltjes [3, p.22].

Making use of Fourier inversion, Riemann concluded [2] [3, p.23]
1 a+ioco

J(z)= 57 lnC(s)xs% (a>1)

a—100

Substituting the term, In((s) by the result combining logarithms of (4) and (5), and then
integrating the right part of equation above, Riemann finally completed J(x) [2] [3, p.33] with the
evaluation of the terms in the formula as

ot <oy < dt

J(z)=Li(x) ;Ll(w ) —In2 +/x 1 —1)nt’ (z>1),

where, Li(x) is the logarithmic integral function. This analytic formula including all nontrivial
zeros of the Riemann zeta function for J(x) is the principal result of his paper [3].

After in-depth analysis, Riemann realized that the formula above can be demonstrated as

J@=3" (V)
n
o [3, 33,
where, 71(x) is the prime counting function — the number of primes less than any given
magnitude x.

Inverting the relationship between J(x) and 7(x) by means of the Mdbius inversion formula,
Riemann ultimately succeeded in obtaining

@)= (/)

It gives an analytical formula for 71(x) as desired [3, p.34]. The first term in the series function
above is Li(x), also the first term in J(x). In 1896 [8, 9], under the condition that the Riemann {(s)
function has no nontrivial zeros on the line, Re(s) = 1, Hadamard and De Vallée Poussin
independently turned the Gauss and Legendre prime number conjecture, rt(x) ~ Li(x) as x — o, to the
Prime Number Theorem. Spontaneously, the range, Riemann's 0 < Re(s) <1 of the imaginary parts of
the nontrivial zeros was corrected to be 0 < Re(s) <1.

At this point, Riemann's ultimate goal — to find the Number of Primes Less Than a Given
Magnitude was almost achieved, save a problem created by Riemann himself —finding the nontrivial
zeros of the Riemann zeta function in J(x).

1.2.1 The most concise expression of the Riemann zeta function is implicitly presented in the
form of a functional equation, namely, (2). The complexity of the Riemann ((s) function naturally is
gestated in the Riemann &(s) function, and more naturally foreshadows the complexity of finding
their nontrivial zeros. This complexity is reflected in the fact that only in 1903, 44 years after
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Riemann's paper, was Gram able to use the Euler-Maclaurin formula to calculate and show the world
the first 15 approximate values [10] of the imaginary parts of the nontrivial zeros on the critical line.
But this is not the first time that mathematicians have found these values; in fact, as shown in Figure
1 below, the first person to obtain these values was Riemann.

Of course, Riemann understood the properties of the real function [4, p.16] and the symmetry
for &(s) at Re(s)=1/2. After substituting s = 1/2+it, (4) was rewritten as

. (% +it): {_ - (1/4+t2)eRe[lnr(;+it)}} {wmg (% Ht)em[lnr(;ﬂt)}}

2

Evidently, the first factor on the right side of the above equation is always negative.

Therefore, studying the nontrivial zeros of the Riemann &(s) or ((s) function reduces to studying
the zeros of the second factor, which in turn reduces to studying the sign changes of the second factor.
For more details, refer to [1] [11].

Riemann’s own method of in-depth research, which was fortunately restored by Siegel in 1932
from the Riemann vestigial manuscript [1], is now well known as the Riemann-Siegel formula [11]. It
is much more efficient than the Euler-Maclaurin formula, and was used to successfully calculate the
first 3 approximate values of the imaginary parts of the nontrivial zeros on the critical line [1,
p-134~137/168 - Figure 1] [11] by hand.

[p.136/168] [p.137/168] [p.135/168]

Figure 1. Riemann's approximate values of the first three nontrivial zeros on CL [1].

Remark: sometimes, in this paper, the values of the imaginary parts of the nontrivial zeros on
the critical line are abbreviated as the zeros values, or zeros or tx.

As can be seen from Table 1, the first three best zeros with t: /27t rather than ¢ approximated by
Riemann are very close to the current ones [12].

Table 1. Riemann's Values of t,/ (27T ) in [1].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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o Page ) Riemann's Riemann's Values Odlyzko's Zeros| Relative Errors
Nontrivial / Tlmes Values of Converted to in [12] between
Zeros Ne Displayed
168 ta/ (2m) tn tn Closest & Odlyzko's
136 2 2.0 12.5664
1 2.24 14.07434
137 1 2.250466  [14.1400949055 (Closest)
2 2.26 14.19999879
Ist 136 N 23101501 1125151012 14.13472514 0.000379899
137 1 2.3106501 |14.5182427
136 1 2.32 14.57699
1 2.4 15.0796
1 3.2871015 |20.65346784
2nd 137 1 329 20.6716696606 (Closest) 21.02203964 -0.016666793
134 1 4 25.1327412287 (Closest)
136 1 4.0287 25.31306865
3rd 135 1 4.02874225 |25.3133341116136 25.01085758 0.004873229
2 4.03 25.32123679
134 1 4.0308064 |25.326304

1.2.2 Based on the cumbersome and complex calculations for the nontrivial zeros on the critical
line, and the fact that numerical calculations in Riemann's era were all done manually, this
elementary calculation method was not well suited for calculating nontrivial zeros beyond. After
determining the first three nontrivial zeros, Riemann turned to estimating the number of the
nontrivial zeros on in a given range.

“He then goes on to say that the number of roots p whose imaginary parts lie between 0 and T
is approximately” [3, p.18] [1]

T T

where, N(T) denotes the number of the nontrivial zeros of Riemann ((s) function in the region 0
<Re(s) <1, 0<Im(s) < T.It also implies that N(T) approaches infinity as T — . In 1905, the relationship
above in equation [13] [5, p.17] was proven by von Mangoldkt.

But it is still unknown whether this conclusion is also correct on line segment from 1/2 to 1/2+iT
[3, p. 38]. In 1914, Hardy proved that there are infinitely many nontrivial zeros on the critical line [14].
With this and Section 1.2.1 above, the profile of the nontrivial zeros located on the critical line is
basically clear—as long as one keeps calculating forever if necessary.

1.2.3 However, Riemann's formula for N(T) cannot determine whether there are the nontrivial
zeros outside the critical line. This problem troubled Riemann since his paper and was also something
he tried his best to solve but was not able to accomplish until his death. In such circumstances, “we
can never know what led Riemann to say it was ‘probable’ that the roots p all lie on the line Re(s) =
1/2” [3, p.164], but as such, the Riemann Hypothesis was born in his paper [2].

2. Notation and Preparation

2.1. Main Notations

RxF, RzF: the Riemann f (8) and C (8> Functions, respectively.

CL, CS: the Critical Line and Critical Strip, respectively.
# = 1/2 : the constant using for the critical line and this paper.

¢ =4/~ 1: the imaginary unit.
k€ N". the ordinal numbers.

— +
K : the total numbers of €* within 12; or 12; .

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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M,, : a finite quantity setting in the analysis.
n € N". the ordinal numbers or the natural numbers.

N, : the total numbers of the nontrivial zeros of RzF on the line, Re (S) = E&.
oo™l : the total (Hardy) numbers of the nontrivial zeros [13] of RzF on the upper half of CL.

N (T) : the number of the nontrivial zeros of RzF in CL with 0 <¢, < T'.

§ = o -+ ¢t : a complex variable or number on the whole Complex Plane.

ti, > 0: the imaginary part of the 7, *" nontrivial zero of RzF on the line, Re (S) =€.
t,, > 0: the imaginary part of the 7, *» nontrivial zero of RzF on the upper half of CL.

T': a limiting quantity for describing the value of the imaginary part of nontrivial zeros on CL

in the analysis of the Riemann hypothesis. 0 <7 < 0o .

-y : the Euler- Mascheroni constant, v =0.5772156649 ---.
& : a very small positive quantity introduced to avoid errors and enhance amplification effects.
¢,: the k* horizontal offset that deviates from the critical line; 0 < e, < .

<, © a constant; the quantity of the reciprocal sum formula for all the nontrivial zeros of RzF.

lﬁQ ' the quantity of the reciprocal sum formula for all the nontrivial zeros of RzF in (2, .
k{? the quantity of the reciprocal sum formula for all the nontrivial zeros of RzF in (2.

- : the constant, the quantity of the product formula of RxF at s = # .
p : the nontrivial zeros of Riemann C (8) function.
p,, - anontrivial zero of Riemann C (S) function.

Pn = h+ 1, : a nontrivial zero of Riemann C (S) function on the critical line.

12,
Pu : a nontrivial zero of Riemann C (8) function within “QQ.

% (F— )+ s)= 5
Pin ( gk) Ztkn: a nontrivial zero of RzF on the line, Re( ) Ek within 22 .
(s + it e(s)= 3
Pin (i +e) k. a nontrivial zero of RzF on the line, Re(s)=¢ within 22,

™ (LU) : The counting function of primes.

£2: the point Set denoted within the area, 0 <o <1 and — oo <t < + oo on the Complex

Plan; The region, 2 is named the Critical Strip.

02, : the point Set denoted on the line, Re (S) =h=1/2 , which is called the Critical Line.
02, the point Set denoted in the critical strip other than the critical line; 2 = (2, W £2,.
25, 25 : the left part and the right part of (2, split by the critical line; (2, = 25 & 2.

2.2. Preparation

Property 1. All nontrivial zeros of RzF and All (nontrivial) zeros of RxF are coincident.
Property 2. All nontrivial zeros of Riemann C (S) function are located within  [8][9].

Property 3. All nontrivial zeros of RzF or RxF only form in the complex number.
Theorem 1. There are infinitely many nontrivial zeros of RzF on the critical line [14].
Theorem 2. The weak relationship [5, p.20] between t: and 7 is stated as
. 21
t, ~ lim Tan’ (n— 00)

Thus, the mean gapping g» between t»+1 and tx is

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(B) ,
which approaches 0 as n — o [15].
These are two of corollaries of the Riemann-von Mangoldt formula (theorem) [13] [5, p.17]:

N(T)=%ln% +0@nT)
,with 0 < p, <T.

3. The Riemann Reciprocal Sum Formula

The reciprocal sum [1, p.72/168] of all nontrivial zeros of the Riemann C (8) or é. (8) function
can be expressed as
Zl 2+ y—Indnm —

@ F 2 1.

We notate this as the Riemann reciprocal sum constant and K, separately.

Although this formula was not used and shown in his paper, Riemann had already derived it.
What is even more surprising is that he accurately calculated this value as shown in Figure 2 below
to 20 decimal places by hand. This may have helped him in his computations of the nontrivial zeros
[3, p.67].

Figure 2. Riemann's numerical value of the reciprocal sum formula [1, p.72/168].

A comparison of Riemann's numerical value of K; and the k; value we obtained using

MathCAD (accurate to within 107-30) is as follows:
kiemann — ()1 02309570896612103381 -+

Kk, = 0.023095708966121033814310247906 ---. For more, refer to A074760.

In the following section, Riemann's sufficiently accurate numerical value of K; will be

employed as the criterion for our proof.

4. Proposition in This Paper and Its Proof

There should exist tetrad nontrivial zeros of the Riemann zeta function off the Critical Line.
Proof:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.1. Theoretical Analysis

We denote that S1 and S: are the reciprocal sums of the twin zeros and the tetrad zeros on and
off the critical line, respectively. According to Property 3 and 4, the Riemann reciprocal sum formula,
(6) can be separately adapted for Case 1 and Case 2 as

RH

(7) f =51 o

(8) K1 — Sl -+ SQ )

In other words, if the assumption of (7) or (8) holds, by Theorem 1 (Hardy Theorem [14]) and
after introducing ¢, into Sz, they can be respectively rewritten with the twin zeros and the tetrad

Zeros as

Hardy

RH 200

F1 =51 = Z Zﬁ2+t2

©)

or
=S, +8S,= Z HRE
(10) ,
where,
1
Sz -
all p,?* pn

Remark: when g, = 0, (10) for Case 2 degenerates into (9); In the following derivation and

proof process, we will not use Sz, so there is no need to discuss it here in detail.

Splitting (9) into two parts, and then three parts, yields

RH
=5 Zﬁ2+t2

n=1

B Zﬁ2+t2 * zN:+1ﬁ2+t2 - ;n ﬁ2+t2
(11) Part 1 Part 2 Part 3

where, N* &€ N7 is a sufficiently large ordinal number (splitting point) which is reasonably
selected from [12] to ensure that the reciprocal sum, Part 1 of the first N* twin zeros may become
the principal term in (11); n* € N is an interval number of the first occurrence of a group for the
twin zeros in (13) after N ™.

Part 1 in (11) is a bounded series with random small periodic fluctuations, but has a
monotonically increasing overall trend as [V ™ increases.

Inserting 0, a very small positive quantity introduced to avoid errors and enhance amplification

effects into Part 1 in (11) yields
N

1 1
Part 1= Zﬁ2+t2 <;h2+(tnﬂs)2

Using (12) and (13) and referring to (A) of Theorem 2 in Section 2, we can derive the following
inequalities:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Part 2= Z ﬁ2+t2< Z fz2+(tN k)?

n+N*+1 =N~ +k)

< /°°H' dx _ hm — atan ((ty- — 1)/A)
1 h2 + (tN* - Q;) 2 )

1 . 1
Part 3= Z RN AP DR o

n=N*+n* =N*+1)
k=1
</OOHQ do =m —2atan2(ty-+1)
, R+ (ty+a)’ M

Remark: by Theorem 1 in Section 2, either both oo™ and oo™ are infinite, or one of them is

finite and another is infinite. Based on (B) of Theorem 2 and the data from [12], we can make sure
that oo™ = 0o. Even if co™ is finite, replacing it with infinity does not affect the validity of Part

3 above. Therefore, in the above derivation, co™ = oo may be chosen.

We now set the sum of the first-level amplification effects in Part 1, 2 and 3 above as

N* oo™ ootz
1 1 1
S.=) 57—z T +
(14) 1 ;ﬁ“r(tn*@? ;ﬁ2+(tw**k)2 kZ;ﬁ“r(tzvﬂLk)2
hence,
AS 1 B 1 B 1
TR (b —68)2 RBP4 (ty-—1)2 R H(ty-+1)°
1
—— 5 <0.
s A2+ (ty-+1)

This means that as IV * increases, Si is a bounded sum with random small periodic and small

fluctuations, and it has a monotonically DECREASING overall trend. This is also true for Sza.
The lower bound (which exists) of S1 will not be discussed because it appears unnecessary for
the next objective of our numerical calculating verification.

Combining (11), Part 1, Part 2 and Part 3 above, we attain
RH

K1 =51 <851, <S2.=0Sv

(16)
where,
N* 1
o T e R 2l D st )]

This shows that Sza (= Sv) is the result of S1 being numerically enlarged — from a single numerical
amplification by Part 1 and double numerical amplifications by Part 2 and Part 3.

4.2. Numerical Verification

Nowadays, although it is relatively easy to obtain nontrivial zeros on the critical line with the
help of computers, it is impossible for humans to find an infinite number of zeros, such as Theorem
1 proven by Hardy. Fortunately, there are now a finite number of nontrivial zero values [12] on CL
for free selection.

Selecting 0 =1.1*10"-8, adopting Odlyzko's Tables of Zeros of the Riemann zeta function [12] and
making use of WPS Office Sheet and MS Office Excel, the representative calculating results for Sv are
listed as follows:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Kioemam —(.02309570896612103381 -+
N*=0000001, S{°°" =0.1471455054942740
N*=0001859. S¥°'%° =0.0234745627637417
N*=0111859, S¢''* =0.0230997060304692
N*=0185911, S¢*°" =0.0230976878317628
N*=1000000, Sv*** =0.0230957352619067
N*=1111859, Sy''* =0.0230957095125283
N*=1114736, Sv**™° =0.0230957089644102

*=1118590, Sy'** =0.0230957082090188
N*=1661859, Si7'** — 0.0230956480980487
N*=1859166, Sv**'% =0.0230956385879995
N*=2000000, S =0.0230956337315925
N*=2001011, S¥'°"' =0.0230956337010589
N*=2001052, S¥°'**=0.0230956337000973

The above calculated values verify that Sz = Sv, the reciprocal sums of all twin zeros after two
numerical amplifications, is a bounded sum with random small periodic and small fluctuations but
having a monotonically DECREASING overall trend as we have proved (15) before.

After the keen point, N*=1114736 appears, the values of Sv with double numerical

amplifications are less than r{ “™ , and are ‘monotonically’ decreasing. Therefore, now we

naturally have

ag M K1 > Sy (= 820 > 81, > 81).

Comparing (18) with (16) or (7), would yield a contradiction, because we assume earlier that all
the nontrivial zeros of the Riemann zeta function are on the critical line. In other words, (8) is valid
only when the Tetrad nontrivial zeros outside the critical line exist, and S2in (8) plays a compensating
role.

Our proposition is proved.

5. Summary

(a) We conclude that Riemann Hypothesis should be false;

(b) S1is probable between 0.023093 - 0.023095;

(c) The determination of the Riemann reciprocal sum constant, K, for all nontrivial zeros may
have been one of the key factors motivating the Riemann Hypothesis;

(d) Other analytical formulas for the reciprocal sum [15, 16] of the nontrivial zeros for the
Riemann zeta function can also be used to verify and prove our proposition by our method in this
paper.
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