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Abstract

Copulas, as a new tool for statistical analysis, are studied in depth. One of the most notable aspects of
this study is the geometric perspective, particularly the concept of regeneration via extreme points and
the well-known result in functional analysis: the Krein-Milman theorem. The practical value of such a
theoretical study is highlighted by a very interesting application in biomedical analysis. Computer
implementations have demonstrated the effectiveness of the adopted approach.
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vascular-system

1. Introduction
In many scientific domains, mainly in oceanography (see among others [3] and [4]), in biology,

medicine ([5]) and more broadly in the life sciences, the study of multivariate phenomena requires
a nuanced understanding of relationships dependence between several variables. Classical models
based on linear correlation are often inadequate: they fail to capture nonlinearity, asymmetry, or the
concentration of dependence at the extremes, even though these behaviors contain essential informa-
tion about the critical states of a biological system. Hence the need to invoke a new mathematical
tool capable of capturing non-linear dependencies. The most appropriate tool for this purpose is
obviously and naturally Copulas (see among others [10], [13] and [20]). These offer a theoretical frame-
work well-suited to this problem, allowing us to describe the dependency structure independently
of marginal laws and faithfully representing extreme interactions. We would like to use this efficient
statistical tool to undersatand some biological phenomena. Here we consider a typical application,
which will be developed at the end of this paper. It is provided by the cardio-respiratory system.
The functioning of the heart, blood vessels, and lungs is intimately linked to blood pressure, heart
rate, and oxygen saturation never vary independently. We aim to explore this link using copulas.
Under normal conditions, an oxygenation imbalance is compensated by an increased heart rate, while
a drop in blood pressure triggers reflex mechanisms designed to preserve organ perfusion. These
variables are therefore correlated, but according to a strongly non-linear, asymmetrical relationship,
particularly pronounced in clinical extremes (severe hypoxia, circulatory shock, acute stress). The
linear correlation can then be misleading: it can remain weak or moderate even when the relation-
ship is very strong in critical areas. Indeed, a slight drop in oxygen has almost no effect on heart
rate, while severe hypoxia (SpO2 < 70%) almost always leads to marked tachycardia and a drop in
blood pressure. Thus, the dependence is mainly concentrated in the tails of the distribution, and the
relationship is not symmetrical: tachycardia can occur with normal oxygenation (stress), but a drop
in SpO2 almost always causes a rapid heartbeat. Copulas are precisely designed to capture these
extreme and asymmetrical behaviors. Several families are well-suited to this context: the multivariate
t-copula models the codependency in both tails and handles outliers; the Clayton copula highlights the
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codependency in low values (hypotension + hypoxia + tachycardia); and the Gumbel copula reveals
the dependence in high values (exertion, stress, physical activity). When each pair of variables exhibits
different behavior, vine copulas (C-vine, D-vine, R-vine) allow us to assign a specific model to each
interaction.
However, limiting ourselves to a single copula Ci would amount to imposing a single physiologi-
cal model, whereas the cardiorespiratory system can function according to several distinct regimes:
rest, exertion, acute stress, hypoxia, or circulatory shock. Therefore, we simultaneously model the
dependence between blood pressure X1, heart rate X2, and oxygenation X3 using several copulas
{C1, C2, . . . , Cn}, and then consider the convex hull

conv{C1, C2, . . . , Cn}

which encompasses all the dependence structures compatible with clinical observations. Identifying
the maximum of this hull (in the sense of a specific point) allows us to pinpoint the strongest achievable
positive dependence within this family, that is, the most severe clinical scenario, where hypotension,
hypoxia, and tachycardia occur simultaneously. This maximum then provides an upper bound
for cardiorespiratory co-dependence and a conservative tool for the early detection of failures, the
assessment of physiological risk, and the modeling of critical situations.

Let us comme back to the theory of copulas which provides one of the most elegant tools in
modern probability and statistics to separate marginal behavior from dependence structure. Fréchet
was the first to question the possibility of generating a joint distribution from the margin (see [8])
in 1951. A few years later (1959), Sklar [9] gave a convincing answer using copulas. In the current
paper, we pursue analytical point of view of the set of regular copulas (i.e continuous ones) and hope to
complete the study with an algebraic treatment, mixed, as far as possible, with a geometrical vision.
This investment is a natuarl continuation of the recent results on copulas in [13,16,18,19]. The interest
of this is undeniable, especially after the spectacular applications in economics [7,15] and artificial
intelligence (AI) [11], education [21], biology [5] and lifetimes problems [14].
A copula is, by definition, a multivariate distribution function with standard uniform margins. More
formally, we recall the definition, adapted from [10]:

Definition 1. A function C : [0, 1]d → [0, 1] is a d-dimensional copula if it satisfies the following boundary
conditions:

a. C(u1, . . . , ud) = 0 whenever one coordinate is zero.
b. It has uniform marginals: (C(1, . . . , 1, ui, 1, . . . , 1) = ui).
c. It is d-increasing, meaning that every signed volume defined on a hyper-rectangle is non negative: for any

hyper-rectangleH :=
d

∏
i=1

[ai, bi] ⊆ [0, 1]d it holds that

VC(H) := ∑
(x1,...,xd)∈Vert(H)

(−1)S((x1,...,xd))C((x1, . . . , xd)) ≥ 0,

where Vert(H) stands for the vertices ofH and
S((x1, . . . , xd)) = card

{
j ∈ {1, 2, . . . , d} : xj = aj

}
. Here card A denotes the cardinality of the set A.

A central result is Sklar’s theorem (1959). It gives the bridge between the margin distributions
and the joint law in a table of contingency. It states that

Theorem 1. For any multivariate distribution function F(x1, . . . , xd) with marginals F1, . . . , Fd, there exists a
copula C such that

F(x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)). (1)
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The uniqueness of the above copula is not warranted in general, but if, in addition, the marginals
are continuous, the copula is unique. Conversely, any choice of marginals together with any copula
yields a valid joint distribution. This separation of margins and dependence is the cornerstone of copula
modeling. Recent developments on asymmetry and tail dependence play central role in machine
learning and modeling[1].
This paper is organized as follows:
In the preliminary section, we recall the mathematical and statistical ingredients needed to ensure
rapid familiarization with the content of the article. We recall mainly the well-known Krein-Milman
Theorem.
We hope, in the first part of this current paper, deepen the study of the set C of all copulas in a
geometrical point of view. The set of copulas is convex: convex combination of copulas remain copula.
The Krein–Milman’s theorem provides a functional analytic foundation for studying such convex sets.
The second section is devoted to a sufficiently developed and rich overview of the natural order on
copulas. The aim is to highlight the structure, hitherto misunderstood, of the extreme points of the set
C of all continuous copulas.
Finally, we conclude with a practical example illustrating how to determine the extrema of a subset
of copulas using an intelligent system. In order to examine the robustness of our approach, we will
test the efficiency of the results by applying the algorithm on the well-known set of comprehensive
copulas(see [10][page15, Exercise 2.4]. We conclude with an application, admittedly modest but
promising in biology.

2. Preliminaries
2.1. Krein-Milman’s Theorem

We start by the fundamental theorem (Krein-Milman’s one) in optmization theory and functional
analysis. It states that:

Theorem 2. Let K be a nonempty compact convex subset of a locally convex topological vector space. Then

K = conv(Ext(K)), (2)

where Ext(K) denotes the set of extreme points of K.

To illustrate this situation in finite dimension and elementary probability calculus, a simple
example is the probability simplex: its extreme points are Dirac measures. Any discrete distribution is
a convex combination of Dirac’s ones. For copulas, extreme copulas form the fundamental building
blocks of the convex set of all copulas.

We come back to construction methods of copulas mainly :

• Algebraic / parametric families: Gaussian, t, Archimedean families (Clayton, Gumbel, Frank, etc.).
• Geometric constructions: prescribing diagonals, sections, supports, shuffle of M, etc.
• Transformational / mixture methods: convex combinations, perturbations, symmetrization.
• Stochastic representations: latent variables, vines, and factor copula models.

For all these methods of construction of copulas, a classical question is symmetry or/and asym-
metry property. Each method offers trade-offs between tractability, flexibility, and the ability to model
asymmetry. As mentioned above, another interesting point is the symmetry and asymmetry of cop-
ulas. Symmetric copulas satisfy C(u, v) = C(v, u) in the bivariate case. Many classical families are
symmetric, but real-world data often display asymmetric dependence. Asymmetric copulas allow
modeling situations where the direction of dependence matters, for instance in tail dependence in
finance or hydrology.

Now we come back to the set of copulas and its elementary properties.
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2.2. Some Topological Properties of the Set of Copulas

Here we present a structured study of the set of copulas: definitions, convexity, closed-ness and
compactness properties.

We denote by C the set of all copulas. Some of properties recalled here may be found in [12,17].

Proposition 1 (Convexity of the set of copulas). The set C of copulas is convex.

Proof. Let C1, C2 ∈ C and λ ∈ [0, 1]. Define the convex combination

Cλ(u, v) = λC1(u, v) + (1− λ)C2(u, v).

We check that Cλ is a copula.
First, we examine Marginal conditions:

Cλ(u, 0) = λC1(u, 0) + (1− λ)C2(u, 0) = 0,

and similarly Cλ(0, v) = 0. Also

Cλ(u, 1) = λC1(u, 1) + (1− λ)C2(u, 1) = λu + (1− λ)u = u,

and likewise Cλ(1, v) = v.
Second, we establish 2-increasingness: For any rectangleH = [u1, u2]× [v1, v2],

VCλ
(H) = Cλ(u2, v2)− Cλ(u2, v1)− Cλ(u1, v2) + Cλ(u1, v1) = λVC1(H) + (1− λ)VC2(H) ≥ 0,

since VC1(H), VC2(H) ≥ 0. Thus Cλ ∈ C, proving convexity.

Proposition 2 (Closedness of the set of copulas). The set C is closed in the space of continuous functions
C([0, 1]2, [0, 1]) endowed with pointwise convergence (and therefore with uniform convergence).

Proof. Let (Cn)n∈N ⊂ C be a sequence converging pointwise to a function C on [0, 1]2. We show C ∈ C.
It is enough to check the two following properties

Marginal conditions: The equalities C(u, 0) = 0, C(0, v) = 0, C(u, 1) = u, C(1, v) = v are preserved in
the limit.

2-increasingness: For any rectangleH = [u1, u2]× [v1, v2],

VCn(H) = Cn(u2, v2)− Cn(u2, v1)− Cn(u1, v2) + Cn(u1, v1) ≥ 0,

for all n. Passing to the limit gives VC(H) ≥ 0, hence C is 2-increasing.
Thus C satisfies the copula conditions. Continuity follows from these properties.

The most useful theorem in functional analysis to state compactness in function spaces is certainly
the Arzelà–Ascoli Theorem that stipulate:

Theorem 3 (Arzelà–Ascoli). Let K be a compact subset of Rn. A sequence ( fn) ⊂ C(K,R) has a uniformly
convergent subsequence if and only if the family ( fn) is uniformly bounded and equicontinuous.

Proposition 3. The set C of copulas is compact in C([0, 1]2, [0, 1]) equipped with the uniform topology.

Proof. 1. C is closed for uniform convergence (hence closed in C([0, 1]2, [0, 1])).
2. C is uniformly bounded: all copulas take values in [0, 1].
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3. C is equicontinuous: each copula is Lipschitz with constant 1 in the sense

|C(u1, v1)− C(u2, v2)| ≤ |u1 − u2|+ |v1 − v2|

This is a classical inequality (see among others [10]). Hence the family is equicontinuous.
By Arzelà–Ascoli, C is relatively compact; being closed, it is compact.

3. Extreme Points of C
Let us start by the question of existence. In other words does the maximum for a convex subset of

copulas exist? Here we consider the set of copulas C equipped with the concordance order (pointwise
order)

C1 ≤ C2 ⇐⇒ C1(x, y) ≤ C2(x, y) ∀(x, y) ∈ [0, 1]2,

we ask: Does a convex subset S ⊆ C admit a maximum?

Remark 1. The set C has a minimum W(x, y) = max(x + y− 1, 0) and a maximum M(x, y) = min(x, y).
However, since the order is not global (total) on C, nor on any convex subset S, the existence of a maximum of a
general subset S is not guaranteed in general. To be convinced, it is enough to consider the following elementary
counterexamples:

Counterexample 1: The case of a convex subset
Consider S = {Cε = (1− ε)M + εΠ : ε ∈ (0, 1]}, Π(x, y) = xy.

• S is convex (indeed, a convex half-line).
• For 0 < ε0 < ε ≤ 1, we have Cε0 > Cε (since M > Π).

Therefore, the pointwise upper bound is

sup S = lim
ε→0

Cε = M.

But M /∈ S (since ε = 0 was excluded).
Conclusion. S has no maximum (even though sup S exists and equals M, which lies outside S).
Counterexample 2: The case of a closed convex subset
Let M(u, v) = min(u, v) (comonotonic copula), W(u, v) = max(u + v − 1, 0) (countermonotonic
copula), Π(u, v) = uv (independence copula), C1 = 1

2 M + 1
2 W, and C2 = Π. Consider the convex hull

S = conv(C1, C2) = {λC1 + (1− λ)C2 : λ ∈ [0, 1]},

which is a convex and closed subset of the set of copulas endowed with the uniform norm (when it is seen
as a subset of C([0, 1]2,R)).
Assume that S admits a maximum C⋆ with respect to the pointwise order. By definition, C⋆ ∈ S and
C⋆ ≥ C for every C ∈ S. In particular, C⋆ ≥ C1 and C⋆ ≥ C2.
Since C⋆ ∈ S, there exists λ ∈ [0, 1] such that

C⋆ = λC1 + (1− λ)C2. (∗)

However, C1 and C2 are incomparable: there exist (u1, v1) and (u2, v2) such that

C1(u1, v1) > C2(u1, v1), C2(u2, v2) > C1(u2, v2).

• At the point (u1, v1), the inequality C⋆ ≥ C1 and (∗) give

λC1(u1, v1) + (1− λ)C2(u1, v1) ≥ C1(u1, v1),

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 April 2026 doi:10.20944/preprints202604.1468.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.1468.v1
http://creativecommons.org/licenses/by/4.0/


6 of 21

which implies (1 − λ)
(
C2(u1, v1) − C1(u1, v1)

)
≥ 0. Since C2(u1, v1) − C1(u1, v1) < 0, we

deduce 1− λ = 0, hence λ = 1.
• At the point (u2, v2), the inequality C⋆ ≥ C2 and (∗) give

λC1(u2, v2) + (1− λ)C2(u2, v2) ≥ C2(u2, v2),

which implies λ
(
C1(u2, v2) − C2(u2, v2)

)
≥ 0. Since C1(u2, v2) − C2(u2, v2) < 0, we deduce

λ = 0.

Thus we obtain simultaneously λ = 1 and λ = 0, which is impossible.
Conclusion : S = conv(C1, C2) is convex, closed, and admits no maximum for the pointwise order.

Proposition 4 (Necessary and Sufficient Criterion). Let S ⊆ C be nonempty, convex, and closed. Then S
admits a maximum for ≤ if and only if the pointwise supremum

F(u, v) := sup
C∈S

C(u, v)

belongs to S. In this case, F is the greatest element of S (the maximum).

Proof. The function F(u, v) = supC∈S C(u, v) exists pointwise whenever S ̸= ∅. If a maximum
C∗ ∈ S exists, then for all (u, v) we have C(u, v) ≤ C∗(u, v), thus F = C∗ is a copula and F ∈ S.
Conversely, if F is a copula belonging to S, then F dominates every C ∈ S pointwise, hence F is the
maximum.

Remark 2. Useful facts:

1. We recall that C endowed with the supremum norm is a compact subset of C([0, 1]2,R)
2. Pointwise attainment if S is compact. For fixed (u, v), the evaluation map E(u,v) : C 7→ C(u, v) is

continuous on C([0, 1]2). If S is compact (e.g., closed convex subset of C), then maxC∈S C(u, v) is attained
at some C ∈ S. Thus, for each (u, v), there exists C such that F(u, v) = C(u, v).

3. Structural properties of F. For any S ⊆ C:

• F(u, v) ∈ [0, 1] and F is non-decreasing in each variable.
• Boundary conditions: F(x, 0) = 0, F(x, 1) = x, F(0, y) = 0, F(1, y) = y.
• Regularity: F is generally lower semi-continuous, but not necessarily continuous.

4. F is not necessarily a copula. The missing property can be 2-increasingness: the pointwise supremum
of copulas may break 2-increasingness on some rectangles. Hence, F is at best a quasi-copula.

Definition 2 (Extreme copulas). A copula C is called extreme if it cannot be written as convex combination
of two distinct copulas:

∀λ ∈ [0, 1] : C = λC1 + (1− λ)C2 =⇒ C1 = C2 = C.

Lemma 1. (Maximality implies extremality). If C⋆ ∈ S is a maximum of S with respect to the concordance
order ≤, then C⋆ is an extreme point of S.

Proof. If C⋆ = λC1 + (1− λ)C2 with C1, C2 ∈ S, then the domination Ci ≤ C⋆ forces the equality
C1 = C2 = C⋆.

Example 1. The Fréchet–Hoeffding bounds W and M are extreme copulas.

Theorem 4 (Krein–Milman for copulas). Let S ⊂ C be a closed convex subset (hence compact). Then S is the
convex hull of its extreme points. i.e.,

S = conv(Ext(S)),
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where Ext(S) denotes the set of extreme points of S.

Proof. This follows from the classical Krein–Milman theorem, applied to S, which is a compact
convex subset of the locally convex space C([0, 1]2) endowed with the norm ∥ · ∥∞ as recalled at the
preliminary

Remark 3. By Krein–Milman’s theorem C = conv
(
ext(C)

)
, that is, every copula can be approximated (in the

uniform norm) by convex combinations of extreme copulas.

Proposition 5 (Reduction to extreme points). Let S ⊂ C be a closed convex subset. Then for every
(u, v) ∈ [0, 1]2,

F(u, v) = sup
C∈S

C(u, v) = sup
E∈Ext(S)

E(u, v).

Proof. The Krein–Milman theorem ensures that S = conv(Ext(S)). Let C ∈ S and ε > 0. By the
definition of the convex closure, there exists a finite convex combination

Cε =
N

∑
i=1

λiEi, Ei ∈ Ext(S), λi ≥ 0, ∑
i

λi = 1

such that ∥C− Cε∥∞ < ε.
By continuity and affinity of the evaluation map E(u,v),

C(u, v) ≤ Cε(u, v) + ε =
N

∑
i=1

λiEi(u, v) + ε ≤ max
1≤i≤N

Ei(u, v) + ε ≤ sup
E∈Ext(S)

E(u, v) + ε.

Letting ε→ 0, we obtain C(u, v) ≤ sup
E∈Ext(S)

E(u, v).

Since this holds for every C ∈ S, we deduce sup
C∈S

C(u, v) ≤ sup
E∈Ext(S)

E(u, v).

The reverse inequality is immediate since Ext(S) ⊂ S.

Theorem 5. Let S ⊂ C be a closed convex subset and define

F(u, v) = sup
C∈S

C(u, v) = sup
E∈Ext(S)

E(u, v).

Then S admits a maximum with respect to the concordance order ≤ if and only if there exists E⋆ ∈ Ext(S) such
that

F = E⋆.

In this case, E⋆ is the maximum of S.

Proof. If there exists E⋆ ∈ Ext(S) such that F = E⋆, then F ∈ S, hence S admits a maximum.
Conversely, if a maximum exists, it is an extreme point (Lemma 3). Therefore, there exists

E⋆ ∈ Ext(S) such that F = E⋆.

Proposition 6. Let C1, C2, . . . , Cn be copulas and let S = conv{C1, C2, . . . , Cn}. Then for every (u, v) ∈
[0, 1]2,

F(u, v) = sup
C∈S

C(u, v) = sup
1≤k≤n

Ck(u, v).

Moreover, S admits a maximum if and only if there exists k ∈ {1, . . . , n} such that F = Ck.
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Proof. Since the set {C1, C2, . . . , Cn} is finite, we have

S = conv{C1, C2, . . . , Cn} = conv{C1, C2, . . . , Cn}.

Hence S is a closed convex set and Ext(S) ⊂ {C1, C2, . . . , Cn}. The previous theorem ensures that a
maximum exists if and only if there exists k ∈ {1, . . . , n} such that F = Ck.

Remark 4. Unlike finite families, where the existence of a maximum is equivalent to the fact that one of the
generating copulas dominates all the others, in the countably infinite case this equivalence no longer holds. The
maximum may well exist without being realized by a particular copula of the family, nor even by a finite convex
combination. For example, consider the family

F =
{

CClayton(n) : n ≥ 1
}

.

The maximum of S = conv(F ) is the comonotonic copula M(u, v) = min(u, v), since

CClayton(n)
uniformly−−−−−→

n→∞
M,

and M is an upper bound of S. However, no copula CClayton(n) in the family is equal to M. Thus the maximum
exists in the closure of the family, but it is not attained by anyone of its elements.

In the following, we present a numerical approach to test the effective existence of this maximum in the
case of a finite family and a infinite countable family of copulas.

4. Numerical Approach to the Existence of a Maximum in the Convex Hull of a
Finite Family of Copulas

In this section, we present a numerical approach for studying the existence of a maximum in the
convex hull of a finite family of copulas. This method is then applied to the analysis of the dependence
between oxygen saturation (SpO2) and heart rate (HR) as a function of altitude.

Principle of the numerical algorithm

Consider copulas C1, . . . , Cn ∈ C and their convex hull S = conv{C1, . . . , Cn}.. We aim to
determine whether S admits a maximum. From a theoretical point of view, the existence of a maximum
is equivalent to the fact that one of the generating copulas dominates all the others on [0, 1]2.

From a numerical perspective, only a discrete approximation is available. We therefore propose
an algorithm based on pairwise comparisons performed on a discrete grid G ⊂ [0, 1]2. A maximal
candidate C∗ is first initialized as C1, and then successively compared with the other copulas in the
family: any copula that strictly exceeds C1 at some point of the grid becomes the new candidate. In the
case of numerical indistinguishability between two copulas, the grid is refined in order to resolve the
ambiguity.

The resulting candidate is then compared with the discrete supremum of the family on the grid,
which allows us to conclude whether a maximum exists or not.

Inputs:

– The finite family {C1, . . . , Cn};
– The grid G ⊂ [0, 1]2;
– A numerical tolerance τ > 0.

Algorithm Steps:

1. Initialization: Set C∗ = C1.
2. Sequential Comparison: For each k = 2, . . . , n, compare Ck with C∗ on the grid G:

– If Ck strictly exceeds C∗ at at least one point of G (i.e., if there exists (u, v) ∈ G such that
Ck(u, v) > C∗(u, v) + τ), then update C∗ ← Ck;
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– Otherwise, C∗ remains unchanged;
– If Ck and C∗ are numerically indistinguishable on G (that is, |Ck(u, v)− C∗(u, v)| ≤ τ

for all (u, v) ∈ G), the grid resolution is refined and the comparison is restarted from
this step to remove ambiguity.

3. Intermediate Result: After the sequential comparisons, C∗ is the candidate for the maximal
copula on the grid G.

4. Verification of the Maximum: Compute the discrete supremum:

FG(u, v) = max
1≤k≤n

Ck(u, v), (u, v) ∈ G,

and then evaluate the uniform deviation:

∥C∗ − FG∥∞,G = max
(u,v)∈G

|C∗(u, v)− FG(u, v)|.

– If ∥C∗ − FG∥∞,G ≤ τ, then the maximum exists and is realized by C∗;
– Otherwise, the supremum does not belong to the family S: no maximum exists.

Application 1: Numerical illustration of the algorithm

To illustrate the algorithm, consider a finite family of heterogeneous dependence models defined
as:

FA =
{

C(α=0.7)
FGM , C(θ=6)

Frank , C(θ=2.5)
Gumbel, C(θ=1.5)

Clayton, C(θ=2.5)
Joe , C(θ=2,δ=1.5)

BB1 , C(ρ=0.6)
Gauss , CComonotone

}
.

This family includes:

• several Archimedean copulas exhibiting various dependence behaviors: FGM (symmetric and
weak), Frank (centered), Gumbel and Joe (upper tail dependence), Clayton (lower tail depen-
dence), and BB1 (a mixture of both behaviors);

• one elliptical copula, the Gaussian copula (ρ = 0.6), representing symmetric correlation;
• and finally, the comonotonic copula C(u, v) = min(u, v), which represents perfect increasing

dependence and acts as the upper Fréchet bound.

The inclusion of the comonotonic copula (i.e copula M) guarantees the existence of a maximum
C⋆ = M = CComonotone. The algorithm is then applied on a restricted grid
G = (ui, vj)101 ⊂ [10−3, 1− 10−3]2, (This choice is explained by the boundary conditions satisfied by
all copulas.) with τ = 10−9, yielding the following numerical results.

Figure 1. Numerical detection of the maximal copula in Family A.

The surface FG(u, v) = maxC∈FA C(u, v) coincides numerically with the comonotonic copula, and
the absolute error |C∗ − FG| is below 10−9 throughout the entire domain. These results confirm that
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the pointwise supremum FG is attained within the family, and therefore the set S = conv(FA) admits
a maximum in the sense of the partial order of copulas. We now consider the family

FB =
{

C(α=0.7)
FGM , C(θ=6)

Frank , C(θ=2.5)
Gumbel, C(θ=1.5)

Clayton, C(θ=2.5)
Joe , C(θ=2,δ=1.5)

BB1 , C(ρ=0.6)
Gauss

}
.

This family is obtained from FA by removing the comonotonic copula. In this case, no single element
globally dominates all others. Applying the same algorithm with identical parameters yields the
following results:

Figure 2. Numerical detection of the maximal copula in Family B.

We observe that the surface FG(u, v) = maxC∈FB C(u, v) is close to, but not identical to, the copula
C∗ = CBB1(θ = 2, δ = 1.5), which is selected by the algorithm as the dominant candidate.

The absolute deviation |C∗ − FG| shows a slight localized increase (on the order of 10−2) in the
region u, v ≈ 1, indicating that the pointwise supremum is not exactly attained.

Hence, although CBB1 provides the strongest dependence among the considered elements, the
maximum of S = conv(FB) does not exist, since no copula, except M, dominates all others on [0, 1]2.

Application 2: Copula analysis of the SpO2–HR dependence under simulated hypoxia

In this section, we propose an application of the copula-based approach to the study of cardio-
respiratory dynamics in a hypoxic environment using the High-Altitude Pilot Physiological Monitoring
Dataset. The data were collected from twenty healthy volunteers (aged 18–40 years) placed in a
hypobaric chamber simulating different altitudes, with precise control of the inspired oxygen concen-
tration. Approximately 44 hours of continuous recordings of peripheral oxygen saturation (SpO2) and
heart rate (HR) were obtained, providing a relevant experimental framework for analyzing hypoxia
thresholds in aviation. The objective is to analyze the evolution of the dependence between these two
variables as a function of altitude [2] and [6].

To this end, the observations of each subject are segmented into altitude bands of 500 m, and
an empirical copula is estimated for each band in order to characterize the dependence structure
associated with each exposure level. This approach makes it possible to overcome the limitations of
classical linear correlation measures and to explore nonlinear and asymmetric dependence between
oxygen desaturation and the compensatory cardiac response. An essential intermediate step consists
in approximating each empirical copula by an optimal convex combination of the fundamental
Fréchet–Hoeffding copulas (M, Π, W),

Ci ≈ ai M + biΠ + ciW,

which provides a continuous and regular representation that attenuates measurement noise while
preserving the dominant dependence structure of each block. We then consider the convex hull of the
resulting copulas,

conv{C1, C2, . . . , C7}.
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This envelope gathers all dependence structures compatible with the physiological observations.
Studying its pointwise maximum makes it possible to determine whether a critical physiological
regime is actually reached, namely a hypoxic situation in which sympathetic co-activation and cardiac
acceleration exhibit a maximal level of synchronization.

Figure 3. Copula-based analysis of the SpO2-HR dependence at altitude (Dataset 0610b).

Figure 4. Copula-based analysis of the SpO2-HR dependence at altitude (Dataset 0623a).

Figure 5. Copula-based analysis of the SpO2-HR dependence at altitude (Dataset 0717b).

Figure 6. Copula-based analysis of the SpO2-HR dependence at altitude (Dataset 0721b).
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File Number of Bands ∥FG − C∗∥∞ Maximum Attained Winning Band
0613b.csv 6 0.000519 True 5000m
0714a.csv 6 0.001923 True 5500m
0721b.csv 7 0.003125 False 5500m
0620b.csv 7 0.001250 True 7000m
0609b.csv 6 0.000000 True 6500m
0717b.csv 7 0.033329 False 5000m
0624a.csv 7 0.000000 True 5000m
0722b.csv 6 0.000000 True 6500m
0626b.csv 6 0.002077 False 6000m
0722a.csv 6 0.000000 True 6500m
0714b.csv 7 0.000000 True 6500m
0627a.csv 6 0.000000 True 6000m
0610b.csv 6 0.000000 True 6500m
0715a.csv 7 0.000000 True 4500m
0626a.csv 6 0.000000 True 7500m
0723b.csv 6 0.000000 True 5000m
0623a.csv 7 0.000000 True 4500m
0728b.csv 7 0.000000 True 5000m
0624b.csv 7 0.000000 True 6000m
0620a.csv 7 0.000000 True 4500m

Figure 7. Maximum detection results and winning altitude bands for each dataset.

The results show that the dependence between oxygen saturation (SpO2) and heart rate reaches a
well-defined maximum for the majority of experimental sessions. In 17 out of 20 cases, the maximum
of the copula envelope is effectively attained, with deviations ∥FG − C∗∥∞ equal to zero or very small,
indicating the existence of an identifiable critical physiological regime. The winning altitude bands
are mainly concentrated between 5000 m and 6500 m, an interval corresponding to moderate to
severe hypoxia where the compensatory cardiac response becomes strongly coupled with oxygen
desaturation. The few cases in which the maximum is not attained reflect inter-individual variability
and a more gradual transition of the dependence on altitude. Overall, the analysis highlights a critical
altitude threshold characterized by maximal synchronization between heart rate and tachycardia,
confirming the applicability of the copule approach for identifying physiological states in hypoxic
environments.

5. Numerical Search for the Maximum of the Convex Hull of a Countable Family
of Copulas

As we have already emphasized, the situation differs markedly between the finite and countable
cases. For a finite family of copulas, the existence of a maximum is equivalent to the fact that one
of the generating copulas dominates all the others. By contrast, for a countably infinite family, this
equivalence no longer holds: a maximum with respect to the point-wise order may exist without being
attained by any element of the family, nor even by any finite convex combination.

In what follows, we establish a necessary and sufficient condition characterizing the existence of
the maximum of the closed convex hull of a countable family of copulas. We also present a numerical
approach that allows one to effectively test the existence (or absence) of this maximum.

Lemma 2. Let {Ck}k∈N ⊂ C be a countable family of copulas, and let S := conv{Ck : k ∈ N} ⊂ C. Then, for
every (u, v) ∈ [0, 1]2,

sup
C∈S

C(u, v) = sup
k∈N

Ck(u, v).

Proof. For the inequality “≤”. Any finite convex combination C = ∑i αiCki
satisfies

C(u, v) ≤ supk Ck(u, v). Passing to the limit along sequences (Cn) approximating any C ∈ S, this
inequality is preserved. Hence,

sup
C∈S

C(u, v) ≤ sup
k

Ck(u, v).

The inequality “≥” is immediate, since each Ck ∈ S.
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Proposition 7. Let {Ck}k∈N be a countable family of copulas and let S = conv{Ck : k ∈ N} ⊂ C. For every
(u, v) ∈ [0, 1]2, define

F(u, v) = sup
C∈S

C(u, v) = sup
k∈N

Ck(u, v).

Then S admits a maximum if and only if F belongs to S. Moreover, in this case, the maximum is equal to F.

Proposition 8. For a finite grid G ⊂ [0, 1]2, its fill distance is defined by

h(G) := sup
x∈[0,1]2

min
z∈G
∥x− z∥1.

Let F and D be two copulas. If max
z∈G
|F(z)− D(z)| ≤ δ and h(G) ≤ η, then ∥F− D∥∞ ≤ δ + 2η.

Proof. For any x ∈ [0, 1]2, choose z ∈ G such that ∥x− z∥1 ≤ η. Since F and D are copulas, we have
|F(x)− F(z)| ≤ ∥x− z∥1 ≤ η and |D(x)− D(z)| ≤ ∥x− z∥1 ≤ η. Therefore,

|F(x)− D(x)| ≤ |F(x)− F(z)|+ |F(z)− D(z)|+ |D(z)− D(x)| ≤ η + δ + η.

Remark 5. • In the case of a regular grid, each point of the unit square belongs to a cell of size 1
Nu
× 1

Nv
.

The point farthest from a grid node is the center of the cell. Hence,

h(G) =
1

2Nu
+

1
2Nv

.

• If the approximation error on G satisfies max
z∈G
|F(z)− D(z)| ≤ ε/2 and h(G) ≤ ε/4, then

∥F− D∥∞ ≤ ε.

Theorem 6 (Approximate characterization of F ∈ S via grids). Let {Ck}k∈N be a countable family of
copulas and let S = conv{Ck : k ∈ N}. Define

F(u, v) := sup
k∈N

Ck(u, v), (u, v) ∈ [0, 1]2.

If F is a copula, then the following two statements are equivalent:

1. F ∈ S (that is, F is the maximum of S);
2. For every ε > 0, for every finite grid G ⊂ [0, 1]2 whose fill distance

h(G) := sup
x∈[0,1]2

min
z∈G
∥x− z∥1

satisfies h(G) ≤ ε/4, there exist an integer n ≥ 1 and weights λk ≥ 0 such that
n

∑
k=0

λk = 1, and the

convex combination

Cε :=
n

∑
k=0

λkCk

satisfies
max
z∈G

∣∣F(z)− Cε(z)
∣∣ ≤ ε/2.

In this case, one automatically has
∥F− Cε∥∞ ≤ ε.
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Proof. (1)⇒ (2)
Assume that F ∈ S. By definition of the closure with respect to the uniform norm, for every ε > 0

there exists a finite convex combination

Cε =
m

∑
k=0

λkCk

such that
∥F− Cε∥∞ ≤ ε/2.

For any grid G satisfying h(G) ≤ ε/4, we then have

max
z∈G
|F(z)− Cε(z)| ≤ ∥F− Cε∥∞ ≤ ε/2.

(2)⇒ (1)
Assume that (2) holds. For each n ∈ N, set εn = 1

n+1 . There then exists a grid Gn with h(Gn) ≤
εn/4 and a finite convex combination

C(n) =
mn

∑
k=0

λkCk

such that
max
z∈Gn
|F(z)− C(n)(z)| ≤ εn/2.

Hence,
∥F− C(n)∥∞ ≤ εn/2 + 2h(Gn) ≤ εn.

Therefore, C(n) → F uniformly. Since each C(n) belongs to conv{Ck}, it follows that F ∈ S.

Remark 6. The approximate characterization theorem shows that, if the pointwise supremum F is a copula,
then the fact that F belongs to the closed convex hull S can be verified numerically on a fine grid of [0, 1]2.
In other words, for every ε > 0, there exists a finite convex combination

Cε =
n

∑
k=1

λkCk

such that
|F(z)− Cε(z)| ≤ ε/2, ∀z ∈ G.

Thus, the membership of F in S can be tested in a discrete manner through the following two conditions: FG is copula-like, that is, 2-increasing on the grid (the boundary conditions being already satisfied),

FG is approximable by convex combinations of the Ck up to a prescribed tolerance.

The algorithm described below implements this principle in three phases:

• Phase A: construction of the discrete supremum FG and identification of a truncation index Kmax;
• Phase B: verification of the discrete 2-increasing property of FG (copula compatibility test);
• Phase C: approximate convex membership test via a single-layer neural network.

If Phases B and C are validated, the discrete supremum FG is accepted as a numerical approximation of the
maximum of S.

Algorithm
Input data

• A countable family of copulas {Ck}k∈N that can be evaluated numerically.
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• A finite grid

G = {(ui, vj) : i = 1, . . . , Nu, j = 1, . . . , Nv} ⊂ [0, 1]2, N = NuNv.

• Three numerical tolerances:

– εsup: saturation threshold for the supremum;
– ε2inc: threshold for discrete 2-increasingness;
– εgap: threshold for convex approximation.

Phase A – Construction of the discrete supremum FG and determination of Kmax

Objective. Approximate the pointwise supremum

F(u, v) = sup
k∈N

Ck(u, v)

by a discrete version FG on the grid G, and determine the index Kmax beyond which additional copulas do not
provide a significant improvement.

Algorithm.

1. Initialization:
FG := C1|G, K ← 1.

2. For k = 2, 3, . . .:

• Evaluate Ck|G on the grid.
• Update:

FG(p)← max
(

FG(p), Ck(p)
)
, ∀p ∈ G.

• Compute the variation:

∆k = max
p∈G

∣∣∣Fnew
G (p)− Fold

G (p)
∣∣∣.

• If ∆k ≤ εsup for several consecutive iterations, stop.

3. Set Kmax := K and retain
{C1|G, . . . , CKmax |G}.

Interpretation. FG is the numerical approximation of the supremum, and Kmax is the last relevant index
before saturation.

Phase B – Discrete 2-increasingness test (copula test)

Objective. Verify that FG satisfies the discrete 2-increasing property.
For each elementary rectangle [ui, ui+1]× [vj, vj+1], compute

∆i,j = FG(ui+1, vj+1)− FG(ui+1, vj)− FG(ui, vj+1) + FG(ui, vj).

The maximal violation is defined by

violmax = max
i,j

max{0,−∆i,j}.

Decision.

• If violmax ≤ ε2inc, then FG is 2-increasing up to the prescribed tolerance.
• Otherwise, one concludes that S does not admit a maximum (even the discrete supremum is not copula-like).
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Phase C – Approximate convex membership test via a neural network

Objective. Verify whether FG can be uniformly approximated on the grid by a convex combination of

{C1, . . . , CKmax}, i.e., FG ∈ conv{C1, . . . , CKmax}.

Definition of the network Nθ . We define Nθ as a single-layer softmax neural network:

θ = (w1, . . . , wKmax) ∈ RKmax , αk(θ) =
ewk

∑Kmax
ℓ=1 ewℓ

.

The coefficients αk(θ) are positive and sum to one, ensuring a convex combination.
The network output is

Nθ =
Kmax

∑
k=1

αk(θ)Ck,

and, on the grid,

Nθ(p) =
Kmax

∑
k=1

αk(θ)Ck(p), p ∈ G.

Loss function. Define the positive gap

gapθ(p) = FG(p)− Nθ(p),

and the global quantities

Lmean(θ) =
1
N ∑

p∈G
gapθ(p), Lmax(θ) = τ log

(
∑

p∈G
egapθ(p)/τ

)
.

The loss function is then
L(θ) = Lmean(θ) + λLmax(θ).

The minimization of L(θ) by gradient descent yields an optimal parameter θ⋆ and optimal weights α⋆k .

Final decision

• Yes: S admits a maximum (on the grid) if

violmax ≤ ε2inc and gap∞ := max
p∈G
|FG(p)− Nθ⋆(p)| ≤ εgap.

• No: otherwise.

Application
Application 1: The maximum is an element of the family.

We test the procedure on the mixed family

F1 =

{
CM, CW , CGumbel

(
1 +

1
k

)
: k ≥ 1

}
,

where CM = min(u, v) is the comonotonic copula, CW = max(u + v− 1, 0) is the counter-comonotonic
copula, and CGumbel(θ) converges to the product copula as θ → 1. This family is particularly interesting
because it combines the two extreme elements of the concordance order (CM and CW) together with a
sequence of intermediate copulas whose dependence gradually decreases. The objective is to determine
whether the closed convex hull

S = conv(F1)
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admits a maximum.
In this numerical experiment, Phase A uses a dense grid of 1001× 1001 points to approximate the

discrete supremum FG(u, v) = sup Ck(u, v), with the exploration limited to K = 1000 copulas (a value
that can be increased if necessary) and a strict tolerance εsup = 10−12. Phase B checks the 2-increasing
property on all elementary rectangles of the grid; a violation smaller than 10−10 is interpreted as
numerical evidence that FG is indeed a copula. Finally, Phase C attempts to reconstruct FG as a finite
convex combination via a neural network whose weights are optimized using Adam (learning rate
0.25, up to 10000 iterations and 5 restarts). If the final approximation satisfies

∥FG − Nθ∥∞ ≤ 10−6,

the supremum is considered numerically attainable in the closed convex hull.
Obtained results:

Figure 8. Numerical detection of the maximal copula in Family 1.

The numerical results clearly show that the closed convex hull S = conv(F1) admits a maximum
with respect to the pointwise order. Phase A indicates that the discrete supremum FG(u, v) is reached
very rapidly, after only Kmax = 6 copulas have been explored, with no further improvement observed
thereafter. Phase B confirms that FG is indeed a numerical copula, since no violation of the 2-increasing
property is detected. Phase C then successfully reconstructs FG as a finite convex combination, with an
extremely small uniform error

∥FG − Nθ∥∞ ≈ 9.998× 10−7,

well below the prescribed threshold 10−6. Moreover, the distribution of the convex weights shows
that almost all the mass is carried by C1 = CM, with a coefficient α1 ≈ 0.999995, which numerically
indicates that the maximum of S is the comonotonic copula.

This conclusion was expected. Indeed, the comonotonic copula CM(u, v) = min(u, v) is the
upper bound of the set of all copulas with respect to the pointwise order. It is therefore theoretically
unavoidable that CM is the maximum of conv(F1), and the algorithm confirms this property with
numerical accuracy on the order of one part in a million.

Application 2: Absence of a maximum in the closed convex hull.

We test the procedure on the countable family

F2 =

{
CClayton

(
1

2n− 1

)
, CGumbel

(
1 +

1
2n

)
: n ≥ 1

}
.

This family alternates Clayton copulas with parameters decreasing to 0 and Gumbel copulas with
parameters decreasing to 1. All Clayton copulas are dominated by CClayton(1), and all Gumbel
copulas are dominated by CGumbel(3/2). Therefore, if a maximum of conv(F2) were to exist, it would
necessarily coincide with the maximum of

conv{CClayton(1), CGumbel(3/2)}.
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However, these two extreme copulas are not comparable with respect to the pointwise order: the
Clayton(1) copula dominates the Gumbel(3/2) copula on part of the domain, while the reverse
inequality holds elsewhere. Consequently, no copula in the convex hull can simultaneously dominate
both, and the closed convex set

S = conv(F2)

does not admit a maximum.
In this numerical experiment, the algorithm is executed with parameters ensuring high accuracy

while remaining computationally feasible. Phase A employs a fine grid of 1001 × 1001 points to
approximate the discrete supremum FG(u, v) = sup Ck(u, v), with the exploration limited to Kmax =

1000 copulas (a value that can be increased if necessary) and a strict tolerance εsup = 10−12. Phase B
checks the 2-increasing property on all elementary rectangles; a violation below 10−10 is regarded as
numerical evidence that FG is a copula. Finally, Phase C attempts to reconstruct FG as a finite convex
combination via a network optimized using Adam (learning rate 0.25, up to 10000 iterations and five
restarts). If the uniform error satisfies

∥FG − Nθ∥∞ ≤ 10−6,

the supremum is considered numerically attainable. Altogether, these parameters ensure a reliable
verdict on the existence or absence of a maximum in conv(F2) at the scale of one part in a million.

Obtained results:

Figure 9. Numerical detection of the maximal copula in Family 2.

The numerical results confirm the absence of a maximum in conv(F2). Phase B shows that the
discrete supremum FG is indeed a numerical copula, since no violation of the 2-increasing property is
detected. However, Phase C fails to reconstruct this supremum as a finite convex combination: the
uniform error remains on the order of 1.7× 10−2, well above the required threshold 10−6. The error
surface clearly illustrates this discrepancy, which persists far from the diagonal u = v. The obtained
convex weights involve only the first two copulas of the family, corresponding to the convex hull

conv{CClayton(1), CGumbel(3/2)}.

Nevertheless, even this optimal mixture fails to attain FG, confirming that no copula in the closed
convex hull is able to dominate all the others. The algorithm therefore correctly concludes that
conv(F2) does not admit a maximum.

Application 3 : Maximum in the closed convex hull

In order to experimentally test the ability of our algorithm to detect the existence of a maximum
in a countable convex closure, we consider the family of Farlie–Gumbel–Morgenstern copulas

F3 =

{
CFGM(αk) : αk = (−1)k

(
1− 1

k

)
, k ≥ 1

}
.
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This sequence of parameters alternates in sign and converges to the extreme values ±1, so that the
family simultaneously approaches the two limiting copulas CFGM(1) and CFGM(−1) without ever
attaining them. Since the mapping α 7→ CFGM(α) is increasing with respect to the pointwise order, the
pointwise supremum of F3 is formally the limiting copula CFGM(1). Therefore, if the closed convex
hull conv(F3) admits a maximum, it must necessarily coincide with CFGM(1).

From a numerical standpoint, Phase A employs a fine grid of 1001× 1001 points to approximate
the discrete supremum FG(u, v) = sup Ck(u, v), with a sweep up to Kmax = 2000 copulas and a strict
tolerance εsup = 10−7. Phase B checks the 2-increasing property on all elementary rectangles of the
grid; a violation below 10−10 is interpreted as numerical evidence that FG is indeed a copula. Finally,
Phase C attempts to reconstruct FG as a finite convex combination using a network optimized with
Adam (learning rate 0.25, up to 15 000 iterations and five restarts). If the uniform error satisfies

∥FG − Nθ∥∞ ≤ 10−6,

we consider the supremum to be numerically attainable.
Obtained results

Figure 10. Numerical detection of the maximal copula in Family 3.

The numerical experiment shows that the closed convex hull

S = conv(FFGM)

admits a maximum with respect to the pointwise order. The discrete supremum FG, computed on a
1001× 1001 grid, is validated as a copula by Phase B, since no violation of the 2-increasing property is
detected. Phase C then reconstructs FG by means of a finite convex combination with a uniform error

∥FG − Nθ∥∞ = 9.7× 10−7,

which is below the prescribed threshold 10−6. The distribution of the convex weights shows that the
maximum is essentially carried by the last elements of the sequence, which is consistent with the
convergence αk → 1.

This numerical behavior is in perfect agreement with the theoretical analysis. Indeed, the limiting
copula of the supremum is CFGM(1), and

∥C1122 − CFGM(1)∥∞ =
1

17952
≃ 5.57× 10−5,

which confirms that the copulas corresponding to large values of k are already extremely close to
the theoretical maximum. The algorithm therefore correctly identifies the existence of a maximum in
conv(F3), with numerical accuracy on the order of one part in a million.

Remark 7. A natural improvement of the algorithm consists in drastically reducing the number of copulas
used in Phase C. At present, the program stores all copulas encountered during the construction of the discrete
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supremum. However, one can do much better: for each grid point, it suffices to retain only the copulas that attain
the maximum at that point. In other words, one constructs a set I∗ consisting of the “champions” of the grid,
namely the copulas that win at least once on the grid, and discards all the others. In practice, this subset remains
very small, even when the initial family contains several hundred elements.

Author Contributions: The first author drafted the manuscript, the second one has implemented numerical
methods and the third one has checked the functional analysis of the problem.
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