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Abstract: This study examines the dynamics of two spheres falling independently in a viscous fluid,
highlighting conditions under which a lighter sphere can achieve a higher velocity than a heavier one.
Through theoretical modeling and simulations, the motion of spheres with varying densities and radii,
released simultaneously in a uniform viscous medium, was analyzed. The investigation considers
gravitational, buoyant, and drag forces, with the spheres moving under identical initial conditions and
without mutual interaction. The results confirm the well-established case where the heavier sphere
exhibits a greater terminal velocity. However, an intriguing phenomenon is identified: under specific
conditions, a lighter sphere can surpass its counterpart in terminal velocity. Additionally, when spheres
of equal weight are compared, the denser sphere consistently attains a higher terminal velocity. The
study reveals non-trivial time-dependent acceleration patterns, with alternating dominance between
heavier and lighter spheres before terminal velocities are reached. Furthermore, the order of impact
with the ground is shown to depend on the release height, illustrating a complex interplay of forces.
These findings offer novel insights into fluid dynamics, with implications for education and engineering
applications.

Keywords: buoyant forces, drag forces, non-trivial, terminal velocities, spheres, density

1. Introduction

It is currently accepted that in a vacuum, all objects fall with the same gravitational acceleration
[1-3] . There is an experiment called Newton’s tube, which involves a tube about two meters long.
Inside the tube, substances of different densities, such as paper, cork, lead, etc., are placed. By creating
a vacuum inside the tube and inverting it, it can be observed that all the objects fall simultaneously
[4]. It is also accepted that in the presence of a fluid with appreciable density, heavier objects fall with
greater acceleration. This is explained by a combined effect of drag force and buoyant force, both
exerted by the fluid on the object. These forces slow down the motion, allowing heavier objects to
experience a greater net force and higher acceleration [5-7]. Research spanning from elementary school
classrooms to graduate-level courses has repeatedly delved into how learners perceive the behavior
of falling objects. A recurring misconception is that bulkier items plummet faster than their lighter
counterparts. Educators, however, have creatively shattered this myth with experiments. For instance,
dropping various compact items—Ilike a scrunched-up paper ball, a hefty textbook, a solid rock, a
basketball, and a bowling ball—from the same height illustrates that they all touch the ground nearly
simultaneously. This holds even in the presence of air, a fluid that offers only minimal resistance due
to its low density and viscosity. The tiny time differences between their descents are so negligible that
they can essentially be dismissed [8,9].

There are many studies on objects falling in the presence of a fluid. For instance, a theoretical
approach for estimation of the drag correlation coefficients in the flow of Newtonian or weak non-
Newtonian liquids around spherical solid particles is studied [10]. The terminal velocity and drag
coefficient of free-falling discs, cylinders, and irregular particles in different fluids are described [11].
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The classical problem of spheres falling through viscous fluids for small Reynolds numbers was solved
taking into account the effects of added mass [12] . Kozlov et al. devoted themselves to an experimental
study of the fluid motion induced by a light spherical body floating along the axis of a rotating
vertical cylinder [13]. A series of particle-resolved direct numerical simulations were conducted using
FLOW-3D (commercial computational fluid dynamics software) for spheres and five regular, non-
spherical shapes of sediment particles: prolate spheroid, oblate spheroid, cylinder, disk, and cube [14].
However, there is no study that explores the possibility of lighter objects falling faster than heavier
ones. Therefore, the research question (RQ) posed in this study is the following: Is it possible for lighter
objects to descend more rapidly in a viscous medium? Indeed, this intriguing phenomenon forms a
central focus of the present study. The motion of two spheres with distinct radii, one composed of
iron and the other of aluminum, is analyzed as they move through a dense, highly viscous fluid. Each
sphere’s motion is considered independently, assuming the fluid is homogeneous and unbounded.
The analysis accounts for the forces exerted on the spheres, as well as their acceleration, velocity,
and displacement over time. Despite extensive studies on terminal velocity and drag in Newtonian
and non-Newtonian fluids, no previous research has explored the paradoxical scenario where a less
massive sphere attains a higher terminal velocity than a more massive counterpart. This gap in the
literature underscores the originality of the study, positioning it as a critical contribution to both
theoretical physics and applied mechanics.

2. Theoretical Approach and Analytical Method

The Figure 1 illustrates the forces acting on a sphere of density p and ratio r falling in a fluid of
density pr and viscosity 7. Vectors will be treated as scalar quantities with either positive or negative
signs. Positive values will denote a direction toward the center of the Earth, whereas negative values
will indicate a direction away from it. The sphere are close to the Earth’s surface, and its weight can be
approximated by:

W= %ngpr3 1)

where the gravitational acceleration has been denoted by g. The fluid exerts both a buoyant force (B)
[2] and a viscous force (Fy) [15] on the sphere, which are described by the following equations:

4 3

B = —378Pf" (2)

F, = —6myro 3)

Fluid .
T wy F

B

Figure 1. A sphere of density p and radius r falling in a fluid of density py and viscosity 7. The forces acting on
the sphere are its weight (W), the buoyancy force (B), and the viscous force (Fy).
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The preceding expression is Stokes” law, which has been successfully verified for Reynolds numbers
smaller than 1, Re < 1 [15]. This number is defined as:

o= 2pvr
U

R )

Considering Egs. (1), (2), and (3) and applying Newton’s law, along with techniques for solving
differential equations, expressions for the position, velocity, and acceleration of the sphere as functions
of time were obtained.

200472 97
x(t) = vt + o (exp( 2P7’2t> 1) (5)
o(t) =v1—ex —9—17t (6)

- P 2012

—o(1-% _ 1
a(t) = g(l ) )exp( 2pr2t (7)
where t is the time. The constant v; represents the terminal velocity of the sphere and is calculated as:
2g71?

UtZW(P—Pf) 8)

In Eq. (6), as time increases, the exponential term approaches zero and the velocity reaches its
maximum value v;.

The gravitational force pulls the sphere toward the center of the Earth, while the buoyant and
viscous forces act in the opposite direction. Therefore, the acceleration of the sphere depends on the
ratio between the gravitational force and the opposing forces to the motion, often referred to as the
"ratio of forces." This ratio is given by the fraction

W

0

P= B+ F, ®)
Replacing equations (1), (2), (3), and (6) into equation (9), the following result is obtained.
P(t) = T (10)
1 (1 D)exp(— 251))

The fall of two spheres with different densities and radii will be compared. The first one has a higher
density, p1, and a radius of r;, while the second one has a lower density, p», and a radius of 5. The
parameter 7 is defined as the ratio between the radius of the sphere with higher density and the radius
of the sphere with lower density, as follows:

_n
n= " (11)

By using Egs. (1) and (11), the ratio of the weights of the spheres is calculated as follows:

['2 PZ 3
n)="2n 12
Wl( ) 01 (12)

By employing Egs. (8) and (11), the ratio of the terminal velocities can be expressed as follows:

by = P20 o

13
431 1 — Py 19
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Figure 2. The solid line represents the ratio of the weights W, /Wj, while the dashed line depicts the ratio of the
terminal velocities vy; /v1; of two spheres, both as function of the ratio of their radii n = r, /1. The two vertical
solid lines separate three intervals: In the first one, the heavier sphere (the iron one) has a higher terminal velocity.
In the second one, the lighter sphere (the aluminum one) has a higher terminal velocity. In the third interval, the
heavier sphere (the aluminum one) has a higher terminal velocity.

3. Results

The simulations are conducted using an iron sphere with a density of p; = 7874 kg/m?® and an
aluminum sphere with a density of py = 2698 kg/m>. Honey was used as the fluid, with a viscosity of
17 = 3.450 Pa - s and a density of p; = 1400 kg/m>.
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Figure 3. (a) The terminal velocity (v;1) and (b) the Reynolds number (Re;p) for an iron sphere falling in honey,
both expressed as functions of its radius (r1).
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Figure 4. (a) The terminal velocity (vs;) and (b) the Reynolds number (Re;) for an aluminum sphere falling in
honey, both expressed as functions of its radius (7).

3.1. Comparison of the Times at Which the Spheres Reach Their Terminal Velocities

When the forces acting on the sphere are in equilibrium, the ratio of the gravitational force to
the forces opposing the motion in Eq. (10) equals 1. As a consequence, the acceleration in Eq. (7)
tends to zero, and the velocity in Eq. (6) attains its maximum value, v;. At this stage, the exponential
factor in Egs. (6), (7), and (10) becomes nearly zero. The two spheres reach their terminal velocities
simultaneously when the time coefficients in the exponential terms for each sphere are nearly identical.
In this situation, the ratio between the radii of the spheres is given by:
_ /P
e = o (14)
Using the previously mentioned densities of iron and aluminum, 7, = 1.708 is obtained. For n > 1.708,
the sphere with lower density reaches its terminal velocity after the sphere with higher density.
Conversely, for n < 1.708, the sphere with higher density reaches its terminal velocity after the sphere
with lower density. This will be useful in the following sections.

3.2. Comparing the Weights of the Spheres and Their Terminal Velocities

Figure 2 shows the ratio of weights (solid line) and the ratio of terminal velocities (dashed line) as
a function of the ratio of radii. Let r be the radius of the iron sphere and r, the radius of the aluminum
sphere. The ratio n = r,/r determines which sphere is heavier and which one has a larger terminal
velocity. When the ratio between the weights of the spher W, /Wj, as given by Eq. (12), is greater
than 1.000, the aluminum sphere is heavier, and if this ratio is smaller than 1.000, the heavier sphere is
the iron one. If W,/W; = 1.000, the spheres have equal weights. Similarly, when the ratio between
the terminal velocities of the aluminum sphere and the iron sphere vy, /vy, as given by Eq. (13), is
greater than 1.000, the aluminum sphere has a larger terminal velocity, and if this ratio is smaller
than 1.000, the iron sphere has a larger terminal velocity. If vy /v = 1.000, the spheres have equal
terminal velocities. Figure 2 shows the curves obtained from equations (12) and (13). The spheres have
equal weights (W, /W; = 1.000) at point c on the solid line for n = 1.429, and equal terminal velocities
(vi2 /v = 1.000) at point i on the dashed line for n = 2.233. When the spheres have the same weight,
the denser one has a higher terminal velocity, as indicated by point d in Figure (2). Conversely, when
the spheres have the same terminal velocity, the less dense sphere has a greater weight, as indicated by
point g in Figure (2). We considered three intervals in the domain of the following functions.
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3.2.1. The Iron Sphere Is Heavier and Falls with a Higher Terminal Velocity

For 0 < n < 1.429, the solid line is below the horizontal line W, /W; = 1.000, and the dashed
magenta line is below the straight line v, /v;; = 1.000 indicating that the iron sphere is heavier than
the aluminum sphere and has a higher terminal velocity in the corresponding interval

(0,1.429)

3.2.2. The Iron Sphere Is Lighter and Falls with a Higher Terminal Velocity

For 1.429 < n < 2.233, the solid line is above the straight line % = 1.000, and the dashed magenta

line is below the horizontal line % = 1.000, indicating that in this interval the iron sphere is lighter
and falls with a higher terminal velocity. The corresponding interval is

(1.429,2.233)

3.2.3. The Aluminum Sphere Is Heavier and Falls with a Higher Terminal Velocity

For n > 2.233 the solid line is above the straight line W, /W; = 1.000, and the dashed magenta
line is above the straight line vy; /v1; = 1.000. Therefore, the aluminum sphere is heavier and falls with
a higher terminal velocity in the following interval:

(2.233, 00)

The three intervals mentioned above are summarized in the Table 1 and will be analyzed in detail in
the following sections.

Table 1. Summary of the behavior of weights and terminal velocities of spheres in different intervals of the ratio
of their radii.

Larger terminal

Interval Heavier sphere Lighter sphere velocity
0<n<1.429 Iron Aluminum Iron
1429 < n < 2.233 Aluminum Iron Iron
2233 <n < oo Aluminum Iron Aluminum

3.3. Allowed Values for the Radii of the Spheres

Stokes’ law, which describes the viscous force on a sphere, is valid for Reynolds number (Eq. 4)
values smaller than 1. The terminal velocity and the Reynolds number of the iron sphere as a function
of its radius are plotted in Figures 3a and 3b, respectively. As the Reynolds number must not exceed
the value of 1.000, the range of values for the radius of the iron sphere is:

(0,6.705 mm)

In the same way, for the aluminum sphere, according to Figures (4a) and (4b), the valid values for its
radius are:

(0,11.46 mm)

3.4. The Heavier Sphere Falls with a Higher Terminal Velocity

Figure 5c plots the velocities of the two spheres as a function of time for r; = 4.000 mm and
rp = 1.200r = 4.800 mm.
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Figure 5. The time evolution of (a) the ratio between gravitational force and the forces opposing motion, (b)
acceleration, (c) velocities and (d) positions is shown for two spheres: iron (solid line) and aluminum (dashed b
line). The radii of iron and aluminum sphere are r; = 4.000 mm and r, = 1.200r; = 4.800 mm respectively.

According to Section 3.2.1, n = 1.200 lies within the interval where the iron sphere is heavier and
has a higher terminal velocity. This can be corroborated because the points 2 and b for n = 1.200 in
Figure (2) lie below the line W, /W = v3;/v1; = 1.000. According to Eq. (14) the two spheres reach
their terminal velocities simultaneously for n, = 1.708. For 1.200 < #n,, the iron sphere attains its
terminal velocity after the aluminum one. Additionally, the proportion between the gravitational force
and opposing forces is larger for the iron sphere (P; > P,), before it decays to approximately 1.000 at
t = 41.54 ms (see Fig. 5a). This leads to the iron sphere having a greater acceleration (a; > ay) before
it becomes approximately zero at t = 41.54 ms (Fig. 5b). These factors explain why the iron sphere
has a larger velocity for any time in Fig. 5c, and why its position always leads the position of the
aluminum sphere in Fig. 5d. Regardless of the height at which the two spheres are released in the
viscous medium, the heavier sphere touches the ground first. It has been observed that the sphere with
greater density is heavier and has a larger ratio of forces P, acceleration 4, and velocity v at any given

time.
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Figure 6. The time evolution of (a) the ratio between gravitational force and the forces opposing motion, (b)
acceleration, (c) velocities and (d) positions is shown for two spheres: iron (solid line) and aluminum (dashed b
line). . The radii of iron and aluminum sphere are r; = 4.000 mm and r, = 2.500r; = 10.00 mm respectively..

Figure 6¢ plots the velocities of the two spheres as a function of time for r; = 4.000 mm and
rp = 2.500r; = 10.00 mm. According to Section 3.2.3, n = 2.500 lies within the interval where the
aluminum sphere is heavier and has a higher terminal velocity. This can be corroborated because the
points 7 and j for n = 2.500 in Figure (2) lie above the line W, /W; = vy /v1; = 1.000. For 2.500 > n,,the
aluminum sphere attains its terminal velocity after the iron one. The ratio between the gravitational
force and opposing forces to motion is larger for the iron sphere during a small interval of time at the
beginning of the motion, specifically for 0 < t < 8.081ms ( Fig. 6a), as well as its acceleration ( Fig. 6b).
The iron sphere has a higher velocity from t = 0 until = 24.80 ms. After ¢ = 8.081, the ratio of forces
P and the acceleration a becomes larger for the aluminum sphere over a sufficient interval of time,
resulting in the aluminum sphere having a higher velocity beyond t = 24.80 ms. Figure 6d shows
that the position of the iron sphere is ahead of the position of the aluminum sphere for ¢ < 49.00 ms.
However, for t > 49.00 ms, the aluminum sphere is always ahead of the iron sphere. At ¢ = 49.00 ms,
the spheres have approximately the same position, around 2.500 mm. Which sphere hits the bottom of
the container first depends on the height at which the spheres were released. If the height is smaller
than 2.500 mm, the iron sphere will hit the ground first. If the height is greater than 2.500 mm, the
aluminum sphere will hit the ground first. If the height is approximately 2.500 mm, the spheres hit
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the bottom of the container at approximately the same time. It has been described a case where the
sphere with higher density is actually lighter. Initially, it has a larger ratio of forces P, acceleration a,
and velocity v. However, after a short period of time, P and a become larger for the heavier sphere,
which has lower density. As a result, the heavier sphere with lower density attains a higher velocity.

3.5. The Lighter Sphere Falls with Higher Terminal Velocity

Figure 7c plots the velocities of the two spheres as a function of time for r; = 4.000 mm and
rp = 1.800r; = 7.200 mm.

2.000
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Figure 7. The time evolution of (a) the ratio between gravitational force and the forces opposing motion, (b)
acceleration, (c) velocities and (d) positions is shown for two spheres: iron (solid line) and aluminum (dashed b
line). . The radii of iron and aluminum sphere are r; = 4.000 mm and r; = 1.800r; = 7.200 mm respectively.

According to Section 3.2.2, n = 1.800 lies within the interval where the iron sphere is lighter and
has a higher terminal velocity. Therefore, the results suggest that the answer to the RQ posed in this
study is affirmative, since the point e in Figure 2 lies above the line W, /W; = 1.000, and the point f
lies below the line vy; /v1; = 1.000.

It can be observed that n = 1.800 is approximately equal to 1, = 1.708, so the spheres attain their
terminal velocities approximately at the same time. The ratio of forces and the acceleration are larger
for the iron sphere before the forces acting on each sphere are balanced at approximately ¢ = 41.53
ms. At this time, the ratio of forces for each sphere is around 1.000 (Fig. 7a) and their accelerations are
near zero (Fig. 7c). Consequently the velocity of the iron sphere stays larger than that of the aluminum
sphere at any time above zero (Fig. 7c). The iron sphere is always ahead of the aluminum one in
position (Fig. 7d). It has been described a case where the sphere of higher density is lighter and has a
larger ratio of forces and acceleration before the forces on the spheres are balanced. As a result, the
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velocity is always greater for this sphere. Regardless of the height at which the spheres were dropped,
the lighter sphere with higher density will hit the ground first.

Therefore, the present study provides a novel theoretical perspective on the dynamics of objects
falling in a viscous medium, challenging the widely accepted notion that heavier spheres always
achieve higher terminal velocities. Through analytical modeling and simulations, the research identi-
fied specific conditions under which a lighter sphere can surpass a heavier one in terminal velocity,
revealing a complex interplay between buoyant, drag, and gravitational forces. This finding has
significant implications for fluid dynamics, particularly in educational and engineering applications
where assumptions about object motion in viscous environments are frequently employed. The re-
sults challenge conventional understandings of motion in viscous media and open new avenues for
experimental validation and practical applications in fields such as sediment transport, industrial fluid
mechanics, and biomechanics.

4. Conclusions

The fall of two spheres in a medium with appreciable density and viscosity was described. It
was graphically demonstrated that there is a range of sphere radii in which the denser sphere is the
lighter one and has a higher terminal velocity. The commonly accepted case, where the heavier sphere
has a higher terminal velocity, was also analyzed. There is no range in which the less dense sphere
is the lighter one and reaches a higher terminal velocity. The competition between the weight of the
spheres and the forces opposing their motion due to the fluid is the determining factor in describing
the acceleration, velocity, and position of each sphere as a function of time, allowing for a detailed
description of their fall.

There is a range where the denser sphere is the lighter one and another where it is the heavier one.
However, in both ranges, at all times before force equilibrium is reached, the denser sphere experiences
a greater ratio of weight to opposing forces, acquiring a higher terminal velocity and touching the
ground first regardless of the height from which the spheres are released. In the range where the less
dense sphere is the heavier one, before each sphere reaches its terminal velocity, some non-trivial
behaviors occur in the falling velocity as a function of time. Therefore, to determine which sphere
touches the ground first, the release height must first be established.
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