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Abstract: Alternative proof is given for an earlier presented result that if a link in 3-space bounds a
proper oriented surface (without closed component) in the upper half 4-space, then the link bounds a
proper oriented ribbon surface in the upper half 4-space which is a renewal embedding of the original
surface
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1. Introduction
For a set A in the 3-space R® = {(x,y,z)| — o < x,y,z < +0o0} and an interval | C R, let

Al ={(x,y,z,t)| (x,y,z) € A, t € ]}

The upper-half 4-space R% is denoted by R3[0, +-0). Let k be a link in the 3-space R3, which always
bounds a proper oriented surface F embedded smoothly in the upper-half 4-space R%, where R?[0] is
canonically identified with R3. Two proper oriented surfaces F and F’ in R* are equivalent if there is an
orientation-preserving diffeomorphism f of R* sending F to F/, where f is called an equivalence. Let b
be a band system spanning the link k in R%, namely a system of finitely many disjoint oriented bands
b;, (i=1,2...,m) spanning the link k in R®. Let k’ be a link in R® obtained from k by surgery along this
band system b. This band surgery operation is denoted by k — k’. If the link k" has r — m or r + m knot
components for a link k of r knot components, then the band surgery operation k — k' is called a fusion
or fission, respectively. These terminologies are used in [6]. Assume that a band surgery operation
k — k' consists of a band surgery operation k; — k; for the knot components k; (i = 1,2,...,n) of
k. Then if the link k/ is a knot for every i, then the band surgery operation k — k' is called a genus
addition. Every band surgery operation k — k' along a band system b is realized as a proper surface F
in R3[s, u] for any interval [s, u] as follows.

K'[t], for &% <t <u,
FANR[H] =< (kUb)[t],  fort= 4,
klt],  fors <t < St

For every band surgery sequence kg — ki — kp — - - — ky, the realizing surface F* in R3[s, u] is given
by the union
FUFR?U---UE"

0 Sp—1

for any division
s=s51<s51<sy <<, =1

of the interval [s, u]. For a band surgery sequence kg — k1 — ko — - - - — 0, with 0, a trivial link, the
upper-closed realizing surface in R3[s, t] is the surface

ucl(F*) = F* U 8[u]
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in R3[s, t] with boundary ducl(F¥*) = ko[s] in R3[s], where & denotes a disk system in R® of mutually
disjoint disks with 0J = o,,. Further, if the link ky is the split sum k 4 o of a link k and a trivial link o in
R3, then a bounded realizing surface for the link k p(F¥) in R3[s, u] is defined to be the surface

p(E) = KU d[s]U d[u]

in R3[s, u] with dp(F") = k[s] in R®[s], where d is a disk system in R® with 9d = oand d Nk = @.
A proper realizing surface for the link k is a proper surface p(F*)* in R3[s, +-00) with ap(F¥)* = k[s]
in R3[s] which is obtained from p(F) by raising the level s of the disk system d into the level
s + ¢ for a sufficiently small ¢ > 0. The upper-closed proper surface ucl(F") for ko in R4 does not
depend on choices of § and is determined up to equivalences only by the band surgery sequence
ko = ki = ko — - -+ = o, with 0, a trivial link by Horibe-Yanagawa’s lemma, [6]. Also, the proper
realizing surface p(F#)" for k in R* does not depend on choices of J, d, € and is determined up to
equivalences only by the band surgery sequence k + 0 — k; — k — - - - — 0, with o, oy, trivial links.
A stable-exact band surgery sequence for a link k in R3 is a band surgery sequence

(#) k+0—>k1—>k2—)k3—)04

for trivial links o, 04 in R? such that

(0) the operation k + 0 — kj is a fusion along a band system b; connecting every component of o to k
with just one band,

(1) the operation k1 — kj is a fusion along a band system by,
(2) the operation kp — k3 is a genus addition along a band system b3, and

(2) the operation k3 — 04 is a fission along a band system by.

In (0), the link k; is called a band sum of the link k and the trivial link o. By band slides, assume
that the band systems b; (i = 2,3,4) do not meet with the trivial link o. For every stable-exact band
surgery sequence (#) for a link k in R?, a proper realizing surface p(F; ) for k in R with dp(F}) =k
is constructed for any division 0 = sy < s1 < sp < s3 < s4 = 1 of the interval [0, 1]. The following
theorem is known, [6].

Normal form theorem. For every proper oriented surface F without closed component in the upper-
half 4-space R4, there is a stable-exact band surgery sequence (#) for the link k = 9F in R such that
the proper realizing surface p(F})™ is equivalent to F in R% .

The surface p(Fj )™ in R% is called a normal form of the proper surface F in R% . In the stable-exact
band surgery sequence (#), if the trivial link o is taken the empty set @, then the item (0) is omitted and
the stable-exact band surgery sequence (#) is reduced to the band surgery sequence

(##) k=ki —ky — ks — o4

This band surgery sequence (##) is called an exact band surgery sequence for the link k. In classical knot
theory, a proper surface F in R% is a ribbon surface in R% for the link k = oF in R3 if it is equivalent
to the upper-closed realizing surface ucl(F} ) of an exact band surgery sequence (##) for the link k. In
the following example, it is observed that there are lots of proper oriented surfaces without closed
component in R% which is not equivalent to any ribbon surface.

Example 1. For every link k, let F" be any ribbon surface in R* with k = 9F'. For example, let F' be a proper
surface in R4 obtained from a Seifert surface for k in R3 by an interior push into R%.. Tuke a connected sum
F = F'#K of F' and a non-trivial S?>-knot K in R* with non-abelian fundamental group. The ribbon surface F’
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is a renewal embedding of F into RY with k = OF = oF. The fundamental groups of k, F', F, K are denoted
as follows.
(k) = m(R*\k,xp), 7(F)=m(R*\ F,x),

n(F) = m(R*\ F,xg), m(K)=m(S*\K, x).

Let 7t(k)*, (F")*7t(F)*, 7t(K)* be the kernels of the canonical epimorphisms from the groups 7t(k), 7t(F"), 7t(F),
7t(K) to the infinite cyclic group sending every meridian element to the generator, respectively. It is a spe-
cial feature of a ribbon surface F' that the canonical homomorphism 7t(k) — 7(F') is an epimorphism, so
that the induced homomorphism 7t(k)* — 7t(F')* is onto. On the other hand, the canonical homomorphism
nt(k) — 7t(F) is not onto, because the group 7t(F)* is the free product t(F')* x 7t(K)* and 7(K)* # 0 and
the image of the induced homomorphism 1t(k)* — 7t(F)* is just the free product summand 7t(F'")*. Thus, the
proper surface F in R% is not equivalent to any ribbon surface, in particular to F'.

A proper surface F' in RY is a renewal embedding of a proper surface F into R if 9F/ = oF in R3
and there is an orientation-preserving surface-diffeomorphism F’ — F keeping the boundary fixed.
The proof of the following theorem is given, [4]. In this paper, an alternative proof of this theorem is
given from a viewpoint of deformations of a ribbon surface-link in R*.

Classical ribbon theorem. Assume that a link k in the 3-space R® bounds a proper oriented surface F
without closed component in the upper-half 4-space R% . Then the link k in R3 bounds a ribbon surface
F"in RY which is a renewal embedding of F.

A link k in R3 is a ribbon link if there is a fission k — 07 for a trivial link 07. A link k in R® is a slice
link in the strong sense if k bounds a proper disk system embedded smoothly in R . Then there is a
stable-exact band surgery sequence (#) with ky = k, = k3 for k. The following corollary is a spacial
case of Classical ribbon theorem.

Corollary 1. Every slice link in the strong sense in R® is a ribbon link.

Thus, Classical ribbon theorem solves Slice-Ribbon Problem, [1], [2]. If there is a fusion k 4+ 0 — kq
for a trivial link o and a ribbon link kj, then k is a slice link in the strong sense, for k bounds a proper
disk system as a proper realizing surface p(F3 )" of a band surgery sequence k + 0 — k; — 0, with a
fission k; — o0 for a trivial link 0,. Hence, the following corollary is obtained from Corollary 1.

Corollary 2. A link k in R3 is a ribbon link if if there is a fusion k + o — ky for a trivial link o and a ribbon
link k.

An idea of the present proof of this theorem is to consider the ribbon surface-link cl(F!,) in the
4-space R* obtained by doubling from the upper-closed realizing surface ucl(F] ) in R% of a stable-exact
band surgery sequence (#) for a link k in R3 obtained from F by the normal form theorem. The effort
is to remove the interior intersection between the 2-handle systems on cl(F!,) arising from the band
systems of a stable-exact band surgery sequence (#) and the 2-handle system on cl(F!,) arising from
the disk system d at the expense of type of the ribbon surface-link cl(F!,).

2. Proof of Classical Ribbon Theorem

Throughout this section, the proof of the classical ribbon theorem is done. Let F be a proper oriented
surface without closed component in R, and oF = k a link in R3. By the normal form theorem,
consider a stable-exact band surgery sequence (#) for k such that p(F}) " is equivalent to F in R%.
Also, consider the ribbon surface-link cl(F!,) in the 4-space R* constructed by doubling from the
upper-closed realizing surface ucl(F}) in R of the stable-exact band surgery sequence (#) , [6]. Let
b;, (i =1,2,3,4) be the band system used for the operations k + o0 — kq, k1 — kp, ko — k3 and k3 — oy,
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respectively in (#), which are taken disjoint. Further, the band systems b;, (i = 1,2,3,4) are taken to be
attached to k. Then the disjoint 2-handle systems b;[—t;, t;], (i = 1,2,3,4) on the ribbon surface-link
cl(Fl,) are obtained, where t; = (s;_1 +s;)/2 (i = 1,2,3,4). The disk system d with 9d = o and
d Nk = @ for the split sum k + o also constructs the 2-handle system d[—¢, ¢] on the ribbon surface-link
cl(Fll) for a sufficiently small ¢ > 0. Let ¢ be the reflection of R* sending every point (x,y,z,t) to
the point (x,y,z, —t). The ribbon surface-link cl(Fll) and the 2-handles b;[—t;,t;], (i = 1,2,3,4),
d[—e¢, ] are -invariant. Let & be a disk system in R® bounded by the trivial link A = 04. The band
systems «;, (i = 1,2,3,4) in R3 spanning the trivial link A are obtained, as a dual viewpoint, from
the band systems b;, (i = 1,2,3,4) spanning the link k + o in RS, respectively. It is considered that
the ribbon surface-link cl(F!,) is obtained from the trivial S?-link O = 9(8[—1, 1]) by surgery along
the i-invariant 1-handle systems a;[—t;, t;], (i = 1,2,3,4) on O which are the duals of the 2-handles
b;[—t;,t], (i=1,2,3,4) on cl(F!,), respectively, [6]. In recent terms, the ribbon surface-link cl(F!,) is
presented by the pair (A, a) of a based loop system A and a chord system « consisting of the band systems
; (i = 1,2,3,4) spanning A in R3, [3]. The chord system « is generally understood as a system of
spanning strings, but here it is a system of spanning bands. Since every component o of o meets with a
based loop A in A in an arc I not meeting a1, let I be an arc system obtained by choosing one such arc I
for every component o of 0. Then there is a disk system dg in d not meeting the band system & such
that I C ddy and the complement d’ = cl(d \ dy) is a disk system which is a strong deformation retract
of d. Note that every band « in the band system &« meets the interior of the disk system d in an arc
system consisting of proper arcs parallel to the centerline of «. The following claim (2.1) is obtained.

(2.1) There is a band system a’ spanning A isotopic to the band system a by band slide moves on
d keeping A fixed and keeping d setwise fixed such that every band a’ of &’ meets d only in the disk
system dy.

After the claim (2.1), let

A =c(A\T)Ucl(ady \ )

be a trivial link spanned by the band system &, so that the pair (A’,&’) is a chord system in R3. Let
cl(F!,)’ be the i-invariant surface-link obtained from the chord system (A’,a’) in R3. Then the middle
cross-sectional link cl(F!,)’ N R3[0] is the split sum k + o’ for the trivial link o’ = 9d’. In fact, the link
obtained from A by surgery along w is the split sum k + o and the link obtained from A by surgery
along &1 is a link k¥’ U o for a link K/, so that k is obtaine from k' by surgery along «; (i = 2,3,4). On
the other hand, the link obtained from A’ by surgery along &/ is the split sum k' + 0/, so that the link
obtained from A’ by surgery along ' is the split sum k + o’. Note that the surface-link cl(F!,)’ is
obtained by sacrificing an equivalence to the surface-link cI(F!,) although they are the same surface.
By replacing d’, A and o’ with d, A and o, respectively, the following claim (2.2) is obtained.

(2.2) There is a stable-exact band surgery sequence (#) for the link k with p(F})™ a renewal
embedding of F in R% such that the band system & does not meet the interior of the disk system d.

Take a stable-exact band surgery sequence (#) for the link k of (2.2). Then the link k; is isotopic
to the link k in R®. Thus, there is an exact band surgery sequence (##) for the knot k such that the
upper-closed realizing surface ucl(F}) is a renewal embedding of F. This completes the proof of the
classical ribbon theorem.

In (2.2), the ribbon surface-link cl(F!,) in the 4-space R* constructed by doubling from the
upper-closed realizing surface ucl(F}) in R% of the stable-exact band surgery sequence (#) admits the
O2-handle pair system («1[—t1, t1], d[—¢, €]), [5]. The last explanation above is related to the surgery
of cI(F!,) along the O2-handle pair system.
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