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Abstract: In this paper we formulate a Classical layer resolving finite difference scheme to solve a
system of two singularly perturbed time-dependent problems with discontinuity occurs at (y, t) in the
source terms and Robin initial conditions. The delay term occurs in the spatial variable and leading
term of spatial derivative of each equation is multiplied by a distinct small positive perturbation
parameter, inducing layer behaviors in the solution domain. The formulation of finite difference
scheme involves discretization of temporal and spatial axis by uniform and piecewise uniform meshes
respectively. Due to presence of perturbation parameters, discontinuous source terms and delay terms,
initial and interior layers occur in the solution domain. In order to capture the abrupt change occurs
due to the behavior of these layers, the solution is further decomposed into two components. Layer
functions are also formulated in accordance with layer behavior. At last, to bolster the numerical
scheme, an example problem is computed to prove efficacy of our scheme.

Keywords: finite difference scheme; singularly perturbed problems; discontinuous source terms;
spatial delay; Robin initial conditions; interior layers
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1. Introduction

Solving Singular perturbation problems (SPPs) is very tedious due to presence of layer phenomena
in the solution domain and presence of discontinuity in the source term makes it further more difficult
since the solution behaves uneven or non-smooth at the discontinuity point. This leads to formation of
interior layer at the region in the domain where the discontinuity occurs. To tackle such difficulties in
estimating the solution of SPPs, classical numerical schemes are modified in such a way it uses highly
refined meshes (i.e., Shishkin mesh, Bakhvalov mesh) to give numerical approximation by preserving
the monotonicity of the original problem. Many specialized techniques are introduced by researches
across the globe in order to overcome difficulties arising in solving SPPs.

Abagero et al. [1] employed a fitted nonstandard numerical method to solve SPPs with Robin
type boundary conditions and discontinuous source terms. Sahoo & Gupta [8] employed a first-order
upwind scheme on a Shishkin Mesh to sol-ve convection—diffusion SPPs with discontinuous convective
and source terms. They further employed Richardson extrapolation Scheme to enhance order of conver-
gence. Singh et al. [10] have devised a Spline-based numerical technique such Crank-Nicolson scheme
and trigonometric B-spline basis function to solve two-parameter SPPs with discontinuity in convec-
tion coefficient and source term. Richardson extrapolation scheme is used by the authors to enhance
accuracy in spatial direction. Chawla et al. [5] employed a backward difference scheme on Shishkin and
Bakhvalov meshes to solve first order Singularly perturbed differential equations (SPDEs) with discon-
tinuous source term. Cen et al. [4] developed a quadratic B-spline collocation method on Shishkin-type
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mesh to solve semilinear reaction—-diffusion SPP with discontinuous source term. Soundararajan et
al. [11] employed backward Euler Method for time discretization and streamline—diffusion Finite
Element Method (FEM) on Shishkin mesh to solve 1D parabolic SPPs with discontinuous source
term. Ajay Singh Rathore & Vembu Shanthi [2] proposes an exponentially fitted mesh method to
solve the singularly perturbed Fredholm Integro-differential equation with discontinuous source term.
Paramasivam et al. [7] formulated a classical numerical scheme employing finite difference Method on
Shishkin mesh to solve second-order reaction-diffusion SPPs with discontinuous source terms.

Inspired from pioneer research outlined in the above literature review and method formulated
in [9], we have crafted a classical layer resolving finite difference scheme (FDS) to solve a system
of two time-dependent delay SPPs with a discontinuity occurring at (v, t) in the source terms and
Robin initial conditions. The subsequent section outlines organizing framework of the paper. Section 2
outlines the problem statement. Solution components and layer functions are discussed in Section 3.
In Section 4, bounds on solutions and its components are derived. Discrete solution components and
error estimates are discussed in Section 5. Numerical scheme is constructed for an example problem in
Section 6.

2. The Problem Statement

In this article, we consider the following problem with discontinuous source term (v, t) in the

domain A
- o9 o9 _ . o
£9(5,t) = (8t +Ea— +RE)(56,4) +S(3¢,)0(3c — 1,t) = §(5¢,t) on Ay UA; 1)
with .
E8(0,0) = B(¢,0) ~E 90 (3¢,1) = By (3,0) on A’ e
8(5,0) = @p(>) on Q.. (3)
The following symbols represent the key notation utilized throughout the text.
A =1(0,2] x (0,T], A* =[-1, O} (0,T], Ay = (0,9) x (0,T], Ay = (n,1] x (0,T], Az = (1,1+19) x
(0,T], Ay = (1+,2] x (0, T], As = (0, } (0,T], Ag = (1,9) x (0,T], A7 = (d,2] x (0, T], Ag =
(1,2 x (0,T], Ay = [0,9] x [0, T]f 2= [0, x[0,T], As = [L,1+49] x[0,T], Ay = [1+1v,2] x
[0,T], As = [0,1] x [0,T], A¢ = [1,9] x [0,T], Az = [,2] x [0,T], Ag = [1,2] x [0,T], A = AU
Q, Q QtUQ WherthIOX[ ] O, :[OZ]XO A* A1UA2UA3UA4A _A5UA6U
Az, A* = A{UA, UA3UA and A* = AsUAgUA;. Forall (3,8) € A, B(s,t) = (81(56,1), % (35, 1)) T,
F6,0) = (156, 1), 12 (56, ))T, E = diag(€), & = (e1,€2) with 0 < &1 < &5 < 1, R(s,t)is2 x 2 matrix,

andS = diag(s),s = (s1(s,t),82(5¢,t)). The jump at (y,t) is denoted by a function g where [§] =
g(v+,t) — §(v—,t). The functions v, (s, t),5,(5,t),1 < 1,7 < 2 are assumed to be in Cc@([0,2] x [0,T])
and £ can operate on functions in the domain C()(]0,2] x [0,T]) N CM((0,9) x (0,T] U (,2] x
(0, T]). Furthermore, for all (s, t) € [0,2] x (0,T], the components v, (,t),s,(,t) of R(s,t) and
S(5, t) respectively satisfy the following conditions

2
r“{}(f t) > E ITU(}{J t) + 5[(Mlt)|!'t
JE
=1

5‘(}{,1‘)_, r[j(k;t} < 0 for0<# ] < 2’
4)

and for any positive number J,
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2
0<6< minq Y v,(5t) +5(0t) . 5)
xEA =1
0<i2

The function J(, t) is discontinuous at (1, t) due to a finite jump. So the solution & does not possess a
continuous first order derivative at (v, t). We have to deal with two different cases due to the presence
of (1, t) in the domain.

Case 1: (y,t) € (0,1] x (0, T]
The problem (1) can be reformulated as

- o0 o0
ot o

L1005, t) = +E— +R19> (52,1) = X(5¢,t) on Ay UA,, (6)
89(5,t) =

8,05, t) = (319 + Egﬁ +R19> (36,4) + S(3¢,)0(3c — 1,t) = §(55,t) on A3U Ay, (7)

where ¥(5,t) = (5¢,t) — S(3, )DL (3 — 1, ).

For the problem (6) and (7), the solution components ¢; and ¢, exhibit an initial layer at s = 0 and
interior layers at > = 1, > = yand » = 1+, each of width O(¢;). Furthermore, the solution
component ¢ exhibits additional layers of width O(eq) at =0, =1, =pand > =1+v.

Case 2: (n,t) € (1,2] x (0, T]
The problem (1) can be reformulated as

£10(5,t) = <aalz + Eg—ﬁ +R19> (3,t) = §(3¢,t) — S(56, )@Dr (3¢ — 1,t) on As, 8)
£9(5¢,t) =

Ly0(se,t) = (aalz - Eg—ﬁ + Rﬁ) (5,8) + S0, )0 (5c — 1,£) = f(56,t) on AgU A7, (9)

For the problem (8) and (9), the solution components ¢; and ¢, exhibit an initial layer at s = 0 and
interior layers at >z = 1 and s = v, each of width O(e;). Furthermore, the solution component ¢
exhibits additional layers of width O(e1) at x =0, c =1, and » = .

Theorem 1. The system of equations (1)-(3) has a solution § € C where C = C©)([0,2] x [0,T]) N
C((0,2] x [0, T]\{n}).

Proof. The proof is by construction.
Case 1: Let ii1, 61, lip, by be the particular solutions of

(5¢,t) = _f)(%, t) — S(5, 1) @¢(3c — 1,t) on A,
(36,4) = F(3¢,1) — S(5¢, )lia (3¢ — 1,¢) on Ag,

(36,4) = §(3¢,1) — S(5¢,£)02(3¢ — 1,t) on Ay.
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Consider the function

Ty (54, + E((0,) — 1(0,0) E1(%,) on Ay
5o, 1) = 61(s¢,t) +%:3%2(%,t) on /:\2

Uy (s2,t) + QE3(s,t) on Ag

2 (56, t) + B4 (5,t) on Ay

where &4, 5y, E3 and &4 are solutions of

0% 0% O, - -
<atl+Eal+R~1>(%r")—00ﬂ1\1,§51(0,f)—1,31(%,0)—0

[

o= o= oo I ~
< 2+E2+Ru2>( t) =0on Ay, Ex(n,t) = 1,Ex(5,0) =0

9 ?
aie’mﬁﬂ@ (5,t) =0 on Az, E85(1,¢) =1,85(5,0) = 0
ot EY 3 »,t) =uon /\3, (& a3( 7, =

oE oE 2 12 o}
< +E,f+nu><% ) =0on Ay, EE,(149,8) =1,84(,0) =0

—

=@y, 1p(y,t) = d3,02(1 +1n,t) = &g, where &, = 1,2,3,4 are any particular

)
=]
Q.
e
fry
—
=}
-~
S~—
|
R
—
(=3
=
~~
\’A
p
SN~—

vector constants. if?, ﬁ,ﬁ can be derived in the following way so as to have §ecC.

f(v—, ) + §(8(0,1) — &) Ea(n,t) = B1 v+, )
B1(n—, t) + R — tip (14, 1)
h((1+19)—t) +QE3((1419)—,t) — dy.

I W I 1!
Il

The product between vectors is the Schur product of vectors.

Case 2: Let i1, 61, U, be the particular solutions of

(aul + Ea% + Rijy ) (56,4) = §(52,t) = S(5,)§e(3c — 1,t) on As,

= J(5¢,t) = S(¢, )1 (¢ — 1,t) on A,

(aBZ+EaBﬁ+Rﬁz)< t) =f(34t) = S(¢, Ot (= 1,) on Az.

tiy (52, t) + §(8(0, 1) — 11 (0, 1)) E; (54, 1) on As
8(56,t) = { B1(36,t) + PE2(56,t) on Ag
62(%, f) + ﬁ?@(%, t) on [\7

where &1, &, and Ej are solutions of

(5,8) =0on As, CE1(0,t) = 1,E1(5,0) =0

( 5t —I—]Ea— + RE;

ot o

(8_42 +]EE +Ru2> (%,f) =0on /~\6, giz(l,f) = T,iz(%,()) =0
)(%,f) =0on ]\7, (;?Eg,(t),t) = T,ig,(%,()) =0

8._.3 a\_.?,
(B s s


https://doi.org/10.20944/preprints202501.0945.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2025 d0i:10.20944/preprints202501.0945.v1

50f21

and 1i1(0,t) = &1,51(1,0 = &y, Ba(n,t) = A3, where &,,1 = 1,2,3 be any particular vector constants.
P, 9 can be determined as follows to ensure that § € C.

P=0 (1 +&(8(0,0) — &) E(L 1) — 6 (1+,1)
Q=61(n— ) + B E2(n—, 1) - &s.
A similar approach confirms the existence of a solution for (v, t) = (1,t). When (n,t) # (1,t), 3(1,¢)

exists and is continuous at (1,t) as (1, t) is both well-defined and continuous at this point. The proof
of the theorem is complete. [J

2.1. Uniqueness and Stability Analysis

Continuous case

Lemma 1. Let R(sc,t) and S(,t) satisfy (4) and (5). Consider §(s,t) = (@1(s2,1), p2(3¢,1))T as a function

defined in the domain of £, such that it satisﬁes f(p(%, t) > 0 on A* and §(3,0) > 0 on Q. Then

L£3(s,t) >00n Ay UAy, [3](n,t) =0, [ 2 1(v,t) < O implies that §(5,t) > 0on A.

Proof. For [, %, 1, let us consider ¢;(%, {) = m%r% min ¢, (3, t). If (5, ) > 0, there is nothing to prove.
=1, A

Let us assume that ¢;(%, ) < 0. Suppose # = 0, then

2 = N . aq)l .
(€¢)i(0,8) = 9i(0, 1) —er5=(0,1) <0

which contradicts our assumptlon and for £ = 0, ¢;(%,0) < 0, which also contradicts our assumption.
Therefore (%, {) ¢ Q. Also, 2 F(%,4) <0and a90‘( ,t) <0.
Thus, for (%,{) € As\{p}, we have

(£6)i(5, 1) = (£19)i(%,1)

9 p .
-z, )+ela¢l(%,t)+tﬁ( 1%, %) Ztl] 2,0¢)(5,0)
1
i
2
Z (5, ) pi(5,%) <0,
which contradicts our assumption.
For (3,t) € Ag\{y}, we get
(£¢)i(%,0) = (22§ )i(%,1)
91 g1 P .
= ) + a5 (50,8) + a5, D5, + 1 v (5 D) (5§
=1
7

+5t( )(Pt( -1,9)

< ng(ﬁ, i3, 1) +5:(3, ) pi(32,1) <0,
]:1

2
which contradicts our assumption. If (%, {) = (v, t), then ( ¥ty (n,t) +s.(n, t)) ¢.(n,t) <0, and there
=1

2

exists a neighborhood Ny = (y — b, 9) x (0, T) such that < Y vy (o0 t) +5,(5, t)) ¢.(32,t) < 0 for all
=

(s,t) € Ny. If 4"(% t) < 0 for any point (»*,t) € Ny, then (£§ )/(5*,t) < 0.If ag0‘( »,t) > 0 for all

(#,t) € Ny, then we notice that ¢; is an increasing function in Ny, as a consequence ¢;(, t) cannot
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attain its minimum at (s, t) = (1, t), which contradicts our assumption. This implies that ¢;(%,{) > 0
and for all (,t) € A, then @(s,t) > 0. The proof of the lemma is complete. []

Lemma 2. Let conditions (4) & (5) hold for R(s,t) and S(s,t). Consider a function @(s,t) =
(1(56,1), 92(5¢,4))7 in the domain of &, then

R

[§(> 1) < max{ll EFO) L1l §(=0) II, - || £¢ |[\1ui\7}'

Proof. Consider the barrier functions

R* (o0, t) = maX{II EFO,) |, Il §(>,0) ||,

NE (e, t) = M =+ (5, 1),

>, . 1, =.
where 1 = max{ | £5(0,1) | #020) , 3 | 87 13,08, -

+
FRE(0, 1) = RE(0,4) —]Eaa%(o,t) N,
= R*(0,) —E(0) + &.(0,t) >0
NF(5,0) =M £ @(3,0)
=M=+ @p(2,0) >0

If (5,t) € Ay U Ay, then

NE= NES

SR (56, t) = %(%, t) +E%(%, t) + R (5, )R* (56, 4) + S(e, ORF (se — 1, 1) £+ E¢(5,t) > 0
and - N
- ~ 0% oF _
+ _ Lot _ S <
[R5 (o, t) = £[¢7](v,8) = Oand [5=](y,t) = £[Z=](n, 1) < 0.

Lemma 1 implies that NE (5¢,t) > 0 on A. Then,

1
44

[EAI maX{II EFO) 11l §(=0) II, ~ || £¢ |[\1u[\7}'

The proof of the lemma is complete. []

3. Solution Components and Layer Functions

The continuous solution &(z, t) of (1) is decomposed into 7(, t) + (5, t).
The smooth component 7 = (71 (, t), 72(5, )T represents the solution of the following equation.

85 (56,t) = (aaz + ]E;L})/f + R'?) (5,4) + S(3¢, )7 (3¢ — 1,t) = f(3¢,t) on A U A;. (10)
We have to deal with two different cases due to the presence of (1, t) term in the domain.
Case 1:

E’? (5,t) =
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—

317(%,t)—<87+E87+R7>( ) =F000) —SGo OB — 1L, ) on A UA, (1)

ot 0
= oy oy - - - -
27 (52,t) = <a +Ea +R7> (56,8) + S, t)¥(5c — 1,t) = (3¢, 1) on Az U Ay. (12)
Case 2
£7 (5 t) =
- v - _
B0 (8) = (51 +EGL +R7 ) () = T8 =05, ~ 1,1) on s 13)

- oy oy - - -
£27 (56, t) = ( ar: + Ea'y + ]R’y) (56,4) + S(6,t) (3¢ — 1,t) = (5, t) on Ag U Ay. (14)

—

) =R7H(0,9[f(0,) - S(0,)@(~1,1)],
¥ (0,0 =R (v, [f(v+,8) = S(n, @1 (0 — 1, 0)].

E7 (3,t) = T80 (34,1), ¥(55,0) = 0o (¢,0), (15)
7 (0,

The singular component ¢ = (g1 (3, t),62(5,t))T represents the solution of the following equation.

Bl t) = (g‘i +1E§9 +Rg> (3,4) + S(3¢,)E(3¢ — 1,t) = G on Ay U As. (16)
We have to deal with two different cases due to the presence of (y,t) term in the domain.
Case 1:
- oc ¢ 5 -
£1C (s, 1) = 8t+Ea +RG | (55,t) =00on A UA, (17)
82 (50,t) = 5 2
9T (52,t) = (a(i + Eag —l—Rg) (36,4) + S(3¢,4)8(3c — 1,t) = O on Az U A,. (18)
Case 2:
3 - ¢ o¢ -
£1¢C (52, 1) = 8t+E8 +RG ) (5,t) =0o0n As (19)
Eg(%rt) - a_, a
828 (52, 1) = (ai +Eag —HRg)(%,t) +SGo)E(e—1,0) =0on A UAy.  (20)
withg =9 -7,
¢T0at) =8 (0-7) (5 1), T(5,0) = 8(5,0) — 7(>,0), (21)
¢(0,4) = 8(0,t) — 5(0, 1),

S+, 1) =cly—t) — [¥](v 1)

We introduce ¥y, ¥1,,t = 1,2, known as layer functions, which are associated with the solution ¥, as
follows _
Yo, () = e 496 5 —0,1,9,141, t=1,2 on (5,t) € A (22)

where


https://doi.org/10.20944/preprints202501.0945.v1

doi:10.20944/preprints202501.0945.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2025

8 of 21
Case1: ¥, (x) = ¢ ¥/& on A, Case2: ¥, (») = ¢ “/& on As,
¥y, () = e () /e on Ay, ¥q,(x) = e /e on A,
¥, (5) = e 2 D/a on A3, Wy (30) = e ¥ 0)/E o As.
‘Pl-i-tj,l(%) =¢ (%_(1+U))/Sl on A4

4. Solution Bounds
Theorem 2. Let conditions (4) & (5) hold for R(z,t) and S(»,t). Let © represents the solution of the problem
(1), (2) and (3). Then for each 1,1 = 1,2, there exists a constant C such that, for all (s¢,t) € A\{(n,t), (1+1,t)}

‘o
5 (o)l <C{II L) || + | @(>) | +Z E P IIA*},K—O,LZ

a9 _ o

|aj;<z,t>|§ccef{|| L) || + || @5 (e ||+2 |2 ||A*}

8219[ -1 —
|55 o0l < CeT 1 BL() | + 1| Bp(e) [ + 2 12 s

020, Y . 2
15,2090 < Cer @) || + || @) || + || IIA* + || P IIA*

for case 1 and for all (5, t) € X\{(U, t)},

a'd .
‘(%,t)|<C{|| @) || + || @p(se ||+2|| T ||A*} =0,1,2

otf

0 .
154 (o0, 0)] < Ce; {u Bu(t) ||+ || Ba(s \|+2|| " HA*}

99, Py
S eyl < Ce M B0 | + || Balx \|+2|| " i

09, _ - i, of
125 Ga)] < CSLZ{H B0 |+ 1 Bae) |+ 1 2 50 + Z |2 ||A*}forcasez.

Proof. The bounds on the solutions are derived by employing steps and techniques analogous to those

of Theorem 4.1in [3]. [

The succeeding lemmas deal with finding bounds on %, ¢ and their derivatives.

Lemma 3. Let conditions (4) & (5) hold for R(s,t) and S(s,t). Then, ¥ and its derivatives satisfy the
following bounds, for all (5,t) € A\{(,t), (1+v,t)}, for case 1 and (5, t) € A\{(v,t)}, for case 2

eI
(=
'%TZ( )| < C, forb=1,2
P9
—Liaylsc
af’)’z )
7 (5, 0)| < Cey !, for £=1,2,0=1,2.

Proof. The bounds on the ¥ and its derivatives are derived by employing steps and techniques

analogous to those of Lemma 5.1in [3]. O
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Lemma 4. Let conditions (4) & (5) hold for R(3z,t) and S(3z,t). Then, ¢ and its derivatives satisfy the following
bounds.
Case 1: Forall (s,t) € A*,1=1,2and p = 0,9,1,1+y

8‘]91
\ (1) < C‘ng(%), for ¢ =0,1,2
Yo
391 9 < CZ m
02 ‘YM( )

G -1
| %t)]<Cs

Case 2: Forall (»,t) € A*,1=1,2and p = 0,1,y

af

| =2 (56, )] < C¥yp(5), for £ =0,1,2

oG, 2 "]fp/q(%)
|a%(%’t)| - 8

&g

Proof. The bounds on the ¢ and its derivatives are derived by employing steps and techniques
analogous to those of Lemma 5.2 in [3]. O

4.1. Sharper Estimates
Definition 1. Foreach1,7,1 <1#]<2,0=0,9,1,1+4 v for Case 1 and p = 0,1,y for Case 2, the unique
point 32* in (0,2] is defined by
Yo, (p+ ") _ Yo, (9 + ")
g g ’

(23)

Definition 2. Forall 1, such that 1 <1 < j < 2, there exist points >* that are uniquely defined and satisfy
the inequalities presented below for Case 1 and Case 2.

Case 1:

Y b
00 (%) 0 ( )fome[o 7,
€ 8] € s]

II{‘)/[ (%) ‘Pn’] (%) .
. > 3 fors € (n,9+ %), . :

b4 Y, (2 ¥ b4
PICINS 1 (%) for e € (1,14 3), (%) 1 (%)
g, g g, g
Y14, (%) - iy, (%)
g, g

Y1y, () < Y14y, ()
€ 8]

forse e (14 3",1+y),

forsce (14+9,1+n+ %),

forsx e (1494 5%,2].
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Case 2:

Yo, () > o, () for 3 € [0, ), Yo (%) < ¥o, (%)

g g & €
‘Pl,l (%) > \Pl,] (%) Y, (%) < ‘Fl,] (%)
&

forsx € (°,1),

fors € (14 3%,y),

or e € (1,14 ), .
5 T e (114 5) - .

Ty, () Ty, () o
e > 3 forse € (y,n9+ ), . 6

Lemma 5. Let conditions (4) & (5) hold for R(s¢,t) and S(s¢,t). Then, for each 1 = 1,2, there exists a
decomposition

2
CL= Z Cim
m=1

for which the following estimates hold for each m.
Case 1: Forall (»,t) € A and p=0,9,1,1+1

agt,l
dx

a2€L,2
072

(36, )] < CeT ¥ g ()

(5, t)‘ < Cerley W0 ().

Case 2: For all (,t) € A*and p = 0,1,y

agL,l
0

32‘51,2
P

(34, 0)] < CeT ¥ ()

(5, t)’ < Cele "Wy 0(50).

Proof. The required estimates are derived by employing steps and techniques analogous to those of
Lemma 10.3in [3]. O

4.2. Domain Discretization

TM
Temporal domain is meticulously discretized into a uniform mesh Ay = {t}M , composed of M
mesh intervals on Q¢ and A} = {t,}M . Now to capture the intricate layer behavior of the solutions,

TN
we discretized the spatial domain (), into a piecewise-uniform Shishkin mesh A, = {; }?]:0 com-
posed of N mesh intervals and we have to deal with two different cases because of the presence of the
discontinuous source term (1, t).

For Case 1, the interval (),, is partitioned into 12 sub-intervals, outlined as follows
[0,71] U (171, 12] U (2, 9] U (9,0 + ] U (0 + 11,9 + 2] U (9 + 72, U [L, 1 + 5] U

QI+7,1+mUl+n,1+9JU(l+914+9+0]UQ+ny+1,14+9+ U1 +y+1,2]

The transition parameters #1, 172, 71, T2 are defined as:

a2 1 mind ) 2
m —mm{ e lnN}, M2 = mm{z, 5 lnN}, (24)
T :min{%,%llnN}, (o) :min{lgn,s;lnN}. (25)

The sub-intervals (72, 9], (9 + 7, 1], (1 + 712, 1 + v] and (1 + v + 1, 2] are discretized using a uniform
mesh consisting of % mesh points. A uniform mesh consisting of 1—1\;’ mesh points is deployed on each of
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the sub-intervals [0, 71], (71, 72), (0, v+ @], W+ 7,0+, [L1+m], 1+, 14+12), 1 +9,1+9+ 1]
and (1+9+7,1+9+ ).

For Case 2, the interval (), is partitioned into 9 distinct sub-intervals, outlined as follows
(0,71]U (71, 112] U (12, JU[L, 14+ 1] U1+ 71, 1+ ] U (1 + 12, 9] U (9, 9+ p1] U (9 + p1, 9+ p2] U (0 + p2, 2.

The transition parameters #1, 172, 71, T2, 01, p2 are defined as:

—min{ 2 @ — mind L &2
m —mm{ 2 lnN}, 72 —mm{z, 3 lnN}, (26)
—mind 2 & —mind 01 e
'L'l—mm{z, 5 lnN}, Tz—mm{ I lnN}, (27)
5 _
plzmin{%z,%lmN}, 2 = mm{z" Zin N} (28)

The sub-intervals (72,1], (1 + 1, 9] and (y + py, 2] are discretized using a uniform mesh consisting of

% mesh points. A uniform mesh consisting of % mesh points is deployed on each of the sub-intervals

[0, (2], L1+l (L + 7,1+ 2], (0,9 +p1] and (9 + 1,9 + p2].
The following symbols represent the key notation utilized throughout the text.

Case 1: Here ny = v, ny = 1 and N = 1+,

AN = b ~ = Gopy AL = 1 ]},, =
]74+1 1= +1 = +1
Ko =9 b0 Ry = () L oy = (9} 7, R R — (91
AN =ANUAN UANUAY, R, =K, UA, UR,, UA,,
AMN _ jM gNORMN ML R ,andQMN ani ™,
AV — A« AE}I,[\lMNzﬁtM x A,
AMN _AM AN R 2R AL,
AMN _AM o AN R RS AL,
AN = A A§4,[\4MN:KM x Xi
Case 2: Here oy = 1 and np =,
Al AN UAN UAN where A%5 = {%]}] v A {%]} 5 = {%]} oy
XN—A UA UA whereA 7{%]}] O,T 7{%]} N,T 7{%]}
A SRS < K, AMN 2 AV AN, and 0MA = Qm[\MN,
RV = A x AL, AR« A,
AMN _AM o AN R 2R R,
—M,N —M -

AN R, =Ry x A,

Also, 9 = » — %]_1,.67“ =1 -, ] ={%: 9 # 53]"’} and py = te — te_1.
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For the problem (1)-(3), we develop a classical layer resolving finite difference scheme using the
aforementioned discretization.

EMNG = (D& +ED;, 6 + R ) (59, t) + S(3, t)& (39 — 1, t) = (54, t) on AMN, (29)

— — — — N ~ — N —N
¢ M’NG(%],’(K) = (6 —ED}6 ) (5, t) = @L(54, t) onA*, &(3,0) = @p(>5)onA,,.  (30)
The problem represented in (29) is reformulated for case 1 and case 2 is as follows:

Case 1:

FMNG = (D;é LEDLG + Ré) (36, t) = F(36, t) — S(56, )@ (3 — 1, t) on AVN U AVN (31

MNG — (D;é +ED;& +R& ) (36, t) + S(5, )8 (35 — 1, t¢) = §(36, 1) on AVN U AMN (32
o . . . _ . —N
EMNG (30, 4) = (& —EDS 6 ) (59, t) = @L(59, t) onA*, &(54,0) = dp(39)onA,,,
_ N N 3N
e.(D}; — D;,)&,(35, ) = [f.] (54, ), where ] = TR

GG = (D76 +EDL& + RS ) (39, ) = T(54, ) — S(39, )@ (39 — L) on ALY, (33)

EMNE = (D;é +ED,& +R& ) (39, t) + S04, t)8 (39 — 1, t) = (54, t) on AN UATMY, (34)

N _ o o =N
EMNG (30, 4c) = (E —EDS6 ) (59, t) = @L(59, t) onA*, &(54,0) = dp(39)onA,,,
N

e,(D) — D;)Gl(%],t,() = [fl](%],tx), where | = 3

w\%

where

S,(s,t) — 6,(50, t—
D76, (g, ) = St Z S o)

e — b1
S,(s,4) —6,(s,_1,t
D;Gl(%],fx)z l( 7 K) l( 7—1 K)
=71
S,(s,41,4%) — 6,(s,t
D16, (4 ) — 211 ) = Gil, )
17

for1 <:1<2,1<j7<Nandl<x <M.

Lemma 6. Let conditions (4) & (5) hold for R(¢,t) and S(3¢,t). Let us consider O be any mesh function,
such that EM'N(:)(O, te) > 0, @(%], ) > 0, ElM'N@ > 0 on ]\Ilw’N UA%’H'N, Eéw'N@ > 0§ on Ag/ﬂ’N U
/\4NH'N,(D; — D;)(:)(%],tK) <0, = % %,% in case 1 and f‘,lM’N@ > 0 on f\ISw’N, EZM’N@ > 0 on
~ - N - N —M,N
Aléw’N U As/ﬂ’N, (D} — D) G) (7,t) <0,7 = %, % in case 2. Then, it implies that ® >0 on A

Proof. For /,f,%, let ©; (%],tK) = 111}1’13 ©, (74, t) and consider the case where the lemma does not
hold. Then ©;(s,t) < 0. From the stipulated hypotheses, it is simple to establish that (s, t;) ¢
oOMN (s, te) — O (%] ) <0,0; (%]H,t,() — O(5, t <) > 0and ©; (%],tK) — @g(%j,t,g,l) <0.

If (5, t) = (0, t), then
EMNG(0,t) = ©(0,4) — EDLE(0,4) < 0,

which is a contradiction. For t; = 0, (:)(%j, 0) < 0, which leads to a contradiction.
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Case 1: For (%j, t,g) S /~\11W’N U f\zM'N

2
(E1"N8) (547, tx) = Dy Or(5¢7, t) + eD;,O(32, ) + Y v (52, t) Oy (547, t)
=1

<0,
which contradicts our assumption. For (s, t) € AM NuU AM N, we get
(£%10)i(4: 1)
= D,:@[(%]’,f,g) + S[D;@[(%]’,f,g) + Z t[g(%]’,f,g)@g(%]’,fk) + ﬁ[(%]’,t’)@ (%] -1, t,g)
(=1
2
< D;©O (%],f,() + E[D;@[(%]’,’L,g) + Z t[g(%]',f;g)@[(%j, t,g) + ,3'(%],’(,()@ (%],t,() <0,
(=1
which contradicts our assumption
AMN
Case 2: For (%j, t) € A5,
2
(E1710) (59, t) = Dy Or(5, t) + &D,Os(56, t) + Y. v (5, t) Oy (547, t) <0,
=1

which contradicts our assumption. For (s, t) € AM N ]\;W’N, we get
— M,N —
(22 ® ) [ ( ” ir tk )

2
= D¢ O; (J{],f,() +¢D, @ %], 2 %],’LK @g %], ) +ﬁ[(%j, t,g)@[(%]' -1, t,g)

2
< Dy O;(5e, t) + €D, 0: (¢, t¢) + Y v (547, 1) Or (541, t¢) + Bi(547, t)Or(54, t¢) < 0,
(=1
which contradicts our assumption

If 5, f = 4, 5, 3 for case 1, then

D, 0O:(5,t¢) <0< D},

%@)[(%]’,t,g).
Also,
DZ@[(%]’,’%) < D;@[(%]’, te)
and so
@[(%]’,1,{:;3) = @[(%j, t,g) = @[(%]’Jrl,{:,g)
Then (£MN@),

(7, t) < 0, which contradicts our assumption

for case 2, then
D;@)[(%j/ t,g) <0< D;t@'(%j, f,g)

D}:O(5,t) < D, 0;(5, t)
and so

Or(#-1,t%) = Oi(g, ) = Or(5¢141, t)

Then (£MN@), (2, ) < 0, which contradicts our assumption. This implies that ©;(5, t;) > 0. The
proof of the lemma is complete. [J
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Lemma 7. Let conditions (4) & (5) hold for R (¢, t) and S(s¢,t). Let us consider © be any mesh function, then
for Case 1

2 ZMNG 2 1 aMNg 1, aMNg
O(54, t)| < max{|| §"NO(0,t), | ©(5,0) |, 5 1 £070 llgmnzun, 5 11 L770 [ gz},
for0 <7 <N,0 <« < Mand for Case 2,
= 2 MNG 2 1, 3aMNgZ 1 aMNgZ
(55, te)| < max{|| § D0, ), | (9,0 Il 5 | E70 || e, 5 | ES | oo o},
for0 <7 <N,0<x <M.
Proof. Define barrier functions

2 2 MNZ = 1 aMNz IMNZ 2
6+ (59, t) = max{[| ""NO(0, &), | O(54,0) |, 5 1E0 1504, 5 || £770 [|z,uA, b £ O, t).

It is evident that & MNg£(0,¢) > 0 on A*, 6% (5
f\zM’N, EZM’N5i >0 on f\sM’N U /~\4M’N and for ] = %,

,0
3N
!4/

<

> 0 and also EFM’Ngi > 0 on f\IlMI’NU
we

get

NZ

D}6; (%], <) — D 0; (%],tK) = DZ@[(%]’,’%) - D;@i(%j, te) = 0.

- - —M,N
Hence, by the result of Lemma 6, we get 6+ > 0on A " for Case 1. By applying analogous procedure

used in Case 1, we get the required result 6= > 0 on A" for Case 2. The proof of the lemma is
complete. O

5. Discrete Solution Components and Error Estimates

The discrete solution é(%], tc) of (29) are decomposed into Y(%], te) + 5 (74, t), where Y and f
are discrete smooth and discrete singular components respectively.

EMNY (50, ) = (D;Y +ED,Y + RY) (5, t) + S0, t)Y (55 — 1, tc) = §(34, t) on AMN, (35)

SN (e, ) = (D;§+ ED; 7 + RZ’) (5, t) + S04, ) (35 — 1,t) = 0 on AMN, (36)

The problem represented in (35) and (36) is reformulated for Case 1 and Case 2 are as follows:

Case 1:
EMNY (34, t) = (D;\? +ED.Y + RY ) (34, t)
o = (54, t) — S35, t)@BL (3 — 1, t) on AP U AN, (37)
EMNY (50, 1) =
BUNY (5 1) = (D Y+ED.Y + RY) (36, t) + S(5, )Y (34 — 1, )
f(%], tc) on AM Ny AM N (38)
EMNY (%]rtx) 5’7 (%],fx), Y(%],O) =7 (%],0), (39)
E}W’NE =0 on f\Ile AMN fléw'Nz =0 on /~\3M'N U AE’H’N, (40)
EM'NE(%]I t) =&¢ (79, t%), 5(%], ) =¢(54,0), (41)
. o e . N N 3
Dﬂé(%ﬂj,tK) + D%Y(%%],t,{) = D%g(;%,t,() + D%Y(%%],t,(), for; = 13 1
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Case 2:
EMNY (50, t) = (D;\? +ED.Y + RY ) (34, t)
o =054, t) — S(4, t)BL (5 — 1, t) on AN, (42)
EMNY (50, 1) =
8N (59, t) = (D—Y +ED.Y +RY ) (39, ) +S(54, t)Y (59 — 1, t&)
?(%], tc) on Aléw'N U 1~\17W'N, (43)
EM'NY (%]rtx) = 5’7 (%],f;c), Y(%],O) =7 (%]/0)/ (44)
E{W’Nz =0 on /~\5M'N, f)éw'Nz =0 on ]\Igﬂ'N U /~\I7MI'N, (45)
EMNT (5g,t) =85 (9, t), T (39,0) =G (54,0), (46)
5 N 2N
D;g(%%]/ tx) + D%Y(%%]/t;() = %g(%%],t;() + D Y(%%],f;() fOI'] = g ?

The error at each point (5, t) € AMN is given by ?(5¢, t) = &(5¢, tx) — (3¢, t). Forj # ¥, 5, 3N in
Caseland ] # 3 N 2N in Case 2, the local truncation errors £MN¢ ¢(, t) can be expressed as follows.
EMNE(g, 40) = EYN(Y = 7) (9, t) + £ = ©) (59, 1),
_ 0 _
M _Dt)ﬁt"'ft(a_D%)ﬁu
_ d _
- Dy )’)’ri‘&(a*% -D) v,

o o 0
(QM'N(C—g))L(%]/tK) = (ﬁ -Dy)g +€L(£ -D.)g-

- - d d
[(EYN(Y = 7))i(59, )| = |(87 — D)1, t)| + |€t(£ = D) 755, t%)|, (47)
- o d d
|(£M'N(€*§))t(%ptx)| = |(8t D¢ )Gt(%ytx)|+|€t( *D;)Ql(%],f;cﬂ- (48)
VN 3
(Y =)0 t)] = [eul5 - = DE)1(0, )], (49)
. S a
(§M(E = E)u(0,t6)| = leu(5 - — DX)6u(0, )], (50)
9 s 2P
Kﬁ =D )P, t)| < C(t — te1) se[n,}af(t,ﬂ FY) (39,5)|, (61)
9 - 2P
|(a — D@5, )| < C(ter1 — ) se[rtl,}aiﬂ =7 FY?: (54,9), (52)
-
Q%—%q)rmx|%%@qn (53)
o S€E[¢ 1,54 0
I( )P (5, )| %
C max s, te)l, (54)

s€[¢1, 7] |a (


https://doi.org/10.20944/preprints202501.0945.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2025 d0i:10.20944/preprints202501.0945.v1

16 of 21
2240
C(s11— max |=——=(s, t)|, (55)
3 s ( 7+1 ]) s€l, 1] 2 K
(2~ DE)®(o5, )] < p
C — (s, )| 56
e |5, (5 )] (56)

Theorem 3. Let conditions (4) & (5) hold for R(s¢,t) and S(s¢,t). Let 7y represents the solution of (10) and let
Y represents the solution of (35). Then, for Case 1

a o~ , _ N N 3N
(@ = 7)), 0 S COIT 4N, g # 25,
and for Case 2
AMN« &~ -1 1 N 2N
[(£™ (Y_'Y))t(%]/fx)’ <SCM+NT), 1 # 373

Proof. From the expressions (49) and (55), and using Lemma 3, for : = 1,2, we get

=

T ]
|(€ M’N(Y _ ’)/)),(O,t;()| = |gl(— — DZ)')’[(O, tK)l
o
7,
< B an
< Ce,(5n %o)ser[%"’;ﬂ 52 (5 )]

< CeN!Cef! <CN7L

- - . 2 _ 9 B
|(EMN(Y — Y39, )| < |(§t =D )mi(sg, )| + |€[(£ — D )1(54, )]
<C max |ﬂ(% s)| 4+ Ce,$H; max
= SE[te—1,t] o2 ' ]SG[%]—L%]] 952
<CcM '+ CNfllesfl,using Lemma 3

<CMt 4N,

The proof of the theorem is complete. []

Theorem 4. Let conditions (4) & (5) hold for R(sz,t) and S(sz,t). Let ¢ represents the solution of (16) and let
T represents the solution of (36). Then, for Case 1

. L B B N N 3N
|(£M’N(€_§))z(%jrtf<)| <CcM "+ N 1IHN)’ ] # 4'2" 4
and for Case 2
M . 1 N 2N
[(EPHE=9)i(og,t)] < CMT + N1 InN), j # =, ==

Proof. The procedure outlined in Theorem 10.5 of [3] is employed in this theorem, as it leads to a
similar result. [J

From the above results, we concluded that for Case 1, j # % or % or % and for Case 2, ] # % or %,

—

|(EMNE),(59,4)| < C(M'+N~1InN).
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N N

Now at the point (3¢, tc),7 = § or 5 or 3 for case 1and j = §

2
or 7N for case 2, we get

o n, <V < M4,
[(EM1%),(59, )| < CeiH™ max |8(v)| +Ce$5~ max [8(B)], where { " ™
2,741 -1, 71 < B < »

< CN'InN.

Theorem 5. Let 8 represents the solution of (1), (2), (3) and S represents the solution of (29), (30). Thus, for
N sufficiently large,
(& —8) (>, t)|| < C(M !+ N"1InN).

Proof. For Case 1, consider the two mesh functions

CM™'+N1InN)(1425) £e,(3,t), j< 5§ i or 5 or i
C(M ™ +N""InN)(n +5) £ (56, 4), 7> oryord

@,i(x],t,() = {

and for Case 2,

0= (50, 1) CM™+N1InN)(14250) £e,(3,t), < ForZ}
X, =
I CM~T+N1InN)(n+3) £ (36, t), > NorZl

where C is suitably chosen sufficiently large constant. Hence for Case 1, j < 4 or I§ or 3N and for Case

2N
2]<3or3,

(EM'N@i)t(OItK) = G)li(OItK) e, D} ®i(0 te) ((ﬁfMN_’) (0, t)
=CM ' +N'InN)(1+425) —¢,D} C((M™' + N"'InN)(1 +25)
+C(M ' +N1InN) >0

(EM'Néi)t(%]/fx) =Dy C((M '+ N1InN)(1+ 2x) +¢,D;; C(M '+ N 1InN)(1+ 25)
2
+ Z ttf(%]/ tK)C(Mil +N'In N)(1+ 2%])

(=1
+5,(39, ) C(M T + N InN)(1 4 254_1) £C(M ' + N 'InN) > 0

and for Case 1, 7 > 4 or IEI or 3 and for Case 2, > 3 or 2§,

(§"1O%).(0,t) = O (0, t) — &, D ©(0, ) % (& *€), (0, tK>
=CM ' +N"'InN)(y+ ) —&e,D C(M ™ + N~ InN)(y + 55)
+CM !+ N1!InN) >0

(EMNG), (50, ) = Dy CM L+ N1 InN) (h + 3¢) +&,D,, C(M ™1 + N~ InN) (y + 5))
2
+ Y t(59, ) C(M T + N1 InN) (y + 5)

(=1
+5,0,t)CM ' + N1 InN) (9 + 24_1) £ C(M '+ N 'InN) > 0
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For Casel,; = Tor IEI or 3N and forCase?2, ] = g or %,
(W+2+hT —1-2x)
ht
(14+25) (142 —-h") | <MN-
hf

(EMNGH) (x, ) = C((M~' + N~!InN)

~C(M '+ N1InN)

£ (£77¢),(5, t) <0.
Thus, for N sufficiently large,

(& - 9)|| < C(M'+N1InN).
The proof of the theorem is complete. []

6. Numerical Illustration

To elucidate the proposed numerical scheme, an example is introduced in this section addresses
two distinct cases resulting from the presence of discontinuous source term (1, t) in the domain.

Example 1.
Case 1: Consider the following problem, where a discontinuity (v, t) presents in the interval (0,1] x (0, T]

ot

ot
90 9%, -
a—:"(%,t) + szﬁ(%,t) —059 0, t) + (5+ eTk) 92(56,t) =058 (s —1,t) = f2(51, 1),

(4.t )+e1?;91 (6, 0) + (64 ¢3) B1(36,8) — Ba(36,8) — By (36— 1,8) = 1 (56, 1),

b (1) = 3 for (5,t) €(0,03) x (0,T], (o0, ) = 242t for (s,t) € (0,0.3) x (0,T],
BTN 2 for (0 € (03,2)x (0,T], 7 |5 for (564) € (03,2] x (0,T],

820,90 =1, 81(,0) =1,

8,(0,¢) 82%(0,@ 1, 0y(3,0) = 1.

%1(0,t) —

Case 2: Consider the following problem, where a discontinuity (v, t) presents in the interval (1,2] x (0, T]

ot oY

(o) Fe1g (5 0) + (64 ¢2) 01 (50,t) — Da(s,t) — 01 (3¢ — 1,8) = f1(5, 1),

ot
aa—ﬂtz(%,t) + ezaai%(%,t) — 0501 (5, t) + (5+ e?) 0(5,t) —0502(3c —1,t) = f2 (51, 1),
where
3 for (»,t) € (0,1.3) x (0,T], 242t for (s,t) € (0,1.3) x (0,T],
(oo t) = f2(54,t) =
2t for (»,t) € (1.3,2] x (0, T], 5 for (s,t) € (1.3,2] x (0, T],
and with

0100~ 21 201(0,0 =1, 61050 = 1,

8,(0,8) — 82%(0,9 —1, 8y(3,0) = 1.

In Tables 1 & 2,
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2)§ : maximum point-wise two-mesh differences,

QJN : € - uniform maximum point-wise two-mesh differences,
pN : € - uniform order of local convergence,

p* : & - uniform order of convergence and

QEI* : € - uniform error constant.

p* and @'}L are computed using a variant of Two mesh algorithm [6] for both Case 1 & Case 2 of
Example 1. The results are presented in Tables 1 & 2.

Table 1. For Case 1, Values of p* and QI;L generated for e; = 5{—2, & = %.
] N: Number of mesh points
96 192 384 768
0.100E-01 | 0.106E+00 | 0.673E-01 | 0.406E-01 | 0.236E-01
0.100E-03 | 0.106E+00 | 0.673E-01 | 0.406E-01 | 0.236E-01
0.100E-05 | 0.106E+00 | 0.673E-01 | 0.406E-01 | 0.236E-01
0.100E-07 | 0.106E+00 | 0.673E-01 | 0.406E-01 | 0.236E-01
0.100E-09 | 0.106E+00 | 0.673E-01 | 0.406E-01 | 0.236E-01
N 0.106E+00 | 0.673E-01 | 0.406E-01 | 0.236E-01
p 0.655E+00 | 0.730E+00 | 0.782E+00
@EI 0.577E+01 | 0.577E+01 | 0.548E+01 | 0.501E+01
p* = 0.6548207E + 00
¢l = 0.5768543E + 01

A
)

Figure 1. Visualization of numerical solutions of Case 1 (Example 1), illustrating an initial layer at (0, t), and
interior layers at (0.3,t), (1,t) and (1.3, t).
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Table 2. For Case 2, Values of p* and GISL generated for e; = %, &) = %.
] N: Number of mesh points
144 288 576 1152

0.100E-01 | 0.634E-01 | 0.385E-01 | 0.225E-01 | 0.128E-01
0.100E-03 | 0.634E-01 | 0.385E-01 | 0.225E-01 | 0.128E-01
0.100E-05 | 0.634E-01 | 0.385E-01 | 0.225E-01 | 0.128E-01
0.100E-07 | 0.634E-01 | 0.385E-01 | 0.225E-01 | 0.128E-01
0.100E-09 | 0.634E-01 | 0.385E-01 | 0.225E-01 | 0.128E-01
N 0.634E-01 | 0.385E-01 | 0.225E-01 | 0.128E-01
p! 0.721E+00 | 0.774E+00 | 0.812E+00
Qﬁ? 0.579E+01 | 0.579E+01 | 0.558E+01 | 0.524E+01
p* = 0.7206871E + 00

¢l = 0.5793366E + 01

i

i
//jnf'fff"
//f{.

.
)
ﬁffy,sfﬂﬂr,{%’// s ‘,"

Figure 2. Visualization of numerical solutions of Case 2 (Example 1), illustrating an initial layer at (0, t), and
interior layers at (1,t) and (1.3, ).

7. Conclusion

In this article, a classical layer resolving numerical scheme was constructed for solving a system
of two time-dependent delay SPPs with a source term that exhibits a jump at a specific point due
to discontinuity and robin initial conditions. This scheme incorporates a specially crafted piecewise
uniform mesh to capture layer behaviors, formed in the initial and interior regions of the solution
domain owing to the existence of delay and discontinuous source terms. Theoretical analysis and
computational outcomes were validated through a numerical experiment, demonstrating strong
concordance. Future research work will aim to solve semi-linear and nonlinear problems, with an
emphasis on developing advanced numerical methods to improve computational efficiency.
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