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Abstract

For rendering visible phase gradients, we design a dark-field technique that exploits the cross-
correlation of two coded masks. One mask is coded with the white and black versions of a Barker
sequence. Its Babinet’s complementary screen is used as the second mask. We replicate the proposed
masks for generating two binary complementary gratings. Phase gradients cause beam deviations,
which generate cross-correlations between the two complementary gratings. We describe the cross-
correlations using a compact matrix formulation. This description is amenable to numerical
evaluation. The cross-correlations between complementary gratings are incorporated in the design
of a dark-field, Lau interferometer.

Keywords: barker sequences; babinet complementary screens; lau interferometry; optical cross
correlations

1. Introduction

Under coherent illumination, masks coded with periodic structures can create Fresnel diffraction
patterns that are like the initial mask. This remarkable effect, known as the self-imaging phenomenon,
appears in several ranges of the electromagnetic spectrum, as well as in matter waves [1-6].

The self-imaging phenomenon goes back to Talbot [7]. After several decades, the Talbot effect
was applied for setting an optical interferometer [8-10]. Before the publication of Jahns and Lohmann
[11], it was somehow unknown that under noncoherent illumination one can observe a related self-
imaging phenomenon. Known as the Lau effect [12], the noncoherent version of the Talbot effect can
also be applied for setting a nonconventional interferometer [13].

Nowadays, several authors have recognized that there is an akin phenomenon and related
applications in temporal optics [14-17]. The Talbot-Lau phenomenon and their akin relatives have
generated a myriad of contributions in several branches of applied optics [18-21].

Here, we focus our attention on the use of the Talbot-Lau effect for setting up a dark-ground,
Lau interferometer. First, we consider the optical product between two Babinet’s complementary
masks [22,23]. The first mask is coded with the black and white versions of a Barker sequence [24].
Its Babinet's complementary screen is the second mask. We extend our previous description by
employing two complementary gratings. These gratings are incorporated into a Lau interferometer,
for obtaining a dark-field interferometer. If one employs tunable prisms, the dark-field interferometer
can compensate for local beam deflections.

In Section 2, we discuss the use of the complementary masks for setting a dark-field sensor. In
section 3, we extend our previous proposal by discussing the generation of two complementary
gratings. We employ a matrix formulation for describing the cross correlation between
complementary gratings. And we numerically evaluate the cross correlation between the
complementary gratings. In section 4, the novel gratings are incorporated into a Lau interferometer.
We note that the Lau interferometer works under noncoherent illumination. Then, the presence of
phase gradients can be expressed in terms of an irradiance point spread function. In section 5, we
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propose to use an average point spread function for describing the presence of randomly located
prisms, which function as phase gradients. In section 6, we summarize our contribution.
2. Barker-Babinet Complementary Masks

First, it is convenient to revisit the concept of complementary masks. A binary amplitude
transmittance, say t(x, y), has the following property

b(x,y)=[b(x,y)] ", (1)

In Equation (1) the lower-case letter n denotes a positive integer number, The amplitude
transmittance of its binary complementary mask reads

b (x,y)=1-b(x.y). 2)

In the Appendix A, we show that b<(x, y) also satisfies the condition in Equation (1). We note
that Equation (2) is a necessary condition but is not a sufficient condition. For our current discussion,
we also require that

b(x,y) b (x,y)=0. (3)

In Figure 1, we portray the product of two complementary masks. In Figure 1 (a), we depict a
mask coded with the sequence {0,0,1}. In Figure 1 (b), we display the complementary mask that is
coded with the sequence {1,1,0}, which corresponds to the Barker sequence of length L = 3. In Figure
1 (c), we show the product of the two masks.

Figure 1. Pictorial displaying two binary complementary masks. In (a), a mask coded with the sequence {0,0,1}.
In (b), the mask coded with the sequence {1,1,0}. In (c), the product of the two masks.

Now, as depicted in Figure 2, if the second mask is laterally shifted, one breaks the condition in
Equation (3). This simple observation is used in what follows for setting an optical sensor of phase
gradients.
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Under noncoherent illumination, one can implement optically the product between

complementary masks by employing the setup in Figure 3. A single lens images (with magnification
M =-1) an initial mask on its complementary mask.

() - 4

Figure 3 Imaging device for implementing the mathematical operation in Figure 1, for two
complementary masks, one is coded with the Barker sequence of length L = 3. In (a) the
complementary mask produces zero light throughput, as in Equation (3). In (b), a phase gradient
breaks the condition for zero throughput.

In Figure 3 (a), we illustrate that in the absence of phase gradients,the light throughput is equal
to zero. In Figure 3 (b), we depict that a phase gradient introduces a lateral shift of the image. Hence,
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the presence of the phase gradient breaks the zero-throughput condition. Next, we discuss a simple
mathematical description of the above heuristic pictorials.

3. Dark Background Sensor

For clarifying our notation, we indicate that the initial binary mask, b(x, y), is coded with the
black and white version of the Barker sequences. The number of elements in the sequence is denoted
as the length L. In mathematical terms,

L-1
3 X=X x y
b, (x,y)= D B, rect 5 | rect (Bj rect (B] (4)
n=0 I

In Eq.(4) the upper-case letter “L” stands for the length of the Barker sequence. And the upper-
case letter “D” denotes the support of the binary mask. In Table 1, we show the numerical values of
five members the binary version of the Barker sequences.

Table 1. Coefficients, B, in Equation (4) associated with the black and white versions of the Barker sequences.

3 L0

j LLLO I

7 LLLOI

1l LLL00010010
13 LLLLLO0 L0 L0

The Babinet complementary screen has the following amplitude transmittance

L
BS(53)= 3 By 1=y rect| " | rec X et ]

=1
" L ©)
Now, from equations (4) and (5) we obtain the product

L-1
x—x, x y
b, (x,y)b g(x,y) = Z B, (1-B,)rect 5 rect(Bj rect (B) (6)
n=0 I

From Equation (6) we note that the product is equal to zero, each time that if the coefficient Bn is
equal to zero. And the product is also equal to zero each time that the coefficient Bn is equal to unity.

For the sake of clarity, we describe in simple terms the optical setup in Figure 3 . At the source
plane, the irradiance distribution is

0(x)=> BS 8(x"—x,). 7)
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In Equation (7), the composing source points are located at

xs=(2s—l)(£j—§. (8)

In Equations (7) and (8) the lower-case letter “s” denotes an integer number. Next, we include
the presence of a prismatic lateral displacement, caused by an angular deviation 6. At the image plane
the irradiance distribution is

L

IO(x;H)zz BS O(x—x;-218). )

s=1

At the image plane, we place the second mask. Its irradiance transmittance is

L

I(x)zz B, 6(x—xy). (10)

n=1
Hence, after the second mask, the light throughput reads

Ry yc(0)= [ Iy(x=216)1(x) dx. (11)

— o0

By substituting Equations (9) and (10) in Equation (11) we obtain

L L

Rypc(0)= 2 | 2 (1=Byyn)By 5(9—;4{2—1)]]. (12)

Lf
m=—L | n=1

It is clear, from Equation (12), that if © = 0, then we have the condition in Equation (3). And if
one evaluates Equation (12) at integer steps of the angular deviation 0, then

L
Ry pe (m(%D: > (1=Byyn) By (13)

See Appendix B. In terms of matrix algebra, for the case L = 3, we can rewrite Equation (13) as

0 110
1{=[o o 1]{1 0 1] (14)
1 011

In Equation (14), each value of the column vector (at the left-hand side) represents the light
throughput in the presence of phase gradients. The columns of the square matrix (at the right-hand
side of Equation (14)) describe the positions of the shifted Barker mask, in integer steps of (2 D/L f).
In what follows, we list two other examples of this type of matrix product. For the white and black
Barker sequence of length L = 5, the matrix product reads

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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0 1
1 1
1{=[o 0 0 1 0]f1 (15)
1 0
1 1

T = N S

1
0
1
1
1

[ I )
S = = =

And for the white and black Barker sequence of length L =7, the matrix product is

0] 11 1.0 01 0
1 1100101
1 1 001011
1|=[o 0011010010111 (16)
1 0101110
1 1 011100
1] 01 1100 1

Next, we generalize our previous result, by considering gratings that inside their unit cell
contains the above discussed complementary masks.

4. Barker-Babinet Gratings

Here, we note the following. For a Ronchi grating the duty cycle (or fill factor) is equal to one
half. Then, one half of the unit cell has an amplitude transmittance equal to zero. As depicted in
Figure 4, the other half of the unit cell can be coded with the white and black Barker sequence. The
same procedure applies true for the complementary grating.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 4. Pictorial describing the use of Ronchi grating for coding one half of the unit cell, with period d. In (a),
at the top, the complementary unit cell of a white and black Barker sequence of length L = 3. At the bottom, the
unit cell of a white and black Barker sequence, also of length L = 3. In (b), the optical setup. The complementary
grating, at the top of Figure 1 (a), is placed at the input plane. In the absence of a phase gradient, its image covers

the grating, depicted at the bottom of Figure 1 (a).

Under the above conditions, the cross-correlations of the coded sections do not overlap.
Furthermore, if the complementary gratings have several cells, then the cross-correlations are
periodic. In Figure 5, we plot the cross-correlation of the complementary gratings, for the lengths L =
5,7,11 and 13. For making comparisons between the graphs, the plotted values are normalized.
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Figure 5. Cross-Correlations between two complementary gratings. In (a) the length of the sequence is L = 5. In
(b), L=7.In(c), L =11.In (d), L = 13. And in (e), we plot the cross correlation between two complmentary

pseudorandom sequences.

For some applications, the maximum length of the known Barker sequences is L = 13. If for some
applications one requires periods higher than those obtained with the Barker sequence of length
thirteen, one can employ the white and black versions of the pseudorandom sequences [25]. In Figure
5 (e) we plot the cross-correlation of two complementary pseudorandom sequences of length L = 15.

From the plots in Figure 5, we note that for full overlapping the cross correlations are equal to
zero. As expected, this value is periodic. The maximum value of the cross-correlations remains
constant. The intervals of maxima values have widths that increase as the length of the sequence
increases. Trivially, the cross-correlations have extended periods. For some applications, the
maximum length of the known Barker sequences is L = 13. If for some applications one requires
periods higher than those obtained with the Barker sequence of length thirteen, one can employ the
white and black versions of the pseudorandom sequences [26]. In Figure 5 (e) we plot the cross-
correlation of two complementary pseudorandom sequences of length L = 15. Next, we consider the
presence of randomly located phase gradients.

5. Random Phase Gradients: Average Point Spread Function

So far, we have considered beam deflection caused by a prism that is aligned at the center of the
optical axis. The following question arises. What happens if the phase gradient is a small prism,
randomly located? Next, we present a simple model for describing this situation [31]. As depicted in
Figure 6, at the pupil aperture of the lens, the complex amplitude transmittance is

Q(,u;,uR)=[i}exp(i2ﬂ'(2f¢9),u) rect % . (17)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In Equation(17) the angular deflection is denoted using the paraxial angle 6. The prism is
randomly located at the position pir. And the width of the small prism is Apt.

Figure 6. The optical setup that now includes the presence of a small, randomly located prism at the lens.

The amplitude point spread function is obtained by evaluating the Fourier transform of
Equation (17). That is,

q(x;ﬂR):exp(iZExﬂR) sinc((x—2 16) Au). (18)

Since the small prism is randomly located, we evaluate the average amplitude point spread
function, which reads

(@)= [ plug)a(xmug)dug. (19)

— 00

In Equation (19), we denote the probability density function as pr(x). By substituting Equation
(18) in Equation (19), and evaluating the associated Fourier transform, we obtain

(q(x))=®(x) sinc((x—2 £ 0) Au). (20)

In Equation (20), the function ®(x) denotes the characteristic function of the random process.
Now, if one takes the square modulus of Equation (20) we have the mathematical expression for the
average irradiance point spread function.

(h(x))=|o(x)] sinc? ((x—2 1 ) An). @)
Trivially, if the prism is exceedingly small, Equation (21) can be written as

2

) =[]

Next, we employ Equation (22) for obtaining the irradiance distribution at the image plane

5(x-2186). (22)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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oo L/2

Is(x;0)= I <h(x—x’)> >, BS O(x'—nd) dx. (23)
—o0 n=—1L/2

By substituting Equation (22) in Equation (23) we have that
L/2

I¢(x;0)= Z BS ‘d)(x—nd)‘z d(x—2 f0-nd). (24)

n=—1L/2

Hence, the cross-correlation (between the image irradiance distribution and the irradiance
transmittance of the complementary mask) is

L L/2 ©
Ry,c(0)= Y Bo(x—td) ¥ BS [ |@(x—nd) 8(x-2/0-nd). (25
t=—L n=-1L/2 —o0

Equation (25) reduces to

L/2
2 d
R, ,c(0)= 3 > Byin By ||@(ma) E(H—mﬁ). (26)

m=—L | n=-L/2

It is clear from Equation (26) the main effect of having randomly located prims is the presence
of a modulation, which is proportional to the square modulus of the characteristic function. Trivially,
for 6 = 0 we have that m = 0, then ®(0) = 1. And therefore, as expected from Equation (12), for zero
beam deflection, Equation (26) becomes

L2

C
Ry (60=0)= > B, B,. (27)
n=-L/2

For illustrating the influence of the characteristic function, we consider a simple example. The
probability density function of that of a uniform distribution is

p(u)= (é) rect (é} 28)

And consequently, we have that the square modulus of the characteristic function reads
2 . 9
@ (md)|” =sinc” (Qmd). (29)
In Figure 7, we use Equation (29) to show the influence that the characteristic function has on
the cross-correlation of the complementary Barker mask, L =11.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 7. The impact of the characteristic function on the cross-correlation of complementary Baker’s masks,
with L=11, and Q=0.01. In (a), the deterministic cross-correlation in broken black lines. In red, the deterministic
cross-correlation times the square modulus of the characteristic function. In (b) the same as in (a), but for Q=
0.025. In (c), same as in (a) but for Q = 0.05.
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6. Dark-Field Lau Interferometer

Here, it is convenient to discuss the Lau effect. In our following discussion, we do not aim to
give generic description of the Lau effect. But rather, we aim for a simple, convenient description. As
depicted in Figure 8 (a), we place a grating in closed contact with a positive lens. At its front focal
plane, we locate a point source. Just after the lens, the complex amplitude distribution is

(e o]

g(x¥)= > G, exp[iZn‘%x’J. (30)

nN=—o0

Due to the Talbot effect, at the distance z = (2 d?/A) from the lens, the complex amplitude
distribution reproduces the amplitude distribution of the grating. In an equivalent description, at the
plane of the source, there is a virtual complex amplitude distribution, which reads

Y(x)= 2 G exp[izﬂ(zijané'(xs—n /jif) (31)

T

See Appendix C. Then, at the back focal plane of the positive lens, the amplitude distribution is
the Fourier transform of Equation (31). Hence, at the back focal plane, the complex amplitude
distribution is

T

n
w(x)= Z C, exp(i2n‘(zijn2jexp(i2ﬂg)x. (32)

N=—oo0
We emphasize this result as follows. We trace a line from the n-fold diffraction order (at the front

focal plane) towards the m-fold period of the self-image. As shown in Figure 8 (c), the connecting line
has a paraxial slope equal to 1. We note that the connecting line links two positions

n%:md. (33)

It is convenient to rewrite Equation (33) as

f:[%j[%z} (34)

Now, we recognize that Equation (34) expresses the formula used for setting the Lau effect. Next,
we use a noncoherently illuminated grating, with period d. Its irradiance distribution is

I(xo)zz 5(x0—nd). (35)

s=1

Next, as depicted in Figure 8 (d), we consider that each noncoherently illuminated grating is
located at the same position of a diffraction order, in the virtual diffraction pattern. That is,

_A
d== (36)

WE observe that Equation (36) is a particular case (m = 1 and n =1) of Equation (31). Therefore,
Figure 8 (d) describes a condition for setting the Lau effect.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 8. A pictorial for presenting a simple description of the Lau effect. In (a), a depiction of the Talbot effect.

In (b), the generation of a virtual Fourier spectrum, at the front focal plane of a positive lens. In (c), a line (in red)

that links the n-fold diffraction order (at the front focal plane) with the position m d, at the back focal plane.

The above simple description of the Lau effect is used for discussing a dark-field, Lau
interferometer. In Figure 9, we show a folded optical setup.
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Figure 9. A folded version of the dark-field, Lau interferometer. In (a), we show an arrangement commonly used
in the visualization of fluid dynamics. In (b), we depict a triangular configuration like that used in Sagnac

interferometry.

7. Final Remarks

We have revisited the key features of a binary mask. We have identified the necessary and
sufficient conditions for generating a complementary screen of a binary mask. This result was
employed for identifying the complementary Babinet screens associated with the white and black
versions of the Barker sequences.

We have extended our previous discussion by describing a pair of coded gratings that are
Babinet complementary screens. That is, the unit cell of an initial grating is coded with the Barker
sequence. And its Babinet complementary grating has a unit cell coded which is coded with the
complementary Babinet screen.

We have employed a matrix formulation for describing the cross correlation between a grating
coded with the Barker sequence, and a laterally displaced version of its Babinet complementary
grating. We have evaluated numerically these cross correlations.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We have noted that the Lau interferometer works under noncoherent illumination. And
consequently, the presence of phase gradients can be expressed in terms of an irradiance point spread
function. Based on this formulation, we have proposed to use an average point spread function,
which describes the presence of randomly located prisms.

The Barker-Babinet grating pairs were inserted into a Lau interferometer, for setting a dark-field
phase rendering device. We have reported two possible optical configurations for implementing a
folded version of the Lau interferometer.
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Appendix A

We include a mathematical proof, by induction, for validating our claim on the binary feature of
the Babinet complementary mask. First, we note that the square of the amplitude transmittance,
associated with the complementary mask reads

[bc (x,y)]z=1—2b(x,y)+b(x,y). (A1)

From Equation (A1) is straightforward to obtain

[bc (x,y)]2 =p* (x,»). (A2)

Consequently, the cubic of the amplitude transmittance reads

3 2
[bc(x,y)} =5 (x,) [bc (x,y)] ) (A3)
Then, by using Equation (A2) in Equation (A3) we have that

[bc (x,y)]3 = [bc (x,y)]2 ) (A4)

According to the mathematical induction method, we assume that for the integer value n, the
following expression is true

[bc (x,y)]n =p¢ (x,»). (A5)

Next, we proceed to the case integer value n+1,

n+l n
[bc (x,y)] :[bc (x,y)} b€ (x,y). (A6)
By employing Equations (A5) and (A2) in Equation (A6) we show that

[bc (x,y)JnJrl =p¢ (x,y). (A7)

Appendix B

From Equation () in the main text, we have that
L L oo

RB,BC(B)ZZ B¢ > B, I O(x—xy—2f0)5(x—x,)dx.
s=1 n=1 —o0o (Bl)
We remember that

xq :(2S—l)(£J—2.

2L) 2 (B2)

In a similar fashion,
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2L) 2

D D
X, =(2n —1)(—} -—.
(B3)
Now, we use the sifting property of the Dirac’s delta for obtaining

RB,Bc(e):Z > Bané'((s—n)%—Zij. (B4)

s=1 n=1

Next, we define m = s — n, then Equation (B4) becomes
L

L
C D
Rypc(0)= 2 2 BuinBy §(mz—2f¢9j. (B5)
m=—=L n=1
Equivalently, we write Equation (B5) as
L L
Rypc(0)= 2 | 2 BusnBy |6 H—m[szLJ : (B6)
m=—L | n=1
Finally, we remember that B€ m+ is equal to 1- B m«n. Thus, we obtain.
L L

D
RB’BC(Q): Z z (1=By1n) By |0 e_m(zf—LJ :

m=—L | n=1 (B7)

Equation (B7) is used in the main text as Equation (12).
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