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Abstract

We present a short review dedicated to low-lying meson states. We present all meson nonets, which
consist from up, down and strange light quarks. We consider the scalar nonet as a basic nonet. We work
in the framework of the massless Nambu - Jona-Lasinio U (3) x U (3) quark model. The collective
meson states are described through quark-antiquark pairs, whose condensates lead simultaneously
to spontaneous breaking of the chiral and the flavour symmetry. We present an explanation of the
inverse mass hierarchy of the low-lying nonet of the scalar mesons. The proposed explanation is based
on symmetry principles. It is shown that, due to the flavour symmetry breaking, two isodoublets of
K;;(700) mesons play the role of Goldstone bosons. It is also proven that there exists a solution with
degenerate masses of the 2¢(980) and f,(980) mesons and a zero mass of the f,(500) meson. Short
description of the physical properties of other meson nonets is provided. In particular a unique mass
relations among the different nonets, which are experimentally confirmed, are presented.

Keywords: low-lying meson nonets; NJL model; scalar nonet mass puzzle

1. Introduction

In this review we will provide a basic description of all low-lying meson resonances. Until now
there is not an appropriate unified description of these states. During the last 50 years numerous
models have been proposed for the description of these resonances including, for example the exotic
multi-quark states, gluon-quark states, molecular states, etc. Our approach is based on the assumption
of quark-antiquark structure of mesons. We will use the Nambu-Jona-Lasinio model [1,2] for the
description of these states. The Nambu-Jona-Lasinio (NJL) model was proposed analogously to
the Bogoljubov’s mechanism for symmetry breaking and the quasi-particles method [3], which was
developed earlier for superfluidity [4] and superconductivity [5,6]. Initially this model was proposed
for the description of the strong interacting hadrons: mesons and baryons. In our approach we will use
quarks instead of hadrons. Such approach allows simultaneously to follow the spontaneous breaking
of physical symmetries and to describe all possible low-lying hadrons, and in particular mesons.

As it has been shown in the work of Nambu and Jona-Lasinio the effective four fermion interaction
can lead to spontaneous symmetry breaking and to excitation of new degrees of freedom — collective
excited modes. The latter is the milestone of our approach. We have extended the NJL model on the
basis of completeness and symmetries principles.

The Quantum Chromodynamics (QCD) is the microscopic theory of the strong interactions [7,8],
which describes the interactions of quarks via exchange of vector gauge particles — the gluons. This
theory has an asymptotic freedom property [9,10], as a result of which the interactions of quarks at
high energies decrease. Hence, the perturbation theory can be applied. However, at low energies
the coupling constant becomes unacceptably big, and the perturbation theory cannot provide a
quantitative description of the composite hadronic states — the resonances. Therefore, different
phenomenological models are used, which include, to a certain extent, the basic properties of the QCD,
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such as chiral symmetry and its breaking, which leads to appearance of non-zero vacuum expectation
values for different combinations of quark and gluon fields. One such model is the NJL model which is
successfully used for the description of the hadron physics and for the mechanism of the spontaneous
breaking of the chiral symmetry. A main feature of this model is that it is based on the chiral symmetry
and explains its breaking in particle physics, analogously to superconductivity. The excitations in the
superconductor can be described by coherent mixture of electrons and holes. Similarly, the explanation
of the meson states spectra can be provided in the framework of quark-antiquark degrees of freedom.

Another important characteristic of the NJL model is that it is based on the special relativistic
invariance and includes the Lorentz group as the symmetry group of hadronic excitations. Spin 1
excitations appear from the bilinear combinations of spinor fields with spin 1/2 [11-13]. Besides these
vector and axial-vector excitations there appear pseudoscalar and scalar excitations, the latter ones
needed for the chiral symmetry breaking.

In the relativistic theory the fundamental spinors with spin 1/2, which are the building blocks
of the representations with high spin, can be of two types: right and left. They, in addition to their
non-relativistic quantum mechanical description, have a new quantum number chirality x = +1/2, cor-
respondingly. They are the fundamental spinors of two different compact groups of three-dimensional
rotations O(3). Their direct product is isomorphic to the non-compact Lorentz group O(3,1). The
representations of these groups are connected through the transformation of parity P, which explains
the notation of fundamental spinors: right and left.

The Weyl spinors 1, and its conjugated ¢; = ¢, are transformed under the fundamental spinor
representations of Lorentz groups (1/2,0) and (0,1/2), correspondingly. These first rank spinors
describe particles with spin 1/2. The spinor dotted & and undotted & indices can take values 1
and 2. Weyl spinors with different types of indices are connected by P-transformation of spatial
reflection or C-transformation of charge conjugation, and they are not separately invariant towards
these transformations.

Spinors of higher ranks may be constructed using the fundamental Weyl spinors [14]. Any
combination of Weyl spinors is reducible because the spinor algebra contains invariant antisymmetric
spinors €*f and % with undotted and dotted indices. Irreducible spinor of higher rank can be
constructed multiplying symmetric combination of Weyl spinors with undotted indices and symmetric
combination conjugated Weyl spinors with dotted indices. Different types of irreducible combinations
n-undotted and m-dotted fundamental Weyl spinors transform under the representations of Lorentz
group (n/2,m/2), and they describe particles with spin j = (n 4+ m)/2 and chirality x = (n —m) /2.

The parity is conserved in the strong interactions, and therefore it is convenient to choose as a
spinor fields the Dirac spinors ¥ (1/2,0) & (0,1/2), which describe the quark states. The conservation
of the charge conjugation and the QCD colours in the strong interactions chooses among linear
combinations only the quark-antiquark channels of excitation YOY, where O are the all possible
combinations of the Dirac gamma matrices.

Today 6 types of quarks (flavous) are known. In 1995 the heaviest quark has been discovered, the
top quark [15,16]. It is the heaviest elementary particle, m; = 172.56 £ 0.31 GeV, found till now [17]. Its
mean lifetime is too short to be able to produce composite hadronic states. Nevertheless, recently the
CMS [18] and ATLAS [19] collaborations have observed such hadronic states, top-antitop quark states.
The mass term of the top quark appears from its interaction with the Higgs field, £, in particular, with
its vacuum expectation value v:

_U+h — _ my _
Ly =gt F—=t=my (fgty +1Ltr) + - h-ft. (1)

V2

In correspondence with the Standard model, the mass of the particles, which is obtained from
interactions with Higgs m; = g4v/v/2 is proportional to the Yukawa constant gt, and it is called the
current mass. Hence, the top quark has the strongest Yukawa interaction with Higgs. As it is well
known, the mass term (the terms inside brackets in eq. 1) breaks the right-left symmetry. Therefore, we
are not going to consider in this review particles with heavy current masses.
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The next massive quark is the bottom quark, discovered in 1977 [20]. The bottom and top quarks
have been predicted theoretically in the paper of Kobayashi Maskawa [21] which explained CP-
violation. CP-violation has been discovered in 1964 [22]. The mass of the bottom quark is 4.183 £ 0.007
GeV [17].

The next lighter quark is the charm quark. It has been theoretically predicted by the Glashow —
lliopoulos — Maiani (GIM) mechanism [23]. Its mass has been estimated in 1974 [24], several months
before the discovery of charm quark itself [25,26]. Its mass m, = 1.2730 4 0.0046 GeV is also above the
hadronic scale of order 1 GeV, and we do not consider this flavour in low-lying meson physics.

In cosmic rays strange particles have been detected, which have been explained later as consisting
of strange quarks. On the basis of all data Gell-Mann [27] and Zweig [28,29] constructed a quark
model including up, down and strange quarks. The masses of these particles are of the order of
several MeVs for up and down quarks and hundred MeV for the strange quarks. Such small masses,
as these of up and down quarks, cannot explain the masses of the nucleons, neutrons and protons,
which consist from these quarks. Therefore, the accepted in Particle Physics Brout — Englert — Higgs
mechanism [30,31] for explanation of particle masses is unable to explain the masses of the nuclei of
the chemical elements of our Universe. Fortunately, Nambu has proposed a method of spontaneous
dynamical symmetry breaking for the light quarks [32], which can explain the big (compared to the
hadronic scale) constituent masses of the hadrons and at the same time can explain the smallness of the
masses of the pseudoscalar mesons — the pions.

In the next section we describe all low-lying mesons nonets. The third section introduces the
NJL model for the scalar meson nonet and presents its effective potential. In the fourth section the
spontaneous symmetry breaking mechanism of chiral and flavour symmetries is described and the
mass spectrum of the scalar mesons is obtained. A special solution, corresponding to the physical
case of inverse hierarchy of scalar meson masses, is presented. In the fifth section we present a short
description of the other meson nonets and provide the unique mass relations for the spin 1 mesons.
The last section contains the conclusions of the review.

2. Meson Nonets

We use the three lightest quark flavours in the framework of the "Eightfold way" [33,34]. However,
the fundamental spinor ¥, besides the flavour indices f = 1, ..., N 't Ny =3, will have also colour
indices [35]. The colour group SUc(N¢), where N = 3, presents the local symmetry group of the
strong interactions of the QCD and it is realised via the interactions of quarks with the gauge fields,
the gluons. We will omit the colour index in the bilinear combinations YCOY ¢, because the observed
hadronic states are colourless as a result of the confinement of the colour states in QCD. The parameter
of colour will explicitly appear only at the integration of the fundamental spinors over virtual loops.
Hence, we will work with the SU¢(3) flavour group. The antiquark-quark presentations there are
defined in accordance with eq. 2

3x3=8+1. )

Then the antiquark-quark states of the mesons are formed as an octet and a singlet of this flavour
group. Le. they form nonets.

The quark states are described by four component Dirac spinors. Therefore, their direct products
contain 16 independent components in the antiquark-quark channel:

[(1/2,0) @ (0,1/2)] ® [(1/2,0) & (0,1/2)] = (0,0) & (0,0) & (1/2,1/2) & (1/2,1/2) & (1,0) & (0,1).  (3)

Under the Lorentz group they transform as a scalar (S), pseudoscalar (P), vector (V), axial-vector
(A) and antisymmetric tensor of second rank (R and B), correspondingly. Their quantum numbers,
according to the Lorentz transformations, are described in the Table 1. Each column in the table
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corresponds to a singlet flavour state of a meson nonet except for the two columns with the same
quantum numbers 17 .

Table 1. Quantum numbers of singlet flavour states of meson nonets.

v v T 5 ¥ 7Y & f
FOv F¥(S)  FPY(P)  Fy.¥ (V) ) Yoo ¥ (R)  Yo,¥ (B)
P 0+ 0+ 1— 1+ 1 1t

* Here greek index y = 0,1,2,3 and latin indexes i,j = 1,2, 3.

Due to the fact that quantum numbers of the states ?'yy‘l" and Yoy, ¥ coincide, their physical
states w(782) /¢(1020) and w’ = w(1420) /¢’ = ¢(1680) are represented by almost maximal mixture
between them [36]. Therefore, the left panels in Figure 2 and Figure 3 present physical mixed states of
nonets with singlet states ¥, ¥ and Yoy, ¥.

S
A
KO KT
o | fo(980) I3
ag ag ag T
K 7Y

Figure 1. Left panel presents the low-lying scalar meson nonet. Right panel presents the low-lying pseudoscalar
meson nonet.

K K** K,

w(782) | $(1020) I f1(1285)

Figure 2. Left panel presents the low-lying vector meson nonet. Right panel presents the low-lying axial-vector
meson nonet (A).
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Figure 3. Left panel presents the low-lying vector prime meson nonet. Right panel presents the low-lying
axial-vector meson nonet (B).

Only the scalar nonet does not have mixing with any other nonets. Further on in this paper we
will consider the scalar nonet as the base nonet. However, there exists a problem connected with the
explanation of the inverse hierarchy mass in the low-lying scalar nonet. The constituent quark models,
which describe the mesons as quark-antiquark pairs, cannot explain this problem. Among the first
hypothesis explaining the inverse hierarchy is the work of Jaffe [37] proposing diquark-antidiquark
structure (7979) of the scalar mesons. Another explanation, preserving the quark-antiquark structure
of scalar mesons, see [38], uses the U4 (1) anomaly term in dynamical chiral symmetry breaking of
chiral effective theories. While this mechanism explains the difference between lowest-lying scalar
meson f(500) (or o) and a¢(980), it is not able to explain the mass of the K{j(700) (or x) meson [39].

Here we discuss an alternative explanation of the smallness of the K;(700) meson mass proposed
in our work [40]. It uses the well-known mechanism of spontaneous symmetry breaking of the U (3)
flavour symmetry to SU¢(2) isotopic symmetry. Due to this symmetry breaking, K;(700) mesons with
isospin I = 1/2 play the role of massless Bogoliubov — Nambu — Goldstone (BNG) bosons. This is a
natural explanation of the small masses of the K{;(700) mesons, similar to the explanation of the small
pion masses.

3. The Scalar Nonet Model

Let us consider the massless three flavour states ¥ = (1 d s)T of the flavour group Us(3). Due to
the fact that the states are massless this group can be extended to Ug(3) x Uy (3). The Lagrangian of
such interactions corresponding to the NJL model can be expressed as:

~ 8
L=Fpy+ (T + DY (FA¥), (4)
a=1

where A, (a2 = 1,...,8) are the Gell-Mann matrices. Gy and Gy are positive constants of the self-
interactions of the singlet state quark scalar current and the octet states of the quark scalar currents,
correspondingly. They both have a dimension [mass] 2. We discuss initially massless quarks, which
obtain masses due to spontaneous symmetry breaking.

The quantisation of this Lagrangian in perturbation theory on the dimensional constants Gy and
Go leads to nonrenormalizable theory. To resolve this problem we will use the linearisation method
of this Lagrangian developed in [41,42]. As a result of the linearisation of the Lagrangian (eq. 4) the
following, equivalent on the classical level Lagrangian, is obtained:
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:i‘I’a‘Y—f—gO‘If‘PSO— =0 So—f-Z(ga‘I’Aa‘YSa Zé 53), 5)
0
where auxiliary fields are introduced
Sp = _ % ¥YY and S, = Go YA Y. (6)
8o 8a

These fields play the role of collective excitation states of the corresponding currents. Here, gp and g,
are the dimensionless Yukawa coupling constants.

All the collective modes become dynamical due to the self-energy quantum corrections from
fermion loops (Figure 4a). After using proper normalisation it leads to the relation

6g5Nclo = 4g3Nclp = 1. (7)

Here

_ [ dYp d4PE
fo=- /(27r) / (7 +m) >0 ®)

is a logarithmically divergent integral, which is posmve in Euclidian momentum space.

The small current mass m for the quark, which is introduced here, allows to avoid the infrared
divergences in the denominator, and we will neglect it in the numerator. Such quark mass introduction
explicitly breaks the chiral symmetry, and it is called soft symmetry breaking. This symmetry breaking
does not lead to extra ultraviolet divergences in the scalar particles masses.

Due to the dynamical origin of the kinetic terms all the interactions in the NJL model are described
by a single dimensionless coupling constant

§=80=V2/3ga. ©)

Another essential point of the NJL model is the generation of the self-interactions of the scalar
fields (Figure 4b), which self-interactions lead to a spontaneous dynamical breaking of the chiral and
flavour symmetry.

(a) S

Figure 4. (a) Radiative correction to self-energy parts. (b) Radiative correction to self-interactions.

Thus, the effective potential reads:

12 T 3¢2 2
Vg = fso+725 so+3g250252+T 252
a=1
3v3

by 3V3 250 (53+ 52— 52— 83) — v2g? oS}
S24+S24+52+82

+ 3\f2g25058<s%+s§+s§— it 5; 612

+  3v6%50(515456 + 515557 — 525457 4 525556). (10)
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This potential has the following essential property: it depends only on one dimensionless constant
¢ and two dimensional mass parameters y? = g%/Go — 12¢5NcL and ji* = g2/ Go — 8¢2NcIp. Here

4
1251'/ —/dpE LI (11)
(2m)% p2 —m F +mg

is the positive quadratically divergent mtegral. This provides the possibility to find exact solutions

of spontaneous symmetry breaking and the mass spectrum of the scalar mesons. We will discuss the
solutions in the next section.

4. Symmetry Breaking and Mass Spectrum of Scalar Mesons

As a result of the spontaneous symmetry breaking the scalar fields obtain non-zero vacuum
expectation values. The physical vacuum conserves the electric charge and the quark flavour. Hence,
only the scalar fields Sy, S3 and Sg can have non-zero vacuum expectation values because these fields
interact with the diagonal combinations of quark-antiquark flavours. We find the minimum of the
effective potential (10) differentiating the potential only on these degrees of freedom. The following
system of equations are obtained as a result of the minimisation:

DR 5,50 = H2(S0) +28%(0)2 + 6g2(0) ({85)? + (S8)?)

S

—V/28%(S8)” +3v/28%(53)*(Ss) = 0,

B ymisy = [ 4382 (205002 + (522 + (Ss)2 +2VE(S0) (S9)) | 8a) =0, (12)

o
0L sy ioy = 12 (35) + 387 (2(50)2 + (5) + (S8)” — V2(S0)(S8) ) (5s)

LSt

+3v/2¢%(S0)(S3)* = 0.

Note, that due to neutrality of vacuum expectation values (S;) = 0 fora = 1,2,4,5,6,7. It is known
that SU¢(2) group cannot be spontaneously broken [43] and (S;3) = 0 is the right solution of the system
(12), while (Sp) # 0 and (Sg) # 0 acquire non-zero vacuum expectation values.

The spontaneous symmetry breaking takes place only at strong coupling constants Gy and G,
when the mass parameters are negative, i.e. y> < 0 and fi*> < 0. We introduce the dimensionless
variables x = 3v/2¢(So)/\/—i2, z = 3¢(Ss) //—fi% and 1? = p?/{i% in order to avoid the irrational
coefficients and the dimensional parameters in (12).

The constituent quark masses can be derived from the following relations (eq. 5):

my=my = —\——(x+2), (13)

ms = —\/ 71;{ (x —2z). (14)

The first and the third equations of the system (12) in the new dimensionless variables read:
3
2 2 _nZ’ _ g2
x°+6z° =25 =9r%, (15)
x? —xz+z* =3.

The square of the masses of the scalar meson isotriplet a3 (980) = (S1 FiS)/v/2, a3(980) = S3
can be found as:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2
M2 = aa‘slgff sy=tsy) = 9V28%(S0) (Ss) = (—fi%) xz, wherei = 1,2,3. (16)

i |S8=(Sg)
This result shows, that for non-negative square masses the vacuum expectation values of Sy and Sg
should have the same signs. Note that the solutions of the system (15) are invariant with respect to
simultaneous sign changing of the vacuum expectation values: x — —x and z — —z. Therefore, for
definiteness, we will search solutions for positive vacuum expectation values.

The squares of the masses of the scalar mesons x with isospin I = 1/2: Kkt = (S4F1iSs)/ V2,
= (S —iS7)/ V2, &% = (S +iS7) /2

0% Vst

M =
9S82

sy = 12438 (2(50)" = V2(S0) (Se) + (58)*) = 0 (a7)
Sg=(Sg
are equal to zero, where s = 4,5, 6,7 and the last equality follows from the third equation of the system
(12) with (S3) = 0. The fact that the squares of the masses are equal to zero for these states is a direct
consequence of the Goldstone’s theorem [44,45].

Now let us calculate the squares of the masses of the isosinglet states with isospin I = 0, Sp and
Sg and their mixing:

82V 2 23
2 _ eff ) 2 2 2\ _ 22 5 z°
My= g (s =1 H08 ({502 +(56)?) = (-7 )9(x + x), (18)
0%V, 3
Mg = asgﬁ So=50) — V2+382(2<50>2—2\f2<50><58> +3<Ss>2)
8 |Ss=(Sg)
z
= (=) 3(2z - x), (19)
2V, V3
2 eff B _ B
= asga5 (-0 =% (4(50) —2v2(S9) ) (Ss) = (7% 22 2x—2) £0. (0)

From the last equation it follows that there exists a non-trivial mixing between these states. This can be
described by the non-diagonal matrix:

A B
M?_o—(—ﬁz)(B c)’ 1)

where A = 2 <x2 + %), B = ?z(Zx —z), C = 1z(2z — x) The diagonalisation of this matrix leads to
two eigenvalues:

Mgz(_ﬁ2)A+C—«/(2—C)2+4B2I )

~ /(A — C)2 2
M, 950 = (—71°) AteH (g CF +48° (23)
They correspond to the squares of the masses of the physical states ¢ and £(980).

Among different solutions of the system (15) there exists only one solution that corresponds to
the physical reality with proper mass spectrum for the scalar nonet. We introduce a dimensionless
parameter 6 = 12 — 1, which shows the deviation of ratio of the mass parameters y? and ji> from unity.
Then the solution for the vacuum expectation value (Sg) can be expressed as

as2
x —2+2\/1—(52cos<arccos 1-39 27T> (24)

2P 3
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for 0 < 6% < 6% = 21/3 — 3. The positive vacuum expectation value (Sg) can be found from the second
equation of the system (15) as
x++/3(4 —x?)

Z=—— (25)

So, the zero masses (17) of the ¥ mesons result from the flavour violation of Uy (3) group. The
reduced squares of the masses of the meson isotriplet 2p(980) and the two isosinglets ¢ and £,(980)
are presented in the Figure 5.

34

52

0.1 0.2 0.3 0.4

Figure 5. The reduced squares of masses of 7, f3(980) and a9(980) mesons depending on 62 (from [40]).

The result is more attractive from physical point of view. Namely, for 6> — 63 the masses of the
isotriplet a¢(980) and isosinglet f;(980) are yet almost degenerate and heavy, while the o meson mass
tends to zero, and it equals zero for 6> = §3. From the equations of the system (15) it follows that the
parameter 72 is greater than one: r> > 1. So, the mass ratio u?/i*> = r> > 1. This mass ratio depends
on the initial coupling constants of the Lagrangian (4) and means, that Gy is greater than Gg. Only for
that case physical solution is possible.

Let us analyse the mixing at § = &y = \/21/3 — 3. The physical states o and f((980) are defined
by the states Sy and Sg from the following relation:

o\ [cosgp —sing) (Sg
(6= (555 9 )

= 1aI‘CCOS c-4
=2 (C—A)2+4B%

An illustration of this mixing angle is presented in Figure 6.

where the mixing angle ¢ is

(27)
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Figure 6. The figure presents the mixing angle ¢ corresponding to the solution for the physical case (from [40]).

The formula connecting the pure states (ui 4 dd)/+/2 and s5 to the physical states ¢ and f(980)

reads:
o cosw sinw s§
_ o, 28

where the mixing angle w is related to the mixing angle ¢ by the relation:

w = arctan V2 — Q. (29)

It is interesting to note, that w = wy at point 6 = Jy, where wy ~ 54.7° — 47.5° = 7.2°. This very
small angle corresponds to a nearly ideal mixing. Therefore, contrary to the common assumption, that
£0(980) meson is almost pure s state, we obtain that it is actually the ¢ meson which has almost pure
s5 state, while f((980) meson is close to (uii + dd)/+/2 state. This finding has been confirmed by the
recent experimental results of the CMS [46] and ALICE [47] Collaborations.

5. Description of the Other Nonets

The flavour group SU(Ny) is the group of global symmetry of QCD in case of equal masses of
quarks with different flavours. Hence, in contrast to the gauge colour group SUc(3), the flavour group
represents an approximate symmetry. First relatively good approximation to the real case of hadron
resonances is provided by the group of isotopical symmetry SU¢(2) [48]. Moreover, as far as the two
quarks 1 and d from the fundamental spinor

u
T:<d> (30)

can be assumed massless in comparison with the hadrons’ masses, it can be supposed that the QCD
symmetry group is a wider group, namely SUg(2) x SUL(2). The spontaneous breaking of the
chiral symmetry removes the degeneracy between the masses of the boson resonances multiplets
with opposite parity. Corresponding to the Goldstone theorem [44,45] the representatives of the
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pseudoscalar multiplet with quantum numbers 0~ are massless, while for the scalar multiplet, with
quantum numbers 07 they are massive.
Hence, in the antiquark-quark channel

2x2=3+1 (1)

a triplet of almost massless mesons with quantum numbers 17 (0~ ) and a triplet of massive scalar
mesons with quantum numbers 1~ (0*) should exist. Here, by I¢(J”) we denote the quantum numbers
of the isotopic multiplet, where I is the eigenvalue of the isotopic spin, while G is the eigenvalue of the
G-parity operator. The latter presents the product of the charge conjugation C and the rotation at 180
degrees around the second axis y in the isotopical space. The introduction of the operator of G-parity is
necessary because the electrically charged components of the multiplet are not the eigenvalues of the
operator of the charge conjugation C. §-parity of the isotopical multiplet is defined according to the
formula G = C(—1)!, where C is the charge conjugation parity of the truly neutral component of the
multiplet.

From the mesons table [17] it is seen that the pion triplet (mt, 0, 71~ ) with masses m+ ~ 139.6
MeV, m_o ~ 135.0 MeV ! and with quantum numbers 1~ (0~ ), and also the triplet ag(980) of mesons
(ag, a3, ay ) with masses m,, ~ 980 MeV and quantum numbers 1~ (0") really exist. The small
deviation from zero of the 7t meson mass is defined by the Gell-Mann — Oakes — Renner relation [49]

(itu + dd)

7T

and it is due to the small but nonzero current masses of quarks

My + my &~ 10 MeV. (33)

The quarks’ current masses, which enter the Lagrangian of the perturbation theory in QCD at small
distances, are different from the constituent masses of the quarks, which appear due to spontaneous
breaking of the chiral symmetry at large distances as a result of nonperturbative effects. The constituent
masses constitute the dominating part of nucleons’ masses. The spontaneous chiral symmetry breaking
leads also to nonzero vacuum expectations values

(u) = (dd) ~ —(250 MeV)? (34)

and to the constant of pion decay

Fr =~ 130.7 MeV. (35)

The interpretation of the singlet in (31) as I = 0 requires some additional clarification. The singlet
state 1 at the classical level is invariant under the phase transformations of the group U(1). However,
due to anomalies the group of chiral transformations U4 (1) [50,51] is no longer a symmetry group at
the quantum level. Therefore, an existence of a massless or light particles with these quantum numbers
is not to be expected. Another reason, that leads to difficulties of the interpretation of the isoscalar
states, is the existence of the quite light strange quark with mass of hundred MeV. The states 50s have
the same quantum numbers as the singlet states (70u + dOd)+/2. Hence, the physically observed
meson states should be a mixture of the latter. Such a situation is realised exactly for pseudoscalar
isosinglets. On the basis of the classification of the flavour group SUy(3) the physical states of the 7
meson with mass 1, ~ 547.9 MeV and " meson with mass m,, ~ 957.8 MeV can be presented as
almost pure octet states

1 The difference between masses of the charged and neutral pions is due to the difference of the masses of 1 and d quarks and

the electromagnetic interactions.
2 As far as the quark masses depend on the scale of their determination, here we present their values at 1 GeV.
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Ny = i (ﬂ’ySu +dy’d -2 5755) (36)
V6
and singlet states
0~ = e (a'y5u +dv°d + 5755). (37)
V3

We have discussed till now the well studied sector of scalar and pseudoscalar meson resonances.
Let us discuss now the meson states with spin one. As far as a complete theory SUs(3) does not
exist yet, we will describe only the classification of meson hadronic resonances in the channels with
isovector I = 1 and isosinglet I = 0. Due to the lightness and almost equality of u and d-quark masses
and the diagonal structure of the isosinglet states, this model provides a good quantitative description
of the mass spectrum (Figure 7a) and of the dynamical properties of the mesons in these channels [36].

+

(b)

Figure 7. Contributions of Sg vacuum expectation values to the mass terms (a), mixing between vector mesons
and between pseudoscalar and axial-vector mesons (b).

However, this model provides only qualitative description of the states with I = 1/2 with strange
quark because of the considerable difference between the masses of the light quarks and the strange
quark. For example, the properties of the low-lying vector state K*(892) should be connected with
the properties of its partner K'* = K*(1410), as in the case of light nonstrange mesons. However,
quantitatively the mixing will be different and will include the strange quark mass ;.

For strange quarks even the neutral states are no longer the eigenvalues states of the charge
conjugation operator C, hence the axial-vector meson A and the axial-vector meson B are described by
the same quantum numbers 1/2(1") and they can mix. This way the physical states K;(1270) and
K1(1400) also are a mixture of pure states K1 4 and Kjp.

There also exist a mixing between the pions of the pseudoscalar meson nonet and a;-mesons of
the axial-vector nonets (Figure 7b). This mixing may be removed by a renormalisation of the pion field.
by mesons of the axial-vector nonet have unique quantum numbers 17~ and do not mix with the other
meson nonets. Maximal mixings existing between vector fields V and R (Figure 7b) form the physical
vector nonets in left panels of Figs. 2 and 3. This leads to the following ratios among masses of the
three different nonets, which should be equal to one. Using the experimental data [17] for isotriplets

2
Z(mp/ — mp) + 3mp/mp

Ri— =
3(mb1 )2

=0.96£0.03 (38)

and isosinglets

2(my — my)? ,
Rp_o = 2\t = Ma)” 43t 01 4 g o7 (39)

3(mp,)?

we get good agreements.
Mass of the /11 (1415) meson with hidden strange flavour, s5, was predicted from the relation [36]

2
2(1’}’[ r—m +3mym
2 _ ¢ 4’) Mo
My (1415) = 3 = 1415+ 13 MeV. (40)
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6. Conclusions

In this short review we discussed all nonets of the low-lying meson states. We provided their
description in the framework of Nambu — Jona-Lasinio massless quark model. The scalar mesons nonet
was studied in detail. Their collective meson states are described through quark-antiquark pairs, whose
condensates lead simultaneously to spontaneous breaking of the chiral Ug(3) x UL (3) symmetry and
the flavour SU¢(3) symmetry. Due to these symmetries breaking there appear constituents masses
of quarks. We have calculated the mass spectrum of the scalar mesons and their mixing. This mass
spectrum provides an explanation of the inverse mass hierarchy of the scalar mesons nonet, where
x and ¢ mesons are light states. We obtain that f((980) meson is close to (ui + dd)/+/2 state. This
finding is confirmed by the recent experimental results of the CMS [46] and ALICE [47] Collaborations.

Short description of the physical properties of other meson nonets is provided. In the framework
of the isotopical SU¢(2) group unique mass relations among the different nonets are presented, which
are in accordance with the experimental data. Using these mass relations /11 (1415) mass was predicted
and such particle with the predicted mass value was experimentally discovered [52].

It is impresive that, using just one Dirac spinor with three flavours, it is possible to describe
simultaneously the six nonets of the low-lying mesons, namely 54 states. The properties of the two
vector nonets which we have presented do not correspond to the wrong assumptions that the primed
vector nonet is in the 2 35 state. As it has been shown in our works and also by lattice calculations [53],
these states correspond to the 3D; state.

The presented by us model will be completed after the explicit introduction of the current quark
masses, using the flavour SU¢(3) group. Such an approach, namely introduction of non-zero current
quark masses, was proposed in [54].
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