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1. Distances and Intervals in General Relativity

In general relativity, there are no constraints in the choice of a coordinate system. For instance,
the space coordinates, (xl, x2, x3), can define the positions of the bodies in space, and time x0 can be
defined by an arbitrary running clock. We will describe how the chart, x# = (xO, xi) (fori =1,2,3),

determines the distance and time intervals.

1.1. Time Intervals

Let T be the proper time, which is the time measured by the observer at the rest frame. Consider
two infinitesimally separated events occurring at the same point in space, then the distance interval of
the space-time geometry is

ds = cdt (1)

where dt denotes the proper time interval between the two events. Here, we have taken dx! = dx? =
dx® = 0 since the events occur at the same point in space. In general,

(ds)? = guydxtdx" 2)
Thus, we have
c?dt? = goo(dx)? 3)
Or,
dt = %\/%dxo (4)

Then, the proper time is obtained by the following integral

1
T=1 / V/8oo dx° ®)
These equations indicate that

goo >0 (6)

It is important to note that when we say that the signature of the metric is (+, —, —, —), that
indicates the sign of three principal values of the three-dimensional space of the metric tensor g;,,. A
metric without (—, —, —) can not be a metric of a real gravitational field; that is, it does not correspond
to the metric of the real space-time. If the condition ggo > 0 is not fulfilled, it will mean that the
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reference frame can not be realised with real bodies. In that case, if (—, —, —) is fulfilled, then a
transformation on the coordinates would make ggg > 0.

1.2. Spatial Distance

In the special theory of relativity, the spatial distance dI was the interval between two infinitesi-
mally separated events occurring at the same time. In general relativity, it is not possible to do the
same thing because we can not take dx® = 0, when ds is defined. That is because in general relativity
in the presence of a gravitational field, T at different points in space has a different dependence on x°.

Consider a light signal traveling from A to B and reflected back to A by a mirror located at B, as
shown in Figure 1. The signal leaves the point A at x° + (dx?);, arrives at point B at x°, and is reflected
by the mirror at that point, and it arrives back in A at x° + (dx?),. The object is moving in space-time
along the geodesic shown in red (see also Figure 1). For an observer at rest at point A, the distance

between the points A and B is

cdt
7
dl = - (7)

where d7 is the proper time interval that takes for the signal to travel from A to B and back to A. Here,
(dx%)1 5 are the roots of the equation ds = 0, as described in the following.
First, we can write

(ds)? = guydxtdx" ®)
= g00(dx°)2 + goidx"dx’ + gipdx'dx® + g;idx'dx/
= goo(dx")* + 2goidx"dx’ + gydx'dx]

Requiring that ds = 0, and solving it for dx°, we get two roots, (dx%); and (dx?),, as

—goidx’ & \/(go,-clxi)2 — googijdxidxl

(dx")12 = 200 9)
B *gOidxi =+ \/(goigo]‘ - googij)dxidxf
B 800
B B B

xo(ax), XOH(d),

A A

Figure 1. A light signal traveling from A to B and reflected back to A by a mirror located at B. The
signal leaves point A at 20+ (dxo)l, arrives in point B at %0, is reflected back by the mirror, and arrives
in A at x9 + (dx%),. The object is moving in the space-time along the geodesic shown in red.

The interval of time passed as the signal travels from A to B and back to A is

2\/(801‘80]‘ - googij)dxidxf
800
2 . .
- gE\/(gOing — go08ij) dxidx/

(dx®)y — (dx°); = (10)
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and the proper time interval is
_ V800 2 ,4 N g
dt = TSE \/(gOngJ - gOOgl])dxldx] (11)
2 [ 80i8oj ) -
=- — gji |dxtdx]
c \/< g0 Y
Substituting Eq. 11 into Eq. 7, we find that
2
(d)? = 2 (”ZZT) (12)
80i80j > Qg
= — Qi |dx'dx/
( g0
If we write the three-dimensional distance d! in the form
(d1)? = hydx'dx) (13)
then, we will get
80i80j
hi; = gloo] — &ij (14)

Here, hj; is the three-dimensional metric tensor, which determines the properties of Euclidean space
geometry. Note that g;; relates to the real space metric of Riemann geometry, where goo and go; are the

components of the space-time metric. Besides, g;; depends on x, which implies that hij space metric

also depends on x°.

Furthermore, —hij is the inverse of the contravariant three-dimensional gij metric of Riemann
geometry. Using,

8" gy = & (15)
we have
8780k = 8gjk + 880k = O (16)

@000 = g g0 + 2900 = 0
8% 800 = gojgjo +g%%00 = 1

From Eq. 16, we get

. e
g0 =550 a7)
800
Substituting Eq. 17 into the first expression of Eq. 16, we find that
8" (gjk - ]80k> = (18)
800

— gffhjk =4 (19)
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That is,
e = —g* (20)
Furthermore,
§ = —8ooh (21)

where g is the determinant of ¢*" and h is the determinant of /.
We introduce a vector h in the three-dimensional space, with its covariant components defined by

ho=S8% 1,23 (22)
800

and its contravariant components are

W =nhj=—g% i=1,2,3 (23)
Thus,
0_ 1 g
§ = i (24)
800

Here, the repeating indices up-down indicate summation.

1.3. Synchronisation in General Relativity

Simultaneity in general relativity is related to the synchronisation of the clock readings placed at
different points in space. Thus, the goal would be to find a relationship between the readings of those
clocks. Consider again the experiment shown in Figure 2. A light signal travels from A to B and is
reflected back to A by the mirror placed at point B. The signal leaves the point A at x? + (dx?)y, arrives
in point B at x¥ and it is reflected back and it arrives in A at x + (dx"),. We consider two objects; one
is at rest and the other object is moving in the space-time along the geodesic shown in red. Besides, we
assume two clocks are associated with these objects. The clocks will be synchronised, if two signals
that are sent simultaneously from A to B from each object are such that when the light signal sent at
the object in rest reaches point B, then the signal sent at the moving object reaches point B when the
object has moved half-way to the right. Mathematically,

X0 Ax0 =20+ % {(dxo)l + (dxo)z} (25)
Or,
dxt ..
A0 = 1[(dxo)l + (dxo)z} _ S0l by (26)
2 800

The relation in Eq. 26 is used to synchronise the clocks in any infinitesimal region in space.
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(), M XOH(d),

A A
Figure 2. A light signal traveling from A to B and reflected back to A by the mirror placed at B. The

signal leaves the point A at X0+ (dxo)l, arrives in point B at x0 and it is reflected back and it arrives
in A at x¥ 4 (dx?),. We consider two objects; one is at rest and the object is moving in the space-time
along the geodesic shown in red. We associate a clock with each object in space.

2. Energy-Momentum Density Tensor of the Matter

2.1. Generalised Energy-Momentum Density Tensor

In general, the energy-momentum density tensor of a system can be determined from the action
function given as

= / L(g", Vogh)/—g d*x 27)

where L(g", V,g/) is Lagrangian density of the system, which is a function of the system’s degrees
of freedom, namely g"" and V,g/". In Eq. 27, the integration is overall three-dimensional space and
over the time between any two given times, which forms an infinite region of the Riemann space-time
constrained between two hyper-surfaces. Here, —g is the determinant of Riemann space-time metric
tensor g*P.

From Eq. 27, since L(g', Vyg"') is a function of g’ and V,g¢"", the differential of the action
function [ is

51 = / S(L(a", Vogh)/—3) dix (28)
(L TR e
_ :a(ﬁaﬁ)(s w a((ﬁv‘/;))vg(ag )]d4x
- [
Vet ) = v (S )0
=/ (%‘Wﬁ)(s wo_ Va(m)égw:d‘lx
e (g
:/_ (Ea\wﬁ)(s m Va(m)égw: d*x

where

/ Y, (Waw) dix =0 (29)
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because the variations of g/ vanish at the boundary hyper-surfaces; that is, 6g*” = 0. Therefore, we

finally have
_ a(‘c\/jg) a(L\/ _g) uv g4
Now, the following quantity is introduced
Vo op _WLYV=8) o (ALV—8)
2V 78T = g TV (V) .

where T, is a general form of the so-called energy-momentum density tensor for any physical system
(including gravitational and electromagnetic fields) and £ is the Lagrangian density function of that
system. Expression in Eq. 31 can further be simplified. Using the Hamilton principal of minimum
action 61 = 0 and since dg"? are arbitrary chosen, from Eq. 30, we have

a(E\/—g)> IHLV=8) _
ve(Sit) e =0 e
which is the so-called Lagrangian equation.
Furthermore,
_ a(\/_gﬁ) nv a(\/_g’c) uv
Va(y/ gﬁ) = g Vgt + B(Vggi“’) VA(VUg ) (33)
_ a(\/_g ) uv a(v_gﬁ) v
= g Vgt + an(v)\g )
Combining Eq. 32 and Eq. 33, we get
= I(Ly/=8) v, 9(/=8L) v
V/\( _85) = VU<8(V¢7Q’“’) Vagh + an(va ) (34)
— a([: vV ) uv
= VU(a(Vggyv> V)Lg

Moreover,

VA(V/=8L) = Vo (y/=3L)Vax" = Vo (y/—5L) 5, (35)

By equalising both sides of Eq. 34 and Eq. 35, we find another expression for Eq. 31, which gives the
generalised energy-momentum density tensor in the following mixed components

o(/—¢L
o — mvww _ (J=3L), (36)

In contravariant form, Eq. 36 can be written as (after multiplying both sides by g*%)

(/gL
T = a((\éjfyv)) Vi — g™ (v/=8L) (37)

In the covariant form, Eq. 37 is written as

o(~/—¢eL
Tou = a((g;‘;v))vagw — gea(/=3L) (38)
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2.2. Action Function of Gravitational Field
Now, we consider the action function of the gravitational field. For that case,
g =g (39)
V,xg” v — ng i
where ¢V is the metric of Riemann space-time.
A coordinate transformation is given as [3]:
nt=axt+g", p=0,1,2,3 (40)

where ¢* is a small amount of change. Then, using transformation in Eq. 40, g*” components transform
as

g (") = ”( (Vo) (Vay") (41)
(x%) (8] + Vol ) (55 + V&)
= (gwx )+ 87 (x*) Vil ) (55 + Vag")
= g (x%) + g VALY + g7 (x") Vil
+87 (X" (Vo) (Vag")

where the symmetry of the metric tensor g% = ¢'? is used. Omitting terms of the second order in the
derivative of ¢# in Eq. 41, we obtain

g () =g (x7) + g (xT) VALY + g7 (x) V! (42)
Next, a Taylor expansion of " (1™) around ¢" = 0 is calculated

§0*) =" +¢T) (43)
=8(T) + (Vg (x7))8”

Substituting Eq. 43 into the left-hand side of Eq. 42, and re-arranging it, we will obtain

g (x7) = g (x7) — (Vogh (x7))E" + g (xT) Vg (44)
+87 (2 Vet

We assume that the coordinates transformation (see Eq. 40) results in a small transformation on the
metric tensor; that is, in the contravariant form, we write

g (x") = g (x") + 081" (45)
and in covariant form as
Zuv(x) = g (x7) — Ogyu (46)
where §g,, = —6g"" is used. Then, we can obtain that
oM (x7) = M (A7) VA" + g7 (x) Vol — (Vogh (x7))E” (47)

= VHeY + vvet
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We re-write the differential of action function in Eq. 30 for the gravitational field as
_ a(‘c _g) a(£ _g) uv 74
51 = / [ag v v, T gy ZgP‘V) Sg dtx (48)

Then, generalised energy-momentum density function of the matter in Riemann space-time of gravita-
tion field is

1 _9(LV=g) ILy=3)
2V 8T = g TV a(Veg) @
Substituting Eq. 49 into Eq. 48, we get
1
61 =3 / Ty \/—g0g" d*x (50)
1
=-3 / TH5gu/—gd*x
where 6g,, = —dg"" is used. Furthermore,
T 68 = 8§ The8 708 (51)
= —Tyo08"
=Ty (v)\(:o’ + vo’g/\)
Substituting Eq. 51 into Eq. 50, we get
1
5= / Ty (V' +975") /=g dix (52)

= [ (V) =g d'x

= [[FMToe) — & (VT ) | =gt

(5 m) (T ) s
[[5v(rner) - (@12) s

__ /ga(vyif’;)\/fgd‘*x

where
/ V(T ) /=g dix =0 (53)

since ¢ is zero at the boundary hyper-surfaces. Requiring J1 = 0, for the existence of a minimum on I,
and knowing that ¢” are arbitrary chosen, then

VT =0 (54)

It is important to note that Eq. 54 does not represent a conservation law. In particular, if T’ is the
energy-momentum density tensor of the matter (including the electromagnetic field), then

VuTH 40 (55)

since T" does not include the energy-momentum density tensor of the gravitational field, and hence
it does not represent a conservation law; only, in the absence of the gravitational field, V, T#7 = 0,
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and therefore, it will be a conservation law. In the following sections, we will show how to obtain the
conservation law for Einstein’s field equations.

Moreover, for a particular choice of Lagrangian density function, corresponding to the physical
system of interest, T),, from Eq. 37 (or Eq. 38) is identical to the energy-momentum density tensor of
that system. Note that, depending on the physical system, the choice of g"" is arbitrary; in general,
g"” and V,g"" characterise the degrees of freedom of the physical system. For example, for the
electromagnetic field, they are the 4-potential A¥ and V,A¥, respectively; on the other hand, for
the gravitational field, they describe the metric tensor g/ and V,g"", respectively. In the following
discussion, we will describe some of these physical systems.

2.3. System of Discrete Point-like Particles

Consider a system of discrete relativistic non-interacting point-like particles with a rest mass of
m;. The mass density at the position r can be given as

p(r) = Zmi5(r —1;) (56)

where r; denotes the position of the i-th particle at some reference frame and (- - - ) is the delta-function.
Furthermore, the 4-momentum density can be defined as

pt =pu¥, p=0,1,23 (57)

where u* is the 4-velocity, u# = (7yc, yv); therefore,

Pt = (vpc, vov) = (;p) (58)

where ¢ is the relativistic particle energy density and p is the relativistic three-dimensional momentum
density vector.
We propose the following scalar form of the Lagrangian density function:

1 1
V8L = —;pga;su"‘uﬁ = —;ga/au“r’ﬂ (59)

where the summation of repeating indices is assumed.
Using Eq. 37, we obtain the energy-momentum density tensor of the system as

g“ul/ — %u‘llpl/ (60)

The spatial components of the energy-momentum density tensor are given as

1,1 ‘ ‘
GY = Zu% = —pu'u = cp’ = cp; (61)
g 0 l
P PR R
Ggi = 7uzp] — 7pu1u]
Y Y
where p; is the Cartesian component of the relativistic three-dimensional momentum density vector
and p' is the contravariant component.
From Eq. 61, it can be seen that the energy-momentum density tensor is symmetric; that is,
GY% = G and G = GJi. Moreover, the zeroth component (which equals the energy density) is given as

G — %uopo _ . 62)
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where ¢ is the relativistic energy density given as

2
c
e= 'ypc2 S > (63)
v
-2
Here,

g9 = pC2 (64)

is the rest energy density.
Now, consider a system of discrete relativistic non-interacting point-like particles with charges g;,
then the charge density at the position r will be as

pe(r) = Eqié(r —1;) (65)
i
The 4-current charge density is defined as

]}4 = (PeCIPeV)/ ]’l = 0/ 1/2/3 (66)

and its covariant form is
Ju = (pec, —pev), 1 =0,1,2,3 (67)

We propose the following scalar form of the Lagrangian density function for this system:
VgL = —Kepgg,xﬂu“uﬁ = —Kegaﬁ]“uﬁ (68)
Using Eq. 37, we obtain the energy-momentum density tensor as
TH = o fu (69)

The spatial components of the energy-momentum density tensor due to the current charges are
written as

7710i = ke J0u! = yiop0c0’ (70)
777ij = Ke]iuj = ’YKePeUin
where . is a scaling factor [11]

471y/G/s? 4
Ke = 7-[\/7/5 = ¢ (71)
K 2v/Gs?
where s = 1 and its SI unit is m?/s?.
Similarly, see also Eq. 70, the energy-momentum density tensor is symmetric; that is, 7:70i = 7-in

and ’Tqij = 7;711 The zeroth component is given as
7;,00 = YKepeC? (72)

Note that in Eq. 72 the term 7:100 equals some relativistic charge energy density, similar to the relativistic
energy density of the mass (see also Eq. 62). Therefore, the presence of the charge and current density
of the matter in the Riemann space-time deforms the space-time [11], similar to the presence of mass.
Here, 77;4 " are the energy-momentum density tensor components of the deformable charged medium,
which depends on the velocity v and charge density p,.
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Besides, if there is an electromagnetic field present in the matter, then we will discuss two different
approaches. In the first approach, the energy-momentum density tensor of the electromagnetic field
contributes to the total energy-momentum density tensor of the matter, which is given as follows

v v
" =g + T + Ty (73)

where the space-time curvature of Riemann geometry is determined by the gravitational field.
In Eq. 73, Ty is the energy-momentum density tensor of the electromagnetic field, which is
calculated by taking Lagrangian density function as

1

Using Eq. 37, we obtain the energy-momentum density tensor of the electromagnetic field:

o €E?  B?

.1 1 S;

i L ——
70 —CVO(EXB)I ~(ExH); = =

T = —eo | EiEj+ ¢*B;B; — 5% (E2 + 0232”
In Eq. 73, 7}5\; is the energy-momentum density tensor of electromagnetic field:
Thi=—g" “FupFP' + Lg}”’Fale“’g (76)
Ho 4po

In this case, however, Maxwell’s laws (such as Gauss’s laws for electric and magnetic fields,
Faraday’s law, and Maxwell-Ampére’s law) must be revised due the space-time curvature caused by a
gravitational field, which will be described in future work.

In the second approach (see also Refs. [13-15]), one can introduce a joint space-time, which is
a result of both gravitational and electromagnetic fields, characterised by the joint metric tensor of
space-time curvature g, and joint manifold connection symbols I",.. In this case, the total energy-
momentum density tensor of the matter is

W = gH 4 7:11“/ (77)

2.4. Macroscopic Masses

The macroscopic mass is considered a continuous body. The flux of momentum through an
element dA of the surface of the mass equals the force on that surface element. Therefore, the ith
component of the force vector acting on the surface element is

F = O’i]‘dAl' (78)

In a reference frame in which a volume element is at rest, using Pascal’s law, the pressure P is equal in
all directions and it is perpendicular to the surface element, thus

O'Z‘jdAi = PdAi (79)
Therefore, the stress tensor is

(Tl']' = Péi]‘ (80)
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Thus, in the reference frame in which the macroscopic body is at rest, the Lagrangian density function
is suggested as

J/—gL=-P (81)

and in any arbitrary reference frame as

P
V—8L=— (p + CZ)gaﬁu“uﬁ -P (82)

Using Eq. 37, we find that the energy-momentum density tensor of the macroscopic mass in an
arbitrary reference frame is

gh = (p + ;) utu’ 4 gh'pP (83)

where p is the mass density of macroscopic mass distribution and P is the pressure. In Eq. 83, g" is
the metric tensor of Riemann space-time. The zeroth component is

P
G = (p + C2) y? + g%P (84)
= v%pc? +7*P + g%P
= ye+P(7? +g")
where ¢ is the relativistic energy density. Eq. 84 indicates that G > 0, as expected.
The other components are given as
i

) P ) . .
Go — (P + (;2>'yzcvZ +8%P=cp' = S? i=123 (85)

where p' is the ith 4-momentum density component

; o' P
Pr=7 e+ P) 5 8" (86)
and S is energy density flow vector:
S' = y?(eg + P)o' + g%cP (87)

where g is the rest energy density, g = pc?.

Introducing, the three-dimensional components of the stress density tensor as follows:

v'vl
2

ol = ’)/2(80 +P) + Pgij (88)
then,

o'l
2

G = 4%(eo + P) + Pgll = ol (89)

In general, the covariant form of the energy-momentum density tensor of the macroscopic body is

1
gyv = §(€0+P)uyuv+ngv (90)
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and its contravariant form is
1
gw/: §(€0+P)uVuV+Pg”V (91)

where the metric of the space-time is the Riemann metric tensor of the curved space-time geometry. In
a mixed-tensor form, we can write

1
Gl = sz(eo + P)utu, + P&, (92)

For the ideal fluid of non-charged masses, the energy-momentum density tensor is also defined
by Gy (or G') [4].

3. Conservation Laws in General Relativity

3.1. Conservation Law of Total Energy in General Relativity

The Einstein’s field equations are given as [1-3,8,9]
G’u/ + Ag’,n/ = KTHV (93)

In Eq. 93, Gy is Einstein’s tensor, given as: [1]

R
Guv = Ry — 28w (94)

and ’
87ke 5 07076412 x 1043 5 (95)
ct kg- m

where kg is the Newton's gravitation constant (kg = 6.673 X 1071 N - m?/ kgz) and c speed of light in
vacuum. Note that the SI units of x are

2
M= o 96)
The SI units of Ty (the energy-momentum density tensor of the matter) are
[T,] = energy kg 97)
M7 Volume ~ 2 m
and hence, the SI units of G, are
[Gu] =m™ (98)

(Note that g, is a dimensionless tensor.) Contraction of the Riemann tensor, R7,,, produces the
so-called Ricci tensor with components defined as [10]

Ruy = Ry, (99)
By definition, the curvature scalar R is defined as
R=R) (100)
The Einstein’s field equations can also be written as the mixed-tensor representations:

kIASM, =T, —x"1GH, (101)
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where T, = ¢M'* Ty, G, = gM"*Gyy, and 0¥, = gM* g4y is the Kronecker tensor:

1, u=v
oy, = ¢
! {O, u#EV

In Eq. 93, the cosmological constant A is a constant parameter, which depends on the metric
ds? [7,26]. Furthermore, A is proportional to the total energy density concerning the metric under
consideration. Therefore, there will be different cosmological constants A for different metrics. For
instance, A is positive concerning Friedmann-Lemaitre-Robertson-Walker metric (de Sitter space), see
also Ref. [18]; however, A is negative for the metric of the celestial body (anti-de Sitter space). Thus,
the cosmological constant A is connected to the cosmology in the universe under the Friedmann-
Lemaitre-Robertson-Walker metric. In the case of Friedmann-Lemaitre-Robertson-Walker metric, the
cosmological constant has a value of A = 1.1056 x 10752 m~2. In contrast, k is a universal constant,
and hence it is the same constant in every reference frame.

Note that these equations, either in the form Eq. 93 or Eq. 101, are valid in any reference frame. For
the ideal fluid of non-charged masses, the energy-momentum density tensor is THV = g,w. Here, we can
use the reference frame in which the fluid velocity ut =0 (for i = 1,2,3), then the energy-momentum
mixed-tensor of matter becomes [4]

", = diag (7280, P,P, P) (102)

Therefore, mixed-tensor T# , does not depend on the metric coefficients. Then, the covariant diver-
gences are, as shown in Ref. [6]

-1
KA
dxH

= K_lA]D)ycSV v (103)
=1 IA (Vb s+ Tod”y = T9,00 )

=Kk TAV", =0

where V, is the partial derivative, V6" , = 0, and r W(S‘T v— F”WN‘ o = 0. Thus, the conservation law
of the total energy is written as:

P (TV y— K—lcﬂv> =0 (104)
Furthermore, the covariant derivatives are

D&” v

-1
A
K dx?

=AD", (105)
= KA (Va0 T, 07 — T8 )
=x AV, 6", =0

because V6", = 0 and s /\UJ‘TV — F”Avéﬂ o = 0. Then, the conservation laws of the total energy,
momentum, and stress are [6]
VA(T”V el U) =0 (106)

By integrating Einstein’s field equations in a mixed-tensor form (see Eq. 101) over a closed region
of volume V in Euclidean space [5,6]:

/ K IASH , dPx = / () 716", ) dx (107)
\% 1%
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Then, taking the time derivative of both sides of Eq. 107 gives
] 0
o /folA(smdf‘x - = /V(TV = x71GH ) dPx =0 (108)

which are the conservation laws of the total energy, momentum, and stress in a three-dimensional
space.

3.2. Other Conservation Laws in General Relativity

Eq. 93 can also be written in the following contravariant form:
kK IAGH = T — x~1GH (109)

which indicates that the left-hand side depends on g#" and constants.
In Eq. 109, T*' represents the energy-momentum density tensor of matter. On the other hand,

FW — g (110)
is the energy-momentum density tensor of the gravitational field. Moreover,
EM =k 1Ag" (111)

is the total energy-momentum density tensor.
Therefore, the total energy-momentum density tensor £V is equal to the sum of the energy-
momentum density tensor of matter T#" and the energy-momentum density tensor of the gravitational

field FHV:
EW — THY 4 FWY (112)
The covariant derivative of £#V is
DEW
;7 =DM = VM + T, €7 —T7,,EM (113)

where V£ is the partial derivative. Besides,
D, EM =k 'AD,g" =0 (114)

because the choice of the Riemann metric is such that Dy g" = 0; x and A are constants. Thus, the
conservation law for Riemann curved space-time is defined as

D,EF =0 (115)
On the other hand, in a local reference frame, the covariant derivative of Eq. 113 reduces to [4]
D, e =V,EM =0 (116)

because the last two terms, which include the Christoffel symbols, vanish in a local reference frame
(including the first derivatives of the metric tensor); that is, in a local reference frame, locally, the
space-time is flat. Hence, the covariant derivative of the total energy-momentum density tensor equals
its partial derivative, and the conservation law is written as

VEM =0 117)

Eq. 117 shows that the total energy-momentum in a locally flat three-dimensional spatial volume is
conserved.
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Einstein’s field equations in the form (that is, without the cosmological constant A) given by

Gy = &Z#TIW (118)
violate the conservation law in general relativity. However, locally (that is, in short distances), the
cosmological constant A is very small, A < 1, Einstein’s field equations given by Eq. 118 are a good
approximation. Furthermore, in empty space-time, such as around a star, where there is no matter
(and hence T#" = 0), equation G*¥ = 0 is an excellent approximation locally [5].

It is interesting to note that by combining Eq. 112 and Eq. 115, we will obtain, for the Riemann

curved space-time, the following:
0= ]D)P,S’“’ = DFT’“’ + Dy}"*“’ (119)

That is,
D, T + D, F* =0 (120)

However, I, T#", in general, does not vanish, and hence the conservation law is given in the form
shown by Eq. 120. Here, we focus on finding an equivalent quantity of the gravitational field t*¥ such
that D, (T* + t") = 0. Here, as it will be shown in the following discussion, t# characterises the
energy-momentum density pseudo-tensor of the gravitational field, and hence it will not be zero if the
gravitational field exists only.

From Eq. 120, we write

D, (T’“’ —x ! (RW — ;Rg"")) =0 (121)
where
RW = % gi‘”g")‘g“ﬂ (122)
X []D)U']D)Tg'y)\ +DyDygor — DeDrgyr — DVDT&M]

Using the relation R = g, R"", we obtain

k! 1
KV W — TH _ — _ WV GOA U0 GVA
i+ =T 7 DU[(_g)]D)/\(( 8)(8"g” —¢"g ))} (123)
1
=T — —D;h""’
(—8) "
where
wvo ! TN o VA
W = =Dy ((~)(g"g™ — g"g™)) (124)
and D) ¢,y = 0is used. Denoting
Dh™? — (=g)TH = (=g)t"" (125)

where "V = t"# (symmetric property of t#'), we obtain

Doht"” = (=g)(TH + ) (126)
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where Einstein’s equation G*¥ = «TH" is also used. Here,
(=gt =Dght" — (—g)TH (127)
= (=g
X KZTTUAF% T — rTa’rrts)uS) (878" — gM'g™)
+ g (F B L O R LS rvmr&w)
+ g% g)\r (Fuw_r(s“ + Fumr(sms _ F”TJF‘SM _ ruﬂwﬂg)
4 g™ (rﬁmrvw _ r’fmrvnsﬂ
Finally, the conservation law is written as
Dy [(=g)(TH + 7)) =0 (128)

Here, t"" is the energy-momentum density pseudo-tensor of the gravitational field and T*" is the
energy-momentum density tensor of the matter. Note that Eq. 128 can also be written in the following
form

1
Piotal = ¢ /5(—g)(T”” +#7)dS, (129)

which is the conservation law of the total momentum of the matter and field. If there is no gravitational
field, t*¥ = 0, and we have

1
|
Pl = ¢ [ TS, (130)

which is the 4-momentum of the matter, and it is constant. In Eq. 129 and Eq. 130, the integrations are
over an infinite hyper-surface of the three-dimensional space. For constant x°, then these integrations
are over a three-dimensional volume in space:

1
Proal = ¢ /V(—g)(T”O +110)dv (131)

Here, we can also express the equivalence between the gravitational mass and inertia mass. In
other words, the gravitational mass is the mass that determines the gravitational field produced by
a body; that means, this is the mass that enters in the expressions of metric tensor Suv and interval
(ds)? in presence of the gravitational field, or in Newton’s law. On the other hand, the inertia mass is
responsible for determining the relationship of the momentum and energy of a body (in particular, if
m is the rest mass, then P° = mc; ¢y = mc?). Besides, they are equal.

The total angular momentum is defined as:

MW = /5 [x"dP" + xVdP"] (132)

- % L(—g) [ (T + £7) 4 xV(TH7 4 £49)]dS,

Since T and " are symmetric, then the angular momentum satisfies
D, M* =0 (133)

which indicates that, for a closed system of gravitational bodies, the total angular momentum is
conserved in the general theory of relativity.
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4. Conclusions

We described the energy-momentum density tensor of the matter. Besides, we focused on the

conservation laws of the general theory of relativity. In particular, we discussed conservation laws of
total momentum, total angular momentum, and energy-momentum density tensor.

Acknowledgments: The author thanks Dr. Stefan B. Riister for his remarks and suggestions while preparing this

manuscript.
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