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Abstract

The primary distinction between technical design and engineering design lies in the role of analysis
and optimization. From its inception, descriptive geometry has supported military and engineering ap-
plications, and its graphical rules inherently reflect principles of optimization—similar to the core ideas
of sparse representation and compressed sensing. This paper explores the geometric and mathematical
significance of the center line in symmetrical objects and the axis of rotation in solids of revolution,
framing these elements within the theory of sparse representation. It further establishes rigorous
correspondences between geometric primitives—points, lines, planes, and symmetric solids—and
their sparse representations in descriptive geometry. By re-examining traditional engineering drawing
techniques from the perspective of optimization analysis, this study reveals the hidden mathematical
logic embedded in geometric constructions. The findings not only support deeper integration of
mathematical reasoning in engineering education but also provide an intuitive framework for teaching
abstract concepts such as sparsity and signal reconstruction. This work contributes to interdisciplinary
understanding between descriptive geometry, mathematical modeling, and engineering pedagogy.

Keywords: descriptive geometry; sparse representation; compressed sensing; optimization analysis;
mathematical modeling

1. Introduction
Descriptive geometry is often regarded as the foundation of engineering drawing, which in turn

serves as a tool for expressing engineering designs in fields such as mechanical and architectural
engineering. In descriptive geometry, the theory of affine transformation within parallel projection
provides the basis for solving geometric problems using the method of changing planes. The aim of
the plane-change method is to position the figure in a special orientation relative to the projection
plane, allowing the capture of the true shape characteristics of the object. When a figure is in such a
special orientation, the corresponding vector expression becomes a sparse representation of the figure’s
data. In engineering drawing, the methods of representation such as sectional views, oblique views,
partial views, and oblique sectional views correspond to projection planes that greatly exceed the
number of basis vectors required in three-dimensional space. This constitutes a form of redundant
representation. Such redundancy is precisely the necessary condition that enables sparse representation
and compressed sensing.

The National Center for Engineering and Technology Education (NCETE) has distilled the core
concepts of engineering design into constraints, optimisation, and predictive analysis [1] (COPA).
Engineering concepts involve numerous factors, including function, structure, materials, aesthetics,
cost, process, ethics, mathematics, physics, chemistry, and information. Sparse and optimisation
theories are vital means of considering all these factors comprehensively. As a fundamental course in
engineering, the theory of descriptive geometry and engineering drawing consistently reflects this
engineering mindset and optimisation theory.
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The foundation of Descriptive Geometry lies in Orthographical theory, which describes the ge-
ometric elements of spatial objects and their projection on the plane as affine transformations. The
broader theory of projective transformations encompasses both parallel and central projection theories,
and when extended to N-dimensional space, it forms the basis of big data analysis [15]. For instance, a
recent doctoral thesis published in 2024 [16] by EPFL (École polytechnique fédérale de Lausanne) di-
rectly integrates projective geometry with deep learning. Recent research hotspots such as compressed
sensing and sparse representation theory can also be understood as applications of projective theory.
Since affine transformation is a special case of projective transformation, orthographical theory is a
specific instance of projective theory. Compressed sensing and deep learning theories can be derived
from the foundation of projective theory [2], and under certain conditions, compressed sensing theory
can be deduced from orthographical theory.

It is well known that the mathematical foundations of compressed sensing and deep learning
include optimisation theory, matrix analysis, algebraic geometry, and so on. Matrix analysis and
algebraic geometry often analyse artificial intelligence theory from the perspective of algebraic struc-
tures (transformation groups), which can be obscure and difficult to understand for engineering
students. Most engineering students need to study "Descriptive Geometry and Engineering Drawing".
Descriptive geometry studies projection theories, including parallel projection and central projection
theories, where parallel projection further includes oblique projection and orthographic projection.
For multi-parallel projection theory, the mapping relationship between projections of 3D objects in
space on projection planes is expressed as an affine transformation [3]. As previously mentioned,
an affine transformation is a special case of a projective transformation. In the context of parallel
projection theory, its projection characteristics include the invariance of parallelism in line projections,
the invariance of the incidence between points and lines, and the invariance of the cross ratio. Under
specific conditions, the projection of a line can exhibit properties of convergence and the characteristic
of reflecting the true length of the line. These properties provide us with very intuitive tools for
understanding compressed sensing and deep learning, which is also the initial motivation for our
research into the compressed sensing theory behind descriptive geometry and engineering drawing.

2. Sparse and Redundant Representations in Orthographical Theory
The theory of sparse representation [5] is developed on the foundation of compressed sensing

theory.

min
D,X

∥Y − DX∥2
F s.t. ∀i, ∥xi∥0 ≤ T0 (1)

where Y ∈ RM×L represents the original data, D ∈ RM×N is the dictionary, X ∈ RN×L denotes the
codes, M is the feature dimension of the data, L represents the number of samples, and N is the size of
the dictionary.

In the theory of sparse representation, the atoms (column vectors) in the dictionary D correspond
to the three projection axis vectors in the theory of descriptive geometry’s orthographic projection. X
represents the projection values of geometric elements on the axis vectors, while Y corresponds to the
vectors describing the graphical elements. If the dictionary contains only the three coordinate axis
vectors, it is impossible to achieve a sparse representation of the figures beyond points on the axes and
lines parallel to the axes [4].

Consider the following issues in descriptive geometry and engineering drawing:
(1) The relationship between the positioning of three-dimensional objects in the three projection planes
system and their sparse representation.

As shown in Figure 1, there are two ways of expressing the three views of the same cuboid. Both
methods clearly convey the shape and true form of the cuboid. Textbooks usually do not provide rules
for the placement of three-dimensional objects, yet almost all adopt the approach shown in Figure 1b,
referred to as Scheme B. The reason is straightforward: it is simpler to draw and easier to measure
because Scheme B directly reflects the graphical features. Suppose the length, width, and height of the
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cuboid in the figure are a, b, and c, respectively. If the line segments in the figure are represented by
vectors, the line segment parallel to the X-axis can be expressed as (a, 0, 0), the line segment parallel
to the Y-axis as (0, b, 0), and the line segment parallel to the Z-axis as (0, 0, c). Sparsity refers to the
number of non-zero elements in a vector; the fewer the non-zero elements, the higher the sparsity.
Clearly, Scheme B in Figure 1 better meets the sparsity requirements compared to Scheme A.

(a) Scheme A (b) Scheme B

Figure 1. Two schemes for expressing the three views of a cuboid.

(2) Dimensioning and sparsity representation.
As shown in Figure 2, a rectangular notch is cut out along the hypotenuse of a triangular area.

When marking the dimensions of this figure, the majority of people would opt for Scheme A, while
some beginners might choose Scheme B. Typically, we consider Scheme A to introduce an engineering
mindset, which aligns well with the theory of sparse representation. Both dimensioning schemes can
uniquely determine the shape and size of the figure, but the dimensions in Scheme A are oriented in
four directions, whereas those in Scheme B are only in two directions. From vector analysis theory, we
know that two independent vectors in two-dimensional space can serve as the basis vectors for the
two-dimensional vector space. Although Scheme B’s dimensions are limited to two directions, they
are sufficient to clearly express the size and shape of the figure. Scheme A, with its four directional
dimensions, may have redundancy, but it provides clarity. This clarity arises because the dimensions
in Scheme A align with the characteristic directions of the figure, and the notation reflects the shape
features of the figure. This is the fundamental reason for the existence of the sparse representation
theory.

(a) Scheme A (b) Scheme B

Figure 2. Two schemes for expressing the three views of a cuboid.
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(3) Symmetry Centre Line, Axis of Rotation, and Sparse Representation
In descriptive geometry and engineering drawing, it is necessary to draw the symmetry centre

line of symmetrical figures and the axis of rotation corresponding to the projection of rotational bodies,
as they represent the features of the figures. In symmetrical figures, the two parts symmetrical to each
other can be mapped through mirror transformation relative to the axis of symmetry. According to
the theory of affine transformation, the invariant in mirror transformation is the axis of symmetry.
The mapping between different generatrices in a surface of revolution is a rotational transformation
relative to the axis of rotation. From the geometric meaning of the eigenvectors of a matrix, it is known
that the symmetry centre line corresponds to the eigenvector of the mirror transformation matrix, and
the axis of rotation corresponds to the eigenvector of the rotational transformation matrix. In reverse
engineering, how can one determine whether a geometric shape, represented by point cloud data,
possesses symmetrical characteristics? According to the geometric meaning of principal component
analysis, it is easy to understand that the eigenvectors of the covariance matrix, which is constructed
from the point cloud data of the geometric body, correspond to the centre line or axis of rotation of the
shape.

The centre line and axis of rotation correspond to the eigenvectors of symmetrical bodies and
rotational bodies, respectively. By converting the centre line and axis of rotation into parallel lines of
the projection axis, the shape can be represented in a sparse manner.

(4) Drawing Expression Methods and Sparse Representation
The methods of drawing representation include the six basic views, oblique views, auxiliary views,

partial views, full sectional views, half sectional views, partial sectional views, oblique sectional views,
sectional views, various standard drawing methods, and simplified drawing methods. As shown
in Figure 3, the number of views for the reduction gearbox casing far exceeds the number of basis
vectors in three-dimensional space. Clearly, this is a redundant expression. However, redundancy is
not superfluous; it is precisely this redundancy that makes the graphical structure of three-dimensional
forms more clearly expressed.

Figure 3. The view representation of the reduction gearbox housing.
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In summary, whether in the field of artificial intelligence, deep learning theory, or sparse represen-
tation and compressed sensing theory, the essence is the same as the theory of engineering drawing
expression. The goal is to achieve the most sparse representation of data by capturing the structural
characteristics of the data.

3. The Compressed Sensing Theory of Geometric Elements in Descriptive
Geometry

The fundamental concept of compressed sensing theory is the integration of signal acquisition
and compression, thereby avoiding the conventional approach in signal processing where the signal is
first sampled and then compressed for transmission. The mathematical model of compressed sensing
theory can be expressed as follows [6]:

min
α

∥α∥0 s.t. y0 = Px0 = PDα (2)

where P is the observation matrix of M × N, M ≪ N, D is the sparse dictionary (sparse basis), x0

is the compressible original signal of length N, y0 is the observed signal of M dimensions, and α is
the coefficient vector under the sparse basis. In reference [8], it is assumed that the sparse basis D is
an orthogonal matrix, which has led many works related to compressed sensing to define D as an
orthogonal matrix. In reality, in references [7], M. Elad and D. L. Donoho, among others, have extended
the sparse basis to non-orthogonal cases, defining this matrix as a dictionary.

Compared to the Nyquist-Shannon sampling theorem, the sparse dictionary is learned and
provides a more accurate representation of the function being approximated relative to the Shannon
function. For understanding the sparse dictionary, we can explain it through the projection of points,
lines, and planes, for example:

In 3D Euclidean space, although a point has three coordinate values, we can establish a local
coordinate system in such a way that the point lies on one of the axes of this local coordinate system.
This local coordinate system corresponds to the geometric structure of the point in space (although,
strictly speaking, a single point does not constitute a structure; it is merely a special case of a structure).
In the global coordinate system, we do not need to measure its position using all three global coordinate
axes. A straight line in three-dimensional Euclidean space has a clear and simple geometric structure
[9]. A local coordinate system can be established such that one of its axes is parallel or coincides
with the straight line, thereby reflecting the geometric structure of the line. For a rectangle, which
is characterised by 4 vertices with a total of 12 coordinate values, two axes of the local coordinate
system can be aligned or parallel with two adjacent edges of the rectangle. In the local coordinate
system, the four points are simply four points on a plane, and the number of non-zero coordinate
values is reduced to eight. If we use the relative coordinates between the four characteristic points, the
non-zero elements are further reduced to four, or even two (if the origin of the local coordinate system
is translated to one of the characteristic points).

Next, we analyse the compressed sensing theory corresponding to geometric elements such as
points, lines, planes, and volumes from the perspective of descriptive geometry, including observation
matrices and sensing matrices [10].

3.1. The Sparse Representation and Reconstruction Model of Points

As shown in Figure 4, in 3D Euclidean space, let the coordinates of point A be (xa, ya, za). During
the first plane change, the new projection axis O1X1 passes through the horizontal projection a of point
A. In the new projection plane system (O1X1H/V1), point A actually lies on the projection plane V1.
In the second plane change, the new projection axis O2X2 passes through a′1, and in the newly formed
projection plane system (O2X2V1/H2), point A lies on the projection axis O2X2, with its coordinates
expressed as (xa2 , 0, 0).
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Figure 4. After two transformations, point A is moved onto the projection axis.

The new projection plane system (O2X2V1/H2) can have infinitely many variations. The simplest
form is the projection plane system obtained by translation, where the axis O2X2 passes through point
A, such that the three-projection plane system can still be represented in the form of a unit matrix ψ.

ψ =

xa x1 x2

ya y1 y2

za z1 z2

 (3)

In the theory of compressed sensing, this matrix is referred to as a sparse matrix or a sensing
matrix. Professor David L. Donoho from Stanford University suggests that this matrix does not need
to be an orthogonal matrix [7], which simplifies our subsequent analysis.

Theorem 1. A measurement matrix Œ ∈ R1×3 corresponding to a point A(xa, ya, za) in 3D Euclidean space
allows for the precise reconstruction of the original signal from the measurement signal.

Proof. Without loss of generality, let the measurement matrix (projection matrix) be denoted as
ϕ =

(
m n p

)
. According to the theory of compressed sensing, as long as the measurement matrix

and the vector formed by the three coordinate values of a known point A are not orthogonal, we have:
(1)The measurement signal.

y = ϕx =
(

m n p
)xa

ya

za

 = mxa + nya + pza

(2) ψα = x, where ψ is a sparse matrix; x is the original signal, corresponding to a point in 3D
Euclidean space; and α is the sparse coefficient. Therefore, we have

min
α

∥α∥0 s.t. y = ϕψα

because

y = ϕψα =
(

m n p
)xa x1 x2

ya y1 y2

za z1 z2


α1

α2

α3

 (4)

=

mxa+ mx1+ mx2+

nya+ ny1+ ny2+

pza pz1 pz2


α1

α2

α3


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=
(

y mx1 + ny1 + pz1 mx2 + ny2 + pz2

)α1

α2

α3


It is evident that by setting α1 = 1 , α2 = α3 = 0, equation (4) can be satisfied, and ∥α∥0 = 1,

thereby meeting the sparsity requirement. Next, we use the sparse coefficients α obtained in this way
to reconstruct the original signal x, which represents the coordinates of point A.

According to the original signal reconstruction steps in compressed sensing theory [8], we have:

x = ψα =

xa x1 x2

ya y1 y2

za z1 z2


α1

α2

α3


=

xa x1 x2

ya y1 y2

za z1 z2


1

0
0


=

xa

ya

za



(5)

It is evident that an exact reconstruction of the original signal x has been achieved. Hence, the
proof is complete.

3.2. The Sparsity and Reconstruction Representation of a Straight Line

It should be noted that the signal being processed is a straight line, and a line segment can be
determined by two points, which already confirms the sparsity of the signal. In descriptive geometry,
to further achieve the sparse representation of a straight line, one can use two plane transformations to
convert a general straight line into a line perpendicular to the projection plane, and then by translating
the coordinate system so that one of its axes coincides with the line, the maximum sparse representation
of the line can be realised. As shown in Figure 5, the line segment MN is a general straight line, which,
after two plane transformations, becomes a line perpendicular to the projection plane in the new
projection plane system.

For convenience of description, let ∆x = xn − xm, ∆y = yn − ym, and ∆z = zn − zm. Assume
that after two changes of the projection plane, in the new projection plane system (O2X2V1/H2), the
projection axis O2X2 coincides with the line segment MN, which can be represented in vector form as
(xm2 , 0, 0, xm2 + L, 0, 0); in the original projection plane system (OXV/H), the corresponding line can
be expressed in vector form as (xm, ym, zm, xn, yn, zn). Therefore, the sparse matrix ψ can be defined as

ψ =



xm x1 x2 0 0 0
ym y1 y2 0 0 0
zm z1 z2 0 0 0
0 0 0 xn x3 x4

0 0 0 yn y3 y4

0 0 0 zn z3 z4


According to compressed sensing theory, the original line signal can be represented using a sparse

basis as:
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x =



xm

ym

zm

xn

yn

zn


= ψα =



xm x1 x2 0 0 0
ym y1 y2 0 0 0
zm z1 z2 0 0 0
0 0 0 xn x3 x4

0 0 0 yn y3 y4

0 0 0 zn z3 z4





α1

α2

α3

α4

α5

α6


(6)

By direct observation, the solution for the sparse coefficient α can be obtained as follows: α1 =

α4 = 1, α2 = α3 = α5 = α6 = 0. We shall not delve into the methods for solving the sparse coefficients
at this juncture, but it is important to note that this represents the sparsest solution for the sparse
coefficients, α.

Next, we present the compressed sensing theorem concerning a line segment in the form of a
theorem [11].

Figure 5. Transform the general position line MN into a line perpendicular to the projection plane through two
successive changes of planes.

Theorem 2. The measurement matrix ϕ ∈ R2×6 corresponding to the line segment MN formed by two points
M(xm, ym, zm) and N(xn, yn, zn) in three-dimensional Euclidean space allows for the accurate reconstruction
of the original signal from the measured data.

Proof. Without loss of generality, let the measurement matrix (projection matrix) be

ϕ =

(
a1 a2 a3 a4 a5 a6

b1 b2 b3 b4 b5 b6

)
According to the compressed sensing theory, we have:
(1) The measurement signal
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y = ϕx =

(
a1 a2 a3 a4 a5 a6

b1 b2 b3 b4 b5 b6

)


xm

ym

zm

xn

yn

zn


=

(
a1xm + a2ym + a3zm + a4xn + a5yn + a6zn

b1xm + b2ym + b3zm + b4xn + b5yn + b6zn

)
(7)

(2)ψα = x, where ψ is a sparse matrix; x is the original signal, corresponding to two points in 3D
Euclidean space; α is the sparse coefficient. Therefore,

min
α

∥α∥0 s.t. y = ϕψα

because

y = ϕψα =

(
a1 a2 a3 a4 a5 a6

b1 b2 b3 b4 b5 b6

)


xm x1 x2 0 0 0
ym y1 y2 0 0 0
zm z1 z2 0 0 0
0 0 0 xn x3 x4

0 0 0 yn y3 y4

0 0 0 zn z3 z4





α1

α2

α3

α4

α5

α6


(8)

=

(
k11 k12 k13 k14 k15 k16

k21 k22 k23 k24 k25 k26

)


α1

α2

α3

α4

α5

α6


where

k11 = a1xm + a2ym + a3zm, k12 = a1x1 + a2y1 + a3z1,

k13 = a1x2 + a2y2 + a3z2, k14 = a4xm + a5ym + a6zm,

k15 = a4x3 + a5y3 + a6z3, k16 = a4x4 + a5y4 + a6z4,

k21 = b1xm + b2ym + b3zm, k22 = b1x1 + b2y1 + b3z1,

k23 = b1x2 + b2y2 + b3z2, k24 = b4xm + b5ym + b6zm,

k25 = b4x3 + b5y3 + b6z3, k26 = b4x4 + b5y4 + b6z4

It is not difficult to see from equation (7) that by choosing α1 = α4 = 1, α2 = α3 = α5 = α6 = 0,
equation (6) can be satisfied, and ∥α∥0 = 2, which meets the sparsification requirement. Using equation
(8), the sparse coefficient α can be obtained to reconstruct the original signal x. This completes the
proof of the theorem.

It is easy to understand that in the sensing matrix  , the first and fourth column vectors are the
most crucial, while the second, third, fifth, and sixth column vectors only need to be uncorrelated with
the first and fourth column vectors. For this reason, the observation matrix only needs to retain the
information from the first and fourth column vectors, so an observation matrix with 2 rows and 6
columns will suffice to meet the requirements.
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For a line segment, another more general vector expression method involves transforming the
line segment into a line parallel to the coordinate axes, using a linear combination of the vector formed
by the endpoint coordinates and the coordinate axis vectors. As shown in Figure 6, the length of
the line segment AB is L =

√
(xb − xa)2 + (yb − ya)2, and the red unit vector X′ can be expressed as:

X⃗′ = 1
L

(
∆x, ∆y, ∆z

)T
, where ∆x = xb − xa, ∆y = yb − ya, ∆z = zb − za. Its direction is parallel to the

line segment AB.

Figure 6. The vector representation method of a spatial line segment.

In this method of representation, the local coordinate axes that make up the perception matrix
are parallel to, but do not coincide with, the direction of the known line segment. A straight line seg-
ment can be expressed as a vector, x = (xa, ya, za, xa + ∆x, ya + ∆y, za + ∆z)T , and the corresponding
perception matrix is represented as

Ψ =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 ∆x 0 0
0 1 0 ∆y 1 0
0 0 1 ∆z 0 1


The sparse expression of the line segment AB is given by x = Φα, and its corresponding matrix
expression is 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 ∆x 0 0
0 1 0 ∆y 1 0
0 0 1 ∆z 0 1





α1

α2

α3

α4

α5

α6


=



xa

ya

za

xa + ∆x
ya + ∆y
za + ∆z


According to compressed sensing theory, its sparsest solution can be expressed by the following

optimisation formula:
min

α
∥α∥0 s.t. x = Ψα
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It can be directly observed that α1 = xa, α2 = ya, α3 = za, α4 = 1, α5 = α6 = 0. at first glance, the
sparse coefficient vector x does not appear sufficiently sparse. However, the matrix possesses a certain
degree of generality, enabling it to represent all lines parallel to line AB, such as the magenta parallel
lines shown in Figure 6. Furthermore, when additional points are added on line AB, the number of
non-zero elements in the sparse coefficient vector α does not need to increase. For instance, when
point C is added on the extension of line AB, making points A, B, and C evenly distributed, the signal
containing the three points is still represented.

x = (xa, ya, za, xa + ∆x, ya + ∆y, za + ∆z, xa + ∆x, ya + ∆y, za + ∆z)T

The sparse expression is x = Ψα, and the corresponding matrix form is

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 ∆x 0 0 0 0 0
0 1 0 ∆y 1 0 0 0 0
0 0 1 ∆z 0 1 0 0 0
1 0 0 2∆x 0 0 1 0 0
0 1 0 2∆y 0 0 0 1 0
0 0 1 2∆z 0 0 0 0 1





α1

α2

α3

α4

α5

α6

α7

α8

α9


=



xa

ya

za

xa + ∆x
ya + ∆y
za + ∆z

xa + 2∆x
ya + 2∆y
za + 2∆z


(9)

Direct observation reveals that

α1 = xa, α2 = ya, α3 = za, α4 = 1, α5 = α6 = α7 = α8 = α9 = 0

Similar to the analysis of Theorem 2, the key to the aforementioned sensing matrix lies in the first
four column vectors. As long as the observation matrix can capture the first four column vectors of the
sensing matrix, it guarantees the accurate reconstruction of the original signal x from the observed
signals.

3.3. Sparsity of Planar Polygons

In three-dimensional Euclidean space, a point requires three coordinate values to determine its
position; a line segment requires two endpoints, which amounts to 6 coordinate values to define its
location. However, when a point in space lies on one of the coordinate axes, only one of its coordinate
values is non-zero; similarly, a line segment would have only two non-zero coordinate values. For
instance, point A on the X-axis has coordinates (xa, 0, 0); the line segment AB on the X-axis has
coordinates (xa, 0, 0, xb, 0, 0).

For a planar polygon formed by k characteristic points, the method of plane projection can be
employed so that the plane coincides with a projection plane, such as the horizontal projection plane.
In this case, the z-coordinates of these k characteristic points are zero, and the vector composed of
the coordinate values of these k points is 2k-sparse. As shown in Figure 7, the four characteristic
points A, B, C, D of a quadrilateral lie on the same plane, forming a vector with 12 elements, of which
4 elements are zero.

In the theory of sparse representation of lines, only one dimension of the three-dimensional
coordinate system is utilised, and the other two coordinate axes are effectively redundant. For
simplicity, we will directly use planar figures as examples to illustrate the principle of compressed
sensing for planar figures with certain geometric structures. As shown in Figure 7, a seemingly
complex planar polygon has edges that actually follow only two directions. In the local coordinate
system formed by the two red-marked vectors, all contour edges are either horizontal or vertical lines.
Compressed sensing theory exploits this particular geometric structure.
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Figure 7. A planar polygon in three-dimensional space.

As illustrated in Figure 8, the principal components are immediately apparent; however, the
structure is not symmetrical. This dataset pertains to planar data, but the principal components should
encompass three directions, which can be further extended to additional directions. The model can be
described as follows:

min
z∈Rd

∥z∥0 s.t. Φz = u

Φ =

[
xa xb ... x f xe xg − xa xb − xa x1 ... xn

ya yb ... y f ye yg − ya yb − ya y1 ... yn

]

u =

[
x
y

]
Clearly, this is a problem of sparse representation and compressed sensing.

Figure 8. Sparse representation of planar shapes.
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3.4. Sparsity of Solids

Basic solids of revolution (cylinders, cones, spheres) and plane solids with symmetrical properties
(prisms and pyramids), despite having numerous lines in their diagrams, can achieve compressed
sensing through their axis of symmetry and axis of rotation. It can be demonstrated that the eigenvec-
tors of the covariance matrix, formed by the characteristic points of a solid, correspond to the axis of
symmetry or the axis of rotation of the solid. This is the primary reason for performing singular value
decomposition on data matrices in sparse representation, compressed sensing, and deep learning [12].
For symmetric geometric bodies involved in descriptive geometry and engineering drawing, the axis
of rotation or symmetry can be directly obtained from the eigenvectors of the data matrix.

Store the given m pieces of n-dimensional data in an n × m matrix D, then perform zero-mean
normalisation on each row of matrix D. Next, construct the covariance matrix of the dataset and
compute its eigenvalues and eigenvectors. Arrange the eigenvectors in a matrix, sorted by their
corresponding eigenvalues from largest to smallest. Select the first k rows to form matrix P. By
multiplying matrix P with the original dataset matrix, the dimensionally reduced data can be obtained.

If we take the characteristic points that define a line or a plane as a dataset, can we use Principal
Component Analysis (PCA) to analyse the principal components of this dataset? Without loss of
generality, let us consider the cuboid shown in Figure 9 as an example. The axis of the cuboid (depicted
by the blue dashed line) is in a general position with respect to the coordinate system shown. Based on
the symmetry of the cuboid’s vertices relative to the midpoint O, it can be deduced that

x1 = −x7, y1 = −y7, z1 = −z7,

x2 = −x8, y2 = −y8, z2 = −z8,

x3 = −x5, y3 = −y5, z3 = −z5,

x4 = −x6, y4 = −y6, z4 = −z6,

According to the principles of Principal Component Analysis, the set of points formed by the
eight vertices of the cuboid can be represented in the following matrix form:

D =

x1 x2 x3 x4 x5 x6 x7 x8

y1 y2 y3 y4 y5 y6 y7 y8

z1 z2 z3 z4 z5 z6 z7 z8


=

x1 x2 x3 x4 −x3 −x2 −x1 −x4

y1 y2 y3 y4 −y3 −y2 −y1 −y4

z1 z2 z3 z4 −z3 −z2 −z1 −z4

 (10)

The covariance matrix corresponding to matrix D is

C =
1
8

DDT =
1
4

∣∣∣∣∣∣∣
∑4

i=1 x2
i ∑4

i=1 xiyi ∑4
i=1 xizi

∑4
i=1 xiyi ∑4

i=1 y2
i ∑4

i=1 ziyi

∑4
i=1 xizi ∑4

i=1 ziyi ∑4
i=1 z2

i

∣∣∣∣∣∣∣ = 0

Matrix C’s eigenvalues can be determined as follows:

|C − λI| =

∣∣∣∣∣∣∣
1
4 ∑4

i=1 x2
i − λ 1

4 ∑4
i=1 xiyi

1
4 ∑4

i=1 xizi
1
4 ∑4

i=1 xiyi
1
4 ∑4

i=1 y2
i − λ 1

4 ∑4
i=1 ziyi

1
4 ∑4

i=1 xizi
1
4 ∑4

i=1 ziyi
1
4 ∑4

i=1 z2
i − λ

∣∣∣∣∣∣∣ = 0

To simplify calculations, we employ the method of change plane to transform the central axis of
the cuboid (indicated by the blue dashed line) into the vertical line of the projection plane, as shown
in Figure 10. Clearly, directly computing the corresponding eigenvalues and eigenvectors is rather
challenging.
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Figure 9. Cubes in general position.

Figure 10. Use the principle of axonometric axis selection to obtain a new projection plane system by the method
of change plane.
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Without loss of generality, the new projective plane system (purple coordinate axes OX′Y′Z′)
shown in Figure 10 can be easily obtained by selecting the axonometric axes and adopting the method
of "changing the plane." The coordinate values of the 8 vertices under the new coordinate system are
shown in Figure 10. Let the length, width, and height of this cuboid be 2a, 2b, 2c, respectively, then
there are

x′1 = x′4 = x′5 = x′8 = −x′2 = −x′3 = −x′6 = −x′7 = a

y′1 = y′2 = y′5 = y′6 = −y′3 = −y′4 = −y′7 = −y′8 = b

z′1 = z′2 = z′3 = z′4 = −z′5 = −z′6 = −z′7 = −z′8 = c

In the new coordinate system, the set of points formed by the 8 vertices of the cuboid can be
represented in the following matrix form:

D′ =

x′1 x′2 x′3 x′4 x′5 x′6 x′7 x′8
y′1 y′2 y′3 y′4 y′5 y′6 y′7 y′8
z′1 z′2 z′3 z′4 z′5 z′6 z′7 z′8


=

a −a −a a a −a −a a
b b −b −b b b −b −b
c c c c −c −c −c −c

 (11)

The covariance matrix corresponding to matrix D’ is

C′ =
1
8

D′D′T =

∣∣∣∣∣∣∣
a2 0 0
0 b2 0
0 0 c2

∣∣∣∣∣∣∣ (12)

The eigenvalues of a matrix C′ can be determined by the following method:

|C′ − λI| =

∣∣∣∣∣∣∣
a2 − λ 0 0

0 b2 − λ 0
0 0 c2 − λ

∣∣∣∣∣∣∣ = 0

Hence, it is not difficult to deduce:

λ1 = a2, λ2 = b2, λ3 = c2.

Next, we seek the corresponding eigenvectors.
(1) λ1 = a2

According to the definition of matrix eigenvectors, we have

(C′ − λ1 I)

x
y
z

 = 0 (13)

Substituting Equation (12) into Equation (13), we obtain0 0 0
0 b2 − a2 0
0 0 c2 − a2


x′

y′

z′

 = 0 (14)

Solving equation system (14), we obtain the eigenvalues and their corresponding eigenvectors as
follows: the eigenvector corresponding to eigenvalue λ1 is (1, 0, 0)T ; similarly, we have (0, 1, 0)T for λ2

and (0, 0, 1)T for λ3. These three eigenvectors have clear geometric interpretations, as they correspond
to the three purple coordinate axes in Figure 10.
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Next, we will use the method of change plane to find the eigenvalues and eigenvectors in the
original coordinate system. According to the definition of eigenvalues, for the same point set, the
eigenvalues remain unchanged in different coordinate systems.

As shown in Figure 11, the vector
−−→
MN represents the characteristic vector of the vertex data matrix

of the cuboid shown in Figure 10. Without loss of generality, in the new coordinate system (formed by
the characteristic vectors of vertices of the symmetrical geometric object), the coordinates of points M
and N are (-L/2, ym2 , zm2) and (L/2, ym2 , zm2) respectively. Hence, the coordinates of m2, as shown
in Figure 11, are (-L/2, ym2), and the coordinates of n2 are (L/2, ym2). Below, we will transform back
the projections m2 and n2 of the line segment MN in the new projection plane system to the original
projection plane system [13].

Step one, change the H-plane. Rotate by an angle β around the Y-axis.

cos(β) =
Lxy

L

sin(β) =
∆z
L

The first step can be represented by the corresponding rotation transformation matrix as follows.

Ry(β) =

 cos β 0 sin β

0 1 0
− sin β 0 cos β

 =


Lxy
L 0 ∆z

L
0 1 0

−∆z
L 0 Lxy

L


Step two, change the V-plane. Rotate by an angle α around the Z-axis.

cos(α) =
∆x
Lxy

sin(α) =
∆y
Lxy

Where ∆x = xn − xm , the corresponding rotation transformation matrix can be represented as

Rz(α) =

cos α − sin α 0
sin α cos α 0

0 0 1

 =


∆x
Lxy

−∆y
Lxy

0
∆y
Lxy

∆x
Lxy

0

1 0 1


Step three involves transforming the line segment MN’s projections, m2 and n2, from the new

projection plane system back to the original projection plane system.

−−→
MN = Rz(α)Ry(β)

−−−→
M2N2

=


∆x
Lxy

− ∆y
Lxy

0
∆y
Lxy

∆x
Lxy

0

1 0 1




Lxy
L 0 −∆z

L
0 1 0

−∆z
L 0 Lxy

L


L

0
0



=


∆x
Lxy

− ∆y
Lxy

0
∆y
Lxy

∆x
Lxy

0

1 0 1


 Lxy

0
−∆z



=

 ∆x
∆y
−∆z

 (15)
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The result indicates that, regardless of how a cuboid is rotated, the vectors corresponding to
its edges are the eigenvectors of the matrix obtained by multiplying its vertex data matrix with its
transposed matrix. Therefore, the geometric interpretation of multiplying the vertex data matrix with
its transposed matrix can be explained using the method of changing plane.

Figure 11. Changing-plane method.

Hence, it can be observed that for basic three-dimensional solids with a symmetric structure, the
choice of axonometric axis and the results of principal component analysis are consistent

For asymmetrical structures, the corresponding eigenvector (principal component) directions are
relatively complex. A combination of clustering and singular value decomposition (such as K-SVD)
methods may help identify sparse vectors that can represent the characteristics of the shape.

4. Conclusions
As a foundational course for engineering students, Descriptive Geometry and Engineering Draw-

ing serves as a specialised core subject within engineering disciplines. The knowledge of intelligent
systems, information technology, interdisciplinary studies, and innovation is essential for engineering
students. Interdisciplinarity is a requirement for talent development driven by technological advance-
ment. Professors Persi Diaconis and David Freedman had already posited in the 1980s that graphical
projection is the cornerstone of big data analysis [14], yet there is scarcely any literature today that
connects Descriptive Geometry with Artificial Intelligence.

This paper focuses solely on the intrinsic connection between the parallel projection method
in Descriptive Geometry and sparse representation, as well as compressed sensing. The central
projection method, based on projective transformations, has been widely applied in computer graphics
and computer vision. The doctoral thesis "Incorporating Projective Geometry into Deep Learning,"
[16] published by the Swiss Federal Institute of Technology Lausanne in 2024, attempts to integrate
projective geometry into deep learning, marking a new development in the field of computer vision.
Geometric deep learning theory, on the other hand, dissects the mechanisms of deep learning from the
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perspective of algebraic geometry. Establishing more fundamental connections between Descriptive
Geometry and Artificial Intelligence remains an area with much work to be done.

We established sparse representation and compressed sensing for points, lines, planes, and basic
symmetrical solids. However, rotational bodies with asymmetrical structures (such as truncated
cylinders and truncated cones) cannot have their rotational axis position expressed through the
eigenvectors of the covariance matrix corresponding to the coordinates of feature points. Further
research is required to analyse the intrinsic connections between these structures through clustering and
singular value decomposition. Other mathematical concepts inherent in Descriptive Geometry, such
as shadows and complex numbers, the concept of biorthogonality in double orthogonal projections,
and the calculus principles implicit in regular polygon labelling, hold significant importance in
establishing internal connections between abstract algebraic knowledge and Descriptive Geometry.
These connections are crucial for deeply understanding the mathematical mechanisms of Artificial
Intelligence, achieving interdisciplinary integration, and cultivating students’ innovative thinking.
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