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Abstract: (1) Background: Many familial diseases are caused by genetic accidents, which affect both
the genome and its epigenetic environment, expressed as an interaction graph between the genes. We
wish to show the existence of a form of robustness for such interaction networks in the case of three
familial diseases: Familial angioedema; Osteogenesis imperfecta; Biliary atresia; (2) Methods: The
update of the gene states at the vertices of the interaction graph (1 if a gene is activated, 0 if it is
inhibited) can be done in multiple ways, well studied over the last 20 years: parallel, block-parallel,
sequential, block-sequential, random, etc. (3) Results: We study three particular interaction graphs,
linked to the familial diseases chosen as examples. They have in common a subgraph that is activated
in an intricate manner, a new update mode, of which we study the robustness; (4) Conclusions:
Comparison of the interaction modes of the three familial diseases studied, which are of different
etiology, shows visible common points in the regulatory graphs of the genes involved, in particular
a structural robustness with respect to their expression clock.

Keywords: genetic regulation network; structural robustness; gene interaction graph; familial
angioedema; biliary atresia; osteogenesis imperfecta

1. Introduction

Many familial diseases are due to accidents caused on the genome of the first pathological carrier
in the family, by a problem of endogenous rewriting of the genetic message during meiosis, or by an
exogenous influence (radiation, viral pathology, etc.). These accidents are generally nonsense point
mutations that change only one amino acid or more important chromosomal recombinations of the
genome, such as the translocations, causing often dramatic changes in the interactions between
altered genes and the regulation RNAs (siRNAS, miRNAs, circRNAs, etc.) and proteins belonging to
their epigenetic regulation graph. Figure 1 shows the graph of such interactions in the case of a
regulation network centered on the ubiquitous transcription factor SP1, which plays a central role in
many cellular pathways [1]. SP1 activates or represses the transcription of many other genes in
response to physiological and pathological stimuli by binding with high affinity to GC-rich motifs of
these genes involved in various processes such as cell apoptosis and growth as well as in
differentiation and immune responses, cellular response to DNA damage, biological clock regulation,
chromatin remodeling, oxidative stress response, etc. For this ubiquitous regulation role, SP1 is
involved in many familial diseases such as Familial angioedema, Osteogenesis imperfecta and Biliary
atresia. We will study in the following the attractors of the Boolean genetic networks regulating the
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main genes whose mutations cause these diseases. We will study the attraction basins of these
attractors and show their robustness under five types of different perturbations (change of initial
conditions, parameter values, interaction graph, transition function or updating clock) susceptible to
provoke a loss stability of three types: trajectorial stability, asymptotic stability or structural stability.
We will present the results in these two domains in Section 2, discuss these results and the chosen
models in Section 3, describe the methods on both mathematical and numerical sides in Section 4 and
conclude in Section 5 on the utility of robustness studies in the context of genetic regulation [2].

TGFB
Tigsel Extracellular

Fibrosis
Cytoplasm

‘1' Nucleus
miR-125, TGF£1, Histone deacetylase, TERT, PTEN

Figure 1. Genetic network of gene SP1 coregulation by microRNAs miR-21-5 and miR-29 (after [1]).

2. Results

In the following, we will examine in the framework of three applications the existence or absence
of the stabilities associated to the last of the five types of perturbation described above, the change of
updating mode, which is crucial in biology insofar as such an updating rule exists, because the exact
functioning of the clock controlling the gene expression is unknown.

We will study the robustness of the genetic networks associated to three familial diseases [3-6]:
the familial angioedema [7-10], the osteogenesis imperfecta [11-13] and the biliary atresia [14-16]

The genetic regulatory networks described in the following contain genes and interactions
coming from the cited literature and from the reference databases [17-19].

2.1. Familial Angioedema

Figure 2 gives the network regulating the genes involved in angicedema, a familial disease with
a prevalence of about 1/50,000, with 2 types of expression of SERPINGI, one with low (type I) and
another with high (type II) expression level (the network has been provided initially by MetaCore®
[20] and checked after in the literature).
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Figure 2. A) Genetic network regulating the gene expression in familial angioedema; B) Subnetwork
representing the core of the regulation; C) Upper part of the network completed with control elements, i.e.,

specific microRNAs and circular RNAs.

2.2. Osteogenesis Imperfecta Inducing Early Osteoarthritis

Figure 3 gives the network regulating the genes involved in osteogenesis imperfecta. All the
interactions like Notch1 activating TGF through Pparga and M2 polarization come from [19-22].
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Figure 3. A: Genetic network regulating the expression of the osteogenesis imperfecta; B: Simplified version of
A; C: Subnetwork representing the core of the regulation; D: Network completed with control elements, i.e.,

specific microRNAs and circular RNAs.

2.3. Biliary Atresia

Biliary atresia regulation network comes from the top part of the network of Figure 4 centered
on SP1 [14].
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Figure 4. A: Genetic network regulating the expression of the biliary atresia; B: Subnetwork representing the

core of the regulation; C: Network completed with control elements, i.e., specific microRNAs and circular RNAs.

2.4. Dynamics of the Familial Angioedema Network

Recent data on the prevalence of familial angioedema come from [17]. They are in agreement
with the expression data from Figure 5B and explain the choice of attractors 6 and 11 respectively for
the type I and II of this hereditary disease. We can notice on Figure 5A that the physiologic attractor
3 is a fixed point (PF3) whose attraction basin is made of 93.43% of the possible states of the network.
The pathologic attractors corresponding to the hereditary forms of the disease called angioedema are
the fixed points PF6 and PF11, at which there is an absence of the gene SERPINGI in attractor 6 for
type I and presence for type II. The relative size of their attraction basins relative size equals about
1%o of the possible states of the network, and the observed prevalence of hereditary angioedema in
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the general population is reported to range from 1:10,000 to 1:150,000, without major sex or ethnic
differences [23,24]. The ratio between the two relative sizes of pathologic attractors shows that type I
represents 84% of the total as observed in real patients. Eatractor can be evaluated from Figure 5A where
the number of genes considered is equal to 21 by supposing that circular RNAs are absent, and the
attraction basin relative sizes are given on the line ABRS, then we have Eatractor = 0.4520. Eventually, a
previous work [25] gives an algebraic formula allowing for the calculation of the number of attractors
of a Boolean network, where there are two tangential circuits (Figure 2C). In the top part of the
network of Figure 2C, there are two such circuits, one positive of length five and one negative of
length eleven. The attractor number predicted by the theory equals 11 and is the same as that obtained
from the simulation of all trajectories of the network involved in angioedema from all possible initial
conditions as summarized in Figure 5A.

A
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Figure 5. A) Attractors from the simulation of the dynamics of the genetic network regulating the expression of
the familial angicedema. B) Expression data in the two types of angicedema. C) Calculation of the number of

attractors of two tangent networks, one negative of length [ = 4 and the other positive of length r = 8.
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2.5. Dynamics of the Osteogenesis Imperfecta Network

We propose to give precise results concerning the dynamics of a simplified version of the core
of the network associated with the familial osteogenesis imperfecta (see Figure 3B and Figure 6), we
will call network | in the following.

1(2]|3|4|5]6| Frustration | Energy
ofofofofofoO 2
of1(ofofofoO 2 1
of(1({1(ofo0fo0 2 1
1/1/1|/0]|0]|0 2 1
1{o|l1|(ofofoO 2 1
1{ojofofofoO 2 il
ofofofofofo0 2 1LC

Figure 6. Attractor limit cycle LC from the simulation of the dynamics of the genetic network regulating the gene

expression in the osteogenesis imperfecta (parallel updating).

Figure 6 shows logical version of the transition function of the interaction graph involved in the
osteogenesis imperfecta. By simulating in a parallel updating mode the iterations of the Boolean
network having this transition motion from the initial condition where all the genes are inactive, we
get from any initial configuration the following limit cycle of length 6 LC: (000000, 010000, 011000,
111000, 101000, 100000). The Table 1 exhibits all the possible dynamical behaviors of the network |
depending on various initial configurations, showing the convergence to two attractors, the limit-
cycles LC1 and LC2, the first of length 6 with a large basin of 56 configurations and the second of
length 2 with a small basin of 2 configurations corresponding to pathologic states. Figure 7 and Table
2 corresponding to intricate updating show a unique limit-cycle LC of length 6 representing only
normal states.

M. = ({1,2,3,4},{3,4,5,6}) Nodes 1 2 3 4 5 6 Frustration Energy

1 States 1 1 1 1 1 2

I 1 0 1 0 1 1 4
1 0 0 0 0o 1 4 4
0 0 0 1 0 1 4
0 0 1 1 1 0 6 5
1 1 1 0 1 0 4
1 1 1 0 0o 1 4 5
1 0 1 0 0 1 4
1 0 0 0 0 0 2 3
0 0 0 0 0 0 2
0 0 0 0 0 o0 2 1
0 1 0 0 0 0 2
0 1 1 0 0 0 2 2
1 1 1 0 0 0 2
1 1 1 0 0 o0 2 1
1 0 1 0 0 0 2
1 0 0 0 0 0 2 2
0 0 0 0 0 o0 2LC

Figure 7. Limit-cycle from the simulation of the network ] in the intricate block-sequential updating.
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Table 1. Simulations in parallel updating mode of the genetic network ] regulating the gene expression in the
osteogenesis imperfecta. They show two limit-cycles LC1 and LC2 as attractors.

Nodes | 1| 2] 3] 4| 5] 6 [ Frustration | Energy Nodes [1]2|3|4]|5]|6 | Frustration | Energy
States | 1| 1| 1] 1| 1] 1 2 States |0 {000 1]1 4
1]0]1]j0f 1|1 4 2 0Oj1]J]0|J1f0]1 4 3
1ol ololol 1 4 2 0O|j1|]1]1f1]0 4 3
ololol ¢t ol o 2 3 1(1]J]1]0]|1|1 4 3
ol 1l 1l ol 11 o 2 2 1foJajJofo]a a 21C1
1|]1)1]0|0f|1 4 3 Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy
1]0]1]0fo0|O 2 21C1 States | 0| 0| 0| 0|0 | 1 4
0of1j0]1|]0|0O 4 3
Nodes | 1 | 2 | 3 | 4| 5| 6 | Frustration | Energy of1j]1jo0j1]0 4 3
States | O[O |O]|1|1]1 2 1{1({1j0]0]1 4 3
oj1|1f1]1]1 2 2 11]0J1j0]0]O 2 2
1|1j1])J0]1]|1 4 2 11]0J0j0]J]O]O 2 1
1j]o0j1]J]0]0]1 4 21C1 0j0joOfOjO]O 2 1
of1j]0]0|JO0]|O 2 1LC1
Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy
States | 0] oJO0|O|1]0 4 Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy
0oj1]J]0]J]0f|o0])1 4 3 States | 0 0j1]0]1 4
ol1fla1la]o]o 4 3LCc1 of1j1j1)1fo0 4 aLc1
Nodes | 1 | 2 | 3| 4 | 5| 6] Frustration | Energy Nodes | 1| 2| 3] 4| 5] 6 | Frustration | Energy
States |0 |]O|O0O]|1]1]O0 4 States | 1| 0| 0] 1] 1|1 2
0O|j1f1]0]|1]1 4 4 0jo]1]1|1)]1 4 2
1]1]1]lojo]1 4 21C1 1{1]1]0)1]1 4 3
Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy 1lo0l1]0]10112 4 211
states | 1] 11 0]l 1l0]o0 6 Nodes | 1 | 2|3 | 4| 5| 6 | Frustration | Energy
0joj1fjo0f1]0 6 5 States |1 (1|00 |1]1 6
111J]0]0]J0]1 6 5 0jo0|1f1]0]1 6 5
olofaliflo]o 6 5LC1 1]1f1)o0f1]0 4 5
1(0]1]0|0]1 4 3LC1
Nodes | 1 | 2| 3| 4| 5| 6 | Frustration | Energy
States |1 |1 |0]|1]1]1 4 Nodes | 1| 2] 3| 4| 5| 6 | Frustration | Energy
ojo|1f1]1]1 4 3LC1 States | 1) 1] 1| 1| 0] 1 4
- 11]0]1]J]0]|1]0 4 4
Nodes [ 1 | 2| 3| 4| 5| 6 | Frustration | Energy 1lololololz 2 3
States | 1 | 1| 1[1]1]0 4 ol ol ol ol o 2 3Lt
1(0]1]0f1]1 4 31LC1
Nodes | 1 | 2 | 3| 4| 5] 6 | Frustration | Energy Nodes| 1121314156 | Frustration | Energy
States | 1 [ 1|00 [1]0 6 States | 11111101110 4
1{oj1]j]0]0]|1 4 3LC1
0jo0|1f0]jO0]1 6 5
1)]1f/oj1fo0]o0 6 5 Nodes | 1 | 2 [ 3| 4| 5] 6 | Frustration | Energy
ofoj1jo0]J1]0 6 5LC1 states [ 1 [0|1]0]0]o0 2
Nodes | 1 | 2 | 3| 4| 5| 6 | Frustration | Energy 1]o0jojojojo 2 1ic1
States | 1/1]0]1]0]0 6 Nodes | 1| 2] 3] 4] 5] 6 | Frustration | Energy
0]011]10]10 6 5LC1 states [ 1[{o0fofo]1]0 4
0jojJofjO0]O]|1 4 3LC1
Nodes | 1 | 2| 3| 4| 5| 6 | Frustration | Energy
States |1 |1|(0]O0|1]|0O 6 Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy
0jO0f1]0]O0|1 6 5 States | 0| 0| 1] 0] 0| O 4
1]1j]0]J]0|0]O0 4 41C2 1]1j0f0]joO0]oO 4 3
0jo|J1lojlo]oO 4 3LC2
Nodes | 1 | 2 | 3| 4| 5| 6 | Frustration | Energy
states ] 10|l o]lo]olo 2 LC1 Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy
3 - States | 0] 0| 0] O] O |1 4
Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy ol tlolzlolo 2 3cL
States | 1| 0| 0] 0] O] 1 4
ololo]l1]o0lo a 31C1 Nodes | 1 | 2| 3| 4| 5| 6 | Frustration | Energy
States | 1 [1]|1]J1f0]0O 4
Nodes | 1 [ 2 | 3] 4] 5| 6| Frustration | Energy 1lol1lol1]o0 4 3LC1
States | O J1|O0|1]1]1 2 3 _
N EEEEENEEE 2 1LCL Nodes | 1| 2| 3| 4| 5| 6 | Frustration Energy
States | 1| 1] 0]J0f0 |1 6
Nodes | 1| 2| 3| 4| 5| 6 | Frustration | Energy olo|l1l1lo0]o0 6 5
States | 0[ 0o |1]0 o0 4 1] 1l1lol1]o0 2 2
ol1f1]0]1]0 4 alcl 1Jolafofo[1 4 31C1
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Table 2. Simulations of | with the intricate block-sequential updating mode, showing only limit-cycle LC.

Nodes | 1 | 2| 3| 4 | 5 | 6 | Frustration | Energy Nodes | 1| 2| 3] 4| 5 | 6 | Frustration | Energy
States | 0 | 0 | O 0 0| o 2 States 0| O 0 0|1 1 4
0 1 0 0 0| o 2 0 1 0 1|1 1 2
0 1 1] 0 0| o 2 2 0 1 1 1)1 1 2 3
ilili]ololo 21cC 11 1f11011}11 4
1 1 1 oj]o 1 41C 3
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1 ojo 0 0 1 41C 5 1 1 1 1 0 1 4 4
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oflafafJalalo 41C 5 1 lolilolols 2 LC
Nodes | 1 | 2 | 3 |4 ] 5 | 6 | Frustration | Energy Nodes | 1 | 2| 3| 4] 5| 6 | Frustration | Energy
States | 1 |1 /0|0 joOojoO a States |1 |10 |1}|0foO 6
ofofl1]o]o]o 4 oJo|1]ofJo]o 4
0 0|0 0 0|0 2LC 2 0 0|0 0 0 0 2LC 3
Nodes | 1 | 2 | 3 | 4] 5| 6 | Frustration | Energy Nodes | 1| 2 | 3|4 | 5| 6 | Frustration | Energy
states | 1 |o|/o]o]lol o 2 States iJ]ol1|l0]j0]oO 2
0 0 0 0 0 0 21C 1]0|0| O 0 0 2
iJ]o0lofjfojo]j]oO 2 1
Nodes | 1 | 2 | 3| 4| 5| 6 | Frustration | Energy 0Ojojojojojo 2LC
States | 1 | 0] 0| O0)0 |1 4 Nodes | 1| 2 [ 3] 4] 5] 6 | Frustration | Energy
ofojoj1]jo0f1 a states [ 1 [1 11 o]0 4
0 0 1 1 1 0 6 LC 5 110 1 0 0 0 2 LC
Nodes | 1 |2 | 3|4 |5 )| 6 | Frustration | Energy Nodes | 1] 2] 3| 4] 5] 6 | Frustration | Energy
States | 0 |0 f1]0jO0]oO a States [ 1] oJo|o]|1]o0 a4
ij1jojojojo 4 olojojJo]1]o0 a4
1]1j1jojojo 21C 2 ololoJo]ol1 4LC 3

2.6. Dynamics of the Biliary Atresia Network

The number of attractors (7 attractors on Table 3) can be predicted by algebraic formula [25]
allowing for the calculation of the number of attractors of a Boolean network with tangential circuits.
For example, in case of 2 negative circuits of length 3 and 4, this number is 1. In the network of Figure
4, there are two such circuits, one negative of length five and one negative of length eleven. The
attractor number predicted by the theory is 7 (see Table 4), the same as that obtained from the
simulation of all trajectories of the network involved in biliary atresia from all possible initial
conditions as summarized in Table 3.
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Table 3. A) Description of the 7 attractors of the biliary atresia regulatory network (parallel updating). B)
Expression values in normal and pathologic (BA) cases.

A FP1  FP2 FP3  FP4 FP5  LC1  LC2
FAK1 0 1 1 1 1 1 1 1 1 B
IGF-1 o] 1 1 1 1 1 1 1 1
PI3K REG 0 1 1 1 1 1 1 } v
ntensi i

EGFR 0 1 1 0 [ 1 1 « Transcript identity tensity Ratio (BA/
SMAD3 0 0 0 0 0 1 0 1 ] Normal BA Normal)
MDM2 0 1 1 1 1 1 1 1 1
sP1 0 o 0 ° 0 3 0 o o Bechw 167 288 17
PTEN 0 [s] 0 0 0 0 0 0 o  Laminin BP (binding protein) 07 77 "
PI3K CAT 0 1 1 1 1 1 1 1 1 HRS (HGF-regulated tyrosine
CLASS kinase substrate) 05 35 69
tistone 0 ! ! : ! R 1 Thymesins 06 41 65
E2F1 o ] | s ; T 1 b ; Thymosin 410 05 25 5.4
TGF-8 0 1 1 1 1 1 1 1 1 JGRA N 06 21 a3
MAD 0 1 1 1 1 1 1 1 1 TIMP (tissue inhibitor of
©_myc o 1 0 0 1 1 0 1 o  metalloproteinase)-1 18 39 22
ERK 1/2 o 1 4] 0 1 1 1 1 1 SRP (signal recognition particle) 4 2 71 36
Bel 6 0 0 [ 0 [ 0 0 0 0 SRPO 17 56 33
;g';st o 1 1 1 1 1 1 1 1 SNAP (soluble NSF
Bel-w 0 0 0 ° 0 1 0 1 ° attachment proteins) 45 12 56 45
prKcLAssH | o T | ] | | o ; o AURNABP 08 69 85
E3B1 o o 0 0 0 0 0 o o suptsh (human homologue of
UBF 0 (4] 0 4] 0 0 (4] 0 o  the yeast transcription factor, SPT5) 1.9 45 23

elF-2¢ kinase 45 121 27
TBA 336 949200 1020024 82616 37600 1997032 107496 HSP (heat shock protein) 27 21 37 18
ABRS 8,01086E- | 022630682 | 024319267 | 0,01969719 | 0,00896454 | 0476128532 | 0,025629044

05

TTBA 4194304

Table 4. Calculation of the number of attractors of two tangent networks, one negative with length r =5 and the
other negative with length [ =11.

Negative

|1|2|3|4|5|6|7|3|9|10l11|12|13|14|
L1

7

-
pry

Negative

(] DX X1 £X1 X1 [X] LX) [X) =N =N ji jiry Jig BN PN JE
Nlo|lals|lwln| = |o|lo|xelNlo]|o] & ]w]re

1=3x%r/2

1=2xr

The attractor limit-cycle LC2 of Table 1 or Table 3A corresponds to a high level of HRS (histone
related sequences) and a low level of the expression of EGFR (inhibited by HRS on Figure 4B). Hence,
it could correspond to the pathologic (BA) attractor of Table 3B, which shows an expression high for
HSR and a low for EGFR (Figure 4B).

3. Discussion

The network | is related to familial angioedema was robust because, regardless of the block-
sequential update mode used, fixed points will never appear, which is coherent with the empiric
observation that most of genes involved the disease have a periodic expression due in part to the


https://doi.org/10.20944/preprints202504.2434.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 April 2025 d0i:10.20944/preprints202504.2434.v1

11 of 15

chromatin clock and circadian rhythms [1]. Some genes are updated systematically together
under the control of the In order to achieve a systematic plan of numerical experience, we shall
compare the block-sequential update modes of the Figure 5 to the intricate block sequential
update mode, for which we consider that genes 3 and 4 are always active expressing their protein
(Figure 6).

4. Methods

The definitions and theoretical results of this Section will follow previous works [26-36].

4.1. Kauffman Boolean Networks

We denote the whole configuration of a Kauffman Boolean network N of size n at time t by:
x(£)={xi(t)}i=1n, x(t) € Q={0,1}», where Q2 is the set of all possible Boolean configurations on N. Each
node i of N represents a gene and is connected to k(i) other genes i,...,iki)) whose state is updated
according to a specific order and a specific Boolean rule:

xi(t+1) = F(x;,, ...,x,-k(i))
where Fi is a Boolean transition function and x; represents the state of the gene ij connected to i,

where ij may by equal to i itself. The Boolean function Fi is represented by a truth table which gives
the output for each of the possible set of input values. For a function Fi with k(i) variables, there are
2Ki) possible sets of input values, each yielding an output in {0,1}.

4.2. Interaction Graph

The interaction graph G(N) of the network N is represented by an oriented graph in which the n
nodes correspond to genes and directed edges to the interactions between these genes. Each
interaction is characterized by a logic operator wi (considered as an influence weight) which
represents the influence that a source node of the interaction graph G(N), i.e., a gene j, exerts on an
end node, i.e., a gene i, through the influence of its messenger RNA or of the protein the gene j
expresses. More precisely, the wi is the identity represented by the sign + or the color green on the
edge between j and I, or the negation represented by the sign — or the color red, depending on the
fact that the gene j tends to respectively activate or inhibit gene i. There is no edge between j and 7, if
j has no influence on i.

4.3. Attractors

Under the influence of the transition functions F;, the configuration x(t) of the network can evolve
in O toward two possible asymptotic behaviors called attractors: a fixed configuration (also called
fixed point) or a cycle of configuration (also called limit cycle). One of the challenges in a genetic
regulation network is to determine the nature of its attractors (fixed point or limit cycle), which can
have a great influence on its physiological or pathological character. For each attractor, we call
attraction basin the set of all initial configurations of the network which lead after a finite number of
iterations to this attractor. In the applications, we determine the possible attractors and their
attraction basins (at least their size).

4.4. Frustration, Energy and Entropy

During the dynamics of the network, the states of two interacting genes j and i can change. If
xi(t) = xi(t) when the weight between j and i is the identity, or if xi(t) =txj(t) when the weight between
j and i is the negation, then the local frustration of the interaction between j and i is equal to 0. Else,
this frustration equals 1. The global frustration of the network F(t) (or simply the network frustration)
of the configuration x(t) is equal to the sum of its local frustrations. The network frustration is equal
to the number of edges whose source xj(t) and end xi(f) states are in contradiction with their logic
operator wi;.
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The kinetic energy E(t) of the network N at time ¢ is defined by the following formula [2]:
1

E0 =) @ -xe-1y) 2

=1
In the following, we will denote E(t) and call network energy the quantity E(t) = 4 E(f)2. Network
energy is equal to the number of nodes whose state changes between ¢ and #+1.
The attractor entropy Eatnctor is a measure of heterogeneity of the attractor landscape of the
network dynamics defined by:

Battractor == ) ABRS(A)loga[ABRS(A)) ©)
=1m

where ABRS(Ax)=Card (Ax)/2" is the attraction basin relative size of the attractor Aramong the m
attractors of the network.

4.5. Updating modes

An updating mode of the network is a rule describing in which order the state of the nodes has
to be updated. There is three types of updating modes:
- the block-sequential mode

It consists in choosing a partition of N in m disjoint subsets of nodes Sy,...,5» with UL, S, = N,
which are updated sequentially, the nodes of each subset being updated parallelly. If each subset
is a singleton, the updating mode is called sequential, the choice of the order being possibly
random.

- the block parallel mode

- It consists in choosing a partition of N in m disjoint subsets of nodes S, ...,Sn with UL, S = N,
which are updated parallelly, the nodes of each subset being updated sequentially. If m=1, S1=
N, the updating mode is called parallel.

- the block-intricate sequential of parallel modes
It consists in m non obligatory disjoint subsets of nodes Si,...,Sm with Ui, S, = N, which are
updated sequentially (respectively parallelly), the nodes of each subset being updated parallelly
(respectively sequentially). An updating robustness study of network dynamics corresponds to
consider all the possible updating modes and show which changes of states can occur when
updating mode changes. The network can be robust for five types of perturbations (change of
initial conditions, parameter values, interaction graph, transition function or updating clock)
and three types of stability:

- trajectorial (or Lyapunov) stability, which corresponds to the existence of a distance threshold
respected between the ancient trajectory and the new after perturbation

- asymptotic stability, which corresponds to the conservation of the number and nature of the
attractors, even if the transient part of trajectories changes

- structural stability, which corresponds to the conservation of the attraction basins in response to

structural perturbations (change of interaction graph, transition function or updating clock).

4.6. Examples of Simulations

Simulations of Section 5.6. (Figures 8 and 9) have been achieved using Boolnet [37].
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SN
B @{——_.

Attractor | Type States Attraction basin size

1 Fixed point 010000100 182

2 Fixed point 101000011 32

3 Fixed point 010111100 6

4 Limit-cycle (Length=3) [ >010001100 218
—-010100100
—-010010100

5 Limit-cycle (Length=3) | 010011100 72
->010101100
—-010110100

Figure 8. A: Network K as example of genetic regulatory network. B: Attractors of the network K with parallel
updating mode.

In the parallel updating mode, the network K has 3 fixed points: 010111100,101000011,
010000100 and two limit-cycles of length 3.

Attractor

“ 7 B States Attraction basin size
- 1

110000 4
001000
—->000000 |60
—>010000
- 011000
> 111000

e 5101000
- 100000

Figure 9. A: Network | as example of genetic regulatory network. B: Attractors of the network | with parallel
updating mode.

Type
Limit-cycle (Length=2)

2 Limit-cycle (Length=6)

In the parallel updating mode, the network | has two attractors, the following limit-cycle of
length 6: 000000 — 010000 — 011000 — 111000 — 101000 — 100000 — 000000 and the following
attractor of length 2: 110000 — 001000.

5. Conclusions

We have defined a new update mode, the entangled block-sequential mode, in which the nodes
of the Boolean automata network are updated differently, some being updated at each iteration and
others being updated at lower frequencies (every other time, in the chosen example). In the
application to Boolean networks of genetic regulation, in the absence of precise information on the
mode of updating the states of the nodes of the network (i.e., the expression of the genes involved),
it is necessary to examine the consequences of a change of mode on the dynamics of the network
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(possible change in the number, nature and size of the basins of attraction of its attractors). If the
characteristics of the attractors are invariant in a change of update mode, we say that the network is
robust. Consequently, the choice of a dynamic is less crucial for the practical consequences of the
discrete modeling of the expression of the genes studied, in particular to explain the genesis of a
pathology of familial origin involving a set of well-identified interacting genes, which is the case in
the diseases taken examples, namely familial angioedema, osteogenesis imperfecta and biliary
atresia.
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