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Abstract: This paper aims to explore the sufficient conditions for assuring that, the set of mild solutions
to two types of non-local semilinear fractional differential inclusions involving the conformable
derivative, in the existence of non-instantaneous impulses, is not empty and compact. We will consider
the case when the linear part in the studied problem is the infinitesimal generator of a Cy - semigroup
or a sectorial operator. We give the definition of mild solutions, and then, by using appropriate fixed
point theorems for multi-valued functions and the properties of both the conformable derivative, and
the measure of noncompactness, we achieve to our findings. Since the most of the known fractional
derivatives do not satisfy many basic properties that usual derivatives have, the conformable derivative
is introduced in a previous paper, and it is shows that it is the most natural definition. Therefore,
many works have been done on differential equation with the conformable. But, works on semilinear
differential inclusions are not reported until now. We will do not assume that the semigroup generated
by the linear term is not compact,also, we will examine the case when the values of the multi-valued
function are convex, also nonconvex. So, our work is novel, and interested. We give examples of the
application of our theoretical results.

Keywords: differential inclusions; infinitesimal generator of a Cy - semigroup; sectorial operator,
conformable fractional derivative; instantaneous and non-instantaneous impulses; mild solutions;
measure of noncompactness

1. Introduction

Differential inclusions take the form:

7(6) € G(5,7(9)),ae.,

where G is a multi-valued function, and is therefore a generalization of differential equations. Many
authors have been studied numerous of differential inclusions [1-4]. Impulsive differential problems
are proper models for tell of processes which at certain time change their situation speedily. This
processes can’t be described by the classical differential equations. If the effect of this change is
instantaneous, it is termed instantaneous impulses, but if it remains stable over a period of time, it is
called non-instantaneous impulses, for example to non-instantaneous impulses, the consequence of
institute medications into the bloodstream and their soaking up the body. To equip the reader with
the application of non-instantaneous impulses in physics, biology, population dynamics, ecology and
pharmacokinetics, we refer to [5-7]. In [8-10], there are many studies on differential inclusions with
non-instantaneous impulses.

Differential equations and inclusions containing fractional derivatives have many applications
in various branches of science, engineering and medicine [11-14], which indicates the importance
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of fractional derivatives. Therefore, many researchers pay attention to giving different concepts
to fractional derivatives, such as Riemann-Liouville, Caputo, Hilfer, Katugampola, Hadamard and
Atangana—Baleanu. All known fractional derivatives, except the conformable fractional derivative
was introduced by Khalil et al. [15], do not satisfy many basic properties of the usual derivative,
such as the product rule, quotient rule, mean value theorem, chain rule and Taylor power series
expansion. Therefore, the conformable fractional derivative is the most natural fractional derivative.
For this reason, many researchers have shown interest in exploring more properties of the conformable
fractional derivative and studying differential equations involving it. In [16-19], the conformable
fractional derivative properties are given, while in [20-22] some of its applications are given. Nonlocal
telegraph equations with the conformable fractional derivative are considered in [23]. Meng et al. [24]
looked for the existence of external iteration solutions to conformable fractional differential equations.
Tajadodi et al. [25] treated with the exact solution to a nonlinear differential equation involving the
conformable derivative.

In [26-28], there are other findings on differential equations with conformable derivative.

Leta € (0,1], U be a Banach space, Y = [0, b], A is the infinitesimal generator of a Cj - semigroup,
{T(6) :0 >0},on0, f:YxU — Uisa single-valued function, g : U — U and {y € U be a fixed
point. Without assuming the compactness of the family {T(d) : § > 0}, Bouaouid et al.[29] proved,
under the condition that g is continuous and compact, the existence of mild solutions to the non-local
conformable fractional semilinear differential equations:

1)

{ H£0(0) = AL(O) + £(5,8(8)), 6 €Y,
2(0) = 2o +3(2),

where %C () is the conformable derivative of the function { at the point J.
Bouaouid et al.[30] studied the existence of mild solutions to the following non-local conformable
fractional semilinear differential equations:
40 (0) = BL(8) + f(6,4(8)), 6 € Y, )
2(0) =Zo+g(2),

where B is a sectorial operator on U that generates a strongly analytic semigroup {K(J) : § > 0}.To
achieve their goal, Bouaouid and associates authors imposed the compactness of both K(4), V6 > 0and
g.

Motivated by the above works, especially that done in [29,30], we will present in this paper,
six existence results for mild solutions to two types of non-local semilinear differential inclusions
containing the conformable derivative in the presence of non-instantaneous impulses in Banach spaces.
In fact, we will generalize the work in [29,30] and prove three existence results for mild solutions
to both problems (1) and (2), when f is replaced with a multi-valued function ® and there are non-
instantaneous impulses in the system. Unlike [30], we will not assume the compactness of K(8), Vé > 0.
In order to formulate the problems that we study, let 0 = sy < by <51 <bp <53 < ....... <Sp < bpyq =
b,®:Y — 20 — {¢} is a multi-valued function, g; : [b;,s;] x U — Uand Ay, = {1,2,..r}.

Consider the following two non-local semilinear fractional differential inclusions involving the
conformable derivative, in the presences of non-instantaneous impulses:

dgag( ) € AZ(6) +O(6,5(6)),ae. 6 € UZj(si, b1l
0(0) = gi(0,¢(b i 7)), € (bi,si); i€ Ay, 3)
¢(0) = Go+8(0),

and
(6) € BZ(8) +©(5,4(5)),a.e. 6 € U= (si, biya],

8i(0,8(b;)), 6 € (bysi]; i€ Ay, (4)
Co +8(8),

dgg
¢(4)
¢(0) =
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We will explore the sufficient conditions for assuring that, S3(A, ©) and S4(B, ©) are not empty and
compact in PC(Y, U), where S3(A, ©) and S4(B, ©) are the set of mild solutions to problems (3) and
(4) respectively.

Remark 1. 1-This work is novel because this is the first time to consider non-local semilinear fractional
differential inclusions involving the conformable derivative, in the presences of non-instantaneous impulses in
infinite dimensional Banach spaces, where the linear part is the infinitesimal generator of a Co- semigroup (not
necessary compact) or a sectorial operator generates an analytic semigroup( not necessary compact) .Moreover,
we will consider the case when the values of © are convex as well as nonconvex.

2-This work is interesting because our studied problems involving the conformable derivative
which possess many properties like the usual derivative and that is not verified for all the other known
fractional derivatives.

The significant contributions are the following:

1-The representation of mild solutions to Problems (3) and (4) are formulated (Definitions 4 and
5).

2- We have extended the problem (1), studied by Bouaouid et al. [29], to the case when the
single-valued f is replaced with a multivalued function ® and in the presence of non-instantaneous
impulsive effects (Problem 3). In fact, three existence results of mild solution to Problems (3) are given
(Theorems 1,2 and 3). In Theorem], the values of ® are not empty, convex and compact and © satisfies
a compactness condition containing a measure of noncompactness. In Theorem 2, the values of © are
not empty, convex and compact and © satisfies a Lipschitz condition. In Theorem3, the values of ©
are not empty, compact (not necessary convex) and © satisfies a compactness condition containing a
measure of noncompactness.

3- We have extended the problem (2), studied by [30] to the case when the single-valued f
is replaced with a multivalued function ® and in the attendance of non-instantaneous impulsive
effects.(Problem4). Moreover, we do not suppose that the semi-group generated by the operator B is
compact like in [30]. In fact, three existence results of mild solution to Problems (4) are given (Theorems
4,5 and 6).

In the third section of this paper, we demonstrate three existence results of mild solutions to
Problem (3). Section four is concerning with three existence of mild solutions to Problem (4). In section
5, we provide examples sections 5

2. Preliminaries and Notations

We use the following notations:

1'Yi = (bi, b,qu],i S L(),r = {0, 1,.., 7‘}.

2-P,(U) := {A C U : A is not empty, and bounded }

3- Pc(U) := {A C U : A isnot empty, convex and closed}.

4-Pp.(U) := {A C U : A is not empty, bounded and closed }.

5-P4(U) := {A C U : A is not empty, convex and compact}.

6-S3(A, ®) and S4(B, ®) are the set of mild solutions to problems (3) and (4) respectively.
7-

PC(Y,U) : ={z:Y — U, ziscontinuous on [0, ;] and on (b;,b; 1]
and lim z(b}") exists forany i € Aq,}.
5—bf

Note that the space PC(Y, U) is a Banach spaces where the norm is given by:

£ pc(ys) = max{[[z(8)]] : 6 € Y}.
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The Hausdorff measure of noncompactness on PC(Y, U) is given by xpc(y,5) : Po(PC(Y,0)) —
[0, o],
xpc(y,s)(D) = max Xc(w0) (D),

where X, v5)is the Hausdorff measure of noncompactness on the Banach space C(Y;,U).
As in [15], we give the following definitions:

Definition 1. The conformable integral of order a for a function f € L1(Y,U) is given by:

*F(6) == /05 1 F(s)ds

Definition 2. The conformable fractional derivative of order . for a function f : [0,00) — U at a point
d € (0, 00) is defined by
1—wy) _
D"‘f(é):limf(é_'_aS ) f((s),JG(O,oo).

e—0 &

The proof of the following Lemmas is exactly the same as in the scalar case treated in [15]

Lemma 1. Suppose that f,g :[0,00) — U are conformable fractional differentiable of order « at a point
5 € (0,00). Then,

1-D*(f(6) +8(6)) = D*f(6) + D*g(9).

Z-D“(J;g)( ) g%?fi{s[) ( }Dﬂ: fD"g()-

3-D(§)(0) = S

Lemma 2. If f : [0,00) — U is differentiable at a point § € (0,00), then it is conformable fractional
differentiable of order a at 6 and D*f(5) = 61~% %.

3. The Compactness of the Solution Set to Problem (3)

In this section, we will present three theorems, in each one we explore the conditions that make
the set of mild solutions to problem (3) is not empty and compact in the Banach space PC([0, T], U) or
not empty. In Theorem1, the multivalued function ® has convex values and satisfies a compactness
condition involving a measure of non-compactness. In Theorem?2, the multivalued function ® has
convex values and verifies a Lipschitz condition, and in Theorem 3, the values of © are not necessarily
convex and verifies a compactness condition involving a measure of non-compactness.

Definition 3. ([29], Definition 6) Let A be the infinitesimal generator of a Co- semigroup {T(5) : 6 > 0} and
f:[0,T] x U — U be continuous.A continuous function { : [0, T| — U is called a mild solution to the problem
(1)

if

() =1 @ +s@) + [ ST T)00 i)
Based on this definition, we present the definition of mild solutions to Problem (3).
Definition 4. A function { € PC(Y, U) is called a mild solution to the problem(3),if
T(%) )+ fy STET(E5 ) f(s)ds, 6 € [0, b1,

(o
B 8i(0,¢(b; ) 5 6 (b;,s],i € Alr,
{0 = w6 ) sT(E) f(s)ds ©

+ f S 5“—5 )f( )dS,§ € (Sl/ biJrl]/i € Al,r'


https://doi.org/10.20944/preprints202502.0496.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 February 2025 d0i:10.20944/preprints202502.0496.v1

50f18

where f € Sb -1 = {z € L'([0,T], 1) : £(6) € ©(6,4(6)), ac.}.

Remark 2. The solution function given by (5) is continuous at the points s;, and hence it is continuous on
(bi, bi+1],i € {0, 1,.., 1’}

We consider the following assumptions:

(HA) A: D(A) C U — U is the infinitesimal generator of a Cyp-semigroup {T(J) : 6 > 0} in U.

(HO®); ©:Y X U — Py (V) with:

(i) For every z € U, there is a strongly measurable function ¢ : Y — U satisfying ¢(5) € ©(J,z),
a.e.and for almost § € Y, { — ©(J, () is upper semicontinuous from U to U.

(ii)There is ¢ € LP(Y,R™), p > 1 such that

sup ||u]] < @(6)(1+]|z||), foraed € Yandz e U. (6)
ue®(4,z)

(iii) There is B € L'(Y,R") such that for any bounded set D C U,
xO(5,D) < B(6)x(D), (7)

where y is the Hausdorff measure of noncompactness on U.
(Hg)1 The function g : PC(Y,U) — U is a compact, continuous and there are two positive real
numbers 4, d such that
18(D)] < al|¢]] +4d,¥¢ € PC(Y,T).

(H)q Foreveryi =1,2,..,r, the function g; : [t; s;] x U — U is uniformly continuous on bounded
sets, gi(9,.) is compact and there is /1; > 0

11i(6,2)|| < hil|zl],6 € [bi,si],z € U. 8)

Lemma 3. [([2],.Lemma 5.1.1] Let ® : Y X U — P4 (U) be a multifunction satisfying (i) and (ii) in (H®),
then for any u € C(Y,U),the set Sé) o) = {z € LY(Y,U) : z(8) = O(6,u(d)),a.e.} is not empty and
weakly closed.

(u

The following Lemma is a version for the previous lemma when u € PC(Y, U) and its proof can
be found in [31]

1

Lemma 4. Under the assumptions of the previous lemma, then for any u € PC(Y,U), the set S®(. "

W) is not
empty weakly closed.

We need to the following Lemmas.
Let ® € P (U), x be a non-singular measure of noncompactness defined on subsets of U,
N : R — Py (U) be a closed multifunction and Fix(X) = {z € U:z € X(z)}.

Lemma 5. (Kakutani-Glicksberg-Fan theorem)( [2], Corollary 3.3.1) If X : R — Py (R) is v—condensing, then
Fix(R) # ¢.

Lemma 6. ([2] ,Proposition.3.5.1)). In supplement of hypothesis of Lemma (10), if x is a monotone measure of
noncompactness defined on U and Fix(R) is bounded, then it is compact.

In the following theorem, we are going to obtain conditions that make S3(A, ®) is not empty and
compact.

Theorem 1. Assume that (HA), (H®);, (Hg)1 and (H)q are satisfied
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Then, S3(A, ®) is not empty and compact provided that
Ma+2Mb" | @||1pj, me) + 1 < 1, )
and
AMD (1Bl 1y re) < 1, (10)

where M = sup{||T(d)||,0 > 0}, and h = max{h; : i =1,2,2,4}.

Proof. Let { € PC(Y,U). In view of Lemma (4), there is f € Sl 00L()) Then, we can define a multi-
valued function X : PC(Y,U) — 2PC(Y0) — {5}, where ¢ is the empty set, as follows: y € R({) if and
only if

T() (o +8(D) + Jy s T(*5=)f(s)ds,6 € [0,b],
8i(0, g( 7)) J E (bi,sil,i E Al rr

8i(si, — oS AT ) f(s)ds

- f05s1 “T(é“;s“ ) f(s)ds,5 € (s bisili € Ay,

y(6) = (11)

where f € S 00.20))" Obviously, Fix (R) C S3(A, ®). So, by applying Lemma (5 ), we show that
Fix (X) # ¢. This will proceed in the following steps:

Step 1. There is a natural number p such that X(D,) C D,,,where D, = {{ € PC(Y, D) : |||| <
©.

Assume the contrary. Then, for any n € N, there are {,,y» € PC(Y,U) with [[yal|pc(y,5) > 1,
[Cnllpc(y,5) < mand yn € R({y) such that

T(5)(Zo+8(Ln)) + fy 8" *T(E52) fu(s)ds, 6 € [0, b1],

_ gz(één( ))56(bz,sz]zEA1r,
PO T e 2alb ) — o ST CE) o) 1

+ 08 wT(fF“;S ) fuls )ds,te (si,bi1],i € A1y,
where f, € Sé)( ()" .Using (6) to get
(O] < @()(1 + 1), ae. (13)

Let 0 € [0, b1].From(6), (Hg)1, (12) and (13), it results

é
@I < MGl +an+d) + Mb~ [ £ (s)ds

IN

IN

M(I[Zol| + an +d) + M6 (1 + 1)@l r(j, e+ (14)
where M = sup{||T(6)|| : 6 > 0}.Let d € [by,s1]. From (8), we get,
|18i(6, 8n(b; ))[| < nhy,Vn > 1. (15)

Letd € (s; bj11],i € Ly,. Then, as above, we obtain

[lyn (O] < mhi +2Mb" (1 + 1)@l r(f, ). (16)
Inequalities (14 - 16) lead to

< M(||Gol| +an +d) +2Mb"* (1 + 1)@l Lo(j, m+) +nhi

Dividing this inequality by n and letting n — oo, it yields from (6),

1< Ma+2Mb""*||g||1p(j, m+) + 1
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which contradicts (9).

Step 2. We demonstrate that, if y,, {, € D, such that {, — { and y, € R({,),Vn € N, then
yn — yand y € X(7).

Because y, € RX({n),Vn € N, (12) is satisfied.

Since p > 1, then from (13), the set { f,, : n > 1} is weakly compact in L (Y, U). Application of
Mazur’s lemma, there is, without loss of generality, a subsequence (f;;),n € N of convex combinations
of (fx) and converging almost everywhere to a function f € LF(Y,U) C L'(Y, D). By the continuity
of both g and g;(é, .), it follows by letting n — oo in (12), y, — y, where

T(2)(Co+8(0) + J& 1T (&) f(s)ds, 6 € [0,b],
_1/((5) _ g1(5 g( _)) S (blrsl} i E Al rr
8i(si, ¢ — Jeistmer (3 £(s)ds

+ s 1 «T(é"‘;s“ )f(s )ds,(S e (si,bipa],i € Aq

But, the assumption ©(J, .) is upper semicontinuous implies that f(J) € ©(6,{(0)), a.e.Therefore,
y € R(p)

Step 3. For any { € D, X({) is compact in PC(Y, U).

Let y, € X({);n € N. Using the same arguments as in Step 2, one can show that there is a
subsequence of (y,, ) that converging to y € X({). This shows that X({) is relatively compact, but
Step(2) leads to the R((), is closed and consequently R(() is compact in PC(Y, U).

Step 4. The family of functions

R(Dy)ly; = {w" € C(¥;,0) : w*(8) = w(d),d € (bj, bit1],
w*(b;) = 51i11171+w(5),w e X(Dy)}, i€ {0,1,.,r},

i

are equicontinuous in C([s;, bj11], U). Assume that w* € R(D,,) i€{0,1,..,r}. Then, there

is ¢ € D, with

| [sibit1]”

EY(Go+8(Q) + fS s T(E=2 ) f(s)ds, 6 € [0,b1],

g( i ))' (b,,S] IE Alr

T(
gi(6
gl(sz, (b ) — fs’ - ”‘T( ) F(s)ds
f “AT(E)f(s)ds, & e (si,bi1],i € Aqp

and w*(b;) = lim;_,,+ w(J). We consider the following cases:
Casel. Let 6,6 +d € [0,b1],d > 0. Using (17), it yields

w*(d) = (17)

lim ||w* (6 + d) — w™(9)]]
d—0

< nm||T<<‘”;f)“>—T<ﬁ>r|||go+g<a>u

sl [ =S g [ poa
< 1§0||T<@>—T<§>H||@o+g<@>\|

saim [ s1*“T<W>f<s>||ds

(5+d)

+11m||/ s T ) p) = s =) p(syas

= L+L+1
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In view Of (HA), limd_>o 11 =0. Maklng use (13), we get
1 m bl lxl m o d
imhL < (14+p)M i @ =0,
dIHO 2 ( ) dlﬁ()/zi (S) °

Next, the strong continuity of {T(d) : § > 0} leads to

X g SN g
)

_ o (6+4d)
lim Is < (14 )bl i / Tt =Sy ds =0,
tim 1y < (14 )= tim [ 7 =L o)

Case2. Let 6, d +d € (by, s1]. By the uniform continuity on bounded sets of g1, it results

lim ||w* (0 4+ d) — w*(9)]]
d—0
= lim|[g1(6+4,0(b7)) = £1(3,8(67))[| =0,
—0
independently of {. Moreover,
lim [|w™ (6 +d) — w” (bi) |
d—0
= im lim {1515 +.607) - 1(6.807)|

= 0’

independently of . Similarly, one can show that ®(D,,)|y;,i € Ly, is equicontinuous.
Step 5. The set £ = N,—1 Dy, is compact, where D; = X(B,) and D, 1 = 8(Dy,),n > 1.
Because D;, C Dy, 1,then, as stated by Cantor’s intersection property [32], it be enough to manifest
that,

Jim >pc(y,5)(Dn) = 0. (18)

Letx > 0,and n > 1 be fixed. In view of [[33], lemma 2.9], there is a sequence (y,,) in D,, with
xXecry,s)(Dn) < 2xperypy{ym :m > 1} +x
= 2maxxcyp) (Dyy,)-

iELO,r

As a result of Step4, the sets D)y, are equicontinuous, and hence, the last inequality becomes
xXpe(x,) (Dn) < 2maxx(ym(9) :m =2 1} + x. (19)
Now, since D, = X(D,,_1),there is {;, € D, —1 with y,, € X({;),which means that

T(E) (o +8(Gm)) + f sV 4T (8 fu(s)ds, & € [0, b4],
8i(0,Cm(b;7)),6 € (biysil,i € Ay,

8i(si, Cm(b7)) — [o7s" 2 T() fun (s)ds

+ Jo STET(E ) fun(s)ds, 0 € (s, bisal i € Aay,

ym(5) =
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where f,, € 5(19( .If 6 € [0,by], then due to the continuity of T(Z"),the compactness of g and (7)

we get

ré"ﬂ)

xXym(6) + m>1}
6
X [ s

< 2Mbi® /O(sx{fm(s) :m > 1}ds

IN

)fm(s)ds :m > 1}

0% — st
o

IN

201 [ {Gu(s)) - m = 1)p(s)ds
< 2Mb* xpe(ys) (Dn-0) 1Bl v r+ - (20)

If & € (b;,s4];i € Ly, then the compactness of g;(J,.) implies to
xX{ym(8) :m>1} =0. (21)
Finally, if 6 € (s;,bi+1],i € Ly ,,then as in (20)

x{ym(6) :+ m=1}
< AMB' xpe(yis) (Du-1)1Bl L1 (v gy (22)

It results from (19 - 22) that

xpc(ys)(Dn) < 4MU'|B|[11(y g+) Xpc(yi) (Dn-1) + K.

Since « is arbitrary and this relation is true for any #, it follows

xecyw)(Dn) < (4Mb17“||:3||L1(Y,R+))n xrec(y,)(D1)-

This inequality along (10), we get (18) and then, D is compact.

Step 6. Applying Lemma (5), the multi-valued function 8 : D — P (PC(Y,U)) has a fixed point,
which is the solution to Problem (3). Moreover, using the same arguments in step 1, we can show
Fix(R) is bounded, and hence by Lemma (6), S3(A, ©) is compact. [

In the following theorem, we offer another result of existence of mild solutions to Problem(3).

Lemma 7. [34]. If ® : QO — Py.(Q) is a contraction, then Fix(®) is not empty, where Q) is a complete metric
space.

Theorem 2. In addition of (HA),suppose the following assumptions:

(H®); ®: Y X U — Py (V) such that:
(i) For every u € U, the multifunction 6 — ©(J, u) has a strongly measurable selection.
(ii)There is a function ¢ € L!(]J,R") satisfying
h(®(5,u),0(6,v)) < ¢(d)||u —v||,Yu,v € Uand fora.e.é €Y, (23)

and
Sup{ |[u]] : u € ®(4,0)} < ¢(J), forae. s €Y, (24)

where h is the Hausdorff distance between two closed convex bounded sets.
(Hg), Thereisaa > 0 with

8(C1) — g(Z2)|l < al|l1 —C2|l, V1,82 € PC(Y,U). (25)
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(H), Foreach i =1,2,....r, thereis h; > 0 such that forany é € Y,
[lgi(6,u) — gi(8,v) || < h; |lu—w0]|, forall u,ve U. (26)

Then, S3(A, ®) is not empty if inequality (10) is verified.

Proof. From (i) and (ii) of (H®),,we get

h(©(4,2),{0}) < h(O(4,2),0(5,0)) +h(O(4,0),{0})
< @)(|lz|]| +1),Vz€ Uand fora.ed €Y.

Then, (i) and (ii) of (HO); are satisfied. According to Lemma(4), S@( Z0) is not empty, and hence we
can define a multi-valued function X : PC(Y, ) — 2PC(Y0) — {9} which is defined by (11). We will
use Lemma (6) to demonstrate that X has a fixed point. So, we will show that N is a contraction. In
order to do this, let {1, € PC(Y,U) and y; € X({1).In view of the definition of X, we have

T(£) (o +8(81)) + fo s *T(E=) fi(s)ds, 6 € [0,b1],
_ &(5 gl( )) (S (busz] i 6 Alr/
y1(6) = gils0 1 (b )7fs, Ty )fl( \ds (27)

s «_
+ /5 sl— "‘T g “s )f1(s )ds,(S E (si,bit1),1 € A1y,

where f; € L1(Y, D) satisfying f1(8) € ©(6,1(5)).a-e.
Next, we consider the multi-valued function:I : Y — 29, defined by

[(6) = {z € ©(5,02(9)) : ||1(6) =zl = d(f1(6), ©(5,02(9)) }-

Since the values of ® are in Py (U), then the values of I'(J) are not empty. Moreover, (H®) (i)
implies the measurability of I'. Thanks to Theorem III-41 in [35], there is a measurable function f, :
Y — U with f, € I'(J), a.e., and consequently,

1f1(6) = f2(0)] d(f1(6),0©(6,82(9))
h(©(4,81(6)),©(6,82(9)))

9(0)[161(0) = 22(0) | < @(9)[181 — Callpc(y i), a-6- (28)

VARVAN

Next, define y, : Y — U by

T(E)(Co+8(C2)) + fo " T(E52) fo(s)ds, 5 € [0,b1],

5) = gl(é €2( _)) S (blrsl] i€ Alrr
RO g, — [T A(o)ds @)

) _
+ fo st "‘T(‘S E=)fo(s)ds, & e (si,bis1],i € Ay,

Obviously, y» € R((2). Now, we compute ||y1 — y2|[pc(y.i5)- If 0 € [0, b1], then from (27) and (29),
we get

11(8) = 12(0)
M (@) ~ (@)l + M= [ 11A(5) — fo(s) s

Ma||gy = Gollpeqyo) + MO 181 = Callpervo) 9l (v)- (30)

IN

IN
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If6 € (bi,si],i S Ll,r,then
1y1(6) = y2(9)]|
< 118i(8,21(b;7)) — &i(0,22(b;7))]]
< hillGa(;7) = Ca(b) ||
< h|G = Callpcey,)- 31)
If & € (s;,bi41],i € L1,, then as in the pervious cases
[y1() — y2(9)]|
< 1 1G1 = Gallpervp) +2ME 100 = Gallpevi) el Ly, (32)

By combining relations (30 -32), we get

[y = 2l < 1182 = Qallperys) [+ a + 2Mb" @] |11y i5))-

By interchanging the rules of y; and v, it results

h(R(G1),R(%2)) < 1181 = Gallpeyi) [+ a +2Mb" (]| 11 v,

This inequality along condition (11), leads to N is a contraction, and therefore, by Lemma (7), R
has a fixed point which is a solution to Problem(3). O

Now, we offer another set of conditions that make S3(A, ©) is not empty when the values of ® are
not necessarily convex.

Theorem 3. In addition of (Hg)1, (H)1 suppose that the following condition hold:

(HO®)3 ©:Y X U — Py (U) is a multifunction such that
(i) © has a measurable graph and for any 6 € Y, z — ©(J, z) is lower semicontinuous.
(ii) There exists a function ¢ € L'(T,R"), such that for any z € U

1©(5,2)] < ¢(6), ae.deT. (33)
(i) There is B € L' (Y, R™) such that for any bounded set D C U,
x©(9,D) < B(8)x(D),
Then, S3(A, ©) is not empty if condition (10) and the following condition are satisfied.
Ma+h<1. (34)

Proof. First, by using Theorem 3 in [36], we show the existence of a continuous selection to the
multivalued Nemitsky operator it : PC(Y,U) — 2LH(TD)

R(E) = Sbgy) = {f € LUT,0) : £(6) € O(6,£(0))), .6 € Y.

Obviously, ®(Z); ¢ € PC(Y, V) is decomposable. Since ® has a measurable graph and satisfies
(33), then by Theorem 3.2 in [37], R({) is not empty. Because ©({) is closed, R({) is closed. To prove
the lower semicontinuity of &, it is sufficient to show that, for every v € L(T,U), { — d(v, R({)) is
upper semicontinuous ( Proposition 1.2.26 in [38]). This is equivalent to show that for any 6 > 0, the
set

v, ={{ € PC(Y,V) :d(v,R({)) > 6}.
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is closed. Let {{,} C v, and {, — {in PC(Y,U). Then, forall § € Y, {,(6) — () in U. By Theorem
22 in [37],

inf /||v — 20 ||d5f/0 inf [o(6) —=(9)]6

zeR(g 2eR(Cn)

Then, forany n € N,

b
Ao REG) = int ozl =, inf  [7o(6) ~=z(0)]de
b

b
= [ _inf [[0(0) =z(@)lldo = [ d(0(0),©(0,2u(0)))de

z€R(Gn)

This equality along with Fatou’s Lemma, yields

6 < lim supd(v,R({)) = lim sup /O ! 4(0(5), ©(6, 7n(6))d6

< /0 lim sup d(0(5), ©(5, {(6))de. (35)

n—oo

Since for any 6 € Y, ©(4,z) is lower semi continuous, the function, z — d(v(6),®(d,z)) is
upper semicontinuous [38], and hence lim,, o sup d(v(6), ©(9, {4 (5)) = d(v(6), ®(J,7(5)). Therefore,
inequality (35) implies

6 < /0 bd(o(a),@)(é,g(é))dé =d(v,R(2)),

and this proves that v, is closed, and so, i is lower semicontinuous. By applying Theorem
3 in [36], R has a continuous selection, that is, there is a continuous function 1 : PC(Y,U) —
LY(Y,0),n(¢) € R(Q); { € PC(T, V). Then, 7(¢)(s) € O(s,(s)), a.e. Now, let X* : PC(Y,U) —
PC(Y, V) defined by

T(£)(Go +8(0)) + fg ' T(E22)Z(2)(s),6 € [0, b1],
g1(5 gl( i )) de (bnsz] lelelﬁ,(r/

gi(s1, 01 (67)) — J5i s T(35) Z(Z) (s)ds

+ fy s"ET (852 Z(0)(5),6 € (s, big) i € L

(R°O)(8) =

Notice that assumption (ii) in (H®)3 implies to SUP,co(s,2) [|lu|| < ¢(6) fora.ed € Yandz € U.
Then, By following what we did in step 1 in Theorem 1, we can show that relation (34) leads to the
existence of ¢ > 0 such that N* (DQ) C D,. Next, as in steps 2,3,4 and 5 in the proof of Theoreml, the
set D* = N,—1X*(Dy), D1 = 8*(Dy), D41 = X*(Dy) is not empty, convex and compact in PC(Y, U).
By applying Schauder’s fixed point theorem to the function ®* : D* — D, there is a point { € D*
with

T(5)(C0+8(0) + fy ' T(555)Z(9)(s)ds, s € [0, ba),
8i(6,C1(b; )) 0 € (bisil, 16 Alr/
8i(si Ga(b; — Jy st () Z(0) (s)ds
+ [9s1- “T &x*s )Z()(s )d5r5 € (si,biy1],i € Ay

Since Z({)(s) € O(s,{(s)),a.e., S3(A, ©) is not empty. [

¢(é) =

4. Existence of Solutions to Problem(4)

This section concerned to give two existence results of solutions to Problem(4).We start by
presenting the concepts and facts that we need.

Definition 5. [39] A linear closed densely defined operator B : D(B) — U is said to be sectorial of type
(M*,7,0),where M* > 0,T € R,0 € (0, %) if
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(1)C— (T +S9) S p(B)

(2) Forany A ¢ T+ Sy, ||[R(A, B)|| < I?\ w|,

where T+ S, = {T+ A € C:0 < |arg(—A)| < ¢}, p(B) = {A € C: (A — B) ! exists} is the
resolvent set and R(A, B) = (A — B) ! is the A—resolvent operator of B and A € p(B).

Lemma 8. [39] A linear closed densely defined sectorial operator B generates a strongly analytic semigroup

{K(9) : & > 0}. Moreover,

1 A6
— Zni/«,e R(A, B)dA, (36)

where v is a suitable path inside p(B)

Lemma 9. [30]. Let B be a linear closed densely defined sectorial operator on the Banach space U of type
(M, w,0),where M* > 0,7 € R,0 € (0,%) and f : [0,b] — U be continuous. The continuous function

£6) =K@ +5@) + [ 7 f) @)

is the mild solution for the semilinear Cauchy problem:

¢(0) = Zo+g(2),

where K(J),6 > 01is given by (36).
Based on this Lemma, we present the concept of mild solutions to Problem (4).

{ D*((8) = BZ(6) + f(8), 6 €Y, (38)

Definition 6. A function { € PC(Y, U) is called a mild solution to the problem(4),if

K(2)(Zo+8(0)) + f 1K (E=2) f(s)ds, 6 € [0,b4],
(5 g( _)) ‘5 6 (busz] i€ Al rr
5 = S *S
D=9 it 00 — J7 5K () () )

+f s! 5“‘5 )f(s)ds, 6 c (si, bigal i € Doy,

where f € 529(-,6(-)) ={z e LY([0,T], V) : f(6) € ©(5,£(6)),ae.}.

Now, since every analytic semigroup is a Cp - semigroup, then by following the same arguments
used in the proof of Theorems (1)-(3), we can demonstrate the following existence results of mild
solutions to Problem (4).

Theorem 4. In addition of assumptions (H®)1, (Hg)1 and (H);, we suppose the following condition:

(HB) Let B be a linear, closed and densely defined sectorial operator on the Banach space U of
type (M*,w,6),where M* > 0,7 € R,0 € (0,7%).
Then, S4(B, ®) is not empty and compact in PC(Y, U) provided that

M*a+2M* 0" 9|| 1, me) + 1 < 1, (40)

and
AMAD 1Bl vy < L, (41)

where M* = sup{||K(0)||,6 > 0},and h = Yi="} b,

Theorem 5. If the assumptions (HB), (HO®),, (Hg)2 and (H),, then S4(B, ©) is not empty in the Banach
space PC(Y, U) provided that (40) is satisfied.
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Theorem 6. If the assumptions (HB), (HO®)q, (Hg)1 and (H)1, then S4(B, ®) is not empty in the Banach
space PC(Y, U) provided that
Mfa+h<1. (42)

5. Examples

Example 1. Let o = %,U =12[0,00),Y = [0,1], and s9 = 0,s; = %i,ti = 2i9’1,i =1,2,3,4,ts =1,r =4,

A : U — U be a linear bounded compact operator and A € Py (U) with 0 € A. On E, define the translation
Co- semigroup:T(t)f(s) = f(t+s);f € O. If A is the infinitesimal generator of this semigroup, then
Af = f1,where

D(A) = {f € L?[0,0) : the weak derivative f7 exists and f1 € L*[0,00)}.

Define ® : Y x U — Py (U),and g:PC(Y,U) — U and g; : [t;,s;] x U — Uas follows:

0(6,2) = (Z(’ﬂmf\ $(6,2) €Y X U, (43)
=4
g(x) = Y xid(x(b;)), (44)
i=1
Qi(6,z) :==ixs50A(z),Y(6,z) € [b,si] x U,i =1,2,..,4, (45)

where v, x;(i = 1,2,..,5) are positive real numbers and w = sup{||u|| : u € A}.Notice that, for any
z € U, the function f(§) = %uo ; Up € Z is a strongly measurable selection for the multi-valued
function § — ©(J,z). Also,, forany é € Y and any z,y € U, we have

o|[2]l [sin]

su < —————— <v<v(l+4|z|]), 46
o Wil < = 1+ 1zl (46)
and
Il Iyl
< _
A2, 00w) = vl iy ~ e |
<vllz—yll @7)

It results from (46 and (47) that, ©(J, .) is upper semicontinuous, and for any bounded subset D C U,
x(©(6,D)) < v x(D), for s € [0,1].

Then, the assumption (H®); is verified with ¢(6) = B(d) = v, for § € [0,1]. Furthermore, the
compactness of the operator A implies the compactness of g and for any x € PC(Y, U),

i=4 i=4 i=4

8GO < 11 S wid(x (@)l < ) wil lAll [1x(B)l| < [Al][xpey,) Y i

i=1 i=1 i=1

and hence, (Hg); is satisfied with a = ||A|| Ci=} k; and d = 0. Next, the compactness of the operator A
implies the compactness of g;;i = 1,2,3,4. Moreover, in view of (47),

118i(6, 2)[| = ixs |[(A(2))[| < ixs|[Al] [|zl]5, (8, 2) € [by,si] x .
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Consequently, the assumption (H)1is verified, where h; = ixs||Al|,i = 1,2,3,4. By Applying Theorem
1,the set of mild solutions to the following nonlocal impulsive conformable fractional semilinear
differential inclusion :

1 . .
L2.0(0) € (0) + LHELSEE A ae. § € UiZd(si, bigal,
dg?

2(6) = iks6A(Z), 6 € (bysi); i € {1,2,3,4}, (48)
£(0) = Go+ Lzt kA (Z (1),
is not empty and compact in PC(Y, U), provided that
i=4
MI|A]]Y x4+ 2M v + 4xs|A]] < 1, (49)
i=1
and
AMu <1, (50)

where M = sup{||T(9)||,6 > 0}.By choosing «;,i = 1,..,5,and v small enough, both (49) and (50)
will be satisfied.

Example 2. Leta = %,U = L%([0, ) and Y, s;, t; i = 1,2,3,4,t5 = 1, ,A, and A be as in in Example 1.
On E, define A: D(A) CU — U, Az = 2 with

D(A) = {z € E : z,Z’ are absolutely continuous, z(0) = z(r) = 0}.

The operator A is sectorial and it is the infinitesimal generator of an Analytic semigroup{K(f) :
t>0},
K(t)(x) = Y coskt < x, x; > x,x € E,
k=1
where x;(y) = v/2 sinky,k = 1,2, ..., is the orthonormal set of eigen functions of A. Moreover, M = 1.
Let®,g,gi,1 =1,2,3,4be as in the Example 1. Then, by following the same arguments in Examplel
and applying Theorem 4, the set of mild solutions to the following nonlocal impulsive conformable
fractional semilinear differential inclusion :
2
o -
:igg(é) e )+ %A,a.e. 6 € UZ5(si, bisa),
‘ 51)

0(0) = ixs0A((), 6 € (by,si]; i€ {1,2,3,4},
£(0) = o+ Lzt ki (G (1),
is not empty and compact in PC(Y, U), provided that
i=4
ALY ki +2 v+ 4is][A]] < 1, (52)
i=1
and
4v < 1. (53)

By choosing «;,i = 1,..,5,and v small enough, both (52) and (53) will be satisfied.

6. Discussion and Conclusion

Unlike all known fractional derivatives, the conformable fractional derivative, was introduced
by Khalil et al. [15], satisfies many basic properties of the usual derivative, such as the product rule,
quotient rule, mean value theorem, chain rule and Taylor power series expansion. Therefore, the
conformable fractional derivative is the most natural fractional derivative. For this reason, many
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researchers have shown interest in exploring more properties of the conformable fractional derivative
and studying differential equations and involving. In this work, six existential results are presented for
mild solutions of two types of fractional differential inclusions with non-local conditions involving
the conformable fractional derivative in infinite-dimensional Banach spaces and in the attending of
non-instantaneous impulses. In contrast to [30], we did not assume that the semigroup generated by
the linear part is compact. We considered the case when the linear part is the infinitesimal generated
of semigroup of linear bounded operators, as well as a sectorial operator. Also, we considered the case
when the values of ® are convex, as well as, nonconvex.

We propose the following future directions:

1- Study the controllability of problems (3) and (4).

2- Prove that the set of mild solutions to problems (3) and (4) are R; - sets.

3- Generalize the results obtained in [40] to the case of replacing the single-valued function f with
a multi-valued function.
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