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Abstract: We have shown that Newton’s third law does not strictly hold in a system with remote elements, due
the finite speed of signal propagation and thus force imbalance occurs at the system’s center of mass. As the
said system is affected by a total force for a finite duration, mechanical energy and momentums are gained by
the system. In early works we assumed that the bodies were macroscopically charge neutral. Later we removed
this restriction, thus analyzing the consequences on a possible electric charged relativistic motor. On the first
published paper on this subject we studied this phenomena in general but gave only an example of a system
reaching a stationary state, in this paper we shall analyze a charged retarded electromagnetic motor in a more
general time dependent setting giving specific examples in which the system never reaches a stationary state yet

produces steady linear momentum non the less.
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1. Introduction

The emergence of Special Relativity in the early 20th century was a revolutionary event in the
world of physics, fundamentally altering our understanding of space and time. Albert Einstein, a
relatively unknown Swiss patent examiner at the time, published this ground breaking theory in
1905 [1,2].

Special Relativity originated from Einstein’s quest to resolve inconsistencies between the principles
of electromagnetism and classical mechanics. The key insight came with the recognition that the speed
of light is constant for all observers, regardless of their relative motion. This revelation challenged the
classical notion of absolute space and time and led to the development of a new framework. Moreover,
it was postulated that no particle of matter, field or signal can move faster than the velocity of light in
vacuum denoted by the letter c.

Einstein’s theory introduced several revolutionary concepts. The most famous is the equation E =
, revealing the equivalence of the rest energy E and rest mass m. Special Relativity also introduced
time dilation and length contraction, demonstrating that time passes differently for observers in
relative motion, and objects shrink along their direction of motion at high speeds.

Special Relativity was initially met with skepticism, but its validity was confirmed through
experimental evidence, such as the Michelson-Morley experiment [3]. It laid the foundation for
subsequent developments in theoretical physics, including General Relativity, which describes the
gravitational force, and later integrated by Dirac and others into quantum mechanics, the other pillars
of modern physics.

In summary, the emergence of Special Relativity marked a pivotal moment in scientific his-
tory, reshaping our understanding of the universe and laying the groundwork for many scientific
advancements to come.

mc2

One of the important consequence or special relativity which in fact can be deduced based on
Maxwell electromagnetism [4-6] alone even for slow (nonrelativistic matter) is the phenomena of
retardation, that is the fact that any change will not affect a distant observer before a time is passed
which is equal to the distance between source and observer over c. This fact is expressed mathematically
through retarded scalar and vector potentials:

L 1 X1, t
(b(xz) = E /dsxlpl(}qiret)/ R =Xy, tret =t — —. (1)
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(%) = o [ da——Fp 0
The notation and symbols in the above expressions are standard [7-10] and in particular can be found

alsoin [11].

Retarded electromagnetic potentials are a fundamental concept in the realm of classical electro-
dynamics, and they play a pivotal role in understanding the behavior of electromagnetic fields in a
time-dependent manner. These potentials are intimately connected to the theory of electromagnetism
and provide a means to describe the propagation of electromagnetic waves and the interaction of
charged particles with their own electromagnetic fields.

The term "retarded" in this context refers to the notion that the electromagnetic potentials at a
given point and time are influenced only by the charge and current distributions in the past, taking into
account the finite speed of light. In essence, when a charged particle moves, it generates electromagnetic
waves that travel outward at the speed of light. The potentials at a particular location are the result of
these waves arriving from all past events.

The concept of retarded potentials helps address the issue of causality in electrodynamics, en-
suring that the effects of electromagnetic interactions do not propagate faster than the speed of light.
It also provides a mathematical framework for solving Maxwell’s equations in various situations,
making it a valuable tool for describing the behavior of electromagnetic fields generated by moving
charges.

In summary, retarded electromagnetic potentials are a crucial aspect of classical electrodynam-
ics, serving as a bridge between the behavior of charged particles and the resulting electromagnetic
fields, while also preserving the causality and finite speed of light inherent in the theory of elec-
tromagnetism. In particular they are used for the analysis of superconductivity [12] and surface
magnon-polaritons [13]. And to calculate single-photon superradiance in nanophotonics: a multiple-
scattering perspective [14]. A (second) quantized version of the retarded vector potential is the basis
for quantum electrodynamics, which was recently used [15] for analysis of dispersive dielectric objects.

Newton’s physical theory of motion is encapsulated in three laws that, combined, are the essence
of classical mechanics. The content of those laws depicts the connection between the body, forces acting
on the body, and movement of the body responding to said forces. The three laws of motion were
described by Isaac Newton in his most important book: Philosophiae Naturalis Principia Mathematica
(Mathematical Principles of Natural Philosophy), first published in 1687 [16,17]. In the current work,
we are interested mainly in the first and third laws (while using the second law but not criticizing its
content). We shall first discuss the third law stating that: If one body exerts a force on a second body;,
the second body simultaneously applies a force of the same magnitude but opposite in direction on
the first body. In other words, when one object exerts a force on a second object, the second object
exerts an equal force in the opposite direction on the first object. This law highlights the inherent
symmetry in interactions, illustrating that forces are always mutual and result in pairs. Whether you
push a wall, jump from the ground, or row a boat, Newton’s Third Law underscores the reciprocal
nature of forces and is a cornerstone in our understanding of how objects move and interact in the
physical world.

However, our earlier discussion of retarded potentials shows that this law cannot be exactly
correct. Because if we have two distant objects affecting the motion of each other by their fields (that is
not contact forces but say electric forces between two charged bodies), then a change in one body’s
state say its motion will affect immediately the force it feels due to the field of the second body but
the second body will not know simultaneously of this motion because not enough times has passed
and the field effect is retarded. This leads to the notion of retarded electromagnetic motor (some
times called relativistic motor but has nothing to do with exotic matter or other inventions of the
imagination), which takes advantage of the imbalance of forces in the center of mass. If we take Fy5 to
be the force operating by body 1 on body 2 and F,; the force operating by body 2 on body 1, and if
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body 1 has a m; mass and velocity v; and body two has a m; mass and velocity v, than by Newton’s
second law we have: i .
(%] = (%] =
— =F —— =F
my—p- =k, mp—F = Fo ©)

Adding up the above equations we obtain the following equation for the system total force Fr:

d(mlz_)’l + mzl_fz)

= by +F, = Fr. 4
o 21+ Fip = Fr (4)

Defining the center of mass location and velocity for a system of particles located at ¥; and ¥, in terms
of the total mass: M = my + m; as follows:

2 = M+ mi L dXen _ U1+ mpTy 5)
cm — M 7 cm — dt M ’
we may write Equation (4) in the form:
do, ap - - - o - =
M d;m = % =Fr,  Pr =P+ P2 =m0 +maly, (6)

in the above pr is the system’s total linear momentum and j1, P, are the linear momentums of particles
1 and 2 respectfully. Now if Newton’s third law is assumed it follows that ﬁ21 = —ﬁlz and hence
Er = 0. This entails that:
Ve dpT
= — = 7
dt ar @

thus if the center of mass is at rest at any time it will remain at rest for all time, and the total linear

momentum is conserved. However, if retardation is assumed then Fr # 0 although for many (and
most) practical systems it can be assumed to be negligible. This means that the total linear momentum is
not conserved (which seems to contradict Noether theorem applied with the symmetry of translations)
it also suggests that @, must not remain null but may acquire a finite value.

The prevalent vehicles of today rely on reacting material parts; each material component obtains
momentum that is equal and opposite to the momentum gained by the other. A well known example
for this momentum balance is a rocket ejecting gas to propel itself in the forward direction. However,
the retardation phenomena suggest a different engine which is not a combination of two material parts
but of field and matter. If we ignore the field, it may seem to us that the material component gains
momentum thus the total momentum grows violating the law of momentum conservation. However,
it has been shown that the opposite amount of momentum is carried by the field [18], thus the total
momentum of the physical system composed of both field and matter is conserved indeed. This is
can be traced to Noether’s theorem which implies that a system that possesses vector translational
symmetry will conserve vector linear momentum. As previously stated, the total physical system
which is a combination of matter and field will not change under translations, while every specific
component of the system (be it either matter or field) will indeed change with respect to the other.
Feynman [19] has indicated that two orthogonally moving point charges are apparently contradicting
Newton’s third law as the forces that the charges induce do not cancel (last part of 26-2), this is
explained in (27-6) in which it is shown that the momentum gained by the two charge system is
subtracted from the field momentum.

Newton’s First Law of Motion, often referred to as the law of inertia, is a fundamental concept
in physics. It states that an object at rest tends to stay at rest, and an object in motion tends to stay in
motion unless acted upon by an external force. In essence, it underscores the idea that objects will
maintain their state of motion, be it stationary or moving in a straight line, unless compelled to change
by an external force. This law lays the foundation for understanding how objects behave and is crucial
for comprehending motion, equilibrium, and the natural tendency of objects to resist changes in their
state of rest or motion. However, again retardation implies that this law is not accurate and the body
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center of mass may acquire a finite velocity 7., 7# 0 even if there is no external force and the body’s
center of mass was initially at rest. This leads naturally to the technological question, that is, can one
take advantage of retardation in order to propel bodies to move.

A comprehensive review and introduction to the subject of retarded electromagnetic motors in
general and microscopic retarded electromagnetic engines in particular with many references is given
in [11,20,21] and will not be rewritten here, the reader interested in additional background and history
of the subject is welcome to read the original text. However, for the readers’ convenience we provide a
short introduction to the current work which is given below.

The work on retarded electromagnetic motors is dependent on the retarded magnetic and electric
field formulae introduced by Jefimenko [6,22]. Those mathematical expressions were used to evaluate
the total force operating on the center of mass of a system of two time dependent loop currents [23].
This was later generalized to evaluate the total force in a system composed of a current loop and
a permanent magnet [25]. If a force is generated for a non vanishing length of time, momentum
and kinetic energy will gained by the material part of the system. It may superficially look like that
the laws of momentum and energy conservation are not respected, but this is so only if one ignores
the interchange of linear momentum and energy with the field.It was shown [18] that the linear
momentum gained by the material part of the system is lost by the field component of the same system,
that is it was demonstrated that the linear momentum obtained by the material parts of the retarded
electromagnetic motor is deducted in equal amount of momentum (but in opposite direction) by the
electromagnetic field. The exchange of energy between the kinetic material part of the relativistic
engine and the electromagnetic field energy was discusses in [26,28,29]. It was demonstrated that the
electromagnetic energy used is six times the kinetic energy provided to the engine. It was also deduced
that energy is radiated from the motor if the coils are not aligned.

Our preliminary analysis assumed bodies that were devoid of electric charge (neutral). In a later
paper [11] charged bodies were analyzed. The charged motor allows to obtain a non vanishing linear
momentum also in cases in which the current is not continuously enlarged, this is not the case in
electrically neutral engines. Notice, however, that dielectric breakdown dictates a maximal value
for charge density. Current density is also practically limited even for superconducting wires. It
was demonstrated that for any practical motor size the linear momentum that can be obtained in a
relativistic charged motor is quite limited.

The limitations of a macroscopic relativistic motor imply that one should use the extremely high
charge and current densities that are available in the microscopic realm, for example in ionic crystals.
This idea was studied in an earlier paper [20] in which we made good use of the high charge densities
and high current densities in the atomic scale.

We shall not derive the basic equations of the retarded electromagnetic engine here, the interested
reader can be find a detailed derivation in [11,20]. The definition of symbols and notations are the
same as in the earlier works and will not be redefined.

In the previous paper we only considered a relativistic engine at a stationary state while ignoring
the possibility of engines which do not reach a stationary state as well as the transient stage of engines
that do. The same criticism holds for the second part of the same paper dealing with a relativistic
engine on the atomic scale [20]. Here we make a more general analysis leading to a different kind of
charged relativistic engine of a type that does not reach a stationary state.

We shall quote the two main results of [11] but omit the definition of symbols and derivation
which can be found in the original publication. The total force (correct to the second order in £) in the
center of mass of the retarded electromagnetic engine composed of two subsystems 1 and 2 is:

- 1 N o .
P%z] = i%at/ /d3x1d3x2 {Z(Pzatm —p191p2)R — (p1]2 + p2J1)R ! (8)
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And the momentum gained by the system which is assumed at rest, that is P(—00) = 0:

1 ) 7 7 _
P(t) = VO //d3x1d3x2 {2(9234)1 —010t02)R — (p1]2 + p2J1)R™? )

2. Engine Optimization
We investigate what are the conditions for a retarded electromagnetic engine in terms of compo-

sition and structure to generate a maximal amount of momentum. To this end we write the charge
density and current density in the form:

X t)=pY p"(%)f"(t) (10)

in which p is a constant which has the units of charge density, p"(¥) are spatial functions and f"(t)
temporal functions, both functions are dimensionless. Similarly:

J(Z ) =T J"(D)g" (1) (11)

in which J is a constant which has the units of current density, J"(¥) are spatial vector functions and
¢"(t) temporal functions, both functions are dimensionless. We shall write the dimensional constants
in terms of a generic charge Q, typical length scale k, and typical time scale 7, that is:

p5h3 J=p—=—. (12)
Next we shall attribute an expansion of the type given in Equation (10) and Equation (11) to each of
the subsystems introduced previously this is done by adding a subscript with the relevant subsystem
number:

t) =p ZP?(f)f"(f)r p2(%,t) = p2 Zpg(f)f"(t)- (13)
DI L(Zt) = Y T3 (%)g" (1), (14)
Next we define the following dimensionless vector constants:
% .
" =T = 26 /d x1d3x2p1p2 |_, x§| -1y (15)

which depend on the spatial structure of the two charged systems. Similarly we define:
i oy
Al = /d3x Py P2 11 , = /dax By z__ 16
21 h5 1 27 = | 1 x2| 12 h5 1 27 = ‘ 1 2| ( )
we notice that generically:
A oL A (17)
Using the typical time scales of each of the systems 11 and 1» we define:

1N

Amn —
T+

Amn Amn = _
Plugging Equation (13) and Equation (14) into Equation (9) (Equation (83) of [11]) and using the

definitions above we arrive at the expression:

ﬁ(t) _ ﬁQlez[fmn(fmatfn fna fm) _ Amnfm n (19)

mn

d0i:10.20944/preprints202407.1512.v1
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We remind the reader that p and ] are not independent as they are connected through the continuity
Equation (16) of [11]:

VT o =0= Y [p0" (R (5) + TV - J'g"(1)] =o. (20)
n
Taking into account Equation (12) it follows that:

Y[ @) +h9 - ' (@)5" ()] =o. 1)

n
As we can always choose:
8" (t) = T f"(t), (22)
the following equation must be satisfied:

Y [(0"(®) + Y - J"(@)g"(1)] =o. 23)

n

One possible solution is by choosing:
p" (%) = —hV - J'(3), (24)
for all 7. In this case we can choose J" but p" are dictated.

3. General Considerations

Looking at the momentum Equation (19) it is obvious that the higher the charge the higher the
momentum, also a short time scale T and a high time derivative will also increase momentum. Counter
intuitively a proximity of charge and currents is also a contributing factor, through the lambda terms
given in Equation (16) this can be explained due to the fact that interaction is stronger in close proximity
despite the fact that retardation is smaller. In fact interaction increases in proportion to the inverse of
the distance square as distances are shortened and the systems become closer, however, retardation
only decreases linearly for closer distances. We remind the reader that in a previous paper [11] we have
shown that the amount of charge in a given volume is limited due to the phenomenon of dielectric
breakdown, hence to achieve high momentum one needs high charge and thus a large engine as
expected.

4. Example

Let us consider a set of two functions:

() = singy (1), F2(t) = singy(t) (25)

in which ¢;(t) and ¢,(t) are arbitrary time dependent phases. We use Equation (22) to choose
corresponding g functions:

g (t) =td1(t)cosi(t),  g*(t) = T¢ha(t) cos da(t). (26)

We shall assume two sub systems each described by only one component in the sum:

L@ =NA@g' (1), LE ) =REEE 0. (27)

Taking into account Equation (24) it follows that:

p1(% 1) = pipi (D11, p2(% 1) = P03 (D) (1) (28)

d0i:10.20944/preprints202407.1512.v1
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Only the following terms in Equation (15) and Equation (16) are non zero:
2! = 76 /d3x1d3x2p1p2 A — f; (29)
7\ h5 /d3x1d3x2 E 1(?2]1 Sl f\% = % /d3x1d3x2|3_c,f%_gf|. (30)

Assuming 71 = 13 it follows from Equation (18) that T = 2 , we shall take T = 7. Also it follows from
Equation (18) that:

A2 = %ng, A = ;7\ (31)
Inserting the above results in Equation (19) will yield:
Pt = o[ P3P0t = 1) — LR g = LRRf12). 2

Let us make the following assumptions. First: we assume that the phases differ by a constant value
A¢. This means that the derivatives of the phases are the same. Taking into account Equation (25) and
Equation (26) we thus obtain:

ﬁ(t) = %Ql Q2 [le sin A¢ — A% sin ¢Ppcos Py — A2 sin ¢1 cos ¢2} . (33)

The I' and A constants are determined by the distribution of charges and currents. Let us consider two
thin wires of current as depicted in Figure 1.

Yo1 -
-Xo1 X01 h
| | .
| |

-X02 X02

Yo2 L
Figure 1. Two current strips.
In this case we obtain:

I = 13(z1)8(y1 — you) [u(x1 + xo1) — u(x1 — x01)]%,
E = hz (22)5(]/2 — yoz)[u(XQ + sz) — M(XQ — sz)]f. (34)

in which § is Dirac’s delta function and u is a step function, £ is a unit vector in the x direction. It
follows from Equation (24) that we also have:

o1 125(z1)8(y1 — yo1) [6(x1 — xo1) — 8(x1 + x01)],
05 = K58(22)6(y2 — yo2)[6(x2 — x02) — (%2 + x02)]- (35)

d0i:10.20944/preprints202407.1512.v1
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we shall take the characteristic length of the system to be the distance between the two wires (see
Figure 1):

h = Y02 — yor- (36)
Now, we can plug Equation (35) into Equation (29) and obtain:

S 1 1
I =y - , (37)
y{ V(xo1 + x02)2 + B2 \/(x01 — x02)% + B2 }
For the simple case: of xg; = xqp, it follows that for a wire of length L = 2x¢; = x¢1 + X2, it takes the
form:
=y .y (38)
(/s
Thus if the wires is very long with respect to the distance between wires, L >> h it follows that:
2= —yp. (39)
For a vanishing short wire 2t = 0, while for a short wire L < h, we have:
o 1L
2= —Z(2)2p. 40
()0 (40)

The absolute value of [T?!| is depicted in Figure 2:

|—21

0.2+

2 4 6 8 10

> |~

Figure 2. |T?!|, the functions approached asymptotically to a unit value.

Let us now insert Equation (34) and Equation (35) into Equation (30) and Equation (31) its follows
that:

AB=Al=0 = AR=A%"=0 (41)

Thus according to Equation (33):
B(t) = i’—gglgzcjafﬂ sin A¢. (42)
Assuming A¢ = 7 and a long enough wire:

B(t) = — 2 Q1029 43)
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Hence, such a system will gain momentum in the y direction (perpendicular to the wire direction)
depending on the phase temporal derivative. The total current flowing through the wire (say wire 1) is:

Ii(t) = /Tl - &dydz = Q1 cos ¢y, —xp1 < x < +Xxo1 (44)

If we take ¢ = wt:
I;(t) = Qiw cos(wt) (45)

which is the current that is needed to charge and discharge the ends of the wire. The amplitude of the
said current is:
In = Qiw. (46)

From Equation (25), Equation (28) and Equation (35) it follows that the total charge in the wire is null
because the charge accumulated in one end is equal and opposite to the other end with a maximal
value of Q. The same goes of course in the case of wire 2. Thus we may write the momentum equation
as:

Bit) = —4% alnd. (47)

5. Discussion

In our earlier works it was demonstrated that the third law of Newton is contradiction to the
retardation phenomena and the combined force (the force operating on the center of mass) on a two
charged body systems is not null. Linear momentum is, however, constant provided that the field
linear momentum is taken into consideration, this is also true for energy.

The main result is provided by Equation (47), which describe the total force for a unique configu-
ration. Although more general configurations are allowed (see Equation (19)).

The result demonstrates that the higher the current amplitude and counterintuitive the lower the
frequency, the higher the momentum obtained. This is somewhat misleading because if the frequency
is too low one may risk an aerial discharge (see discussion in [11]). However, neglecting this problem
we obtain for two wires carrying a 10 kiloampere current, with 1 Hz frequency a momentum of 1.6 kg
meter/second.

We remark that an "antigravity" effect may be obtain by changing the phase quadratically in time,
this will cause a second derivative of phase that may cause a temporal first derivative of momentum,
i.e. a force.

Obviously to perform an experiment of the suggested retarded electromagnetic motor is much
preferable in order to validate the calculations and formulae given above this is also remains as a task
for future research.

6. Conclusions

For this last paragraph of the current work we make a short comparative study between the
retarded electromagnetic motor and the photon engine. The principle of operation of a photon engine
is the following. The photon engine eject photon (say a laser beam or a radio-frequency cavity [30]) in
the backward direction and thus propel its material part forward. Of course the photons of a visual
band laser and a radio-frequency cavity are quite different with respect to the energy and momenta
of a single photon. To obtain a p momentum with a photon engine propulsion one needs to invest
an energy of at least E;, = pc while for the same momentum a retarded electromagnetic engine will

require an energy of about E ~ %pv. The ratio of the required energies is % = % which is enormous
number for any non relativistic speed.

Today’s standard electric cars (Tesla for example) can reach high speed and momentum, but notice
that unlike the relativistic motor they need a road to push against in order to balance their momentum,
otherwise no motion is possible in a non retarded motor.
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