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Abstract: In this paper a more flexible extension of the Fréchet distribution is introduced. The
new distribution is defined by means of the stochastic representation as the quotient of two
independent random variables, a Fréchet distribution and the power of a random variable with
uniform distribution in the interval (0,1). We will call this new extension the Slash Fréchet distribution
and one of its main characteristics is that its tails are heavier than the Fréchet distribution. The general
density of this distribution and some basic properties are determined. Its moments, skewness
coefficients and kurtosis are calculated. In addition, the estimation of the model parameters is
obtained by the method of moments and maximum likelihood. Finally, two applications with real
data are performed by fitting the new model and comparing it with the Fréchet distribution.

Keywords: Fréchet distribution; Slash distribution; kurtosis coefficient; moment estimators;
maximum likelihood estimator

1. Introduction

The Fréchet distribution is named after the French mathematician Maurice Fréchet, who developed
it in 1927 [1]. This model is also known as the inverse Weibull distribution and is a special case of the
generalized distribution of extreme values. The Fréchet model is used to model maximum values in a
data set, such as flood analysis, maximum rainfall, survival analysis, and river discharge in hydrology.
More details on the Fréchet distribution can be found in Kotz and Nadarajah [2]. The probability
density function of the Fréchet model (Fr) is defined as:

—a—1 exp {7x—tx} ,
where x > 0 and « > 0 is the shape parameter, which we denote as X ~ Fr(a). Properties of this
distribution are presented below:

fx(xa) = ax

FX( x;a) = exp {—x~*}, where Fx(-) is the cumulative distribution function of X.
Q(p) = ( log(p)) %, 0 < p < 1.where Q() is the quantile function of X.
E(X")=T(1-1),r=1,23,.. is the r-th moment of X

@K =

Some extensions of the Fréchet distribution that are available in the literature are the exponentiated
Frechet (EFr) (Nadarajah and Kotz [3]), Beta Frechet (BFr) (Nadarajah and Gupta [4]), Weibull- Fréchet
(WFr) (A. Z. Afify et al. [5]) and Beta Generalized Exponentiated Fréchet (BGEFr) (M. M. Badr [6]),
among others.

On the other hand, another important distribution for the development of this work is the Slash
distribution, which is represented as the quotient between two independent random variables, a
normal distribution and a uniform power (see Johnson et al. [7] ). Therefore, we say that X has a Slash
(S) distribution if its stochastic representation is given by:

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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X =

S

where Z ~ N(0,1) and U ~ U(0,1) are independent random variables and g > 0 is the kurtosis
parameter. It will be denoted as X ~ S(g) and its density function has the following expression:

Z%Zq g+1 x?
fX(x;q):\/ﬂxW“ ’Y< ) ;2)1 x> 0.

where y(a,z) = foz w*le~“dw, is the lower incomplete gamma function.

Rogers and Tukey [8] introduce the Slash distribution as an alternative distribution to the standard
normal distribution, but with heavier tails. Kadafar [9] proposes maximum likelihood estimators
for location and scale parameters. Gémez, Quintana and Torres [10] and Gémez and Venegas [11]
generalize the Slash distribution by introducing the family of Slash-elliptic distributions. Genc [12]
discusses the symmetric case of a generalization of the Slash distribution. Reyes, Gémez and Bolfarine
[13] propose a modification to the classical Slash distribution by changing the uniform distribution to
an exponential distribution in its stochastic representation and Rojas, Bolfarine and Gémez [14] extend
the Slash distribution by considering a random variable with Beta distribution in the denominator.

In this work, a new extension of the Fréchet (Fr) distribution is introduced, with the objective that
this new family presents greater kurtosis than the Fr distribution and therefore, allows the modeling of
positive data with atypical observations.

The paper is presented as follows. Section 2 shows the stochastic representation of the model,
the density function, some basic properties, moments and the coefficient of skewness and kurtosis.
In section 3, we obtain the parameter estimators by the method of moments (MM) and maximum
likelihood (MV), ending with a simulation study to observe the asymptotic behavior of the MV
estimators. In section 4, we show two illustrations on real data sets. In section 5 we provide some
conclusions.

2. The Slash Fréchet Distribution

2.1. Density Function

Definition 1. We will say that a random variable Y is Slash Fréchet distributed with shape parameter « and
kurtosis parameter q, denoted by Y ~ SFr(w, q), if its stochastic representation is:

X
Usa

where X ~ Fr(a) and U ~ U(0,1) are independent random variables with « > 0 and q > 0.
The following Proposition presents the density function of the SFr distribution.

Proposition 1. Let Y ~ SFr(w,q), then the density function of Y is given by:

Fr(y;a,q) = yfﬁf (1-Ly™), 2

—
14

wherey >0, > 0,9 >0,a > gandT(a,t) = [, t°° w* e~ “duw is the upper incomplete gamma function.

Proof. Using the stochastic representation given in (1) and using the random vector transformation
method, it follows that
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Y:; L X=YW }:” W oWy, -
q _ = = 71 = .

dy ow

Then, fyw(y,w) = |J|fxuyw,w’) = quia(yw)"“Dexp {~(yw)™*},0 < w < Ly >0,
marginalizing with respect to the random variable W, we have that

1
fr(y) = g [ wlyw) "+ exp {~(yw) ) d,
0
and making the change of variable t = (yw) ™%, the result is obtained. [

Corollary 1. If g = 1, we will say that Y is canonical Slash Fréchet distributed and its density function is:

1 1
fY(y/all):yir (1_/]/ 0‘) (3)
where T(a,t) = [ w'~ e~ “dw is the upper incomplete gamma function and is denoted as Y ~ SFr(a,1).

Proof. Making g = 1 in Proposition (1), the result is obtained. [J

On the left side of the Figure 1 the SFr and Fr distribution is shown for « = 1 and different values
of the parameter ¢, on the right side, a zoom of the graphical representation of the tails, in which it
is observed that the lower the value of the parameter g, the density function of the SFr distribution
presents greater kurtosis.
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o 21 ... SFr(1.3)
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Figure 1. Graphical comparison of the density function of the Fréchet (Fr) and Slash Fréchet (SFr)
distributions for fixed alpha (¢ = 1) and different values of g.

2.2. Properties

In this subsection we show some properties of the SFr distribution.

Proposition 2. Let Y ~ SFr(w,q), then the cumulative distribution function (cdf) of Y is given by:

q

Fy(ti,q) = LT (=117, @

A
14

wheret >0, >0,q > 0and T'(a,t) = [” w" le~“dw is the upper incomplete gamma function.
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Proof. Using the definition of CDF, we obtain
t
Rr(ba,g) = [ fr(dy
t
— q B
~Jo yﬁlr (1 e ) dy

t 00
_ q S
= [} e (/yt e dt) dy.

Considering the following change of variable: z = y*t and developing the integral, the result is
obtained. [J

Figure 2 shows the graphical comparison of the cdf of the SFr model for (¢ = 1) and different
values of g, with the Fr distribution. It can be seen that for smaller values of the g parameter, the
growth of the cdf in the SFr distribution is slower, which implies greater flexibility when working with
data with high kurtosis.

1.0

0.8

CDF
0.6

0.4

0.2

0.0

Figure 2. Graphical comparison of the CDF between the Fréchet (Fr) and Slash Fréchet (SFr) distribution
for fixed alpha (« = 1) and different values of 4.

Proposition 3. Let Y ~ SFr(«,q), then the survival function and the hazard function of Y, respectively, are

given by: .
atl! — gl (—1,t7%
Sy(t;a,q) = q “Eq 4 ) (5)
agtiT (1 — 4,7«
hy(ta,q) = q ( & ) (6)

L (atl —qT (=3, £7%))

wheret >0, > 0,9 > 0.

Proof. Using the definition of survival function and hazard function,

L,
Sy(t;a,q) =1—Fy(t;a,q); hy(ta,q) = %'

Substituting fy(t;«,q) and Fy(t;a,q), we get the result. [

Table 1 shows P(Y > y) for different values of y for the mentioned models, in which it is observed
that the SFr distribution presents heavier tails than the Fr distribution.
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Table 1. Comparison of values of the survival function between the SFr and Fr distribution for « =1
andg=1,3,5,10.

P(Y > 10) P(Y > 11) P(Y > 12) P(Y > 13) P(Y > 14) P(Y > 15)
Fr (1) 0.0952 0.0869 0.0800 0.0740 0.0689
SFr (1,10) 0.1051 0.0960 0.0884 0.0819 0.0763
SFr (1,5) 0.1171 0.1070 0.0986 0.0914 0.0852
SFr (1,3) 0.1368 0.1253 0.1157 0.1074 0.1002
SFr (1,1) 0.2775 0.2605 0.2457 0.2327 0.2212

Figure 3 shows the survival function (left side) and the hazard function (right side) for # = 2 and
different values of g, compared to the Fr distribution. It can be seen that as the parameter g increases,
the SFr distribution has heavier tails than the Fr distribution.
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Figure 3. Graphs of the survival function and hazard function for the SFr distribution with = 2 and
different values of g.

Proposition 4. Let Y|W = w ~ Fr (DC, w""/‘?> and W ~ U(0,1), then Y ~ SFr(a,q).

Proof. The marginal density function of Y is given by:

Frlwan) = [ Friw(yl) - fur(w) do

1
_ / wfa/qayfaflefzu*"‘/qy*“dw.
0
Considering the change of variable u = w~*/1, the result is obtained. [

Proposition 5. Let Y ~ SFr(a,q). If ¢ — oo, then Y converges in distribution to the random variable
X ~ Fr(a)

Proof. Let Y ~ SFr(a,q) and Y = ﬁ given in (1). First, the probability convergence of U'/7 is

studied. We have that, U ~ U(0,1) and if W = Ul/a, then, W ~ Beta(g,1), therefore, it is obtained

that:
2

BW -1 = ey

where if § — c0 = E[(W —1)?] — 0, therefore W £, 1 (See Lehmann [15]), where 25 denotes
convergence in probability.

Finally, applying Slutsky’s theorem [15] for Y = % we have that Y 2 X ~ Fr(a), where L,
denotes convergence in distribution. [J

doi:10.20944/preprints202307.2159.v1
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2.3. Moments
Proposition 6. Let Y ~ SFr(a,q), then the moment of order r of Y is given by:
ur = E[Y'] = #F (1 — %) , withr=1,2,... and q,a > 7. ?)

Proof. Using the stochastic representation given in (1) and considering that X and U are independent
random variables, we have:

pr = E[Y']

=E

= E [Xr . u_ﬂ

= E[X"]- E[U" 1],

r 1
where E[U 1] = #, g>rand E[X"] =T (1— %), a > r, are the moments of order r of U™ ¢ and X
respectively, where U ~ U(0,1) and X ~ Fr(a). O

Corollary 2. IfY ~ SFr(a,q), then it follows that

VlZE[Y]—%T <1—i>, g0 > 1. (8)
Vz_E[YQ]ZﬁT <1i>, q,0 > 2. 9)
Hz = E[Y?] = q%r (1—i>, g0 > 3. (10)
Ha = E[Y*] = ﬁf (1 — i) , q,0 > 4. (11)

Proof. Replacing v = 1,2, 3,4 in Proposition (6), the result is obtained. O

Corollary 3. IfY ~ SFr(w,q), then the expectation and variance of Y are given by:
q 1
EY]=——T(1-- 1
Y q—1 < tx> ' L

V(Y)_qﬁzr(l—D—L]ilr(pi)r, g0 > 2.

Proof. Using y1 and pi; from Corollary (2), considering E[Y] = p; and V(Y) = pp — i3, the result is
obtained. [

Proposition 7. Let Y ~ SFr(w,q), then the skewness coefficient of Y is given by:

_ 2p3
B = P3 —3qP P, +22!31/51 , g>3 (12)
VA [P —qPt]
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Proof. Using the definition of the standardized skewness coefficient
VB = EY—EQ)] _ s = 3puapia + 243
- 3/2 - 3/2 7
(V(Y)) (p2 — y%)
and substituting y1, y» and 3 given in the Corollary (2) and Pr = L) the result is obtained. O

q-r
The left side of the Figure 4 shows the behavior of the skewness coefficient as a function of the
parameters « and g, in which it is observed that as the value of g decreases, the value of the skewness
coefficient increases. In addition, on the right side of the Figure 4, it is shown that when the parameter

q tends to oo, the value of the skewness coefficient of the SFr distribution tends to the value of the
skewness coefficient of the Fr distribution.

-=-- SFr(g=5)
---- SFr(g=6)
- -- SFr(g=7)

SSAUMMS

\ \\\\\\\\\\\\\\\\
\3§\\§\}\\\\\\\\\\\\\\\\\\\\\§}‘\&‘\}

Skewness

Figure 4. Skewness coefficient plot for the SFr model (left side). Comparison of the skewness coefficient
between SFr and Fr for different values of g (right side).

Proposition 8. Let Y ~ SFr(w,q), then the kurtosis coefficient of Y is given by:

Py —4qP P + 64°P2P, — 3¢°P}
- 2
q[P> —qPf]

p2 , g>4 (13)

where P, = r(;_—r ), g,a> 1.

==

Proof. Using the definition of the standardized kurtosis coefficient

g, = 4 4uaps T bpeapd — 3y
(n2 — p7)?

7

and substituting the expressions obtained in Corollary (2) and P, = r(ql%f), the result is obtained. [J

The left side of Figure 5 shows the behavior of the kurtosis coefficient as a function of the
parameters « and g, in which it is observed that as the value of g decreases, the kurtosis coefficient
increases. Furthermore, on the right side of Figure 5 it is observed that when the parameter g tends to
o0, the value of the kurtosis coefficient of SFr distribution tends to the value of the kurtosis coefficient
of Fr distribution.
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Figure 5. Plot of the kurtosis coefficient for the SFr model (left side). Comparison of the kurtosis
coefficient between the SFr and Fr models for different values of g (right side).

3. Estimation

In this section we study two methods of estimating the parameters of the Slash Fréchet distribution.
First, the method of moments and the maximum likelihood method are used and then a simulation
study is performed using the maximum likelihood method.

3.1. Moment estimators

Proposition 9. Let Yy, ..., Y, be a random sample of the random variable Y with distribution SFr(a,q), then
the moment estimators for 6 = («, q) can be obtained by numerically solving the following nonlinear system of
equations:

(14)

zﬂ[yr<1£\4)]y{2r(1£wﬂ:o, (15)

where'Y and Y2 are the first two sample moments of Y.

Proof. Using the equations (8) and (9) in Corollary (2) and equating the sample moments to the

population moments, we have
Y:q%lr (1—(1), (16)

X- L (1§) (17)

solving the equation (16) for 4 we obtain 7 given in (14). Then, substituting 7 into equation (17), we
obtain the equation given in (15), which solving by numerical methods, using the "uniroot"function
of the R software, we obtain & and then, replacing @) in Equation (14) we obtain ;. O

3.2. Maximum likelihood estimators

LetYy,..., Yy, be arandom sample of size n of a random variable Y with distribution SFr(«, q),
then the log-likelihood function for 6 = (a,q)” can be expressed as:

£(0,y;) = nlog(q) — (g +1) ilf)g(yi) + ilog G(yi) (18)

where G(y;) =T (1—1,y.%).
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Partially deriving the log-likelihood function with respect to « and g and setting them equal to
zero, we obtain the normal equations:

o0(0,y;)) & Gilyi)

= =0 19
w =Gy (19)

w(O,y;)) n . Go(yi)
== —Y log(y,) + =0 (20)

9q q ; Bvi) = Gvi)

where,

aG(y;) or(1—1,y*

Gl (yl) = a(i/ ) = ( Y : )

G i or 1—%, e

Gaty) = 25 = O erni”)

The solutions for the equations (19) and (20) can be obtained using numerical methods such as
the Newton-Raphson algorithm. An alternative to obtain the maximum likelihood estimators is to
maximize Equation (18) using the optim function of the R software [16].

3.3. Simulation study

In this section we study the behavior of the maximum likelihood estimators for the parameters «
and g. 1000 samples of size 50, 100, 150 and 200 were used for the Slash Fréchet distribution and in
each one the parameters « and g were estimated. In addition, the mean of the estimators (& and §),
the mean of the standard errors (sd) and the coverage percentage (C) were calculated. The results are
shown in Table 2. Next, the algorithm used to generate random samples of Y ~ SFr(«, q) is developed.

Table 2. Simulation of 1000 samples for the SFr(«, ) model.

" : g i sdd) @) i s c@)
50 0.7 0.4 1.1209 1.3870 96.5 0.4100 0.0844 94.4
100 0.7 0.4 0.7432 0.1289 97.1 0.4053 0.0567 94.9
150 0.7 0.4 0.7308 0.1009 95.3 0.4042 0.0458 94.4
200 0.7 0.4 0.7161 0.0839 96.1 0.4021 0.0394 95.1
50 1 1 1.1150 0.2241 97.3 1.0370 0.2860 90.4
100 1 1 1.0430 0.1353 94.9 1.0121 0.1889 90.8
150 1 1 1.0285 0.1064 95.6 1.0108 0.1533 93.9
200 1 1 1.0210 0.0914 96.0 1.0075 0.1323 94.3
50 3 2 3.7003 1.3243 97.0 2.0456 0.4420 91.9
100 3 2 3.1583 0.5040 96.1 2.0189 0.3027 93.8
150 3 2 3.1007 0.3929 96.5 2.0187 0.2457 94.6
200 3 2 3.0830 0.3362 96.2 2.0124 0.2108 95.7
50 5 3 5.9049 1.7361 97.0 3.0661 0.6389 94.3
100 5 3 5.3485 0.9133 96.6 3.0195 0.4296 94.2
150 5 3 5.2374 0.7069 95.5 3.0075 0.3463 93.9
200 5 3 5.1495 0.5921 95.9 3.0113 0.3005 94.8
50 2 23 2.1506 0.3875 96.6 2.4482 0.7683 90.0
100 2 2.3 2.0779 0.2485 96.0 2.3636 0.4852 92.8
150 2 2.3 2.0598 0.1990 95.5 2.3433 0.3871 92.8
200 2 2.3 2.0286 0.1680 95.5 2.3235 0.3319 94.1
50 4.5 5 4.8453 0.8900 96.8 5.3049 1.6251 90.3
100 4.5 5 4.6788 0.5690 95.7 5.1323 1.0286 92.7
150 4.5 5 4.6371 0.4561 95.5 5.0908 0.8256 93.5
200 4.5 5 4.5660 0.3840 95.4 5.0484 0.7032 93.8
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1. Generate W ~ U(0,1).
2. Compute X = (—log(W))~"/*.
3. Generate U ~ U(0,1).

4. Compute Y = Tk

Table 2 shows that as the sample size increases, the mean of the standard errors decreases and the
values of the estimators approach the values of the parameters « and g, indicating that the estimators
are consistent. On the other hand, the coverage percentages approach the nominal value with which
they were constructed (95%).

4. Applications

In this section, two applications with real data are presented to compare the fit of the SFr
distribution with the Fr model. The maximum likelihood method was used to obtain the estimators of
the & and g parameters and their estimation errors were calculated through the Hessian matrix. To
compare the distributions, the Akaike information criterion (AIC), presented in Akaike [17] and the
Bayesian information criterion (BIC) in Schwarz [18] were considered.

4.1. Application 1 (Patients with lung cancer)

The first data set corresponds to a study conducted by the US Veterans Administration, where the
time elapsed between diagnosis and the start of the study (in months) of 137 patients with advanced
lung cancer was recorded. This dataset where presented by Kalbfleisch [19] and are avalaible in the
survival R package [16], labeled as veteran.

Table 3 presents the descriptive statistics for this dataset: sample mean, sample standard
desviation, sample skewness (/B1) and sample kurtosis coefficient (B,), in which we highlight the
high level of kurtosis of the data. On the other hand, Figure 6 shows a boxplot for the data, showing
the possible existence of outliers.

Table 3. Descriptive statistics for patients with lung cancer dataset.

n X S Vb by
137 8.7737 10.6121 4.1055 26.3882

0 20 40 60 80
diagnosis time

Figure 6. Boxplot for patients with lung cancer dataset

Table 4 shows the results of the fit performed, comparing the SFr distribution with the Fréchet
(Fr) distribution by means of the Akaike information criterion (AIC) and Bayesian criterion (BIC). It is
concluded that the SFr distribution performs the best fit to this data set compared to the Fr distribution,
because it has a lower value on the AIC and BIC criteria.
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Table 4. Estimates, SE in parenthesis, log-likelihood, AIC and BIC values for patients with lung cancer

dataset.
Parameters Fr SFr
o 0.7452 (0.0540) 2.0245 (0.3805)
q - 0.7382 (0.0812)
log-likelihood -504.6068 -444.1976
AIC 1011.214 892.3952
BIC 1014.134 898.2351

In Figure 7, the histogram of the data set of lung cancer patients fitted to the densities of the Fr
and SFr distributions is presented. Note that the SFr model fit has heavier tails. Figure 8 illustrates
qqplots, where it can be seen that the theoretical quantiles of the SFr model are close to the line y = x
compared to the Fr distribution.
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Figure 7. Density adjusted for patients with lung cancer dataset in the Fr and SFr distributions
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Figure 8. QQ-plots for patients with lung cancer dataset: (a) Fr Model; (b) SFr model
4.2. Application 2 (Charity fundraising percentage data)

The second dataset consider on fundraising expenses as a percentage of total expenditures for
a random sample of 60 charities from the United States. This dataset can be obtained in Devore [20].
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Table 5 presents the descriptive summary of the data and Figure 1 shows a boxplot for the Charity
fundraising percentage dataset, where atypical observations and high kurtosis can be seen.

Table 5. Descriptive statistics for charity fundraising percentage dataset.

n X S Vb by
60 10.8920 12.7410 3.6020 19.360
0 20 40 60 80
Fundraising

Figure 9. Boxplot for charity fundraising percentage dataset

Table 6 shows the results of the fit performed, which shows that the SFr distribution performs
the best fit of this data set compared to the Fr model, because it has a lower value in the AIC and BIC
criteria.

Table 6. Estimates, SE in parenthesis, log-likelihood, AIC and BIC values for charity fundraising
percentage dataset.

Parameters Fr SFr
o 0.6671 (0.0728) 1.6317 (0.4089)
q - 0.6880 (0.1163)
log-likelihood -239.1086 -213.5868
AIC 480.2171 431.1736
BIC 482.3115 435.3622

Figure 10 shows the histogram of the lymph node data set adjusted to the densities of the Fr and
SFr distributions, where it is evident that the SFr distribution performs a better fit than the Fr model,
specifically in the right tail of Figure 11. On the other hand, Figure 2 shows qqplots, where the good fit
of the SFr distribution is visualized.
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Figure 10. Density adjusted for charity fundraising percentage dataset in the Fr and SFr distributions

80 100
\ \
80 100

!

40

Sample Quantiles
40

Sample Quantiles

)
20

0 20 60 100 0 20 60 100

(a) Theoretical Quantiles (b) Theoretical Quantiles

Figure 11. QQ-plots for charity fundraising percentage dataset: (a) Fr Model; (b) SFr model
5. Conclusions

In this work, a new distribution is studied that is an extension of the Fréchet distribution, which
showed greater flexibility in the modeling of the kurtosis coefficient.
When carrying out the study of the new Slash Fréchet distribution, it is concluded:

* A new extension of the Fréchet distribution with density function, cumulative distribution
function, survival function and hazard function is obtained explicitly (closed) in terms of the
incomplete gamma function.

¢ The moments, expectation and variance of this new distribution were obtained, obtaining closed
expressions for all of them.

* Observing the skewness and kurtosis coefficients shows that the SFr model is more flexible than
the Fr model. Furthermore, as shown in Table 1, the tails of the distribution become heavier
when the parameter g is smaller.

¢ Analyzing the stochastic representation for the SFr model, it is observed that the SFr distribution
is a scale mixture of the Fr and U(0, 1) distribution.
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¢ In the simulation study it was observed that as the sample size increases, the maximum likelihood
estimators get closer to the parameter values, suggesting consistent and stable estimators.

¢ In applications with real data, it was observed that the SFr distribution performs better fits to the
data, compared to the Fr model, because it has a lower value on the AIC and BIC criteria.
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