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Abstract: In this study, we introduce the dynamics of a Hepatitis B virus (HBV) model with the class
of asymptomatic carriers and conduct a comprehensive analysis to explore its theoretical aspects
and examine the crossover effect within the HBV model. To investigate the crossover behavior of
the operators, we divide the study interval into two subintervals. In the first interval, the classical
derivative is employed to study the qualitative properties of the proposed system, while in the second
interval, we utilize the ABC fractional differential operator. Consequently, the study is initiated using
the piecewise Atangana-Baleanu derivative framework for the systems. The HBV model is then
analyzed to determine the existence, Hyers-Ulam (HU) stability, and disease-free equilibrium point
of the model. Moreover, we showcase the application of an Adams-type predictor-corrector (PC)
technique for Atangana-Baleanu derivatives and an extended Adams-Bashforth-Moulton (ABM)
method for Caputo derivatives through numerical results. Subsequently, we employ computational
methods to numerically solve the models and visually present the obtained outcomes using different
fractional-order values. This network is designed to provide more precise information for disease
modeling, considering that communities often interact with one another, and the rate of disease
spread is influenced by this factor.

Keywords: HBV infection; piecewise atangana-baleanu fractional-order model; stability; simulation

MSC: 34D20; 37MO05; 37N25; 92D30; 34A40

1. Introduction

Hepeatitis B is a severe liver infection caused by a virus. This inflammation poses a significant
global health challenge. The viral infection, known as hepatitis B, can lead to both acute and chronic
illnesses. The primary mode of transmission is from an infected mother to her child during pregnancy,
childbirth, or delivery. It can also spread through contact with infected individuals’ blood or other
bodily fluids, such as through sexual contact, unsafe injections, or exposure to contaminated medical
or public objects. Individuals who inject drugs are also at risk.

According to estimates from the World Health Organization (WHO), approximately 296 million
individuals worldwide have chronic hepatitis B, as indicated by the presence of hepatitis B surface
antigen. In 2019 alone, around 820,000 people died from hepatitis B, with most deaths attributed to
cirrhosis and primary liver cancer (hepatocellular carcinogenesis). Only 6.6 million individuals (22%
of those diagnosed) were receiving treatment, accounting for approximately 10% of the total infected
population.

The WHO reports a significant decline in the prevalence of chronic hepatitis B virus infection
among children under the age of five. In the pre-vaccine era (1980s to early 2000s), the estimated rate
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was around 5%, whereas in 2019, it dropped to less than 1%. However, despite the availability of
highly effective vaccines, the WHO still predicts approximately 1.5 million new cases of hepatitis B
infection per year.

Preventive measures for hepatitis B encompass antiviral prophylaxis during pregnancy as well
as accessible, safe, and effective vaccinations. These interventions are of paramount importance in
the prevention and control of hepatitis B. The HBV models discussed earlier rely on integer-order
derivatives, which fail to capture the genetic and memory characteristics observed in fractional-order
models.

Fractional calculus, a branch of mathematics concerned with derivatives and integrals of real
or complex orders, has gained significant popularity among researchers due to its applicability in
modeling real-world phenomena. Consequently, researchers in mathematical biology have increasingly
turned their attention to utilizing fractional-order derivatives for more accurate mathematical modeling
(see [1-7] and references therein).

The subject of fractional calculus [8,9] is continually being developed to better understand the
properties of real-world problems. This field of study allows researchers to explore and analyze
phenomena that cannot be accurately described by traditional integer-order calculus. By incorporating
fractional derivatives and integrals, researchers can gain deeper insights into complex systems and
phenomena, leading to more comprehensive and accurate modeling approaches.

The ongoing development of fractional calculus offers promising opportunities for advancing
our understanding of real-world problems. Several recent studies have explored various types of
fractional derivatives and their associated integral operators. Caputo and Fabrizio [10] investigated a
new fractional derivative with an exponential kernel. Atangana and Baleanu [11] examined fractional
derivatives with Mittag-Leffler kernels, extending them to higher arbitrary orders and formulating
their integral operators. Abdeljawad [12] proposed a new nonsingular fractional derivative in
Atangana-Baleanu settings, incorporating a multi-parameter Mittag-Leffler function and its discrete
version [13-15].

For further theoretical works on Atangana-Baleanu fractional differential equations (FDEs), the
reader is referred to a series of papers [16-24]. In this context, we adopt a novel technique involving
piecewise differential and integral operators developed by Atangana-Seda for the Caputo-Fabrizio
fractional derivative [25].

Our paper is structured as follows: In Section 2, we present basic definitions and results that will
be necessary for later discussions. Section 3 is dedicated to describing the piecewise model. In Section
4, we examine the extinction scenario of the deterministic model in terms of the basic reproduction
number. Moving on to Section 5, we analyze the fractional-order system, demonstrating the existence
and uniqueness of the solution, along with results regarding the asymptotic behavior of the solution.
Section 6 presents the numerical solutions of the piecewise fractional-order model. Section 7 focuses
on providing graphical representations of the HBV model. Finally, we conclude the paper with some
concluding remarks.

2. Preliminary results

In this part, we present some definitions and basic auxiliary results of piecewise derivative and
integral with classical and Mittag-Leffler kernel that are required throughout our paper.

Definition 1. [25] The piecewise derivative with classical and Mittag—Leffler kernel is given as

D'5(1), t€10,4]
PAB1G _ ’7 7 238
D;n(1) =

0 i1 (1) { PABDS (1), 1 € [, T]

where
ii) DYy(1) = 1/ (1) is the classical derivative,
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iii) PABDS 11 (1) is the Atangana—Baleanu fractional derivative.

Definition 2. [25] Let f be continuous. A piecewise integral of f is given as

1 L L L
0 i) = { ), ce LT,

where
i) (1) = o' 1(s)ds is the classical integral,
AB _ 1= t 1 ; ;
iii) P16 (1) = v(g) (1) + W f‘l(l — S)7 'y (s)ds is the Atangana—Baleanu integral.
Theorem 1. Let X be a Banach space. The operator ® : C(J,R") — C(J,R") is Lipschitzian if there
exists a constant 0 < L < 1 such that i.e., ||®(p) — ®(p*)|| < L|p — o*| forall p, p* € C(J,R"). Then
D is a contraction.

3. Mathematical model

Here, we will considered generalize the HBV model with class of asymptomatic carriers [26] in
the frame of piecewise derivative with classical and Mittag—Leffler kernel as follows

gABD,gS( ) 0— (A-I—(P]A +€1(C)S—AS,
PABDFE(1) = w (A + ¢1Ac +€1C)S— (A+ 1) E
0 PDIA() = P19E — (A +p+ 171 +x1) A,
0 PDIA() =1 (1= E— (A+7 +6) A,
GAPDIC(1) = mA + 1A — (A+v+01)C,
gABD?Rp(L) = KlA + 0’1(C + 0A, — ARp,

)

with the initial conditions

S(0) > 0, E(0) >0, A(0) >0,
Ac(0) > 0, C(0) >0, Ry(0) > 0.

The parameter ¢ represents the birth rate of susceptible individuals, while the effective contact
rate and natural fatality rate are denoted by w and A, respectively. The rate at which exposed
individuals become infected is described as 1 (1 — 1), with a portion of ¢; (1 — ) moving to class
A at a rate of 1;7y. Another portion enters class A, and becomes asymptomatically infected. The
rates at which individuals in the acute and asymptomatic classes become carriers are #; and T,
respectively. The recovery rates for acute, asymptomatic, and carrier individuals are denoted as %, 6
and oy, respectively. The death rates due to the disease in the acute and chronic classes are represented
by u and v, respectively. The coefficients for asymptomatic and carrier individuals are indicated as
¢1 (representing the infectiousness of asymptomatic infections relative to acute infections) and €;
(representing the infectiousness of carrier infections relative to acute infections), respectively. The total
population represented by N (1) divided into six classes as followes

(1) susceptible individuals S(z),

(2) exposed population E(z),

(3) acute infected population A(1),

(4) asymptomatic carrier Ac(1),

(5) chronic infected individuals C(:),

(6) recovered population Ry, (1).

So N (1) =S(t) + E(r) + A1) + Ac(t) + C(1) + Ry (1).

doi:10.20944/preprints202310.1804.v1


https://doi.org/10.20944/preprints202310.1804.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 October 2023

doi:10.20944/preprints202310.1804.v1

4 of 25

4. Equilibrium point and basic reproduction number

The disease free equilibrium point of model (1) obtained by putting equations equal to zero

0—w(A+$1A+6C)S-—AS=0
w(A+¢1AC+€1C)S—(A+IIJ1)E:0
PryE—(A+p+m+x)A=0
P 1-—7)E-(A+T1+0)A. =0
}’]1A+T1AC—(A+V+(71)(C:0
K1A+0’1C+9AC—ARPIO

In view of the above equations, the disease free equilibrium point of model (1) is given as
lo = (S(0), E(0), A(0), Ac(0),C(0), R, (0)) = (%o o,o,o,o),
where ¢ is birth rate of the susceptible individuals and A is the natural fatality rate. From [27] the

nonnegative matrix F and the nonsingular matrix V for the new infection terms and the remaining
transfer, terms are given by

0 “@ whe were
A A A
Fo 0 0 0 0 /
0 0 0 0
0 0 0 0
my 0 0 0
V= -7 my 0 0
-(I=7)¢ 0 mz O
0 —mm T My
Therefore, using the fact that Ry = p (F V_l), we obtaine the basic reproduction number R for the
model (1)
_woypr | wgreyr (1—7) | wergmyyr | wngpier (1—7)
Ro = + + +
Amymy Amszmy Amgmimy Amgmszmq
where
m = (A+y1),my=(A+u+mn+x1),
ms3 (A+Tl—|—9),m4:(/\+v+01).

The endemic equilibria point ¢; of the model (1) is given by

t = (S"E", A%, A, C"/R; ),

where
S — mlA*
Cw (A* + 4)1AC + 61((:*) !
£ TTZ2E*
T’
msg
or_ mAT+TAC
my
R* — K1 A* + o C* + QAC.

b A


https://doi.org/10.20944/preprints202310.1804.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 October 2023 doi:10.20944/preprints202310.1804.v1

5o0f 25

using these in first equation of model (1), we get

Amymymszmyy (1 — Ry)

A= — ,
wmymy [yms (mg +n1€1) + (1 —7) ma (mypy + T1€1)]

The proposed HBV model (1) has a unique positive endemic equilibria provided Ry > 1.

5. Qualitative Analysis of PAB - Fractional model 1

In this part, we address the existence, uniqueness and stability results of the solution for model
(1) by utilizing the fixed point technique. Let J = [0, T] C RT, we are defining Banach space £ =
C(I,RY)xC(J,R)XxC(J,R")xC(J,RT) xC(J,R") x C(J,R") under the norm

loll = IS B, A A, C, Rp|| = sup {[S()| + [E()[ + [A)] + [Ac ()] + [COW)[ + [Rp(1)]},
where S, E,A, A, C,Rp € C(J,R").
Lemma 1. [25] The solution of the following piecewise Atangana—Baleanu problem
0P DY p(1) = G(1, (1)),
is given by

B p(0)+ [,;' G ))do, ift € [0,11],
P0= 1 gl + 550000 + W?LU)“%WUWﬁfMW

Now, let us reformulate the model (1) in the following form

PABDES(1) = Wi(L,S,E, A, A, C,Ry),
PABDYE(1) = Wa(,S,E, A, Ac,C,Ry),
)
L

PABDYA(1) = W3(1,S,E, A, Ac, C,Ry),
PABDY Ac(1) = Wa(1, S, E, A, Ac, C,Ry),
PABD;C(1) = Ws(1,S,E, A, A, C,Ry),
PABDYR, (1) = We(1,S,E, A, A, C,R,),

@

where
Wi(t, S, E A A, CRy) =0 —w(A+p1Ac+€C)S—AS,
Wz(t,S,E,A,AC, C,Rp) =w (A + ¢1AC + 61@) S — (A + 1/)1) E
Wg(l,S,E,A,AC,(C,Rp) =y1vE — (A+ u+m +K1)A,
W4(l,§,E,A,AC,(C,Rp) = l)bl (1 - r)/)E - (A +7+ 6) AC/
Ws(, S, E,A, A, C,Ry) = 1A+ 1A — (A+v+01)C,
We(i,S,E, A, A, (C,Rp) =K1A+01C+0A, — ARp,

We take our model as

0(0) = pp > 0 )

In view of definition 2 and Lemma 1, the model (3) can be converted into the following fractional form

{M%%o G(1, p(1)),

0(0 ) G(o, p(0))de, if 1 € 0,1],
p(1) = p(a) ( p(1) (4)

+ o fl 1—0)9 1G(o, p(0))do, if1 € 11, T],
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where
S() So Sy
HE([) HEO ng
INO) Ao A,
1) = ,0(0) = Lo(n) = 1
o= po [#O=] W [ew=]
C(Q Co Cq
Ry(1) Ry0 Ry,
and
Wl([,S,E,A,Ac,C,Rp)
Wa(1,S,E, A, Ac, C,R,)
_ WB(lISIEIAIACICIRp)
G(l’ p([)) N W4(l/ Sr Er A/ AC/ (C/ Rﬁ)
Ws(1,S,E, A, Ac, C,R,)
W6(L/S/]EIAIAC/C/RP)

Now, transform the problem (3) into the fixed point problem. Define the operator ® : £ — £ by

©(0) + foll G(o, p(0))do,1 € [0,1],

®(p(1) =4 o)+ 556 e0)
+W flll (1t— ) 1G(0, p(0))do,i € 11, T].

In the following theorem, we will prove that the operator ® is compact. The following assumptions
must be fulfilled for the analysis of existence and uniqueness:
(Hy) : G: ] x £ — Ris continuous and there exist two constants 7, > 0 such that

|G(, (1) < T+ |p(1)|y, forc € Jand Y € F.
(H3) : There exists constant number £ > 0 such that
G, p1(1)) = Gt 02()| < Lp1(1) = g2(1)], for e € Jand 1, 2 € .

Theorem 2. Suppose (Hj)-(Hy) are satisfied. Then, the system (2) has a solution, provided thatand

1—¢ (T_ll)g) }
0 < max{ 117, + < 1. 5
{on (5 + v ®
Proof. We are transforming the fractional system (2) into a fixed point problem as the following

equation
p=2(p),pef

where the operator @ : £ — £ defined by

©(0) + fOL G(o, p(0))do,1 € [0,1],
D (p(1)) = o) + %G(l/ p(1) . (6)

+omg Ju = ) Glo, p(0))do, 1 € [, T).
Let¥Y; = {p € £ : ||p|| <} be a closed ball with

[p(0)[+unT
1—-ny

,ifre[0,4],

)e
,ifre iy, T].
n
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Define the operators ®; and ®; such that ® = & + P, as
—l—fo ))do, if 1€ [0,1],
(b =
190) { pli) + % & p( ), ifie i, T].
and
Do (1) = 0, if 1€ 0,11],
200 = W[fl(t—v)gflG(mp(U))dm ifi e, T].
Now, we will divide the proof into several steps as follows
Step (1) ®1p(1) + Pop(r) € Y. Forif 1 € [0,41], p € ¥g, with (Hy), we have
L
@i () + S0 ()] = sup |p(0)+ [ Glo,ple))do
1€[0,] 0
L
< o]+ [ 16, 0(0) o
< e+ e[t +]p ()]
Hence
P19+ D2pl] < [p(O0)+u[t+llelv]
< e +ut+ulelly
< p(O)]+ut+ung
< ¢
For: € [11, T], p € ¥¢, with (Hy), we have
@10 () + @20 (W] = sup |p(n) + oSGl p0)) + o [ (=06l plo))do
1 T) v(g) V(e)I'(g) Ju
1-¢ ¢ : -1
< )|+ ==21G(, (1)) + —2— 1—0) | G(o, p(0))| do
19011+ gy 16000+ 5y | =) 16t p(@)]
< 1ol + g [+ o0 ]+ sy [ =) [T+ [o(e) ) do
N v(5) v(6)T(¢) Ju
Hence
1-¢ (T—- 0)9)
D1+ O < L +< + T+
G (T ll)g)
< )|+ + T
ol (v(@ G0
1-¢ (T—n)f
+ +
(5 * vtarte)
< ¢

This demonstrates that @ (1) + P2 (1) € ¥
Step (2) @4 is contraction.
For: € [0,11], p1, 92 € ¥¢. Then via (Hy), we get

[@101() = P12 (1)] < Py '[G(@, 01(0)) — G(e, p2(0)) | do

< £ [191(0) - p2(0)] e
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Hence
| D191 — Prg2|| < Lo |1 — 2] -

For: € [11, T], 91, 92 € ¥;. Then via (Hy), we get

B 0) + [, G(o, p(0))do, if 1€ [0,1],
chp([) - { p([l) O%G(l/ SO( ))/ if1 € [Lll T] :

|P1p1(1) — Prga(1)] < sup
1€]11,T)

1v<5| (L 01(8)) — Gl 92(1))]

IN

Hence
|11 — @1 < =S
101 — W12 > 7 N ~-
V()

Due to (5), we conclude that ®; is contraction mapping.
Step (3) P is relatively compact (i.e continuous, uniform bounded, and equicontinuous).
Part (1): ®; is continuous:
Since G(1, p(1)) is continuous, then @, is continuous.
Part (2): ®; is uniformly bounded on ¥ :
For: € [0,1], p € ¥¢. Then via (H;), we get directly that ®; is uniformly bounded on ¥,.
For: € [11,T], p € Y. Then via (Hy), we get

2200| < s S [ (-0 Gl el de

c L )
s =0 [ o)l e

Hence
(T —11)*
[D20] < W[ +nl.

Hence ®; is uniformly bounded on ¥,.

Part (3): @, equicontinuous. We have two cases as follows
Case (1) For any 4,1, € (0,11] ,ta < tpand p € ¥, we have

@260 (1) — g (1a)]| = 0.

Case (2) For any 14,4 € (11, T], 1a < 1y and p € ¥, we have

920 () ~ @20 ()| < g [ -0 IGle, p(e)|do
v(gm/ (ta = )< |G(e, 9(0)| do

< s ) [0~ =) (Gl o0)) o
+W/job— 0)G(o,9(0)) do

- v<g>1r<g> [(1p = 12)* = (15 = 1a)* = (ta — 1)} [T + [l ol| 7]

1
+W(1h — 1a)* [T+ 1]
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Thus, ®; is equicontinuous. According to the above analysis together with Arzela’-Ascoli theorem, we
deduce that @ is relatively compact and so completely continuous. Thus by Krasnoselskii fixed point
theorem, the equation (2) has at least one solution [

Theorem 3. Assume that (Hp) holds. If 0 < max {,Cll, % ((1 —¢)+ (Trf(g))@)} < 1, then, the model (2)
has unique result.

Proof. Taking the operator @ : £ — &£ defined by (6). For ¢ € [0, 1], 91, p2 € ¥; with (Hy), we have

|Pp1(1) = Ppa(1)| < SEJP] | 1G(0,91(0) = Glo, 02(0)) | do
1€[0,11

< L[ lpr@) - pa()]do.

Thus
[@p1 — P2 < L |1 — @2
For: € [11, T], p1, 92 € ¥ with (Hz), we have

|Dp1(1) — Ppa(1)| < s[upﬂ {IV(_S 1G(1, p1(1)) — G(1, 02(1))]
—i—v(g)gr(g)/‘(1—0)9—1|G(a,p1((7))—G((T,pz(amd”}

51

< S Lle) =)
ol [-0 o) - (@)l e
Hence c T ;
|@m—¢mns(Q(u—g+(§5>ymrmﬂ.

Thus, @ is contraction. Consequently, the model (2) has a unique solution. [J

5.1. Ulam-Hyers stability

Definition 3. The model (2) is Ulam-Hyers UH stable if there exists a real number MM =
max {9y, My, M3, My, M5, M} > 0 such that for each ¢ = max {v,er,€3,€4,€5,€6} > 0 there exists
a solution p € & of the inequality

gABDlgp(l) - G(lr @([)) <gLe],
corresponding to a solution Y € F of model (2) with the following condition

©(0) = 9(0)

such that
9 —pll <Me,  1€],
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where

S() S(0) wl([gﬁz&&,@R)

E(:) E (0) Wy(1,S,E A A, CRy)

~ Al . A (0) A m@@f@&&,@&)

= — ’ O = — ,G , =1 @ A A o~~~ p

pl) nw | PO A (0) (5(0)) Wi(, S, B A &, CR,)

C() C(0) Ws(1,S,E A A, CRy)

R, (1) R, (0) We(1,S,E A A, C Ry

Remark 1. A function © € &€ is a solution of the inequality
0"PDip(1) — GLp()| <e

if and only if there exist a small perturbation z € F such that

@) |z()] <e 1€];
(i) (APDrH(1) = G, B(1) +2(1), ¢ € ], where
2(1) = (21(1), 22(1), 23(1), 24 (1), 25(1), 26 (1)) -
Lemma 2. Let 5 € € be a function satisfies the inequalities
D50 — 6, p0)| <,

then © satisfies the following integral inequalities

< k1€, ifl S [O,ll] ,

B) = (0) ~ [ Glo,p(e))do

and
Bl) + 5360 B0) + 5y | (=) Gl B(e))de| <k, it € [0, T]
where
ki =u,
and

1 (T — ll)g )
kh=——(1—-¢)+ .
2= 59 (-9 iar
Proof. Indeed by Remark 1, we have

PABDEG(1) = G(1, p(1) + 2(1), L € J.

Then

For: € [0,11], p € &, it follows that

<

IN

/Ol 12(c)| dor

ne = ke.

o) = (0) - [ Glo,plo))ao

IN
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For: € [, T], p € &, it follow that

Bl) + 5 G PW) + oy [ =06, (o)
1-¢ G !

ST AR 51N (5 /:1 (=) (o)l do
R (T—n)

< 5 (-9 Sorg)

< k2£

O

Theorem 4. Assume that the conditions of Theorem 3 hold . Then the model (2) is UH stable provided that

0< {llﬁ,vﬁ;)((l—g)+(Tr_(;)l)g>} <1

Proof. Lete = max{ey, €y, ¢€3,¢€4,€5,6¢} > 0 and p € & be a functions satisfying the inequalities
PPDB() — G p)| <&
and let p € & be the unique solution of the following model
60" PDip(1) — G, p(1))
Now, in the light of Theorem 3, we have

©(0) + [o G(o, p(0))d, if 1€ [0,4],
p1) =4 o)+ 5560 0(1)
+ o Jn (=) Glo, 0(0))do, if L€ [, T].

Hence, from (H;) and Lemma 2, then for ¢ € [0, 1], we have

IN

6() — ()

90~ (0) - [/ Glo, o(e)de

IN

90~ 900) - [ Glor ple)de
+ [[16(¢,8(0)) = (e p(e) do

e+ £ [ [5(0) — p(@)] do.

IN

Hence
19— pll <kie+ L |6 — ol
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For: € [11,T]|, we have
PO =00 < [pl) + 556000 + 5 [ (= o) Gl (o)
- =640, 5 G ' - 5
< [p) + g S P0) + g [ (=) 6l ple))de
+1<)|< L5 (0) — Gl o))
FoorE L = 6@ 5(0) - Glo pl0))] do
1-— cL : 1~
< ket o L100) — 00+ 55 [ (-0 (o) — o(o)] e

Thus
15— Mkﬁ+§;(u—@+“§$”)@—pw

Since 0 < L13 < land 0 < v(g) ((1 —¢)+ (Tlf(él))g> < 1. Then, by choosing 9t > 0 such that

= [:l ,ifre[0,n],
M= ke ifi €[y, T)].
1565 ((

T—)°
1-6)+ F(gl) )

Thus
16— el < 1.

This prove that the model (2) is U-H stable. O

6. Numerical scheme with piecewise derivative

This section presents the numerical resolution of the adopted fractional order model. By applying
the piecewise integral local and Atangana-Baleanu derivative, we have

+ Jo' ( Q w(A+ ¢ A+ C)S—AS)do, if 1€ 0,1],
S(1) = (11)+ 7 (e —w (A + 1A +€C)S— AS)

o S = )T (@ w (A+grAc +1C)S — AS) do, i1 € [y, T],
E(0) + [y (w (A+¢1Ac +€1C) S — (A+ 1) E)do, if 1€ [0,1],
E(1) = E(n) + é;ﬁ( @ (A+¢1Ac+€C)S — (A+ ) E)
+V(ggI“ ft ( )g 1 (A+¢1Ac+€1C)S—(A+l/J1)E) do, if1 € [tl,T},
A0) + (leﬂE (A+p+m+x1)A)do, if 1€[0,4],
(ll (¢17E (A+p+m—+x)A)
V(gF ‘ o)V (P1vE — (A+u+n +x1)A)do, ifi€ 11, T],
Ac(0) + (4’1(17 VE— (A+1 +0)A)do, if 1€10,4],
Ac(n 1(5 (1/)1(1* NE—(A+7+0)A)
gfrg) (=) (g (1— ) E— (A+1 +0)A)do, ifi € [1,T],
C(0) + Jo' (mA+1hAc— (A+v+01)C)do, if 1€[0,1],
C(ll)+ L g)(mAHlA (A+v+01)C)
g)gr fl (t=0) st mA+ 1A — (A+v+0)C)do, ifre[y,T],
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and
p(O +f (K1A+0’1C+9A ARP) do, if 1 € [0,[1],
Rp(1) = Rp (1) + (K1A+U1(C+9A — ARy)
+v(g)€r(g) L‘( o) (A 4+ 01C + 0Ac — ARy) do, if1 € [, T],

Now, put ¢ = 1,1, we get

S(0) fl (0 —w(A+p1A. +e1C)S— AS)do, if 1€[0,1],
S(tng1) = S(‘l) + v(gg (0—w(A+¢1A.+€6C)S— AS)
g S g = 05 0 — w (A + ¢1Ac +€1C) S — AS) do, if 1 € [1,T],

~

E0)+f w (A+¢1Ac +e1C)S — (A+ 1) E)do, if 1€ [0,1],

E(tpy1) = E(u) + ( (A+4’1A +€1C)S— (A+91)E)
+55r9 i "” (a1 = 0) " (@ (A +@1Ac +e1C) S — (A +y1) E) do, ifs € [, T],
A(0) + (IPWE (A+p+m+x)A)do, if 1€[0,u],
A(tyg1) An) 1 g 5 (P1VE — (A+p+m+x1) A)
gfm Mo — 0 (B17E — (A4 p 41+ 1) A) e, i1 [, T],
A (0) + (1p1(1— YNE—-(A+7+0)A)do, if 1€][0,4],
c(tn1) Ac(n) + (1IJ1 1-7E-(A+7+0)A)
g)gr G "+1(l =) (Y1 (1—)E— (A+1+0)A)do, ifi €y, T],
(C 171A+Tl —(A+v+0)C)do, if 1€[0,4],
C(t41) l V(g (171A+T1A (A+v+0)C)
g)r ‘”“( ni1 — ) V(A + 1A — (A+v+0,)C)do, ifi€ 1y, T],

R,(0) + [o! (K1A+01(C+9AC — ARp) do, if 1€[0,1],
Rpy(tpi1) = Ry (1) + (g) S (k1A + 0 C+0A, — ARy)
o Ju (s = 0) 7 (A + o1C+ A — ARy) do, if 1 € [11,T].

By applying Newton Polynomial interpolation scheme we have

5( 0—w (A (—2) + P1Ac (12 +€1<C (tk—2)

. S (tk—2) = AS (12 )
i 4 0= w(A(g_1)+P1Ac (1) +€1(C lk—1)
S(0) + X 3 < S (tk-1) — AS (tx-1) >
B 0= w (A (10) + drhec () +e1C () ) .
12 S () — AS (i)
1(g) (0—w (A (tn) +P1Ac (1n) +€1C (1)) S (tn) — AS (1))
Stns1) = 4! oY 0~ w (A (g—2) +Prhc (o) +e1C (1)) | o
V(g)r(ngl k=i+3 S([k 2) AS (lk 2)
4SBT e 0~ w (A (—1) + PrAc (4-1) +€1C (tk—1)
S+ TR T S (14-1) = AS (1) s

— (0= w (A (k—2) + ¢1Ac (—2) +€1C (16-2)) S (1—2) — AS (i5—2)
5t T Aer Dheies S (1) — AS (1)

—2(0—w (A (1) + 1A (—1) +€1C (1)) S (1—1) — AS (15-1))
+ (0~ w (A (—2) + P1Ac (k—2) +€1C (4-2)) S (1k—2) — AS (1—2))] A,

0 —w (A (i) + prAc (1) +e1C (1)) )
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‘ —(A+91)E (4-2)
E(0) + Ties 4<wmvkﬂ+@&mko+qcm1»Sw1>>m
3 — (A+91)E (15-1)
+2 (w0 (A (1) + PrAc () +€1C (1)) S (1) — (A + 1) E () At

5 ( w (A (lk_2) + p1A, (lk_z) +€,C (lk—Z)) S ) N

575 (@ (A (1) + $1Ac (tn) + €1C (1)) S (1n) = (A +91) E (1))
E(iy1) = Y w (A (k—2) + P1Ac (t5—2) + €1C (4—2)) S (k—2) ) o

V()T (¢+1) Ek i+3 — (A +91) E (4—2)

+&Z w (A (g—1) + ¢1Ac (1) +€1C (4-1)) S (1k—1) )
E(i) + V(o) Sh=its — (A+91) E (41)
— (w (A (i 2)+<P1 c (tk—2) +€1C (-2)) S (k—2) = (A + 1) E (4—2))| Z
AT <MAWH¢AAM+QCW»MM>
v(g) ' 2[(¢+3) ~k=i+3 _(A+¢1)E(lk>
—2(w (A (—1) + P18 (k-1) +€1C (1—1)) S (k—1) — (A + 1) E (55-1))
+ (W (A (k—2) + P1Ac (1k—2) +€1C (16-2)) S (k—2) = (A + 1) E (4-2))] A,

B (D1VE (—2) — (A+ 411 +51) A (4—2)) At
—3 (P1VE (1) — (A+p+m+x1) A(yr)) Ar
+%% (P17E () = (A+p+m +x1) A () A

+

A0) + Xy {

Lﬁ

(EL’WE (tn) = (A+p+m +x1) A (n))
F(g-i—l) Ek i+3 (l/)l’yE (lk 2) (A + H + m + Kl) A ([k—Z)) N

b rcrt) ok=its (W1VE (1) = (A4 p+m +x1) A (4-1))
17E (i 22 (A+p+m+x1)A(g2))]Z

o S T (7B () — (A + e+ +51) A (i)
—2(P17E (-1) — (A +p+m +x1) A (1))

+ (1VE (k—2) = (A+u+m+x1) A(k—2))] A,

_ 2 (1 (1=NE(12) — (A+7+6)Ac (42)) A
Ac(0) + ko g —53W1(A=7)E (1) — (A+T+6)Ac (1)) At
+%§ (lPl (1 — )E (lk) — (A+ Tl +9) AC (lk)) AL
5 Q=7 E (1) = (A+ 11 +0) Ac (1n))
+@%ﬁpapwwm V)E (1-2) = (A+ 71 +0) Ac (4-2)) @
o T s (81 (1= 1) E () = (A + 71+ 6) Ac (5-1))
— (1 (1= N E () = (A 47 +0) Ac (1e-2))]
oty SO (g (L= 1) E () — (A+ T+ 60) Ac (1))

21 (1 =7 E(g—1) = (A+ 11 +0) Ac (1))
+ (W1 (=7 E(g2) — (A+7+0)Ac (42))] A,

—~
~

Q

/—wm
D

_c(A)~
V(g
¢
v(¢)
— (¥

Altyt1) = 7
+

/—\v

A(n) +

Ac(anrl) =
Ac(n) +
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‘ 2 (A (—2) + 1A (k—2) — (A +v+01) C (142)) Mt
C0)+ Y n4 —5(mA (1) + 1A (1) — (A+v+01)C (1)) At ,
+8 (nA () + 1A (6) — (A+v+01) C (k) At

510 (A (1) + 1Ac (1n) = (A +v+01) C (1))
et
Cliyi1) = +% Yi—irs (MA (k—2) + 1A (k2) = (A+v+01)C(12)) D
g T 5 (1A (1) + Tie (1) — (A +v+01) C (1))

C(n) + — (A (4 2)+T1A (tk—2) = (A+v+01)C(_2))]

+%+§r g+3 7 Li=iga (A () + 1A () = (A +v+01) C(u))
2(mA (g-1) + 1A (tk—1) — (A+v+01) C(g_1))
+ (A (k—2) + 1hc (h—2) — (A+v+01) C(4-2))] A,

and

' % (1A (k—2) + 01C (tg—2) + 0Ac (1x—2) — AR} (4_2)) At
Rp(0) + k2§ —3 (KlA (t-1) +1C (1) +0Ac (1) — ARp (1)) At ,
+B (1A (i) + 1C (1) + 0Ac (1) — ARy (1)) A

) (:clA(ln) +01C (1n) + 0Ac (1n) — AR, (1))
Ry (1y1) = +% Yioivs (k1A () +01C () +0Ac (1) — ARy (1)) @
T Lh=it3 [(k1A (1) +1C (5—1) +0A (15—1) — ARy (4-1))
(K A (lk 2) + 01C (tg—2) +0Ac (k—2) — ARy (12))] 2
Tt + SR (A () + i€ (1) + BAc (i) — ARy (1))
-2 (KlA (lk 1) + (71(C (lk—l) + GAC (lk—1> — ARP (lk—l))
+ (k1A (—2) +1C (4—2) +0Ac (1—2) — ARy (4-2))] B,

Rp(ll) +

where
_{(nk+1)‘5[2( — k) + (3¢ +10) (1 — k) + 267 +9¢ +12]

- 9[2 + (5¢ +10) (n k)+6g2+18g+12],
=m—k+1)*n—k+3+2)— (n—k)*(n—k+3+3g),

and
®=mn—-k+1)"—(n—k)°.

The numerical solution of the model (1) with a unit of time per year is obtained by using the
above- described scheme. We use the parameter values from [26] in the numerical solution are
0=2A= 677, = 0.042,¢; = €1 = 0.002,3p; = 0.004,7v = 0.6,y = 0001, 151 = x¥] = 74 =
0.02,60 = 0.1,v = 0.003 and o7 = 0.2. In addition, the initial values are selected as

(So, Eo, Ag, Ac, Co, Ryg) = (60,40,3,0.25,0.1).

We now use the numerical scheme established to simulate our results graphically. Using the mentioned
data different compartments have presented graphically in the following three cases.

Case (1) When ¢ € (0,0.55]

We have used [0,200] and plotted the results graphically in figures 1-5 for various fractional orders.
The concerned transmission dynamics of various compartments has been shown. We see the crossover
behaviors in each compartments due to piecewise version of derivatives near the point t; < 100.
The declines in susceptible class, exposed classes and the concerned changes in other compartments
A, AC, C can be observed easily.
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70 .
—0.25
] —0.35/|
. ——0.45
—0.55
©® 50 :
401 1
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0 20 40 60 80 100 120 140 160 180 200
t

Figure 1. Graphical presentations of susceptible individuals for the HBV using given fractional orders.

80 T T T T T T T T T
—0.25
—0.35
—0.45
70 —0.55/]
K 60 .
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0 20 40 60 80 100 120 140 160 180 200
t

Figure 2. Graphical presentations of the exposed population for the HBV using given fractional orders.
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—0.25
—0.35
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—0.55
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0 20 40 60 80 100 120 140 160 180 200

t

Figure 3. Graphical presentations of the acute infected population for HBV using given fractional

orders.
2 T T T T T T T T T
—0.25
—0.35
—0.45
1.5F —0.55|7
< 1 -
0.5 i
0 Il Il Il Il Il Il Il Il Il

0 20 40 60 80 100 120 140 160 180 200
t

Figure 4. Graphical presentations of approximate solutions of asymptomatic carrier for the proposed
model using given fractional orders.
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0.3 T T T T T T T T T
—0.25
—0.35
—0.45
0.25 —0.55/
O 0.2 |
0157
0.1 | | | | | | | | |

0 20 40 60 80 100 120 140 160 180 200
t

Figure 5. Graphical presentations of approximate solutions of chronic infected individuals for the
proposed model using given fractional orders.

Case (2) When ¢ € [0.60,0.75]

We have used [0,200] and plotted the results graphically in figures 6-10 for various fractional
orders slighter greater than the first case. The concerned transmission dynamics of various
compartments has been shown. We see the crossover behaviors in each compartments due to piecewise
version of derivatives near the point t; < 100. The declines in susceptible class, exposed classes and
the concerned changes in other compartments A, AC, C can be observed easily.

80 T T T T T T T T T

70 S
—0.60
—0.65

60 —0.70
—0.75

“» 50

40

30

20 | | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200

t

Figure 6. Graphical presentations of susceptible individuals for the HBV using given fractional orders.
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40 | | | | | | | | |

0 20 40 60 80 100 120 140 160 180 200
t

Figure 7. Graphical presentations of the exposed population for the HBV using given fractional orders.

3 T T T T T T T T T
—0.60
—0.65
25 —0.70/ |
—0.75
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1F i
0.5F i
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0 20 40 60 80 100 120 140 160 180 200
t

Figure 8. Graphical presentations of the acute infected population for HBV using given fractional
orders.
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2 T T T T T T T T T
—0.60
—0.65
—0.70
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0 1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200
t

Figure 9. Graphical presentations of approximate solutions of asymptomatic carrier for the proposed
model using given fractional orders.

03 T T T T T T T T T
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O 0.2 4
0.157
01 1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200
t

Figure 10. Graphical presentations of approximate solutions of C for the proposed model using given
fractional orders.

Case (3) When ¢ € (0.75,1.0]

We have used [0,200] and plotted the results graphically in figures 11-15 for various fractional
orders which are graters in the first two cases here. The concerned transmission dynamics of various
compartments has been shown. We see the crossover behaviors in each compartments due to piecewise
version of derivatives near the point f; < 100. The declines in susceptible class, exposed classes and
the concerned changes in other compartments A, AC, C can be observed easily.
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Figure 11. Graphical presentations of approximate solutions of S for the proposed model using given
fractional orders.
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Figure 12. Graphical presentations of approximate solutions of E for the proposed model using given
fractional orders.
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Figure 13. Graphical presentations of approximate solutions of A for the proposed model using given
fractional orders.
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Figure 14. Graphical presentations of approximate solutions of Ac for the proposed model using given
fractional orders.
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Figure 15. Graphical presentations of approximate solutions of chronic infected individuals for the
proposed model using given fractional orders.

7. Conclusion

We have studied a dynamics system of a Hepatitis B virus (HBV) with the class of asymptomatic
carriers with some new perspectives of fractional calculus. We have used piecewise derivatives of
fractional orders with non-local kernel as well as singular kernel. We have established some appropriate
conditions for the existence of such models using the tools of nonlinear analysis. In addition, for
numerical illustration, we have used Adam Bashforth numerical method. Using the real values of
parameters already reported the concerned results have been presented graphically under various
fractional orders. The model numerical demonstrated the crossover effect in the dynamics using
the time domain for transmission [0, 200] near the point where t; < 100. The mentioned aspects of
fractional calculus has recently recognized a powerful tool to elaborate the sudden or abrupt changes
in the real world phenomenon with more brilliant ways. In the future, we will use this methodologies
in other complex dynamical models of other diseases.

Age-specific data reveals that acute HBV infection is typically asymptomatic in infants, young
children (under the age of 10), and immunocompromised adults. Symptomatic cases are more common
among adults and older children, accounting for approximately 30 to 50% of infections. Although
research suggests that individuals infected with HBV without symptoms can still transmit the virus
and may face the risk of liver damage or even death, particularly if they remain asymptomatic for over
six months
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