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Abstract: We give a short proof of the well-known Knuth’s old sum and provide some generalizations.
Our approach utilizes the binomial theorem and integration formulas derived using the Beta function.
Several new polynomial identities and combinatorial identities are derived.
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1. Introduction

There appears to be a renewed interest [1,2,4,6,8] in the famous Knuth’s old sum (also known as
the Reed Dawson identity),

i<—1>"<2)2k<2kk>: 2 i) e (L)

k=0 0, if n is odd.

Many different proofs of this identity and various generalizations exist in the literature (see [5] for a
survey).
In this paper we give a very short proof of (1.1) and offer the following generalization:

£ ()

k=0
[m/2]
) (ﬂ)zinizk((ziﬁ_—xm)/ if n is even; (1.2)
k=0
(/2] m —n—2k+1; 2k+n-—1 . .
kg (2k—1)2 ((zk+n_1)/2), if n is odd;

where m and n are non-negative integers and, as usual, | z] is the greatest integer less than or equal to
z while [z] is the smallest integer greater than or equal to z.
The following special cases of (1.2) were also reported in Riordan [7, p.72, Problem 4(b)]:

iéj (znk) 7 <2kk) - (2: ) (1.3)
Bl @)1 ()il e

Identity (1.3) corresponds to setting n = 0 in (1.2) and re-labeling m as n; while (1.4) follows from
setting n = 1in (1.2).

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202411.1249.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 November 2024 d0i:10.20944/preprints202411.1249.v1

2 of 10

Identity (1.2) is itself a particular case of a more general identity, stated in Theorem 2, which has
many interesting consequences, including another generalization of Knuth’s old sum, namely,

-1

5 (1) (i )(kﬂ)‘l [T s even
=0 ¢ (@k+v)/2) \v/2 0, if nis odd;

for a real number v, as well as simple, apparently new combinatorial identities such as

[n/2] n 1
2 <2k _ 1) 2n—2k Ck = E Cn+2 - Cn+l}
k=1

where, here and throughout this paper,
2j
_ G
R
defined for every non-negative integer j, is a Catalan number.

Based on the binomial theorem, we will derive, in Section 5, some presumably new polynomial
identities, including the following:

ké (—1)"k (Z)zk <2kk> (1—x)"k = L:_X/ZJ <an> 52k (2kk) 2k 13

Identity (1.5) subsumes Knuth’s old sum (1.1) (at x = 0), as well as (1.3) (at x = 1).
Finally, in Section 6, the polynomial identities will facilitate the derivation of apparently new
combinatorial identities such as

[n/2] n 1 on—1 [n/2] n 1
D (2k>2k+1:2n—1 L <2k—1>k’ n#0,

k=0 k=1
[n/2] n p—n+l
—2k _
k;) (2k)2 Cy = n+2(2n+1)Cn,
and /2]
ok (m\20k+1) . MA
,gf D) (k) Ktz k:ZO ok )

2. Required Identities

In order to give the short proof of Knuth’s old sum, we need a couple of definite integrals which
we establish in Lemma 1.
The binomial coefficients are defined, for non-negative integers m and 1, by

m!
—, m>mn;
(m) = ! nl(m—n)! -
n 0, m < n;
the number of distinct sets of 1 objects that can be chosen from m distinct objects.
Generalized binomial coefficients are defined for complex numbers u and v, excluding the set of

u F(u+1)
(71) - To+DI(u—0v+1) (2.1)

negative integers, by
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where I'(z) is the Gamma function defined by

I(z) = /OOO et dt = /ODO (log(1/t))* 'dt

and extended to the rest of the complex plain, excluding the non-positive integers, by analytic continu-
ation.

Lemma 1. Let u and v be complex numbers such that &u > —1 and Rv > —1. Let m be a non-negative
integer. Then

7T 7T
/0 cos"(x/2)dx =27" n(uiz) = /0 sin(x/2) dx, (22)
/n cos x dx — 27" (), if mis even; 23)
0 0, if m is odd;

and, more generally,

t,0) = [eost (B () ae=2n (1) () (M) e

and 1
—m— 21
2707 () (vz;z)((m,:;}%/ ), ifmiseven;

0, if m is odd.

J(m,v) = /O (2.5)

Obviously 1(v, u) = I(u,v), a symmetry property that is not possessed by J(m,v).

cos™ xsin” xdx = {

Proof. Identities (2.4) and (2.5) are immediate consequences of the well-known Beta function inte-
gral ([3] Entry 3.621.5, Page 397):

/2 -1
K(u,v) := /0 cos" xsin® xdx = 274 7¢~1 n<u52> (;;2) <(u 1—/02)/2> , (2.6)

valid for Ru > —1, Rv > —1, with the symmetry property K(u,v) = K(v, u).

Identity (2.4) is obtained via a simple change of the integration variable from x to y in (2.6), with
x=y/2.

To prove (2.5), write

T /2 T
J(m,v) = / cos™ xsin” xdx = / cos™ xsin” x dx + cos™ x sin” x dx.
0 0 n/2

Change the integration variable in the second integral on the right hand side from x to y via x =

y + 1t/2; this gives
J(m,v) = /071/2 cos™ xsin” xdx + (—1)™ /On/z sin™ y cos’ y dy
= K(m,v) + (=1)"K(v, m)
= (14 (=1)")K(m,v);
and hence (2.5).

O
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Remark 1. Since, for a real number u,
1+ (-1)" = 2cos2(ﬂ> + isin(mtu),
2
the J(m,v) stated in (2.5) is a special case of the following more general result:

T
J(u,v) :/ cos” x sin” x dx
0

= (1) (5a) (02") o () s i)

which is valid for u > —1 and Rv > —1.

3. A Short Proof of Knuth’s Old Sum

Theorem 1. If n is a non-negative integer, then

k=0

Proof. Substitute — cos x — 1 for y in the binomial theorem

i (Z)y" = (1+y)",

k=0

to obtain

k=0
Thus

k=0
and hence (1.1) on account of (2.2) and (2.3). O

4. A Generalization of Knuth’s Old Sum

Y (1)k<Z)z—k (Zk") _ {2‘”(n7z>, if n is even;

0, if nis odd.

i (—1)7‘(;) 2k cos?(x/2) = (=1)" cos” x.

f (‘Uk <Z>Zk /OHCOSZk(x/Z)dx =(-1)" /Oncos"xdx,

40f10

2.7)

(3.1)

In this section we extend (1.1) by introducing an arbitrary non-negative integer m and a real

number v.

Theorem 2. If m and n are non-negative integers and v is a real number, then

" e (M ko ( 2k+2m+v k+m+o\ !
§<—1> (k)z <(2k+2m+v)/2)< v/2 )

k=0
Lm/2] e k 2k+n+0) /2y 1
)» (51)2 2k((213+?’)1/2)(((2x+:)/)2) ’

- fm2) e 2%k+n-140)/2

- X (g2 ZkH((zz%Jfl)l/z)(((zﬂn—ﬁ/)z )

k=1

-1

if n is even;

if nis odd.

(4.1)
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In particular,

g ()

k=0
Lm/2) 2k
Z (27"~ Zk(zkﬁn/z) if n is even;
- _(m/ﬂ n—2k+1, 2k+n—1 . .
k§1 (21)2” ((2k+n_1)/2), if n is odd.

Proof. Since "
(14 cosx)™ = 2" cos®™ (g) =) <1;:> cos® x
and . N
sin” x = 27 sin” <§) cos’ (E)'
multiplication of the left hand side of (3.1) by
m+ov 2m+v f EN ) f

27" cos ( 2) sin ( 2)

and the right hand side by

sin xZ( )cos x

gives
Z (_1)k (Z) 2k+m+v C082k+2m+v(x/2) sin”(x/Z)

k=0
m
Z ( ) cos " x sin? x;

so that

Z ( )2k+m+v 2k+2m+v (x/2) sinv(x/Z)

m2) o 2,
=" ¥ (2k> cos® M xsin” x + (—1)" ) <2k 1> cos? 71+ xsin% x,
k=0 k=1 a

from which (4.1) now follows by termwise integration from 0 to 77, according to the parity of n,
using Lemma 1.
O

Corollary 3. If n is a non-negative integer and v is a real number, then

-1
& _ k+v k+0\ " 2-n( M (O e is even;
1 k(”)z k( 2 > ( > — n/2/\ /2 4.2
;( ) k (2k+0v)/2) \ v/2 0, if n is odd; “.2)

Corollary 4. If n is a non-negative integer and v is a real number, then

E@mE ) (@ o
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and

E )@ ey

k=1 (4.4)
1 2n+0+42 \(n+o+1\' [ 2m+v \(n+0)"
2\ (2n+0v+2)/2 v/2 (2n+0)/2)\ v/2 )
Proof. Identity (4.3) is obtained by setting # = 0 in (4.1) and re-labeling m as n while (4.4) is the
evaluation of (4.1) at n = 1 with a re-labeling of m as n. O

Proposition 5. If n is a non-negative integer, then

[n/2] n 1 on+1 on
= - 4.
k; (2k—1>2k+1 n+2 n+1’ (45)
[1n/2] n 1
) <2k _ 1) 2" %G = 5 Cusa = G (4.6)
k=1

Proof. Evaluation of (4.4) at v = 1 gives (4.5) while evaluation at v = 2 yields (4.6). In deriving (4.5),
we used the following relationships between binomial coefficients:

r 22r+1 o\ 1
(1/2) - (r) ’ “7)

<r;2> - 272; ((r —r1)/z> _1' 4.8)
<r+ 1/2) _(2r41)277 (2r>, wo)

r r

r<i> - SC:D; (4.10)

all of which can be derived by using the Gamma function identities:

and

r <u + ;) =2 <25> F(u+1),

r<u + ;) = (—1)" 2> (if‘) _1r(u\/f1),

together with the definition of the generalized binomial coefficients as given in (2.1). O

and

Proposition 6. If m and n are non-negative integers, then

[m/2| " 1 ‘ '
n ok+m Y QP oppagr,  ifniseven;
Y (—DF () = { K0 4.11)
=0 k) k+m+1 [m/2] . o
a - L (or1) apps  if mis odd.
In particular,
iz k+1 0, ifnisodd;
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and
i (D2t [y, ifniseven; 4.13)
k=0 k+2 —-15, ifnisodd. '

Proof. Evaluate (4.1) atv = 1.
O

5. Polynomial Identities

In this section, by employing Lemma 1 we derive new polynomial identities from the binomial
theorem.

Theorem 7. If n is a non-negative integer, v is a real number and x is a complex variable, then
L _ _ 2k +v k+o\ ! _k

—1)nk () K 1—x)"
L (1) (k> @k +0)72)\o2) 7%

k=0
e 26\ ((2k +0)/2\ "
_ —2k n—2k
‘,;0<2k>2 (k)( K ) o

Proof. Consider the following variation on the binomial theorem:

£ o (asnta-art = f (e

k=0 k=0

(5.1)

Write cosy for y, multiply through by sin’y and integrate from 0 to 71 with respect to y, using
Lemmal. O

Corollary 8. If n is a non-negative integer and x is a complex variable, then

! n—k (1 2k n—k _ n/2] (ZT;() n—2k
P () 5o = Lo 52)
" n [n/2] (n
-1 n—k (k) 27k <2(k + 1)) 1— n—k _ (zk) 272k <2k> xn72k. (5‘3)
k; S kr1 )Y k;‘) k+1 k

Proof. Identity (1.5) on page 2 and identities (5.2) and (5.3) correspond to the evaluation of (5.1) at
v =0,v = 1and v = 2, respectively.
In deriving (5.2), we used (4.7)—(4.10) to obtain

2k+1Y 2%+ 2(k+1))2<2k+1>
<k+1/2>—n(k+1)<k+1 ko)
k+1\ 2243 (k1) !
12 )~ n k+1 ’

<2k]:r1> _ ;<Z(kki11)>‘

and
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Theorem 9. if n is a non-negative integer, v is a real number and x is a complex variable, then
1 n —k 2k+'0 k+U -1 k. _n—k
,(;J (k)2 ((2k+v)/2> ( v/2 ) (1=x)x
02 . (5.4)
-y (n )22k(2k) ((Zk—i- v)/Z) (1— )%
= \2k k k
Proof. Write cos y for y in the following variation on the binomial theorem:
= (n k kenk _ v (M) k
Y (F)a-nfasyer= Y (F)ra-xf
k=0 k=0
multiply through by sin” y and integrate from 0 to 7t with respect to y, using Lemma 1. [J
Corollary 10. If n is a non-negative integer and x is a complex variable, then
(1 5k (2K bk _ NS (1) ok (2K 2%
kg)(k>2 (k>(1—x)x _k;] ok )2 ) (1—x)%, (5.5)
- ”) 2k ok _ O () 2%
) ——(1—x)x" =) (1—x)%, (5.6)
k_o(k k+1 =0 2k +1
() ok (2K D) VG a2
k) ~—k vk 2k) H—2k N2k
k§)k+22 (k+1 )(1 x) x k;okﬂz (k)(1 x)%. (5.7)
Proof. Identities (5.5), (5.6) and (5.7) correspond to the evaluation of (5.4) atv =0,v =1land v = 2,
respectively.
O

6. More Combinatorial Identities

Theorem 11. If n is an integer and v is a real number, then

B O (@ () - E G @

=0
n\ o of 2kt (ko) o 2k ((2k+0)/2) !
kg)(k>2 <(2k+v)/2>(v/2) = k;) (2k>2 (k>< . ) : 6.2)

Proof. Evaluate (5.1) at x = —1 and x = 2, respectively. [

and

Remark 2. Setting x = 0 in (5.1) reproduces identity (4.2) while setting x = 1 reproduces (4.3).
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Proposition 12. If n is a non-negative integer, then

ké (_1>k(z>zn2k <2kk> B L:_i? <2k>2 : (zkk)'

2n71 [1n/2] n
2 —1

ngj N
— \ok)2k+1
- 2k+1_, o4
;(_1) (k) k+22 Cr

Proof. Set x = —1 in each of identities (1.5)—(5.3). O

k=1
[n/2]

=)

k=0

—2k
(50)2 %6

Proposition 13. If n is a non-negative integer, then

/2] 2k 2n
2k __ n—n
X ()00 =)

[n/2] (1) on

Yy o2k )
& 2k+1 n+1

2—n+1
n+2

(2n 4+ 1)Cy.

S o2k (2K _
k+1 k

Proof. Set x = 1 in each of identities (1.5)-(5.3). O

Ln/
)
k=0

Proposition 14. If n is a non-negative integer, then

% () () -

[n/2] n 2k
n—4k
L (zk>2 (k )

k=0
%J ( ) on—2k+1 _ p2k+1 ﬁfW ( n ) 92k—1
= 2k +1 & \2%k-1) "k 7
2k+1 ) ki1 A
,(;)(k) *r22 &= k; n)? Gk

Proof. Set x = 2 in each of identities (1.5)—(5.3).
O

Theorem 15. if n is a non-negative integer and v is a real number, then

ké (—1* (Z) ((2131:2;]/2) (ka/r20> h

Proof. Setx = —1in (5.4). O

[n/2]

—Z

1
2k—1>k’ n#0,

doi:10.20944/,

G
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6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

6.9)

(6.10)

(6.11)


https://doi.org/10.20944/preprints202411.1249.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 November 2024 d0i:10.20944/preprints202411.1249.v1

10 of 10

Proposition 16. If n is a non-negative integer, then

2k> Rzl <n> (n — k>
= , (6.12)
( k k; K)\ k

k=0
n vk n 22k _ [1n/2] n 22k
k;( 1) <k>k+1_ ,§O %) 2%k 1’ (6.13)
n n/2|
k(1) 2(2k+1) 7L n
k;)( 1) (k)k+2 Cr = k;) ok Cy. (6.14)

Proof. Set x = —1 in each of identities (5.5)—(5.7) or what is the same thing, v =0,v = land v = 2
in (6.11).
O
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