Pre prints.org

Article Not peer-reviewed version

Structural Change-Point Detection
for Time Series via Support Vector
Regression and Self-
Normalization Method

Zhanshou CHEN "~ and Nini Mrs. XIE
Posted Date: 11 April 2023
doi: 10.20944/preprints202304.0217v1

Keywords: SVR-ARMA model; Change-point; Self-normalization test; Structural change-point

E E Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/2625263

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 April 2023 doi:10.20944/preprints202304.0217.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Structural Change-Point Detection for Time
Series via Support Vector Regression and
Self-Normalization Method

XIE Nini ! and CHEN Zhanshou,!?

! School of Mathematics and Statistics, Qinghai Normal University, Xining, Qinghai 810008, China
2 Academy of Plateau Science and Sustainability, Xining, Qinghai 810008, China

Emails: 1908542432@qq.com; chenzhanshou@126.com.
* Correspondence: Email: chenzhanshou@126.com

Abstract: This study considers the change-point test problem for time series based on the self-normalization
ratio statistic test, which is constructed using residuals obtained from a support vector regression (SVR)-
autoregressive moving average (ARMA) model. Under the null hypothesis, the series is a stationary process,
and our test statistic converges to a non-degenerate distribution. Under the alternative hypothesis, there are
change-points in the time series, and the self-normalization test statistic diverges to infinity. The simulations
show that our proposed new test has better finite sample performance than other SVR-based tests in the
literature. Finally, we illustrate its usefulness by analyzing two actual data sets.

Keywords: SVR-ARMA model; Change-point; Self-normalization test; Structural change-point

1. Introduction

Change-point theory is a classical branch of statistics. In a series or process, when a statistical
characteristic changes at a point in time due to systematic factors instead of chance, we define that
point in time as a change-point. The generation mechanism of many actual observations can be
altered by many factors such as unexpected events, which may change the statistical characteristics
of one’s observed time series, i.e., containing change-points. Examining these change-points can
prevent some potential risks and provide a reference basis for decision-making, which makes change-
point testing an active research topic in many disciplines such as statistics and econometrics.

In general, the problem of testing parameter changes in time series models is usually called the
time series structural change-point test. Since its introduction by Page'? the problem of the time
series structural change-point test has attracted the attention of scholars in different fields and has
been one of the important research areas in statistics. With further development, the time series
structural change-point test is now widely used in different research fields. For example, the
structural change-point test on epidemiological time series data’ can find the moment of change in
the transmission rate of infectious diseases during their transmission process, which is important for
determining reasonable treatment and control measures. The structural change-point test on
economic and financial time series data can find the existence of a subprime mortgage crisis* and
provide feasible suggestions for macroeconomic control to stabilize the market in advance. The
structural change-point test on meteorological time series data can find the existence of a subprime
mortgage crisis®. Therefore, the study of the time series structural change-point test problem has
important theoretical significance and practical significance.

In the study of the time series structural change-point test, the traditional method of time series
structural change-point test®” must usually provide a consistent estimate of the long-term variance,
which is used to derive the limiting distribution of the statistic. However, estimating the long-term
variance involves selecting redundant parameters such as the bandwidth parameter. The selection of
parameters strongly affects the test effect. With the advent of the era of big data, the observed and
recorded data of people continue to increase and provide a rich data source for the time series
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structural change-point test in terms of statistical analysis. However, the data structure becomes
increasingly complex and may contain more diverse types of change points, which introduces higher
requirements for the change-point test method??2. Meanwhile, the support vector regression (SVR)»%
and self-normalization test method* can effectively avoid these problems.

In the study of time series change-point tests, the construction of the test statistic is important,
and the commonly used test statistic usually carries an unknown long-term variance, which is more
difficult to consistently estimate. Self-normalization is a method to turn the statistical inference
problem of time series or test statistic into a pivotal quantity, where the basic idea is to use
inconsistent variance estimators to absorb unknown serial correlations in the data. Self-normalization
has become an important method to study the change-point test because it can avoid estimating the
long-term variance. Meanwhile, the accuracy of model fitting has an important impact on improving
the efficacy of the test statistic. Compared with traditional model-fitting methods, the SVR method
has often been used to fit various types of time series models in recent years because it has many
advantages such as the wide range of applicable models and few tuning parameters. Another
important step in constructing the self-normalization test statistic is the accurate estimation of the
residuals. The residuals originate from prediction errors, which makes it particularly important to
correctly predict the time series. Some nonparametric forecasting methods such as SVR have a greater
advantage when the time series has significant nonlinear characteristics. Because SVR has flexible
use, excellent prediction accuracy, and few required tuning parameters, it can obtain a more accurate
prediction error, which leads to accurate residual estimates. Thus, this paper investigates the problem
of testing the structural change points of autoregressive moving average (ARMA) time series models
based on SVR and self-normalization methods.

The remainder of the article is organized as follows. Section 2 introduces the model and
hypothesis testing, presents our test statistics, and investigates their asymptotic properties. Section 3
presents simulation experiments and results. Section 4 introduces the example analysis. Section 5
concludes the paper and summarizes the entire paper.

2. Model and Hypothesis Testing

To implement the self-normalization test in a time series model, we considered the self-
normalization test for the ARMA(p, q) model. To implement a change-point test, we constructed the

self-normalization test using only the observations y, and residuals £ in ARMA models. Let us

consider the stationary ARMA (p, q) model:
P q
Vi = Z(Q _yt—i)+€t +Z(0j _81—1')
i=1 =
where @,i=1---,p; Hj, j=1,---,q are real numbers, and & are independent identical-

distribution-mean zero random variables with covariance 0~ >0.
Here, our objective is to test whether the conditional mean of y, over past information
p q
Z (¢1 — Vi ) +Z (9 & ) or the variance of the error terms &, experiences a change point over
i=1 j=1

time 7. Since a change occurs if the parameter vector = (¢1 v 9,,6,,0,,0 : )T changes, given

observations y,,*:-,,, we set up the null hypothesis and alternative hypothesis as follows:
H,:¥=60,t=1,---,n,

d=9,t=12,,[nr],7€(0,1)

V=0,0 #0,,t= [m’]+1,~~,n

1
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Under the alternative hypothesis, we consider the situation in which =1}, fort= [nr ]
for some T€ (O,I)and U=1¢ with & #0, for t=[n2’]+l,~--,n

To test the above hypothesis, we recursively obtain the estimated value of residual
ét:yt Z(¢ Y l)+€ +Z(9 —&,_ J) with y, =€ =0 forallf <0, where ¢31 and éj are
consistent estimators of ¢ and ‘9; . We can obtain a consistent estimate to Gaussian quasi-

maximum likelihood estimates in Francq and Zakoan (2004).
Then, to test for a parameter change in ¢}, we constructed the self-normalization® test as

follows. Let us denote
t

£, = Z )= (&,-€,,) for t=j, k1< j<k<n.For 1<k<n,
k+] 1< /ey
we define
Jnlg -
Gn(k): ‘ 1k k+1,n ;
{ZS (Lk)+ Z S? (k+1 n)}
t=k+1
and T)= sup G, (k ), where 0<7, <7, <l.Here, 7, and 7, correspond to the trimming

kellein bz ]

proportions from the left and right of the sample, respectively. Trimming is quite common in the
literature on change point detection. Our test statistic resembles the sup-Wald type test statistic,
which is commonly used in testing for a change point. However, we use an inconsistent
normalization in the denominator to avoid consistently estimating the variance of the normalized
sample mean, which is usually involved in the sup-Wald type test in the time series setting and
requires a choice of tuning parameters. The self-normalization idea was used by Lobato(2001) and
Shao(2010) for inference problems related to weakly dependent time series. To the best of our
knowledge, its use for the inference of structural change-point detection for time series is new.

To test the above null and alternative hypotheses, we apply the following two tests proposed by

s S max .. .
Lee 2, we use TnY and Tn to express Lee's statistics, which are as follows:

20,80 530, + D)5 -8

Isksn nfln =1 =1

2

7" =

n

2n

n

™ =max max{

A 1 a A2
é £, — é £, E —
= et 317,42 X088 L D

=1 nT2n

I | =

A2
£},  where
=1

1 1< I <

) AN A2 A2 A4 A2

Tl,n :_Z(yt _gt) ¢, Tz,n :;Zgz _(_th
t=1 t=1 t=1

Wereject H,, if G,(k)>32.81446 atthe nominal 0.05 level. The critical values of these two

tests are obtained though Monte Carlo simulations using two-dimensional standard Brownian
motion.
3. Asymptotic Property

In this section, we discuss the asymptotic properties of the above statistics. In order to derive the

asymptotic distribution of statistic 7, (T ) , we begin with the following assumption and related

lemmas. Here, we verified that under regularity conditions, én (k) behaves asymptotically the


https://doi.org/10.20944/preprints202304.0217.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 April 2023

4

same as Gn (k ) under H o as n tends to oo,and thus, the limiting null distribution of én (k ) is
the same as sup

By (s)
0<s<1

converges to the supremum of a Brownian bridge in distribution due to Donsker’s invariance

, where B, denotes a Brownian bridge on the unit interval because G, (k )

principle.

Given an interval v = [TI,TZ] , Riemann Integrals of the test statistic G, (T ) are defined as
5}

follow: J, (T) = j G, (T)dZ' . When the value of J, (T ) greater than the critical value. We reject
a

the null hypothesis H,and consider that there are change points in the sequence {y,}. When

reln,n],0<n<n <1,
W(rr,n)=B(r)=B(1r)=B(r)=B(r)(r=r)/(rn-n).

The following theorem illustrates the asymptotic zero distribution of test statistics.
Theorem 2.1 Under the null assumption of parameters ¥% no change, when n —> oo, the limit distribution
of statistics is

pem [ O o) @
T [ ar

Proof Under the null assumption of parameters ¢} no change, we write k = [nT ], Jj= [nt ], we

drt

consider ¥}# 0 .The statistics will converge to the degenerate distribution, which is not listed here
for simplicity.
When under the null hypothesis H:8#=1}), the following formula can be obtained by

applying the continuous mapping theorem:

Jlnt]/ (n—[nz]) Z (n"? Z (Y —9))

Gn (T) — j=[nt]+1 i=[nt]

2 [n7]

n & 1/2 2
2073 (- 9)

[nT]2 i=l

Je =0 [ w,()~W, (1) di
= T

7 jo W2 () dt

Therefore, theorem 1 established by us is true.
Theorem 2.2 Under the alternative assumption H, and that the change point position is constant, when
n — oo,
J,(r)=0 (n2 ) .

n

Proof Under the alternative assumption /1 1, welet k= [nT ] and A, # 0 is fixed constant, we have

(K _Aa)+(n_j+1)Aaa

1

J
Sj: KZZ(Y;_ﬁ)aSn_jH:ZY[:
=1 i ;

J J J
i=1 i=1 i=1
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I‘Yl[nr n‘r]+1
[r7]
{ S,Z( nT]) Z S; ([n’[]+1,n)}

t=1 t=[n7]+1

=I1,+1,+1,,

I |~

t=[nr]+1\ i
n? [nr]( " Jz ’
2 Z i
nT] j=1 \ ig[n7]

Wecanget [, =0, (1) from the above theorem 2.1.

S/ (n=[na])) 32 [z (Yi—mf

I, =

oA Nn[ne] [ n=[nr]) Y (T [”T]“( )3 (1,-A,))
I, = n’ [I[T’;‘l]-]+EnT] el
7] Z(Y )’

[
_ o= -0 (r (”””o(nij
(1)d

T
2| Wit

0

1 1
O(an—)oo ]2:017(”2}
Due to , that is .

(n—[nz])(n—[nt]+1)(2n-2[nr]+1)

nzAi\/[nT] /(n— [nr]) 3
13 = [n7 [n] .

Z( _I/ZZ(Y )
O(nz)

A Jri(1-7)(1-
_ AT (1-7)( T)
3fzj W' (t)dt

Due toO(nz) _>°o, tha’cis[3 :Op (nz)

4. Simulation

In this section, we investigate the finite sample performance of the self-normalization test in
testing the structural change points of the time series. Based on the described data generation process,
data with sample sizes of 200 and 500 were generated. All results were reported based on 1000
replicate experiments. The level of each simulation test was 0.05. The empirical size and empirical
power were calculated as the frequency of rejection of the no-change null hypothesis over 1000
replications. Under the alternative hypothesis, it is assumed that the change point occurs in the
middle of the test sample. For SVR, we used the R package “e1071.” The simulation process is as
follows.

Step 1. Generate a time series of length n with the ARMA(1,1) model.

Step 2. Estimate the model parameters of the SVR-ARMA model from a training time series
sample, where an AR model is used to fit the data. Perform SVR on the first k data and the last n-k
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data. Establish ARMA models for the first k data and the last n-k data. Use the established models to
predict the last n-k data and the first k data, and conduct cross-validation to obtain the residual.
Step 3. Conduct the self-regularization test to calculate the critical value and evaluate the size
and power. To compute the size, generate a time series with no changes. To examine the power,
generate a time series with a change point in the middle of the sequence.
Step 4. Iteratively repeat the above steps 1000 times and subsequently compute the empirical
sizes and powers.

(1) Linear AR and ARMA Model

The following section outlines the theory of the SVR-ARMA model-based prediction methods
and how to determine an optimal SVR-ARMA model and its methodology. For a given sample of
training time series, we obtained the residuals of the best SVR-ARMA model by dividing it into two
subsequences. A long AR model was fitted to the first subsequence to obtain the initial values of the
residuals, which were used as error terms in the SVR-ARMA(p , q) model and recursively updated
until the obtained residuals converged to a limit. Then, for each estimated SVR-ARMA (p, q) model,
we calculated the root mean square error based on the second subsequence and selected the optimal
order of the ARMA model based on the principle of minimum RMSE. The determined SVR-ARMA (p,
q) model was applied to obtain the prediction errors or residuals and construct the self-normalization

test. We discussed the finite sample performance of test statistics G, (k ) . We used the following

data-generation process:
Model 1:

yz :(¢Xyz—1)+8t9
Model 2:

yt :(¢Xyz—1)+8t +(9X8t—1)’

where € ~ N (0, o’ ) ; ¥, is an SVR-ARMA(p , q) process with parameter ¢} being 0.5, 0.7, or 2.

It can be generated using the function “arima.sim” in the R package “arima.sim.” For simplicity, we
fixed (TpTz) = (0. 15, 0.85) . We focused on the influence of the change in 9, i.e., ¢,6and O, on

the empirical power. Under the null hypothesis, the parameters were set as follows:
()$p=0.3,0" =1
(i)p=03,0=0,0" =1

Table 1. Empirical sizes and powers for AR(1) model with ¢ =0.3,0 > =1 under the null and each

alternatives.
, n=200,u=2 n=500,u=2
=0.3,0" =1 s A s 2 max
’ 7 7 G() T 7 G, (k)
size 0.059 0.023 0.060 0.085 0.056 0.061
9=0.5 0.523 0.484 0.637 0.554 0.547 0.811
0=0.7 0.539 0.511 0.728 0.596 0.570 0.881
o’=2 0.839 0.641 0.624 0.997 0.988 0.787

Table 1 shows the empirical sizes and empirical power of the AR(1) model in different cases. The
test statistic can well control the empirical size for different parameter values, and almost no
empirical size distortion occurs. For example, at n = 200 and ¢ = 0.5, the empirical power of the SVR-

based self-normalization test statistic is 0.637, while the empirical powers of fnls and f;max are 0.523

and 0.484, respectively. From Table 1, the self-normalization test has better empirical powers than
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fnls and fnmax in most cases. This result proves the effectiveness of our proposed SVR-based self-

normalization test in approximating the critical values of the statistics.

Table 2 shows the empirical size and power of the ARMA(1, 1) model in different cases. The test
statistic usually well controls the empirical size for different parameters, which proves the
effectiveness of the proposed self-normalization test method based on SVR in approximating the
critical value of the statistic. For example, at n =200, ¢ =0.3, 0 = 0.7, and o = 1, the empirical power

of the SVR-based self-normalization test statistic is 0.636, while the empirical powers of fnls and
fnmax are 0.620 and 0.472, respectively. When the sample size increases the empirical powers of the
statistics become better and closer to 1, which proves that the proposed self-normalization test

method based on SVR outperforms Tnls and T™ in most cases.

Table 2. Empirical sizes and powers for the ARMA(1) model with ¢ =0.3,0=03,0 > =1 under

the null and each alternatives.

, n=200,u= n=500,u=
=0.3,0=03,0" =1 e Ao s Ao
¢ 7 G, (k) 7 ™ G, (k)
size 0.062 0.025 0.061 0.086 0.053 0.054
¢ =0.5 0.426 0.303 0.496 0.874 0.801 0.899
¢ =0.7 0.642 0.524 0.688 0.947 0.921 0.952
8=0.7 0.620 0.472 0.636 0.966 0.935 0.970
ol=2 0.835 0.651 0.643 0.999 0.993 0.724

Table 3 summarizes the empirical size and empirical powers of the ARMA(1 , 1) model for
different cases. The test statistic usually well controls the empirical size for different parameter
values, which proves the effectiveness of the proposed self-normalization test method based on SVR
in approximating the critical value of the statistic. For example, when n =500, ¢ =0.7, 0 = 0.3, and p
=2, the empirical power of the SVR-based self-normalization test statistic is 0.884, while the empirical

powers of fnls and fnmax are 0.838 and 0.775, respectively. Thus, the proposed SVR-based self-

. . s ~max . . .
normalization test method outperforms 7" and 7™ in most cases and is effective.

Table 3. Empirical sizes and powers for the ARMA(1, 1) model with $ =0.3,0=0.3,0=1, mu=2
under the alternatives, including the null hypothesis.

n=200,u=2 n=500,1=2
$=0.3,0=03,0" =1 A A . .

L L™ G(k) 17 I™ Gk
size 0.062 0.025 0.061 0.086 0.053 0.054
9=0.5 0.540 0.392 0.793 0.857 0.777 0.985
¢0=0.7 0.489 0.346 0.574 0.838 0.775 0.884
6=0.7 0.673 0.545 0.825 0.974 0.940 0.989
o’=2 0.899 0.701 0.724 1.000 0.994 0.963

Table 4. Empirical potential of the ARMA(1, 1) model withn =200, $=0.3,0=0.3,0=1, and mu =2
at different change point locations under the alternatives, including the null hypothesis.
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0.25 0.75
$=0.3,0=03,0" =1 . . . .

nls Yllmax Gn ( k) Trvlls 7—:1max G” ( k)
=05 0.554 0.513 0.672 0.712 0.604 0.725
0=0.7 0.643 0.621 0.769 0.695 0.589 0.712
6=0.7 0.610 0.644 0.719 0.811 0.706 0.883
ol=2 0.535 0.504 0.594 0.960 0.841 0.982

Table 5. Empirical potential of the ARMA(1, 1) model with n =500, $=0.3,0=0.3, 0 =1, and mu =2
at different change point locations under the alternatives, including the null hypothesis.

} 0.25 0.75
=0.3 0=0.3 (o2 =1 s A max -y A max
$=03,6=05, ™ Gk T ™ G,(k)
$=0.5 0689 0691  0.719 0.925 0870 0927
¢=0.7 0737 0741  0.753 0.801 0840  0.865
0=0.7 0846 0725  0.939 0.949 0952  0.949
ol =2 0754 0740  0.894 1.000 0999 0948

Tables 4 and 5 summarize the empirical sizes and empirical powers of the SVR-based self-
normalization test statistic for different scenarios with different parameter values at different change
point locations. The changes in parameters, sample size, and location of the change points
significantly impact the empirical powers of the statistic. The SVR-based self-normalization test

statistic has better empirical powers than Tnls and 7™ under different conditions. The empirical

power increases with the sample size, e.g., at n =500, ¢ = 0.5, 06 =0.3, 0 =1, and p =2, the empirical
powers of the SVR-based self-normalization test statistic are 0.719, 0.985, and 0.927, while the

empirical powers of fnls are 0.689, 0.857, and 0.925, and those of fnmax are 0.691, 0.777, and 0.870,

respectively. Thus, the test powers of this chapter are higher under the alternative hypothesis in most
cases. The empirical powers of the SVR-based self-normalization test are higher in the middle
position than at the two end positions, which indicates that it will be easier to detect when a change
point appears in the middle of the sample. This result confirms our assumption that the change point
relatively occurs in the middle position.

5. Empirical Illustration

The first data set used in this section of the empirical analysis study is the annual Nile flow data
from 1871 to 1970. Using the proposed self-normalization test method based on SVR, the
corresponding critical value is 32.81446, and the self-normalization test statistic value is 315.5232. The
statistic value is greater than the critical value, which indicates that there are change points in the
time series. In Figure 1, the red vertical line indicates the self-normalization test method, and the
green vertical line indicates the method in the literature. Figure 1 shows that the SVR-based self-
normalization test method proposed in this paper is consistent with the results of existing literature
on this data variation point test.
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Figure 1. Annual volume of discharge from the Nile River at Aswan from 1871 to 1970.

The second data set used for the example analysis in this section is the Nikkei225 index data
from January 1, 2000, to December 1, 2021. The calculated critical value is 32.81446, while the self-
normalization test statistic value is 70.25469. Since the statistic value is greater than the critical value,
it is considered that there are change points in the time series. In Figure 2, the red vertical line
indicates the change points detected by the self-normalization test method, and the green vertical line
is the change points detected by the method in the literature. We find that the change points detected
by the two methods are very close to each other, which indicates the effectiveness of the proposed
method.
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Figure 2. Monthly log return data of 100 times Nikkei225 index from Jan. 1, 2000, to Dec. 1, 2021.

6. Conclusions

The problem of testing structural change points of time series has been an active topic in various
research fields. In this paper, the structural change points of ARMA time series models are tested
based on the self-normalization test statistic and SVR method. The validity of the proposed method
on limited samples has been verified through theoretical analysis, numerical simulation experiments,
and empirical analysis. The limiting distribution of the test statistic under the original hypothesis was
derived, and its consistency under the alternative hypothesis was demonstrated. The simulation
results illustrate that the SVR-based self-normalization test can control the empirical size better and
achieve a good empirical power, and the SVR-based self-normalization test method is effective.
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