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Abstract

We will present numerical methods for solving initial value problems using an indefinite integral
approach. This new method allows controlling the order of approximation as well as the number of
discretization steps. The methods allow an a priori estimation of the approximation error, so that an
optimized solution may be accessible. The approach is based on representing indefinite integrals using
discretization over conformal mappings or orthogonal polynomial roots. Using these discretizations,
matrices for implicit Runge-Kutta procedures are created using collocation methods.
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1. Introduction
Differential equations are well-known among scientists as useful tools for scientific modeling. In

this introductory discussion, we do not want to rehash what has already been said in numerous books
and articles; see e.g. [1] and references therein, but rather to present widely recognized ideas in the
terminology that will be used throughout the rest of this article.

Let us consider a system of ordinary differential equation (ODE) which can be stated in a compact
form in the following form:

y′ =
dy(t)

dt
= f (t, y, λ), (1)

i.e. y : R → Rn where n is the dimension of the solution space. The dash in (1) represents differentiation
with respect to the independent variable, say t, which commonly represents time in dynamical systems.
The dependent variables y are known as state variables, whereas λ is a collection of parameters
represented as a vector. When addressing the components of a vector differential equation, we use the
term “system of differential equations” to refer to equation (1).

Using a differential equation to represent the development of a state vector y in a physical process
poses the challenge of predicting future values of y based on the starting or initial value of y. The
mathematical model is represented by a set of equations. Using a system of differential equations to
represent the evolution of a state vector in a physical process presents the difficulty of forecasting
future values based on the initial value y(t0) = y0. This system of equations in connection with (1)
serves as the representation for the mathematical model in the initial state.

Every system of ordinary differential equations (1) is equivalent to a single differential equation
including a higher derivative. The inverse of this assertion is true for higher-order differential equations,
which can be solved to the highest order. As a result, we shall confine our discussion to systems of
ordinary differential equations in the form (1).

For the system of first-order ordinary differential equations (1), we will provide numerical
solution approaches based on implicit Runge-Kutta (RK) procedures. These approaches are primarily
dependent on the presence of discrete representations of indefinite integrals J +. In other words, we
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shall demonstrate a significant numerical application of indefinite integrals to implicit Runge-Kutta
techniques. We shall demonstrate that the discrete formulation of indefinite integrals leads directly to
the numerical integration of initial value problems.

In this regard, there is nothing new; because indefinite integrals may be utilized to solve initial
value problems via direct integration. What is new is that the Runge-Kutta techniques can now
include the discretization of indefinite integrals in different forms. This generalizes to a large variety
of indefinite integral representations using Sinc techniques or orthogonal polynomial (OP) roots [2,3].
We’ll utilize both Sinc and root based approaches.

The generalization stems from the finding that indefinite integration is the ancestor of the Runge-
Kutta technique. We employ Sinc, Sinc-Exp, Lagrange and generalized Lagrangian interpolation
for indefinite integration, which in this particular instance uses either Sinc functions or orthogonal
polynomials as basis, respectively [3,4].

Runge and Kutta [5,6] developed a numerical solution process that allows for both explicit and
implicit representations of calculation formulae. The explicit Runge-Kutta technique is simple to use,
but the implicit Runge-Kutta approach needs a simultaneous system of equations to be solved at each
step. Except for f being linear in y, they are nonlinear equations. For the first approach to discuss the
relations, we use a scalar ODE to clearly demonstrate the links. Here, we will look at scalar initial
value problems of the type

y′(t) = f (t, y(t), λ), with y(t0) = y0, (2)

where y′(t) = dy/dt. Furthermore, we assume that they are non-stiff or stiff ODEs. In the context of
stiff ODEs, Hairer and Wanner‘s work [8] has to be noted. Nonetheless, it will become clear that our
method, which is based on the definition of indefinite integrals, can handle both stiff and non-stiff
ODEs. The method is not new in and of itself; it dates back to the 1960s of the previous century. The
Runge-Kutta technique can be reduced to indefinite integrals in a collocation process, as Guillou and
Soulé discussed in a 1969 paper [9]. Wright’s publication [10] contained additional verification of this.
This approach provides an estimate for both explicit and implicit Runge-Kutta methods presentations.

Some kinds of ordinary differential equations can be easily solved numerically using the Runge-
Kutta technique. However, deriving high-order Runge-Kutta techniques can be a challenging under-
taking. This is due to a variety of factors. Identifying the so-called order criteria is the first problem [1].
To make the error in the process of order for some digits, these nonlinear equations need to be met.
Solving these equations is the second obstacle. In addition to being nonlinear, several heuristics and
simplifying assumptions are typically used, and there is typically no unique solution. The problem of
combinatorial explosion is another. To give an idea on the related problems, a twelfth-order approach
has 7813 order criteria exploding the efficiency [1]. To avoid all these mentioned obstacles we take
here the route via indefinite integration.

The article is structured as follows: Section 2 discusses the key features of indefinite integrals and
Runge-Kutta techniques. Section 3 describes three methods for approximating indefinite integrals.
Section 4 applies the methods described in Section 3 to implicit Runge-Kutta procedures. Section
5 discussed the stability problem of the implicit Runge-Kutta method. Section 6 uses examples to
show the solution of stiff and non-stiff initial value problems. Section 7 summarizes the findings and
addresses unresolved questions.

2. Methods
This section covers the principles of the implicit Runge-Kutta technique. The principles of

indefinite integrals provide an important foundation for explaining the numerical technique, which is
based on the collocation of a Volterra integral equation.
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2.1. Indefinite Integrals

This section covers the numerical computation of indefinite integrals (J ± f ) for a function
f : (a, b) → R. We use the notation J ± for the generic operators defined by the two following
relations:

(
J + f

)
(x) =

∫ x

a
f (t) dt, (3)

and

(
J − f

)
(x) =

∫ b

x
f (t)dt. (4)

The two operators are linear i.e.

J ±(c1 f + c2g) = c1J ±( f ) + c2J ±(g). (5)

Inspection provides the proof. Another characteristic of (J ± f ) is that the two operators are
bounded [4]. In the following, we will investigate how the indefinite integral operators J ± may be
represented by Sinc, Sinc-Gaussian, or Poly-Sinc methods, respectively. However, let us first discus the
connection between indefinite integrals and Runge-Kutta methods.

2.2. Runge-Kutta Method

We start with the initial value problem (2) and represent it as an integral equation

y(t) = y(t0) +
∫ t

t0

f (τ, y(τ), λ)dτ. (6)

To obtain a numerically approximate solution to this problem, we will choose a sequence of values
t0 = 0, t1, . . . , tn, . . . and we will define, step by step, approximations (with vector coefficients) z0(t),...,
zn(t),... which will respectively approximate y(t) on the successive intervals (t0, t1), . . ., (tn, tn+1), . . ..
Here the zn(t) satisfies the following conditions:

1. zn(tn) = zn−1(tn), z0(0) = y0,
2. dzn(ti)

/
dt = f (ti, zn(ti), λ) with ti = tn + (tn+1 − tn)τi and i = 1, . . .s.

Next we replace the right hand side of (2) by the derivative in (6) and write

y(t) = y(tn) +
∫ t

tn
y′(τ)dτ. (7)

Using a specific basis Bi(t) the derivative of y can be represented as an approximation in an
Hilbert space as

y′ =
s

∑
i=1

kiBi(t), (8)

using an s-order approximation. Contrary to the standard notation, we call the approximation an
s-order approximation to indicate the order of the approximating matrix A+ which becomes clear in
the following. This approximation results to the representation

zn(t) = zn−1(tn) +
∫ t

tn

s

∑
i=1

kiBi(τ)dτ = zn−1(tn) +
s

∑
i=1

ki

∫ t

tn
Bi(τ) dτ, (9)

and subsequently after discretization of t we get

zn
(
tj
)
= zn−1(tn) +

s

∑
i=1

ki

∫ tj

tn
Bi(τ) dτ = zn−1(tn) +

s

∑
i=1

ki A+
i,j. (10)
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Here A+ denotes an s × s matrix of order s. This leads us to the following method: determining
the ki using the system of implicit equations

ki = f

(
t0 + cih, ỹn + h

s

∑
j=1

A+
i,jk j

)
, i = 1, 2, . . . , s, (11)

and the discrete approximation results to

ỹn+1 = ỹn + h
s

∑
i=1

biki, (12)

where ỹn = zn−1(tn) = zn(tn), ỹn+1 = zn(tn+1), and h = tn+1 − tn with n = 0, 1, 2, . . ..
The integration matrix A+and the Runge-Kutta weights bi can be calculated by using integration

as follows if the n discretization points t1, t2, . . . , tn are known, i.e., either the Sinc points or the roots of
classical orthogonal polynomials:

A+
i,j =

∫ ti

0
Bj(τ) dτ, (13)

and

bi =
∫ 1

0
Bi(τ) dτ, with i, j = 1, 2, . . . , s, (14)

with

ci =
s

∑
j=1

A+
i,j, (15)

where Bi(t) are either Sinc, Sinc-Exp functions, elementary Lagrange or elementary generalized
Lagrange interpolation polynomials. Knowing this relations and the connection between discretization
and the used base functions we will denote them as Sinc-RK, Sinc-Exp-RK, L-RK, and gL-RK methods,
respectively. Integration in (13) and (14) is effectively based on Sinc quadrature [3,34]. Knowing
the discretization vector VVV(t) = (t1, t2, . . . , tn), the s × s integration matrix A+, and the Runge-Kutta
weights VVV(b) = (b1, b2, . . . , bs) enables the use of the Butcher tableaux [1], which summarizes the
determining elements of a Runge-Kutta technique:

VVV(t) A+

VVV(b)
. (16)

The tableaux allow us to classify the Runge-Kutta technique as explicit or implicit. If matrix A+ is
completely filled with nonzero elements, it is an implicit method. If matrix A+ can be reduced to a
triangular matrix, an explicit method is provided. In the above mentioned cases, we will always have
to deal with implicit methods in our different approaches since matrix A+ is completely filled. Because
matrix A+ is a s × s matrix, which precisely defines the Runge-Kutta method, we can establish the
method’s order using the dimension s. Contrary to commonly used nomenclature, we refer to s as
the order of A+ rather than the s-stage technique [1,8,11]. If we create A+ with s discrete points VVV(t),
we have an s-order Runge-Kutta method. So we’ll utilize an implicit Runge-Kutta method of order s,
which is derived from either a Sinc, Sinc-Exp, Lagrange, or a generalized Lagrange collocation.

3. Variants of Methods
In this section, we will look at the RK techniques’ discrete representations. The representation

here refers to the discretization points and the precise basis elements used. We start with the Sinc
approach, which takes translated Sinc functions as a base and discretizes over Sinc points. In the
second technique, we utilize orthogonal polynomials as basis functions, with their roots used for
discretization. In the final technique, we employ generalized Lagrange polynomials as a foundation,
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which are based on orthogonal polynomials, and discretize using Sinc points or orthogonal polynomial
roots.

3.1. Sinc Methods

Let us start by providing two definitions that will be incredibly useful throughout the remainder
of this article.

Definition 1 (Basic Definitions.). Let D be a simply-connected domain having boundary ∂D. Let a and b
denote two distinct points of ∂D, and let ϕ denote a conformal map of D onto Dd, where Dd = {w ∈ C :
|Im(w)| ≤ d}, such that ϕ(a) = −∞, and ϕ(b) = ∞. Let ψ = ϕ−1 denote the inverse map, and let Γ be
defined by

Γ = {z ∈ C : z = ψ(u), u ∈ R}. (17)

Given ϕ, ψ and a positive number h, let us set

zk = zk(h) = ψ(kh), k = 0,±1,±2, . . . . (18)

Let us also define ρ by

ρ(z) = eϕ(z). (19)

Let 1 ≤ p ≤ ∞, and let Hp(D) denote the family of all functions F that are analytic in D, such that

Np(F,D) =


(∫

∂D |F(z)|p|dz|
)1/p < ∞ if 1 ≤ p < ∞

sup
z∈D

|F(z)| < ∞ if p = ∞ . (20)

Corresponding to numbers α and β, let LLLα,β(D) denote the family of all functions F ∈ HolHolHol(D) for which
there exists a constant C such that

|F(z)| ≤ C|ρ(z)|α

(1 + |ρ(z)|)α+β
(21)

for all z in D. Finally, let us define LLLα(D) by LLLα(D) = LLLα,α(D).
It is convenient to define yet another important family of functions, MMMα,β(D) with 0 < α ≤ 1, 0 < β ≤ 1,

and 0 < d < π. The family MMMα,β(D) consists of all those functions F ∈ Hol(D) ∩ C
(
D̄
)

such that
G ∈ LLLα,β(D) where

G(z) = F(z)− F(a) + ρ(z)F(b)
1 + ρ(z)

. (22)

Just as for LLLα,β(D) and LLLα(D), we define MMMα(D) by MMMα(D) = MMMα,α(D).

Sinc methods rely on the LLLα(D) and MMMα(D) classes, which are easily recognized in applications.
They also assure the quick convergence of the Sinc approximations presented in the next theorems, as
well as the approximations utilized in subsequent sections and parts of this work (see also [2,3].

The second concept we’ll often employ is a set of basis functions for approximations. The next
step in Sinc approximations is to define a Sinc basis, {wi }, that uniformly approximates the functions
F on the interval (a, b) = Γ. For this reason, we provide the following definition.

Definition 2 (Sinc Basis.). Let the conformal maps ϕ be given. The density ρ is defined as in (19) for single
exponential maps. Let the Sinc function S(k, h) be S(k, h) ◦ (·) = sin(π(· − kh)/h)/(π·) and the Sinc-
Gaussian or Sinc-Exp S(k, h, c) ◦ (·) = S(k, h) ◦ (·) exp

(
−c((· − kh)/h)2) be given as orthogonal basis

functions, then by using
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B(k, h, c) ◦ (x) =

{
S(k, h) ◦ (z) if c = 0

S(k, h, c) ◦ (z) if c ̸= 0
, (23)

we are able to define the set of basis functions as follows

γj(x, c) = B(j, h, c) ◦ ϕ(x), j = −M, . . . , N (24)

wj(x, c) =


1

1+ρ + ∑N
l=−(M−1) ψ(lh,−1, 0)γl(x, c) if j = −M

γj(x, c) if −M + 1 ≤ j ≤ N − 1
ρ

1+ρ − ∑N−1
l=−M ψ(lh, 0, 1)γl(x, c). if j = N

, (25)

where ψ(x, a, b) = ϕ−1 is the inverse conformal map using the interval limits as additional parameters.

The functions wj defined in (25) meet the relation wj(zk) = 1 if j = k, and wj(zk) = 0 if j ̸= k
otherwise. This is nothing more than the interpolation condition. Note the piecewise definition changes
γj only at the endpoints by interpolation to guaranty a nearly homogenous local error.

This notation allows us to define a row vector VVVm(B) of basis functions

VVVm(B) = (w−M, . . . , wN), (26)

with wj defined as in (25). For a given vector VVVm(u) = (u−M, . . . , uN)
T we now introduce the dot

product as an approximation of the function u(z) by

u(z) ≈ Vm(B).Vm(u) =
N

∑
k=−M

ukwk, (27)

which is simply a Sinc or SG interpolation of a known function, u(z) in a single exponential represen-
tation.

Based on this notation, we will introduce in the next few subsections the different integrals we
need [3].

3.1.1. Sinc and Sinc-Exp Approximation of Functions

In our approximations we will use two types of basis function a Sinc based and a Sinc-Gaussian
based approximation. In general a basis function B(k, h, c) is used to represent the approximation of
the function f as follows

Ch,c,M,N [ f ](z) =
N

∑
k=−M

f (zk)B(k, h, c) ◦ ϕ(z), (28)

where the basis functions are classified using the c parameter as

B(k, h, c)(x) =

{
S(k, h) ◦ (z) if c = 0

S(k, h, c) ◦ (z) if c ̸= 0
, (29)

with S(k, h)(z) = sin(π(z/h − k))/(π(z/h − k)) = Sinc(z/h − k) represents the Sinc function and
S(k, h, c)(z) = Sinc(z/h − k) exp

(
−c(z/h − k)2) is the Sinc-Gaussian (S/G). The first type of approxi-

mation results to the representation

Ch,M,N [ f ](z) =
N

∑
k=−M

f (zk)Sinc
(

ϕ(z)
h

− k
)

=
N

∑
k=−M

f (zk)S(k, h) ◦ ϕ(z), (30)
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using the basis set of orthogonal functions

BS = {S(k, h) ◦ ϕ(z)}N
k=−M, (31)

where ϕ(z) is a conformal map. As discussed by Schmeisser and Stenger [12] a Sinc approximation of
a function f can be given in connection with a Gaussian multiplier in the following representation

Ch,c,M,N [ f ](z) =
N

∑
k=−M

f (zk)Sinc
(

ϕ(z)
h

− k
)

exp

(
−c
(

ϕ(z)
h

− k
)2
)

, (32)

with c ∈ R+ a constant and ϕ denoting a conformal map. This type of approximation allows to
represent a function f (z) on an arc Γ with an exponential decaying accuracy [12]. As demonstrated in
[12] the approximation works effective for analytic functions. The definition of the Sinc-Gaussian basis
follows next

BS/G =

{
S(k, h) ◦ ϕ(z) exp

(
−c
(

ϕ(z)− kh
h

)2
)}N

k=−M

= {S(k, h, c) ◦ ϕ(z)}N
k=−M (33)

allowing us to write the approximation in a compact form as

Ch,c,M,N [ f ](z) =
N

∑
k=−M

f (zk)S(k, h, c) ◦ ϕ(z). (34)

Here, zk = ψ(kh) = ϕ−1(kh) are the discrete points based on Sinc points kh. Note that the formulae
also apply when single exponential conformal maps (SE) are replaced with double exponential maps
(DE).

The following theorem states that both Sinc and Sinc-Gaussian approximations provide a bounded
error.

Theorem 1 (Sinc Approximation [13]. ). Let f ∈ LLLα,β(D) for α > 0 and β > 0, take M=[β N/α], where [x]
denotes the greatest integer in x, and then set m = M + N + 1. If f ∈ MMMα,β(D), and if h = (πd/(βN))1/2

then there exists a positive constant K1 and k1 independent of N, such that

∥∥ f (x)− Ch,c,M,N [ f ](x)
∥∥

2 = K1N1/2 exp
(
−k1N1/2

)
, (35)

with wk the base function (see (25)). K1 and k1 are constants independent of N.

The proof of this theorem for the pure Sinc case is presented in [2], whereas [12] examines the
S/G case. The choice h = (πd/(βN))1/2 is near to optimal for an approximation in the space MMMα,β(D),
in the sense that the error bound in Theorem 1 cannot be significantly improved regardless of the basis
[13]. It is also optimum in the sense that the Lebesgue measure achieves an optimal value lower than
the Chebyshev approximations [14].

3.1.2. Sinc Indefinite Integral

This subsection describes how indefinite integrals can be numerically defined [13] and how these
definitions are related to the definition of definite integrals. For collocating an indefinite integral and
for obtaining explicit approximations of the functions (J + f )(x) and (J − f )(x) defined by

(
J + f

)
(x) =

∫ x

a
f (t) dt, with x ∈ (a, b), (36)

and
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(
J − f

)
(x) =

∫ b

x
f (t) dt, with x ∈ (a, b). (37)

We use the following basic relations [13]. Let Z denote the set of all integers, and let C denote the
complex plane. Let Sinc(x) be given by sin(πx)/(πx) and ek be defined by using

σk =
∫ k

0
Sinc(x) dx =

1
π

Si(πk), (38)

with Si(x) the sine integral. This put us into position to write

ek =
1
2
+ σk, k ∈ Z. (39)

If now ϕ denotes a one–to–one transformation of the interval (a, b) onto the real line R, let h
denote a fixed positive number, and let the Sinc points be defined on (a, b) by zk = ϕ−1(kh), k ∈ Z,
where ϕ−1 denotes the inverse function of the conformal map ϕ. Let M and N be positive integers,
set m = M + N + 1, and for a given function f defined on (a, b), define a diagonal matrix D( f ) by
D( f ) = diag[ f (z−M), . . . , f (zN)]. Let I(−1) be a square Töplitz matrix of order m having ei−j, as its
(i, j)th entry, so that (

I(−1)
)

i,j = ei−j, with i, j = −M, . . . , N. (40)

Define square matrices A+
m and A−

m by

A+
m = h I(−1)D(1/ϕ′), (41)

A−
m = h

{
I(−1)

}T
D(1/ϕ′), (42)

where the superscript “T” denotes the transpose. The collocated representation of the indefinite
integrals (36) and (37) are thus given by

(
J +u

)
(x) ≈ J +

m u = VVVm(B)A+
mVVVm(u)

= h VVVm(B)I(−1)D(1/ϕ′)VVVm(u), (43)

and

(
J −u

)
(x) ≈ J −

m u = VVVm(B)A−
mVVVm(u)

= h VVVm(B)
{

I(−1)
}T

D(1/ϕ′)VVVm(u). (44)

These are collocated representations of the indefinite integrals defined in (36) and (37), respectively
[3].

The following theorem then enables us to collocate (linear or non-linear, non-stiff or stiff) initial
value problems over an interval or an arc.

Theorem 2 (Indefinite Integral Approximation [3]. ). Let f ∈ LLLα,β(D) for α > 0 and β > 0, take M=[β

N/α], where [x] denotes the greatest integer in x, and then set m = M + N + 1. If f ∈ MMMα,β(D), and if
h = (πd/(βN))1/2 then there exists a positive constant K1 and k1 independent of N,such that

∥∥J + f −J +
m f
∥∥2 = K1N1/2 exp

(
−k1N1/2

)
, (45)

and
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∥∥J − f −J −
m f
∥∥2 = K1N1/2 exp

(
−k1N1/2

)
. (46)

K1 and k1 are constants independent of N.

Theorem 2 states that in both cases of the operator (J ±) the error decay is the same. In addition
these are collocated representations of the indefinite integrals defined in (36) and (37), respectively.

3.1.3. Sinc-Exp Indefinite Integration

In this section we pose the question how to approximate indefinite integrals on a sub-domain of
R. The approximation will use our basis system introduced in Section 3.1.1. We will introduce in this
section the second version of the basis systems; i.e. a Sinc-Gaussian basis. The Sinc Gaussian basis
includes the Sinc basis by setting c = 0, it turns out that for both basis systems, we are able to get an
approximation converging exponentially. Specifically we are interested in indefinite integrals of the
two types

J +( f ) =
∫ x

−∞
f (t) dt, (47)

and

J −( f ) =
∫ ∞

x
f (t)dt. (48)

If the function f is approximated by one of the approximations given in Section 3.1.1, we write for
J +( f ),

J +( f ) =
∫ x

−∞
f (t) dt ≈ Jh,c,M,N [ f ](x)

=
∫ x

−∞

N

∑
k=−M

f (tk)B(k, h, c) ◦ ϕ(t)dt

=
N

∑
k=−M

f (tk)
∫ x

−∞
B(k, h, c) ◦ ϕ(t)dt (49)

=
N

∑
k=−M

f (tk)


∫ x
−∞ S(k, h) ◦ ϕ(t)dt if c = 0∫ x

−∞ S(k, h) ◦ ϕ(t) exp
(
−c
(

ϕ(t)−kh
h

)2
)

dt if c ̸= 0
.

Scaling the variable ξ = t/h and collocating the expression with respect to x, we end up with the
representation

J +( f ) ≈ h
N

∑
k=−M

f (tk)

{ ∫ x/h
−∞ Sinc(ϕ(ξ)− k)dξ if c = 0∫ x/h

−∞ Sinc(ϕ(ξ)− k) exp
(
−c(ϕ(ξ)− k)2)dξ if c ̸= 0

(50)

The collocation of the variable x delivers an integral Ic
j,k which will be our target in the next steps.

Ic
j,k =

∫ j

−∞

sin(π(x − k))
π(x − k)

e−c(x−k)2
dx. (51)

Note with c = 0 the integral simplifies to the expression I0
j,k =

∫ j
−∞ Sinc(x − k) dx. The discrete

approximation of the integral J +( f ) thus becomes

J +( f ) ≈ h
N

∑
k=−M

f (tk)
1

ϕ′(xk)
Ic
j,k = J +

j , (52)

with xk = ψ(kh), and −M ≤ j ≤ N, and delivers the approximation of J +( f ) via
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J +( f ) ≈ Jh,c,M,N [ f ](x) =
N

∑
j=−M

J +
j B(j, h, c) ◦ ϕ(x). (53)

For the discrete approximation, we need to know the value of Ic
j,k to be able to find the approxi-

mation of the indefinite representation

J +
j ( f ) = h

N

∑
k=−M

f (tk)
Ic
j,k

ϕ′(xk)
= h

[
Ic
j,k

]
D(1/ϕ′)V( f ). (54)

The matrix Ic
j,k can be written as

Ic
j,k =

∫ j

−∞

sin(π(x − k))
π(x − k)

e−c(x−k)2
dx

=
∫ 0

−∞

sin(π(x − k))
π(x − k)

e−c(x−k)2
dx +

∫ j

0

sin(π(x − k))
π(x − k)

e−c(x−k)2
dx

=
∫ j−k

−∞

sin(πy)
πy

e−cy2
dy = Ic

j−k,0, (55)

reducing the problem to the structure of a Töplitz matrix if the indefinite integral has some finite
values. To get the values of the integrals we divide the integration domain into two parts

Ic
j−k,0 =

∫ j−k

−∞

sin(πy)
πy

e−cy2
dy

=
∫ 0

−∞

sin(πy)
πy

e−cy2
dy +

∫ j−k

0

sin(πy)
πy

e−cy2
dy

= Ic
0 + Ic

j−k. (56)

The two integrals deliver in straight forward integration the following

Ic
0 =

{ 1
2 if c = 0

erf
(

π
2
√

c

)
if c ̸= 0

, (57)

and

Ic
j−k =

{
Si(j − k) if c = 0

sign(j − k)σc
|j−k| if c ̸= 0

, (58)

with σc
k+1 = σc

k + f c
k , and f c

k =
∫ 1

0 Sinc(y + k) exp
(
−c(y + k)2)dy, thus σc

n = ∑n−1
k=0 f c

k . A similar
procedure can be applied to the integral J −( f ). The difference is a transposition of the matrix Ic

j−k in
the representation of approximation. The following Theorem summarizes the results.

Theorem 3 (Indefinite Integral Approximation.). If ϕ denotes a one–to–one transformation of the interval
(a, b) onto the real line R, let h denote a fixed positive number, and let the Sinc points be defined on (a, b)
by zk = ϕ−1(kh), k ∈ Z, where ϕ−1 denotes the inverse function of the conformal map ϕ. Let M and N
be positive integers, set m = M + N + 1, and for a given function f defined on (a, b), define the vector
VVV( f ) = ( f (z−M), . . . , f (zN)), and a diagonal matrix D( f ) by D( f ) = diag[ f (z−M), . . . , f (zN)]. Let
VVV(B) = (B−M, . . . , BN) the vector of basis functions, and let I(−1) be a square Töplitz matrix of order m having
Ic
i−j, as its (i, j)th entry, i, j = −M, . . . , N,(

I(−1)
)

i,j = Ic
i−j,0, with i, j = −M, . . . , N. (59)

Define square matrices A+
m and A−

m by
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A+
m = hI(−1)D(1/ϕ′), (60)

A−
m = h

{
I(−1)

}T
D(1/ϕ′), (61)

where the superscript “T” denotes the transpose. Then the indefinite integrals (47) and (48) are approximated by

J +( f ) ≈ J +
m f = VVV(B)A+

mVVV( f ), (62)

and

J −( f ) ≈ J −
m f = VVV(B)A−

mVVVm( f ). (63)

The error of this approximation was estimated for the pure Sinc case c = 0 in [2] as

EN =
∥∥J ( f )−Jh,c,M,N [ f ](x)

∥∥
2 ∼ K1N1/2 exp

(
−k1N1/2

)
, (64)

where K1 and k1 are constants independent of N.

Note the matrices A+
m and A−

m have eigenvalues with ℜ(λi) > 0 which guaranties the convergence
of the solution. A proof for the pure Sinc case for the matrix I(−1) was recently given by Han and Xu
[15].

If we use the properties of the matrices A+
m and A−

m defined above we know that

A+
m = hI(−1)D(1/ϕ′) = h

(
Ic
0 Î +

[
Ic
j−k

])
D(1/ϕ′), (65)

where Î is a m × m matrix filled with 1’s and
[

Ic
j−k

]
is antisymmetric. The elements of the diagonal

matrix D = D(1/ϕ′) are all positive according to their definition. If we assume that A±
m is diagonaliz-

able then for each eigenvalue λi ∈ C there exists a complex valued eigenvector wi ∈ Cm. Since the
eigenvalues of A±

m are the same as D1/2 A±
m D−1/2 we can write for A+

m for example

w∗D1/2 A+
m D−1/2w = hw∗D1/2 I(−1)D1/2w

= hw∗D1/2
(

Ic
0 Î +

[
Ic
j−k

])
D1/2w

= λ∥w∥2, (66)

which is equivalent to

Ic
0w∗D1/2 ÎD1/2w + w∗D1/2

[
Ic
j−k

])
D1/2w =

λ

h
∥w∥2, (67)

or

Ic
0

(
N

∑
k=−M

w∗
k d1/2

k

)
︸ ︷︷ ︸

W∗

(
N

∑
k=−M

wkd1/2
k

)
+ w∗D1/2

[
Ic
j−k

]
D1/2w =

λ

h
∥w∥2, (68)

which is

Ic
0W∗W + w∗D1/2

[
Ic
j−k

]
D1/2w =

λ

h
∥w∥2, (69)

in other terms

Ic
0∥W∥2 + w∗D1/2

[
Ic
j−k

]
D1/2w =

λ

h
∥w∥2. (70)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 March 2026 doi:10.20944/preprints202603.1713.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.1713.v1
http://creativecommons.org/licenses/by/4.0/


12 of 34

The real part of this expression delivers

= ℜ
(

λ

h

)
= ℜ

(
Ic
0
∥W∥2

∥w∥2

)
+ Re

(
w∗D1/2

[
Ic
j−k

]
D1/2w

)
︸ ︷︷ ︸

=0

, (71)

the second term vanishes because the matrix
[

Ic
j−k

]
is antisymmetric and thus since Ic

0 > 0 and h > 0
we have

ℜ(λ) = hIc
0
∥W∥2

∥w∥2 ≥ 0. (72)

If we assume that the norm is defined on the vector space, we can use the Rayleigh quotient of a
matrix H given by RH(w) = w∗Hw

/
(w∗w) to bound the eigenvalues. According to [16,17] there exist

a minimal and maximal eigenvalue defined by

λm = min
w

RH(w), (73)

and

λM = max
w

RH(w). (74)

Based on Grenander and Szegö theory [18], we may conclude that the eigenvalues of Am are
strictly positive for finite matrix sizes.

3.2. Methods Using Orthogonal Polynomials

In this part, we will largely focus on approximation via interpolation at the roots xj of orthog-
onal polynomials Πn. These polynomials include Legendre polynomials, Chebyshev polynomials,
Gegenbauer polynomials, and Jacobi polynomials, which are initially defined on (−1, 1). We focus
upon studying on the classical set of orthogonal polynomials. For information on other classes and
their computations, refer to Gautschi [19]. The following presentation includes polynomials such as
Laguerre- and Hermite polynomials defined on (0, ∞) and (−∞, ∞).

For example we may categorize the orthogonal polynomials as:

1. For Legendre polynomials, xj are the n zeros of the Legendre polynomial Pn(x), which are
orthogonal on the interval (a, b) = (−1, 1) with regard to the weight function w, which is
identically 1 on (−1, 1).

2. For the case of Hermite polynomial interpolation, using the Hermite polynomials Hn(x) that
are orthogonal over R with respect to the weight function w , with w(x) = exp

(
−x2), and with

Hn
(

xj
)
= 0 for j = 1, ..., n; and

3. Other polynomials that are orthogonal with respect to a weight function, such as Jacobi polyno-
mials, Gegenbauer polynomials, etc.

We should remark that the approach presented here, indefinite integrals via root-based Lagrangian
interpolation, is novel.

Let Πn be a set of polynomials with degrees less than or equal to n, and f (x) be a smooth entire
or analytic function defined on the interval (a, b). For the function f (x), the interpolation polynomial
pn(x) fits the following requirements.

pn−1 ∈ Πn, (75)

for n different root positions xj in (a, b). The discrete points x1, . . . , xn ∈ (a, b) are taken as roots
of orthogonal polynomials, as indicated before. The resulting polynomial of order n − 1 meets the
interpolation condition: pn−1(xi) = f (xi) for i = 1, . . . , n. The scenario is analogous to Lagrange
polynomials.
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A Lagrange polynomial approximation of order n − 1 is:

f (x) ≈ pn−1(x) =
n

∑
i=1

f (xi)ℓi(x), (76)

where

ℓi(x) =
n

∏
j=1
j ̸=i

x − xj

xi − xj
=

ωn(x)
ω′

n(xi)(x − xi)
for i = 1, . . . , n, (77)

are the discrete values based Lagrange polynomials employing xi with

ωn(x) = (x − x1) . . . (x − xn−1)(x − xn) =
n

∏
i=1

(x − xi). (78)

The Lagrange polynomials satisfy the elementary interpolation requirement, as shown by

ℓi
(
xj
)
=

{
1 j = i,
0 j ̸= i.

(79)

We can now estimate the global approximation error for an entire function f . The infimum of the
absolute difference between f and the approximating nth order polynomial pn is roughly given as

En = inf
p∈Πn

| f (x)− pn(x)| ≃ M(ρ)

ρr . (80)

If f is entire, then ρ ≃ 2r; e.g. if f (x) = ex then M(ρ) = e2r which delivers

inf
p∈Πn

sup
−1<x<1

|exp(x)− pn(x)| ≃ e2r

(2r)n . (81)

The maximum occurs when we differentiate with respect to r and put the result equal to zero.

∂r

(
α

e2r

(2r)n

)
= −2−ne2rnr−1−nα + 21−ne2rr−nα = 0 (82)

Solving the equation with respect to n yields a relationship between r and n which is n = 2r. The
solution for r then delivers r = n/2. Finally, this demonstrates that there is an error that decays as
En = αn−nen. This relationship confirms that the error relation becomes

inf
p∈Πn

| f (x)− pn(x)| ≃ M(ρ)

ρr = αn−nen = En. (83)

The error thus comprises two important aspects. En = t1t2 with t1 = en, which is increasing;
t2 = n−n, which is decreasing. The maximum of the expression En is assumed when n = 1. Because
n−n decays faster than the exponential function, the overall error En = αn−nen as a function of n
decays faster than the exponential function e−n.

On the other hand, it is well known that if a function f is analytic in a simply connected domain
D in the complex plane and if a closed interval [a, b] is in the interior of D, then we can approximate f
on [a, b] via a polynomial of degree n for which the error approaches zero at a rate of O(exp(−βn)),
where β is a positive constant. If the function f on D is entire, we are able to predict an error rate of
O(n−n exp(βn)) as discussed above. If none of the two are correct, the usual error rate for polynomial
approximation is O

(
n−β

)
. These three error rates will serve in the following as basis for the indefinite

integral approximation based on Lagrange polynomials.
Based on those results and the Lagrange approximation provided above, let us look at the

following two indefinite integrals.
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J +(w f )(x) =
∫ x

a
w(x) f (x)dx, (84)

and

J −(w f )(x) =
∫ b

x
w(x) f (x)dx, (85)

It will be approximated with the aforementioned relationships. As a result, we offer the following
Definition.

Definition 3 ( Root Based Indefinite Integrals.). Consider generalized Lagrange interpolation at distinct
points xj on (a, b), with a < x1 < x2 < . . . < xm < b, which takes the form

f (x) ≈
n

∑
k=1

f (xk)σk(x), (86)

using the Lagrange interpolation for orthogonal polynomials πm(x) ∈ Πm

σk(x) =
πm(x)

(x − xk)π′
m(xk)

, for k = 1, . . . , m. (87)

Referring to integral (84) and (85), we are able to define the entries A±
j,k of the matrices A± by the matrix

elements as

A+
j,k =

∫ xj

a
w(ξ)σk(ξ)dξ, (88)

and

A−
j,k =

∫ b

xj

w(ξ)σk(ξ)dξ, (89)

where w is the weight function related to πm(x) ∈
{

Pm(x), Tm(x), Um(x), C(µ)
m (x), P(α,β)

m (x), Lα
m(x), Hm(x), . . .} =

Πm which is the set of classical orthogonal polynomials (see Olver et al., pp. 438 [20]), that is positive a.e. on
(a, b), and is such that the moments

∫ b
a w(x)xjdx exists for every non-negative integer j. The function w, where

w(x) > 0 a.e. on (a, b) defines a sequence of orthogonal polynomials {πn}∞
n=2, for which all n zeros of πn are

located on (a, b).

Now, setting

VVV( f ) = ( f (x1), . . . , f (xn))
T , (90)

and

LLL(x) = (ℓ1(x), . . . , ℓn(x))T , (91)

where ℓi(x) are the basic Lagrange polynomials (77). We are defining J ±
n by

J ±(w f )(x) ≈
(
J ±

n w f
)
(x) = LLL(x)A±VVV( f ), (92)

we obtain a practicable approximation of an indefinite integral using standard Lagrange interpolation.
Assuming our function f is either entire, analytic, or none of the two, we obtain the error decay of the
approximation provided by either the relation (83), exponential, or O

(
n−β

)
, respectively.

3.3. Generalized Lagrange Methods

Aitken and Neville suggested a generalization of the Lagrange interpolation in 1932 [21,22],
followed by Mühlbach [23]. The numerical computations were performed using an iterative technique.
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Occorsio and Russo [24] recently employed an iterative technique, while Moalemi presented a gener-
alization in analytic form in her PhD thesis [25]. Cheney and Light discuss a more general form of
Lagrange interpolation [26]. With prescribed nodes x0,. . ., xn in X, where X is an arbitrary set, they
define

νj(x) =
n

∏
k=0
k ̸=j

φ(x, xk)

φ
(
xj, xk

) , for j = 0, 1, 2, . . . , n, (93)

and φ : X × X → R is a function such that φ(x, y) = 0 if and only if x = y. Therefore,

νj(xk) = δj,k =

{
1 k = j,
0 k ̸= j,

(94)

and the interpolating polynomial is defined by pn(x) = ∑n
j=0 f

(
xj
)
νj(x) = VVV( f ).VVV(N) using VVV( f ) =

( f (x0), . . . , f (xn))T and VVV(N) = (ν0(x), . . . , νn(x) interpolates the function f .
We will briefly discuss the method used in [25] and then apply it to the set of classical orthogonal

polynomials in this section.
Consider Bn−1 = {bi(x)}n−1

i=1 be a set of continuous functions defined on (a, b) so that bi(xl) ̸=
bi
(

xj
)

for l ̸= j and X = {xk}n
k=1 represent n unique discretization locations in (a, b). The generalized

Lagrange function Bk(x) for k = 1, 2, . . .n is defined as follows:

Bk(x) = ∏
i,j∈In,k

bi(x)− bi
(
xj
)

bi(xk)− bi
(

xj
) , for k = 1, 2, . . . , n, (95)

using the index set given by:

In,k = {(ρ, ρ)|ρ = 1, 2, . . . , k − 1 ∧ k > 1} ∪
{(ρ, ρ + 1)|ρ = k, k + 1, . . . , n − 1 ∧ k < n}. (96)

The interpolation condition is directly verified in (95) by

Bk(xi) = δk,i, k, i = 1, 2, . . .n. (97)

This implies that the collection of basic functions Bn−1 = {Bk(x)}n
k=1 represents a collection of

linearly independent functions on (a, b). In other terms:

span{B1(x), . . . , Bn(x)} = Πn, (98)

creates an interpolation space that enables for representation:

f (x) =
n

∑
k=1

f (xk)Bk(x), (99)

satisfying

f (xi) =
n

∑
k=1

f (xk)Bk(xi) =
n

∑
k=1

f (xk)δk,i, (100)

ensuring a unique interpolation function, therefore establishing a Chebyshev system [27].
To construct the basis Bn−1 = {Bk(x)}n

k=1, it is first necessary to have a sequence of discrete
numbers X = {xk}n

k=1, which can be any numbers satisfying xk ̸= xl for k, l = 1, 2, . . . , n. This
set is used in conjunction with another set of functions Bn−1 = {bi(x)}n−1

i=1 to form the generalized
Lagrange basis Bk(x) using (95). It is important that the interplay between the two sets X and Bn−1 is
independent of the discrete function values f (xk).
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For the specific interpolation we will develop, we are employing the classical normal orthogonal
polynomials. For Pm(x), we put Bn−1 = {Pk(x)}n−1

k=1 . Where Pk(x) ∈
{

Tk(x), Uk(x), Pk(x), C(m)
k (x), P(α.β)

k (x), L(α)
k (x), Hk(x), ...

}
.

For the discretization points, we utilize the roots of the polynomial Pn(x) = 0. Note that the distribution
of roots on (a, b) is not equidistant.

Thus equation (95) takes the form:

Bk(x) = ∏
i,j∈In,k

Pi(x)− Pi
(

xj
)

Pi(xk)− Pi
(
xj
) , fork = 1, 2, . . . , n, (101)

with roots xj satisfying Pn
(

xj
)
= 0 and j = 1, 2, . . . , n. This allows to write the interpolation of f (x) as

f (x) = pn−1(x) =
n

∑
k=1

f (xk)Bk(x) = VVV( f )VVV(B). (102)

This put us into position to introduce vectors for numeric representation as follows

VVV( f ) = ( f (x1), . . . , f (xn))
T , (103)

and

VVV(B) = (B1(x), . . . , Bn(x)), (104)

delivering a direct representation of the interpolation polynomial pn−1(x) as an analytic representation

pn−1(x) = VVV( f )VVV(B). (105)

This formula is straight forward and can be implemented in a direct way.
Using the interpolating function (105), we may approximate an indefinite integral J ±( f ) as

follows:

J +( f )(x) =
∫ x

a
f (x) dx ≈ J +

n ( f )(x)

=
∫ x

a

n

∑
k=1

f (xk)Bk(x)dx

≈
n

∑
i=1

Bi(x)
∫ xi

a

n

∑
k=1

f (xk)Bk(x)dx

=
n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)
∫ xi

a
Bk(x) dx

=
n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)A+
k,i

=
n

∑
i=1

Bi(x)I+
i , (106)

with

A+
k,i =

∫ xi

a
Bk(x) dx, k, i = 1, 2, . . . , n. (107)

The same steps can be used to approximate J −( f )(x) by:
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J −( f )(x) =
∫ b

x
f (x) dx ≈ J −

n ( f )(x)

=
∫ b

x

n

∑
k=1

f (xk)Bk(x)dx

≈
n

∑
i=1

Bi(x)
∫ b

xi

n

∑
k=1

f (xk)Bk(x)dx

=
n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)
∫ b

xi

Bk(x) dx

=
n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)A−
k,i

=
n

∑
i=1

Bi(x)I−
i , (108)

with

A−
k,i =

∫ b

xi

Bk(x) dx, k, i = 1, 2, . . . , n. (109)

In addition we have the approximation of a quadrature rule as

J ( f )(x) = J +( f )(x) + J −( f )(x)

≈
n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)
(

A+
k,i + A−

k,i

)
=

n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)Ak,i, (110)

delivering

J ( f )(x) ≈ Jn( f )(x) =
n

∑
i=1

Bi(x)
n

∑
k=1

f (xk)Ak,i. (111)

Note that the selection of the orthogonal polynomial type determines the coefficient matrix Ak,i.
Now we are in position to set

VVV( f ) = ( f (x1), . . . , f (xn))
T , (112)

and

VVV(B) = (B1(x), . . . , Bn(x)), (113)

so that an approximation of J ± can be defined as J ±
n by

J ±( f )(x) ≈
(
J ±

n f
)
(x) = VVV(B)A±VVV( f ). (114)

Thus, we obtain a practicable approximation of an indefinite integral using generalized Lagrange
interpolation. In addition we find
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J +( f )(x) + J −( f )(x) = J ( f )(x)

≈
(
J +

n f
)
(x) +

(
J −

n f
)
(x)

= Jn( f )(x)

= VVV(B)
(

A+ + A−)VVV( f ), (115)

We may now use the introduced matrices and vectors to formulate the implicit Runge Kutta
technique, which provides an approximation to an initial value problem.

4. Runge Kutta Method
So far, we’ve demonstrated that indefinite integration techniques are defined by the matrices A+

i,j.
Because the matrices’ representations are based on distinct underlying basis systems and discretization
methods, it is only appropriate to refer to various Runge-Kutta procedures.

Given the discretization VVV(t) = (t0, t1.., tN), the matrix A+
i,j defined as in (60), (65), (88), or (107),

and weights bi based on (14) the one-step Runge-Kutta iteration (12) can be transformed to an iterative
multistep formula using the following iterations:

VVV(k+1)(k) = f
(

t0 + tkh, yk + hA+.VVV(k+1)(k)
)

. (116)

yk+1 = yk + h VVV(b).VVV(k+1)(k), with k = 0, 1, 2, . . .N, (117)

where h = tk+1 − tk is the individual step length. The notation V(k)(•) denotes the kth iteration step
and V(1)(•) = V(•).

The resultant discrete N + 1 solution points (tk, y(tk)) = (tk, yk), with k = 0, 1, . . . , N may now be
used in an interpolation to get a representation of order N as an analytical function of the solution to
the initial value problem:

y(t) = y0 +
N

∑
k=1

y(tk)Bk(t) = y0 +VVV(y).BBB(t), (118)

where BBB(t) = (B1(t), . . . , BN(t))T is the set of basis functions which are either Sinc, Sinc-Exp functions,
Lagrange, or generalized Lagrange polynomials, respectively.

5. Stability
In previous sections, we looked at the convergence and error behavior of the Sinc-, L-, and gL-RK

algorithms. The A+ matrix of indefinite integration serves as the basis for all three approaches. In
this section, we’d like to discuss another element of these RK methods: their stability. The geometric
features of the RK approaches can be exploited to do this. We shall employ the stability function R(z),
often known as the Padé approximation.

These findings are based on a stability study by Dahlquist [28]. A linear stability analysis assumes
that any initial value problem,

y′ = f (t, y), with y(0) = y0, (119)

may be linearized to

y′ = λy, (120)

which represents the behavior of stiff systems in the vicinity of a stationary point. The eigenvalues of
the Jacobian matrix determined at the stability point are denoted as λ ∈ C. If the real parts of the λ’s
are negative we speak of stable behavior; i.e. the equation is stable in the sense of Lyapunov when

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 March 2026 doi:10.20944/preprints202603.1713.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.1713.v1
http://creativecommons.org/licenses/by/4.0/


19 of 34

ℜ(λ) ≤ 0. It is widely known that the solutions to the differential system in (119) decline exponentially
as t → ∞. Applying a RK one-step approach which in general is a relation of the form yn+1 = Φh(yn)

to this equation results to

yn+1 = R(z)yn = R(z)ny0, (121)

where z = λ h. The RK method’s stability function is denoted as R(z). This means necessarily that
if |R(z)| ≤ 1, we have stability. The stability domain, defined as S = {z ∈ C : |R(z)| ≤ 1}, is the
set of points in the complex plane where the calculated solution stays bounded after several steps of
computing. To meet the stability condition, all eigenvalues λ, multiplied by step size h, must be in S .
If z = hλ, the solution of (120) will be exp(z) in a single h-step operation. In the same time span, the
approximate solution computed with a RK method will be multiplied by a z-specific function R(z).
Values of z in the left half-plane are of particular importance since the precise solution is bounded in
this instance, and proper problem modelling requires the computed solution to behave similarly.

As discussed above the following tableau defines an s-order RK method

VVV(t) A+

VVV(b)
. (122)

In contrast to the literature, we shall refer to it as an s-order RK method rather than an s-stage RK
method because here A+ is always of order s × s. The vector V(y), consisting of the s order values,
satisfies

V(y) = 1y0 + hλA+V(y) = 1y0 + zA+V(y), (123)

where y0 is the initial approximation. It follows that

V(y) =
(

I − zA+
)−11y0. (124)

Substitute this into the solution approximation determined at the end of the steps, we get

y1 = y0 + zVVV(b)
(

I − zA+
)−11y0 = R(z)y0, (125)

where

R(z) = 1 + zVVV(b)
(

I − zA+
)−11. (126)

Continuing the iteration, we discover

yn+1 = R(λh)yn, (127)

where

R(z) = 1 + zVVV(b)
(

I − zA+
)−11 =

det(I − zA+ + z1 ⊗VVV(b))
det(I − zA+)

, (128)

here ⊗ represents the Kronecker product. As already mentioned the function R(z) is called the stability
function. Thus the condition that yn → 0 as n → ∞ is equivalent to |R(z)| ≤ 1. This motivates the
definition of a region of absolute stability which is a set S ⊂ C [28]. A Runge-Kutta method is called
A-stable if the region of absolute stability contains the set C− = {z ∈ C : ℜ(z) < 0}. As Dahlquist
stated in his work, “In most applications A-stability is not a necessary property.” [28]. This indicates
that for application purposes, the word global stability has precedence [11]. The stability function R(z)
of a Runge-Kutta method with matrix A+ and VVV(b) is thus defined by

R(z) =
det(I − zA+ + z1 ⊗VVV(b))

det(I − zA+)
, (129)
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where 1 denotes the vector with all ones. According to Ehle [29], the stability functions of high-order
implicit Runge-Kutta methods are Padé approximations to the exponential function y = ez. Ehle’s
Conjecture states that only the diagonal Padé and the first two subdiagonals are A-stable. R(z) is a
rational function of the form

R(z) =
Pk,l(z)

Ql,k(−z)
= P̂[k/l], (130)

with Pk,l(z) a kth degree polynomial Pk,l(z) = ∑k
j=0

(
k
j

)
(k+l−j)!
(k+l)! zj and Ql,k(z) = Pl,k(−z) is a poly-

nomial of degree l. Here P̂[k/l] denotes the Padé approximation of order (k, l).
In addition, we wish to show how R(z) with z ∈ C creates geometric shapes that correspond to

ordered star structures. To do this, we first apply the Ehle representation of the Pade approximation to
polynomials that are the same as the Kummer confluent hypergeometric function 1F1(a; b; z) in a finite
representation [20]

Pk,l(z) = 1F1(−k;−k − l; z), (131)

and
Ql,k(z) = 1F1(−l;−l − k;−z). (132)

The answer to Dahlquist’s initial value problem (120) is y = exp(z), which is represented as a
rational polynomial using Ehle’s polynomial representation. Considering Ehle’s solution, we can see
that the Padé representation P̂[k/l] is dependent on the order of the polynomials k and l. This results
in k zeros and l poles for the solution, depending on the order of approximation. The zeros of the
divisor polynomial determine the poles. The link between the Padé approximation and the solution
method’s stability function R(z) allows us to investigate the interaction between them. Because the
Padé approximation gives an approximate solution for the exponential function, it is beneficial to
describe it as an approximation of order [k/l]. This can be expressed as the following relationship:

P̂[k/l](z) =
Pk,l(z)

Ql,k(−z)
≃ ez, (133)

or in a more accurate form

P̂[k/l](z)− ez = O
(

zp+1
)

. (134)

If p ≥ k + l then P̂[k/l](z) is unique.
The key aspect here is that a Padé approximation or stability function is determined only by the

basis Bi(x) and the type of discretization used. Thus, an RK method’s stability is exclusively defined
by the matrix A+ structure and the weights bi given by (13) and (14), respectively.

Hairer et al. and Iserles et al. conducted investigations on this type of problem using order stars
in the 1990s and compiled the findings in their works, which included multiple references on this
subject [7,8,51].

Example 1 (Geometry of Padé Approximation.). We use the Dahlquist solution as an example to show how
this geometric analysis approach works. We use a Padé approximant P̂[4/4](z) to compare with the solution

exp(z). The right-hand half determines the absolute value of the ratio
∣∣∣P̂[4/4]e−z

∣∣∣, while the contour for∣∣∣P̂[4/4]e−z
∣∣∣ ≤ 1 is also calculated. We color this region blue, beginning with red for value 1 and ending with 0.

This coloration indicates the absolute magnitude of the ratio. The zeros of the Padé approximant are shown as
dots in red (•), encircled by a color for values less than one. The stars in green (⋆) on C’s right half-plane depict
the Padé approximant’s poles. The hue around these poles is white, suggesting that the absolute ratio is larger
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than one in this area. The general distribution of zeros and poles is star-shaped see Figure 1. This is also the
meaning behind the name, which means “ordered stars.”

Figure 1. Order stars for a Padé P̂[4/4] approximation of y = ez. The zeros (•) and poles (⋆) are displayed, together

with the absolute value of
∣∣∣P̂[4/4]e

−z
∣∣∣ ≤ 1 is represented by the colors red for 1 and blue for 0.

Order stars is a simplified depiction of the context for the geometric study of the distribution of zeros
and poles when approximating an entire function, such as the exponential function. The idealization is that
we can establish the structure of the Padé approximants using the order of the Kummer functions, yielding
an analytical representation of the solution function. The second point of simplification is that the solution
function, y = exp(z), is known. However, this is rarely the case when using an RK technique. Nonetheless, the
situation is not hopeless, since we know that a Padé approximant exists for generic functions; for a comprehensive
discussion see [52–54]. ▲

Example 2 (Order Stars for gL-RK Methods.). As a fundamental illustration of the gL-RK method’s stability,
we take one-parameter Gegenbauer polynomials as a basis, as well as independent discretization with Legendre
and Chebyshev polynomials.

First, using the Gegenbauer C(m)
n (x) polynomials as basis, we have to deal with m as a influencing

parameter. On the other hand, because we know that the discretization of the matrix A+ affects the poles in the
complex plane; compare with the Ehle representation (133), and that the basis affects the placement of the zeros
due to relation (128), we can influence the stability by varying both driving factors. In Figure 2, we show the
computations with Gegenbauer polynomials as a basis, as well as the Legendre and Chebyshev polynomials used
to discretize the matrix A+. Even when the parameter value m > 3/2, no differences are seen as compared to the
discussion in [55]. This leads us to the conclusion that the discretization of matrix A+ is primarily responsible
for stability. We reiterate that the step size is implicitly defined by the approximation order and polynomial
type. The approach does not use a set step size, but rather a variable one defined by the root distribution of the
polynomial type.
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Figure 2. The Padé approximation of the Dahlquist problem is based on Gegenbauer C(m)
n polynomials with

m ∈ {1/2, 1, 2} in each column from left to right as basis. Discretization uses Legendre Pn, Chebyshev Tn, and
Chebyshev Un from left to right columns, with s ∈ {4, 6, 10} from top to bottom in each row.

6. Applications
This section provides examples of the use of implicit Runge-Kutta procedures. The numerical

processes have been implemented in Mathematica and are available in our book, “Applied Sinc
Approximations: Polynomial and Sinc Methods for Solving Calculus Problems in Mathematica” [34].
We will not detail the implementation here, but will instead provide findings for particular scenarios.
The interested reader can discover the essential functions and methods in [34].

Example 3 (Gaussian Problem solved using Sinc-RK.). We define the initial value problem by presenting
the essential information. The dependant variable y, represented here as a scalar number, satisfies the first-order
linear differential equation. The parameter µ determines the coefficient for the independent variables. We
investigate the initial value problem at t0 = a = 0, where y(0) = 1. In addition to the initial value for y, we
must define the interval of interest, which runs from a = 0 to b = T = 4.

y′ = −µty(t), (135)

where y(0) = y0 = 1, µ = 1, and (a, b) = (0, 4). The exact solution of the initial value problem is
y(t) = exp

(
−t2/2

)
. The exact solution corresponds to a Gaussian function.

The numerical solution is obtained via a Runge-Kutta-based Sinc technique using the information from the
problem described above. The order of approximation s and the number of steps N in the Runge-Kutta iteration
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are the two most important parameters. Because we are working with Sinc approximation, we must keep in mind
that the order of approximation is σ = 2s + 1, and the discretization of the steps takes mRK = 2N + 1.

This information gained is depicted in Figure 3. The left panel shows the symbolic solution (solid line)
and the interpolant (dashed) of discrete Sinc-RK points (red). The right panel displays the local absolute errors
caused by the difference between the symbolic and the interpolant (solid line). The red dots indicate the discrete
errors of the Sinc-RK approximation. The approximant error is nearly homogenous on a low level, as one would
anticipate. The discrete errors of the Sinc-RK iteration occur at places on the local error curve as expected. The
non-equidistant distribution of the Sinc points in the Sinc-RK iteration leads to very small errors in the initial
range of the approximation. At the same time it can be seen that the error is kept almost at a homogeneous level
for the end area of the iteration. This error behavior indicates that the Sinc-RK iteration is stable. We’ll go over
this property in greater depth later. The global error for the setup with s = 13 and N = 32 is 10−5. This is
surprising given the comparatively minimal numerical effort. At this point, the issue arises: which of the two
variables, the order s or number of Sinc points NRK, affects the convergence behavior? Before delving into this
subject, examine another aspect: the nonlinearity of the system of equations (11).
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Figure 3. Comparison of symbolic and analytic solutions to a first-order ODE y′ = −ty with initial conditions
y(0) = 1. The left panel displays the halved component of the Gaussian function y = exp

(
−t2/2

)
. Dots indicate

the discrete Sinc-RK solution. The solid line depicts the symbolic solution, whereas the dashed line reflects the
Sinc interpolation of the Sinc-RK findings. The right panel’s local error depicts the interpolation error (solid line)
as well as the discrete Sinc-RK approximation with an order of s = 13 and N = 32 Sinc points in the RK iteration.

To investigate the behavior of the Sinc-RK approximation for nonlinear functions f on the right-hand side
of the ODE, we make a minor adjustment by squaring the dependant variable. We also increase the value µ to 50.
We look at the solution behavior of this ODE on the standard interval t ∈ [0, 1). The remainder of the entries
stay unchanged.

y′ = −µty2, (136)

where y(0) = 1 and µ = 50.
To compare with the numerical solution we compute the symbolic representation of the initial value problem

once more to get y(t) = 1
/(

1 + 25t2) . In fact, we obtained half of the Runge function from this initial value
problem.

We carry out the numerical approximation as previously using the same discretization. Figure 4 displays
the calculation’s results. The left panel depicts the symbolic solution (solid line) superimposed with the numerical
solution (dashed). The numerical solution is an interpolation of discrete RK data (red dots). We note that typical
approaches for interpolating the Runge function provide challenges, particularly with equidistant step sizes. The
findings given show that an approximation (interpolation) with a modest error is attainable. The left panel of
Figure 4 depicts the interpolation’s attained local errors (solid line) as well as the RK approximation based on
Sinc points. As in the previous calculation, we observe an almost homogeneous local error distribution of the
interpolated RK data. The magnitude of the error is as before 10−5 at s = 6 and N = 32 Sinc points. We should
remark, however, that the interval has been reduced by one-quarter. However, we observed in our computations
that for calculations over a four-times longer time frame, the numerical solution of the nonlinear system of
equations does not converge to the appropriate extent, producing untrustworthy results. As noted earlier, this is
a general problem with implicit RK methods that we exclude here. When the non-linear system of determining
equations for the ki (11) can be solved, we can be confident in the approximation obtained.
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Figure 4. Comparison of symbolic and analytic solutions to a first-order ODE y′ = 50ty2 with initial conditions
y(0) = 1. The left panel displays the halved component of the Runge function y = 1

/(
1 + 25x2) . Dots indicate

the discrete Sinc-RK solution. The solid line depicts the symbolic solution, whereas the dashed line reflects the
Sinc interpolation of the Sinc-RK findings. The right panel’s local error depicts the interpolation error (solid line)
as well as the discrete Sinc-RK approximation with an order of s = 6 and N = 32 Sinc points in the RK iteration.

We now wish to return to the issue we posed earlier: how much impact do the approximation order s and
the number of Sinc points NRK have on the accuracy of the Sinc-RK method? To have a clear understanding, we
will investigate the discrete Sinc-RK data.

The discrete global errors are determined using the discrete form of the L2 norm defined as

Em =

(
m

∑
k=1

|y(tk)− yk|2
)

1/2, k = 1, 2, 3, . . . , m, (137)

where m is either the order m = 2s + 1 or the number of steps m = 2N + 1 utilized in the Sinc-RK
computation. Here, yk represents the RK approximation at tk. The discrete L2 norm compares the exact value of
y(tk) to yk.

To study the important effect in the Sinc-RK approximation, we must distinguish between two influencing
variables: approximation order s and discretization N of the approximation. The first step is to investigate the
influence on approximation order s. To do this, we maintain the discretization N constant while varying the
order s from small to large values. Because we utilize a Sinc approximation to calculate the matrix A+, which
effectively defines the order, we anticipate an error law that decays after exhibiting root exponential behavior.

This sort of examination is depicted in Figure 5. In addition to altering the approximation order s, we
computed the error decay for various discretization N. As anticipated, the global error satisfies the equation
Es = O

(
exp

(
−b

√
s
))

. Because the error curves for different N are so close together, the change in discretization
N is minimal. The findings in Figure 5 indicate that the errors of a Sinc-RK approximation is primarily dictated
by the Sinc approximation to A+.
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Figure 5. The global error’s decay Es = α
√

s exp
(
−β

√
s
)

in a Sinc-RK technique as a function of the approximation
order s. The variation of the Sinc score N is the number of Sinc discretization points.

The results of the fitting are tabulated in Table 1. It is apparent that the decay rate is nearly the same
for different discretization numbers N. This means that the Sinc-RK method follows the expected error law
Es ∼ O

(
exp

(
−β

√
s
))

.
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Table 1. For various discretization N of the Sinc-RK approximation, the global error Es parameters in Es =

α
√

s exp
(
−β

√
s
)

are given to indicate the decay rate for various approximation orders s.

Out[ ]=

N α β

12 0.0827018 2.36044

32 0.13282 2.36467

64 0.0634792 2.35845

In a second computation, we’ll look at how the global error varies with the number of discretization points
N along the RK trajectory. In order to accomplish this, we fix the order s and use (137) to calculate the global
error EN because the Sinc points change along the trajectory. The results of these computations are depicted in
Figure 6. We can observe that a power law EN ∼ O

(
N−δ exp

(
−β

√
N
))

has a considerable impact on the

error in N. The exponential dependency in
√

N is rather modest and may be mostly ignored (see Table 2). Under
this assumption, we observe the well-known error tendency of RK techniques [8]. We can also detect from Figure
6 that s has an exponential dependency as previously discussed. This is seen by the rise in the distance between
the computed values.

s=6

s=12

s=24

10 20 30 40

10
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-4

N

E
N

Figure 6. The error’s decay EN = αN−δ exp
(
−β

√
N
)

in a Sinc-RK technique as a function of the discretization
steps N. The variation of the approximation order s is indicated in the plot legend.

The results of the fitting in Figure 6 are tabulated in Table 2. It is apparent that the decay rate is almost
the same for different approximation orders s. This means that the Sinc-RK method follows the error law
EN ∼ O

(
N−δ exp

(
−β

√
N
))

where β is a small quantity compared to δ.

Table 2. For various approximation orders s of the Sinc-RK approximation, the global error EN parameters in

EN = αN−δ exp
(
−β

√
N
)

are given to indicate the decay rate for various approximation orders s.

Out[ ]=

s α β δ

6 0.000227774 0.0336626 0.3262

12 0.0000103941 0.0289609 0.311375

24 1.56661× 10-7 -0.0421777 0.477212

In conclusion, the error laws for scalar ODEs follow the error laws of the Sinc methods in a Sinc-RK
approximation, resulting in a slightly modified power law for discretization along the trajectory with Sinc points.
This suggests the error level is mostly determined by the approximation’s order s.▲

Limit cycles are a feature seen in higher dimensional ODEs [31,32]. In the following example, we
will compute a limit cycle for a system of first-order ODEs.
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Example 4 (Limit Cycle of a First Order System using L-RK.). Birkhoff and Rota demonstrate that coupled
systems of first-order ODEs have stable limit cycles [32]. We extend their model by parameterizing the equations’
major coupling term. This parameter transforms the limit cycle from a rounded square over a circle to a more or
less square shape. The limit cycle is a rounded square for λ < 1, a circle for λ = 1, but deformed to a diamond
for λ > 1. The underlying differential equations have the following form.

u′ = u − v − u3 − λ u v2, (138)

v′ = u + v − v3 − λ u2 v, (139)

where λ is the coupling parameter and u(0) = 1, v(0) = 3/2 are the initial conditions. To assess the
influence of λ, we adjust the coupling parameter at a predetermined interval. There is no exact solutions to this
system of ODEs.

We use the L-RK approach to calculate the limit cycle structure. To do this, we employ the same starting
conditions for varying parameters λ to ensure a comparable outcome. The parameters λ are supplied in discrete
steps, and the approximants are calculated with the Lagrange Runge-Kutta approach. We set the approximation
order s to s = 64 and the number of discrete points on the trajectory to n = 176. The greater order assures
a minimal error, and the quantity of discrete points ensures computation stability. We employ orthogonal
Chebyshev polynomials to determine the discretization locations.

The computation results are displayed in Figure 7 and 8. Figure 7 depicts the approximants (dots) and
Lagrange interpolants (solid lines) for various coupling constants λ. The approximants and interpolants match
precisely, resulting in only negligible errors owing to interpolation. We employ Chebyshev polynomials as a
basis since similar to Sinc discretization, convergence is better near the interval’s start and end. This is due to
the root distribution being relatively near to the interval’s endpoints. We also explored Gegenbauer and Legendre
polynomials, which produced tiny oscillations around the ends. Given the identical starting conditions and
an increase in the coupling constant λ, the approximants exhibit oscillations after a delay time τ. When λ is
raised, a transition zone is generated and the amplitude of the oscillations decrease without damping phenomena.
Furthermore, we notice the creation of approximant structures as λ grows. The oscillations’ operating time, τ,
rises with λ.
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Figure 7. Approximants of system (139) and (138) for different coupling parameters λ. Initial conditions are
u(0) = 1 and v(0) = 3/2.

A quasi phase diagram v(t) over u(t) (Figure 8 left panel) clearly represents the reduction in amplitudes,
the distortion of the oscillation, and the delay τ for the commencement of the oscillations. Given the minor
errors present, it is evident that limit cycles are emerging. The limit cycles include circular structures for λ = 1,
rounded square structures for λ < 1, and clear square structures for λ > 1. We can also notice that the limit
cycles for λ > 1 exhibit tiny oscillations in the transient range τ. However, these do not cause instability and
are governed by the order s of the approximants and the relatively large number n of discretization points. These
oscillations will fade away if we keep increasing s and n. The right panel in Figure 8 depicts a limit cycle created
by approximants with varying initial conditions. The coupling constant here is λ = 3.
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Figure 8. Limit circles on the “phase plane” (u, v) with fixed initial conditions and variable coupling constants λ

(left panel). The right panel depicts a limit cycle with λ = 3 under various initial conditions.

Figure 8 (right panel) shows that the center of the phase plane is unstable, whereas the limit cycle is stable.▲

Example 5 (Troesch’s Problem as Initial Value Problem Solved using gL-RK.). First, let us define the
problem so that we can assess the relevance of the strategy. Weibel first developed Troesch’s equation while
investigating a plasma confinement problem in 1959 [30]. The problem was formulated as a non-linear two point
boundary problem (BVP), which Troesch studied one year later [33] in the representation:

u”(x) = λ sinh(λu(x)), (140)

with u(0) = 0 and u(1) = 1, where x ∈ [0, 1]. The inconspicuous problem comprises one parameter λ,
which might change in principle in the range λ ∈ (0, ∞). However, the numerical approximation for values
λ > 5 presented significant complications [33,37]. This was the starting point for several investigations into the
problem, ending in the 1970s with an analytic solution given by Bulrisch, Stoer, and Bulrisch as a toy problem
[35,38]. Since then, it is known that the equivalent initial value problem may be addressed using Jacobi elliptic
functions. The exact solution to the related Cauchy initial value problem (IVP)

u”(x) = λ sinh(λu(x)), (141)

with u(0) = 0 and u′(0) = s, where s is a real value and satisfies s > 0. The IVP possesses the exact solution

u(x) =
2
λ

Arcsinh

(
s
2

sn
(
λx
∣∣k2 )

cn(λx|k2 )

)
, with k2 = 1 − s2

4
, (142)

which is important for testing the numerical approximation in an accurate manner. Stoer and Bulirsch highlighted
the relationship between (140) and (141) while discussing shooting approaches for solving BVP utilizing IVP
methods [39]. These writers have already pointed out that the BVP has a moveable logarithmic singularity
around its upper border. However, they demonstrated that, although being outside the interval [0, 1], this
singularity is caused by cn’s critical behavior at the terminus. In (142), sn and cn are Jacobian elliptic functions
of modulus k that depend on the initial slope s. If K

(
k2) represents the quarter period of cn, then cn has a zero at

xs =
K
(
k2)
λ

, (143)

and therefore u(x) has a logarithmic singularity there [39]. But K
(
k2) has the expansion

K
(

k2
)
≃ ln

(
4√

1 − k2

)
+

1
4

(
ln
(

4√
1 − k2

)
− 1
)(

1 − k2
)
+ . . . , (144)

or, rewritten in terms of s,

K
(

k2
)
≃ ln

(
8
|s|

)
+

s2

16

(
ln
(

8
|s|

)
− 1
)
+ . . . . (145)
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For the solution of the actual boundary-value problem, i.e.,

u(1; s) = 1, (146)

we require the values of s that depend on the choice of λ. For different λ values, the starting value s is determined
by solving (146) with the exact solution in this expression. To solve the equation for s, a high level of precision in
the root finding problem is necessary to provide a valid result. All of these relationships are known since Bulrisch
and Stoer investigated the topic [35,38].

However, as Troesch [33] and Ehrlich [36] noted, this two-point BVP is numerically unstable and intricate.
At approximately the same time, Roberts and Shipman [40] proposed that this problem could only be solved by
combining three methods: the perturbation technique, the parallel shooting method, and the continuation method.
They suggest that a mix of these strategies is required since none of them alone is effective enough to provide
a solution. In fact, their technique only provides valid solutions for equation (140) for 1 < λ < 5. Jones [41]
utilized a modified Newton approach to solve this problem. Miele, Aggarwal, and Tietze [42] attempted to apply
a modified quasi-linearization approach with limited success. Troesch discovered its numerical solution in [37],
utilizing the shooting method. In [46], this problem was solved using the decomposition technique; in [48,49],
the variational iteration method was used; in [40], a combination of the multipoint shooting method with the
continuation and perturbation technique was applied to the problem; in [42], the quasi linearization method
had a limited success; in [43], the method of transformation groups appeared; in [44], the invariant embedding
method delivered hardly convincing results; in [45], the inverse shooting was applied and many more. Overall,
the methodologies utilized were fairly restrictive and did not result in a definitive numerical procedure. As a
result, the problem requires more numerical efforts to be addressed effectively.

We shall apply gL-RK techniques to Troesch’s IVP, demonstrating that a suitable choice of discretization
points and the employment of orthogonal polynomials may produce satisfactory numerical results. Using these
features correctly can successfully solve Troesch’s problem for a wide variety of λ values. We should point out
that Sinc approaches have already been used to solve this problem, albeit with inefficient discretization [47].

To solve the problem (141) numerically as an IVP, we begin with the precise solution (142), which includes
the unknown parameter s. If we wish to solve the problem using an IVP, we must first determine the initial slope
s. To find s, we use the boundary condition (146) u(1; s) = 1. This boundary condition is transformed into an
initial condition by calculating s numerically from the precise solution using the root finding approach for a
given λ. We utilize the parameter λ = 7, which is greater than the number provided in the literature.

[H]

In[ ]:= λ1 = 7; ssol = s /. FindRoot[u[1, λ1, s]  1, {s, 0}, WorkingPrecision  120]

Out[ ]= 0.006867509695056923721455391287996506547792566408466563691620143534739

47688463873661637251301426468551485740103873451781499

This, in turn, yields the exact answer for the specified λ value. We will then use the precise answer as a
reference for estimating errors.

[H]

In[ ]:= exactSolution =

{y  Apply[Function, {x, SetPrecision[u[x, λ1, ssol], 120]}]};

exactSolution // N

Out[ ]= y  Functionx, 0.285714 ArcSinh
0.00343375 JacobiSN[7. x, 0.999988]

JacobiCN[7. x, 0.999988]


To solve the initial value problem numerically, we employ the Jacobi P(α,β)
m (x) polynomials as a basis for

collocation and discretization. Our observations indicate that given the order s, there is a lower constraint at
which the Newton method cannot solve the implicit determining equations. Only when this lower threshold
is exceeded can a stable solution be achieved. In the following computations, we use s = 12 as the minimum
approximation order. The gL-RK approach is discretized using Jacobi points of size n = 64. We use the
synchronized variant, with parameters α = 1/3 and β = 1/4.

Figure 9 depicts the results of the computations with λ = 7. The left panel shows the exact solution
(solid line), the interpolant (dashed), and the approximant (dots). The numerical approximations are visually
indistinguishable from the exact result. The right panel displays the absolute values of local errors for both
the interpolant (solid line) and the approximant (dots). The approximant’s discrete error is several orders of
magnitude smaller than the interpolant’s local error. However, at times, the interpolant and approximant errors
coincide (which is not rectified in this graph).
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Figure 9. Troesch’s BVP is solved using the IVP technique and the gL-RK method. The approximation uses a

Jacobi basis P(α,β)
n (x) and discretization with s = 12 and n = 64.

We solved the approximations for Troesch’s initial value problem using a similar calculating procedure as
above, but with the parameter λ variable. The different solutions are illustrated in Figure 10. The related local
errors have the same order of magnitude as in Figure 9. The graphs in Figure 10 indicate that the function y
rises extremely quickly as t approaches 1 for larger λ. The shift in slope grows steeper as λ increases. The gL-RK
technique efficiently handles the fast expansion of the function y, even with small values for approximation order
s = 12 and RK number of support points n = 64. We employed Jacobi polynomials for both interpolation and
discretization.
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Figure 10. Troesch’s BVP solutions for different values of λ.

The example demonstrates how the gL-RK approach may be used to efficiently compute a reasonably stiff
problem such as the Troesch equation.▲

Example 6 (The nonlinear Klein-Gordon Equation Solved using gL-RK.). In this example, we will
provide a solution technique for nonlinear partial differential equations (nPDE) that is based on Lie’s method of
infinitesimal transformations [50] and use the gL-RK method for numerical solution. This method enables us to
convert the PDE to an ODE and construct the resulting initial value problem. We shall demonstrate this with
the cubic Klein-Gordon (cKG) equation.

The cubic Klein-Gordon equation is well known and can be written as

utt − uxx = αu + βu3, (147)

where α and β are real parameters. The determination of infinitesimal symmetries (Lie symmetries) reveals the
following transformation under which equation (147) stays invariant

ξ1(x, t, u) = −k1 − 2k3t,

ξ2(x, t, u) = −k2 − 2k3t, (148)

ϕ1(x, t, u) = 0.

Here the parameters ki with i = 1, 2, 3 are group constants which can be freely chosen. The choice of these
parameters selects a transformation group under which (147) will be invariant. In addition this selection allows
to reduce the nPDE to a nonlinear ODE which solves equation (147).
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Selecting the sub-group k1 = c, k2 = 1, and k3 = 0; i.e. translations in spatial and temporal variables, we
are able to generate via a Lie reduction the following ODE

u” =
c2

c2 − 1

(
αu(ζ) + βu(ζ)3

)
, (149)

where u(ζ) = u(t − x/c). It is straight forward to solve this ODE as an initial value problem with
u(0) =

√
2, u′(0) = 0 by selecting µ =

√
2 and α = 1 and β = −1; here µ2 = c2/

(
c2 − 1

)
. The exact

solution using the given initial values is u(ζ) =
√

2

√
1 − tanh

(√
2ζ
)2

.

Since our target is the solution of the boundary value problem (147) with u(x → ±∞, t) = 0 and for
t = 0, we will use u(x, 0) =

√
2sech

(√
2x
)

. This allows us to approximate the natural boundary conditions at
±∞ by values at x = −5 and t = 0 in the following setup of the initial value problem in the reduced variable
ζ = x − ct.

Note this definition is possible because we are looking for moving wave solutions of the problem. The
application of the gL-RK method to the “initial” value problem delivers the approximant. We should remark, that
the initial point of integration ζ0 is different from zero.

Figure 11 shows the gL-RK calculation results for u and u′. The left panel displays the exact solution
(solid line), the interpolant (dashed), and the approximant (dots). Figure 11’s right panel displays the absolute
local error En(ζ) for u as well as the absolute local error of the approximant (dots). With a small number of
steps in the RK technique and an approximation order of s = 24, we reach a global error of 10−6. For practical
applications, this is enough to derive the solution structure.
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Figure 11. Similarity solution to the cubic Klein-Gordon equation.

When ζ is substituted by the dependency in x and t; ζ = x − ct, the similarity solution yields the solution
to the boundary value problem. Figure 12 illustrates the wave’s form as a simple solitary peak, as well as its
derivative. We see that the basic peak travels at a constant speed c =

√
2.

Figure 12. Solitary wave solution to the cubic Klein-Gordon equation.

When we vary the cubic Klein-Gordon equation’s parameters α and β and adjust the initial conditions, we
get an oscillating wave in space and time. The used initial conditions are u(0) = 5.4, u′(0) = 0 on the interval
ζ ∈ (0, 24). The parameters are set to v = 3, α = −1, and β = −1.

Again we use the gL-RK approach to recalculate the approximant and interpolant for this initial value
problem using s = 24 and n = 128 RK steps. Jacobian polynomials are used to define the basis and discretize the
data.
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Figure 13 shows the results. The solution’s structure is periodic in both u and u′. This is clearly a nonlinear
solution, as the minima and maxima of u are rather sharply curved, and the derivatives are flatter at their
extrema. The right panel of Figure 13 displays a phase-space picture that clearly depicts the solution’s periodicity.
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Figure 13. Periodic wave solution to the cubic Klein-Gordon equation.

If we return from the similarity variable ζ = x − vt to the spatial and temporal coordinates (see Figure
14), the wave formation can be represented in an (x, t) coordinate system. The tilting of the wave crests in this
coordinate system is attributable to the finite velocity v. However, it is obvious that the wave nature occurs in
the spatiotemporal continuum, but only a limited range can be represented by the finite integration with the
gL-RK method.

Figure 14. 3D periodic wave solution to the cubic Klein-Gordon equation.

In conclusion, the gL-RK approach, when paired with the Lie symmetry method, produces useful results for
partial differential equations. This necessitates reframing a boundary-value problem as an initial value problem.
We understand that this is not always practicable, but when combined, it may result in significant time and
resource savings.▲

7. Conclusions
The technique of implicit Runge-Kutta procedures shows that, using the collocation method and

therefore the representation of the matrix A+ and the weights bi, a well-defined algorithm exists for
determining a numerical implicit Runge-Kutta process. The many representations of the matrix A+

generate variability, allowing for tailored adaptation to a given problem. This technique works for
both stiff and non-stiff initial value problems. In addition to numerical integration, comprehending the
matrix A+ enables direct comments about the method’s stability when the pole and zero distributions
of the stability function are analyzed.

The method’s stability may be graphically evaluated using proven methods like order stars. Our
numerical investigations demonstrated that parameter-independent orthogonal polynomials are not
restricted in stability. This is an open problem for parameter-dependent orthogonal polynomials
when the number of parameters is greater than one. For example, for Gegenbauer polynomials G(m)

n ,
there is an upper constraint in m that is smaller than 3/2. We discovered both a variable upper
bound and a fixed lower bound at mc = 1/2. Additionally, there are no restrictions for orders s < 5.
The upper bound was estimated with a rational expression r[6/6](s) and a Thiele continued fraction.
The approximant approaches the fixed value r[6/6](∞) = 3/2 for s → ∞. The interval for stable
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L-RK techniques using Gegenbauer polynomials is provided by −1/2 < m < r[6/6](s) for s ≥ 5 and
m > −1/2 for s < 5.

The approach presented is simple to implement and highly efficient in numerical calculation.
Furthermore, the strategy based on Sinc approximations has the well-known feature of exponential
convergence. The zeros of orthogonal polynomials are sensitive in the classes of resultant functions,
allowing for a priori estimate of the global error. It is also critical that a priori error formulae exist
for calculating the global error, allowing automated computation by defining error tolerances. An a
posteriori additional error analysis is obsolete.

The examples provided demonstrate that implicit RK techniques based on indefinite integrals
provide an approach that is highly adaptable while requiring little implementation work. The main
idea is that just the matrix A+ and the weights bi must be known. Thus, the procedure is specified
using a Butcher table. The variability derives from the discrete representation of indefinite integrals,
which may be obtained using orthogonal polynomials or Sinc techniques.
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