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Article

A Simplified Algorithm for a Full-Rank Update
Quasi-Newton Method

Peter Berzi

Obuda University, Bécsi ut 96/B, 1034 Budapest, Hungary; berzi.peter@uni-obuda.hu

Abstract: One of the most common ideas for finding the zero of a nonlinear function is to replace
it by a series of suitably chosen linear functions, for which the zeros can easily be determined and
the sequence of zeros approximate the zero of the nonlinear function. Widely used classic methods
are Newton’s method and a large family of quasi-Newton methods (secant, Broyden’s, discretized
Newton, Steffensen’s,...). This strategy can be called “linearization” and such methods may be called
“linearization methods”. An efficient linearization method for solving a system of nonlinear equations
was developed which showed good stability and convergence properties. It uses an unconventional
and simple strategy to improve the performance of classic methods by full-rank update of the Jacobian
approximates. It can be considered both as a discretized Newton’s method or as a quasi-Newton
method with full-rank update of the Jacobian approximates. A solution to the secant equation presented
in [2] was based on the Wolfe-Popper procedure [29,42]. The secant equation was splitted into two
equations by introducing an auxiliary variable. A simplified algorithm is given in this paper for the full-
rank update procedure described in [2]. It directly solves the secant equation with the pseudo-inverse
of the Jacobian approximate matrix. Numerical examples are shown for demonstration purpose. The
convergence and efficiency of the suggested method are discussed and compered with the convergence
and efficiency of classic linearization methods.

Keywords: quasi-Newton methods; least-squares solution; multi-variable nonlinear equations; full-
rank Jacobian approximate update; convergence; efficiency

1. Introduction

A mathematical model ¢ (w, x) with some parameters x = [x;] (i = 1,...,n) is constructed for
an observed system which gives observable response D = [Dj] sampled at locations w; (j =1,...,m)
(m > n) to an observable external effect. It is assumed that the simulated system response ¢ (w, x) is
sensitive to the perturbations Ax; of all parameters. The n adjustable parameters x of the mathematical
model are determined so that the distance

lg =1 f&®ly = l¢(wx)—Dl, (1.1)

between the observed and the simulated system responses ([D;] and ¢ (w, x)) is minimized, where
lg: R" — Risagnorm

Iy = Qilfj(x)lﬁ q (12)

If g = 2 is chosen, then we get the Euclidean or least-squares norm

1

L= @;M(x)f) (13)
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that is well computable and safely usable for a great class of problems. Then minimizing the distance
1.1 leads to the problem of minimizing the least squares norm

b= [f(x),= ll¢(w,x) - Dl (1.4)

(x eR", f: R" — R™and n < m). The minimum value of this norm is zero, but for “real life” problems
it is not reachable in most cases due to modeling inaccuracies and measurement noises. The suggested
procedure gives a least-squares solution to the overdetermined system of nonlinear equations

f(x)=0 (1.5)

where the solution x* minimizes the least squares norm 1.4 of the nonlinear residual function

f(x) = ¢(w,x) =D (1.6)

Least squares minimizations are successively made within the actual iteration steps. The basic concept
of solving Equation 1.5 is that the function f(x) is “linearized” by repeatedly replacing it with a linear
function y, = y(xp) as

fx) =y, =f,+], (x—xp) (1.7)

for the Newton’s method, where f,, = f (xp) is the function value, ], = J (xp) is the Jacobian matrix of
the function f(x) (p is iteration counter) and

f(x) =y, =f,+S(x—x) (1.8)

for the quasi-Newton methods methods, where S, = S(x;) is the finite-difference Jacobian approximate
of the function f(x) . Then the nonlinear problem is solved by solving a series of linear problems

Yy, = 0 (1.9)

and it follows that the new approximate x,; to the solution x* can be given from Equations
Iy Bxp = —f, (1.10)

(Newton’s method) and
Sy Axy = —fp (1.11)

(quasi-Newton methods) where the iteration stepsize is
Axp = xp11—%p (1.12)

in both cases.

The system of simultaneous multi-variable nonlinear Equations 1.5 can be solved by the Newton's
method when the derivatives ], of f(x) are available analytically and a new iterate x,; can be
determined. In many cases, explicit formulas for the function f(x) are not available and the Jacobian J,,
can only be approximated. The partial derivatives of the analytic Jacobian may be replaced by suitable
finite-difference quotients (discretized Newton’s iteration [12,25]) with properly chosen step sizes. For
most problems, Newton’s method using analytic derivatives and Newton’s method using properly
chosen divided differences are virtually indistinguishable [12]. However, the determination of the
finite-difference stepsizes is not clearly defined. The suggested full-rank update procedure helps to
overcome this deficit.
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Let S, be a full column rank matrix (all column vectors of matrix Sy, are linearly independent). As
n < m (there are more rows than columns), S, is not invertible and the solution to the overdetermined
system of Equation 1.11 doesn’t exist. However, Sg Sy is invertible and the pseudo-inverse

-1
St = (sg s,,) s (1.13)
of matrix S, is a unique left inverse which allows finding a least-squares approximate solution ¥ to
Equation 1.11. The pseudo-inverse can be determined in different ways (e.g. rank factorization [14],
singular value decomposition [31]). Singular value decomposition is a widely used technique, and it
has an advantage, that it gives solution even if S, is singular (not a full column rank matrix). Matrix S,
can be factorized as

Sp=U, L,V, (1.14)

where U, (mxn matrix) and V), (nxn matrix) are orthogonal matrices with orthonormal column eigen-
vectors, and
L, = diag(cip) (1.15)

(i=1,...,n) with Tip singular values of matrix S, and ¢; > ... > ¢. Then the least square solution to
Equation 1.11 exists and the iteration stepsize is

Nxy = =S5 £ (1.16)
where
1777
Sy =V, L, 'U, (1.17)
is the pseudoinverse of S, and
_ . 1
z, 1 dlag<0") (1.18)
Lp

The pseudoinverse [...]" gives a unique least squares solution to Equation 1.11 for which the g = 2
norm (Euclidean norm) 1.4 of the residual function 1.6 is minimum. If the rank of matrix S, is less
than 1 (the column vectors of S, are not linearly independent and some singular values are zero), then
unique solution to Equation 1.11 doesn’t exist. The spectral condition number

K(S,) = %11 >1 (1.19)
of matrix S, measures the linear dependency of the column vectors. If they are linearly independent
(non of the singular values are zero) and the condition number « is not much larger than one, then
the matrix is well-conditioned. This is a desirable situation through the whole iteration process. Then
the column vectors of matrix Sy, are in “general positions” and the Ortega-Rheinboldt condition [25]
satisfies. If x >> 1 then the matrix is ill-conditioned and the solution Ax, (iteration stepsize) to the
Equation 1.11 may be sensitive to small changes in 5, or f,,.

Classic quasi-Newton linearization methods generate a sequence of improved iterates x,
(r=0,1,2,...) so that the next approximate x,,; to the solution x* is determined on the basis of
rank-1 update Sy 1 of the Jacobian approximate S,. Such linearization update is not unique if only a
single new approximate x,; exists. In single variable case (n = 1), there are two possible updates
(secant lines) from which the selection is not obvious (see details in Section 3). In multi variable case,
only rank-1 update is possible if one single new approximate x,; exists.

The solution to Equation 1.11 presented in [2] and applied to the identification of physically
nonlinear dynamic systems [3-5] was based on the Wolfe-Popper procedure [29,42]. The secant
equation 1.11 was splitted into two equations by introducing an auxiliary variable. The simplified
solution presented in Section 4 directly solves Equation 1.11 with the pseudo-inverse 1.13 of matrix §,.
The simplified algorithm given in Section 5 gives an unconventional and simple strategy to improve the
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performance of Newton and quasi-Newton iterations for the solution of system of nonlinear equations
1.5. It can be considered both as a discretized Newton’s method or as a quasi-Newton method with
full-rank update of the Jacobian approximates.

The rate of convergence a of the classic secant method equals to the golden section ratio ¢
(x = ¢ ~ 1.618) for simple root in single variable case. The suggested method gives an additional new
independent approximate xg 1 to the solution x*, then rank-n linearization update can be made with
the classic approximate x, 1 (notated as x;;‘ 1 in the followings) and the suggested new approximate
xff 1+ The results of single- and multi-variable numerical examples are given in Section 6. The efficiency
of the proposed method is discussed in Section 7 and it is compared with other classic rank-one update
and line-search methods on the basis of available test data. Concluding remarks are summarized in
Section 8.

2. Notations

Vectors and matrices are denoted by bold-face letters. Subscripts refer to components of vectors
and matrices, superscripts A and B refer to interpolation base points. Notations A and B are introduced
to be able to clearly distinguish between the two new approximates x* and xB. Vectors and matrices
may also be given by their general elements. A refers to a difference of two elements. x and X denotes
unknown quantities, f and F denotes function values and matrices. t and T denotes multiplier scalars
and scaling transformation matrices. ¢, € and E denotes approximate error, p is iteration counter, « is
convergence rate, € is termination criterion. # is the number of unknowns, m is the number of function
values, i, j and k and are running indexes of matrix columns and rows. Superscripts S and T'S refer to
the traditional Secant-method and to the suggested full-rank update method (T-Secant) receptively.

3. Linearization Methods

The origin of the secant method can be traced back to ancient time to the “rule of double false
position” method, described in the 18" century B.C. on the Egyptian Rhind Papyrus [28] and it
predates Newton’s method by more than 3000 years. It is also well-known that the local convergence
rate of the classic Newton’s and the classic secant methods for simple roots are quadratic and super-
linear respectively [8,11,26,38]. Weerakson and Fernando’s third order Newton variant [40] involves
evaluation of a function value and two derivatives, similarly like in Traub’s suggestion [38]. Secant
method variations with improved convergence have been reported in literature [13,15-17,23,27,33,34,
40]. Mueller’s method [24] uses a quadratic approximation. A class of variations employs two function
value and a derivative evaluation [37]. Third order methods are obtained by a second derivative
evaluation, such as Halley’s [23] and the “super Halley” [1] method. Further improvements with
higher degree polynomial approximations are proposed by Chen [9], Kanwar [17], Zhang [43] and
Wang [39].

3.1. Single-Variable Case

The zero x* of a scalar nonlinear function f(x) (x — f(x), x € R!, f: R — R!) has to be deter-
mined, where

f(x*)=0 (3.1)

Linearization means that f(x) is locally replaced by a linear function y(x) (x — y(x), x € R!,
y: R — R!) (secant- or tangent line) as shown on Figure 1 (Left) and operations are made on the

linear function yj(x) in the p'" iteration. y,(x) may be defined through two points A, (x;? ff) and

By (xilf ff) of the nonlinear function f(x), where f,f‘ =f (x;f) and ff =f (xg ) are function values, or

through one point A, (x;;1 f;‘) and by the “slope”

_ ok

S = Axp

(3.2)
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of the secant line y, (x), where Ax, :xg - x;‘ and Afy :pr - f’;4 are differences, or by the “slope”

at x? of the tangent line y,(x), where f’ is the derivative function of f(x). The successive local
replacement of the nonlinear function f(x) by a secant- or tangent line y,(x) gives a simple and efficient
numerical root finding procedure. It follows from the condition

v (1) =0 (34)
that the zero
£
X?H =x; - s, (3.5)

of the linear function y,(x) approximates the zero x* of the nonlinear function f(x) and the new point

Apt1 (x;;‘ " f;“ﬂ) can be determined for the next iteration as shown on Figure 1 (Right). With the
iteration step length

Axh =, — ) (36)

p 4

from point Ay, Equation 3.5 can be rewritten as
Sp Axy = £ (3.7)

that is called secant equation or we may also call it “linearization” equation as it also includes Newton’s
method as a special case (tangent line). The secant based procedure has an advantage that it doesn’t
need the calculation of function derivatives, it only uses function values and the order of asymptotic
convergence is super-linear with convergence rate a° = 1.618.... However, the “slope” of the updated
secant line y,, 1(x) can be determined in two ways from the secant (quasi-Newton) conditions as

Spr1 Dx) =f =) (38)

or
Spr1 Dxp =fihg —fy (3.9)
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where
Axy = x g —x) (3.10)

is the iteration step length from point By,. The decision is far not obvious, as shown on Figure 1 (Right).
The tangent line based iteration (Newton’s method) has an advantage that the “slope”

Sprr =1 (xp41) (3.11)

of the updated tangent line is always well-defined. The iteration then continues with updated secant-
or tangent line v, 1 (x).

3.2. Multi-Variable Case

The scalar linearization procedure can be extended to multi-dimensions. The zero x* of a nonlinear
vector-valued function

fi(x)
flx) = : (3.12)
i fm(x)
of n variables _
X1
x = : (3.13)
L x”

(x = f(x),x € R", f: R" - R™, n < m) has to be determined, where
f(x*)=0 (3.14)
Then f(x) is locally replaced by an n-dimensional hyperplane
y(x)(x = y(x), xeR", y: R" - R" (3.15)

n < m) and operations are made on the erplane y (x) in the p"* iteration. y,(x) may be define
d op d he hyperplane y, he p'" Y, y be defined
through n + 1 points A, (x;,f1 f;,q) and By, (x,]f, . f,lf p) (k =1,...,n) of the nonlinear function f(x), where
fﬁ =f x;‘ and fllip :f(xfl» (k=1,...,n) are function values, or by one point A, (x;,q fﬁ) and by
the “slope” (divided differences)
S, = AF, AX,)! (3.16)
i=1,...,n), j=1,...,m), =1,...,n) of the n-dimensional secant erplane x), where
i j k f the n-d 1 hyperpl Y, h

Dxyy :xf, p x;,“ and Afk,p :f,lf, p f;;l are difference vectors with n and m components respectively,

e Ofrip 0 Dfaip
AF, = [Afk,p} = [ff,p —f{f] = : : (3.17)
Af 1mp *°° Af n,m,p
Dxpp - Dxpip
AXy = [Dxgy| =[5, 5] = : : : (3.18)

Axl,n,p o DXy
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”

The n-dimensional tangent hyperplane y, (x) through point A, (x;,f1 fﬁ) may be defined by the “slope

afl,],p afn,],p
oxip T Oy
Sy = [gf"”’ ] = (3.19)
Yo : : :
k,ip f 1 m,p o fump
dx1p AxXnp

that corresponds to the Jacobian matrix J,, of the nonlinear vector-valued function f(x) and accordingly,
Definition 3.16 corresponds to the approximation of the Jacobian matrix. It follows from the condition

v (x;}H) =0 (3.20)
that the zero
X =% =S f, (3.21)

of the n-dimensional hyperplane y(x) approximates the zero x* of the nonlinear vector-valued function
f(x), where [.]" stands for the pseudo-inverse. Then the i"element of the new approximate x;‘ 1 inthe

p'" iteration will be

xh g =xtl Z(SJP ) (3.22)

(i=1,...,n),(j=1,...,m).With the iteration stepsize

o == =i 1 == | (E(sis 1)) o)

- i

Equation 3.21 can be rewritten as
Sp Axy = —f;j‘ (3.24)

that is called “secant equation” or “linearization equation” in multi-variable case. With the new
approximate x4 o1 and with the corresponding function value fp 1, an updated Jacobian or Jacobian
approximate Sp+1 has to be determined. Table 1 summarizes the basic equations of the above detailed
linearization methods.

If all partial derivatives of the function f(x) is known, then the Jacobian update can easily be
calculated. Newton’s method is one of the most widely used algorithm with very attractive theoretical
and practical properties and with some limitations. The computational costs of Newton’s method
is high, since the Jacobian J, and the solution to the linear system 3.24 must be computed at each
iteration. It is well-known that the local convergence of Newton’s method is g-quadratic if the initial
trial approximate x is close enough to the solution x*, if J(x*) is non-singular and if J(x) satisfies the
Lipschitz condition

1T(x) = J ()| < Lilx — x| (3.25)

for all x close enough to x*.

However, in many cases, the function f(x) is not an analytical function, the partial derivatives are
not known or difficult to evaluate and Newton’s method cannot be applied. Quasi-Newton methods
are widely used for solving systems of nonlinear equations when the Jacobian is not known or difficult
to determine. The Jacobian is approximated by divided differences 3.16, and the system of nonlinear
equations 1.5 is solved by repeatedly solving systems of linear equations 3.24 providing the new

; A
approximates Xy
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Table 1. Linearization method’s basic equations (single- and multi-variable cases)

Single-variable (m = n =1) Multi-variable(m > n > 1) Equations
Axu,p s Axnrl,p
__ +B A _ . . .
1 Axpy= X, — X, AXp = : : : 3.18
Axlln,p cee Axn,n,p
Afp,l,l e Afp,n,l
2 Afp:f,f _frf! AF, = 3.17
Af Af plm """ Af pn,m
_ _ ~1
3 Sy =42 Sy = AF, AX, 3.2,3.16
A oA f A _ . A_ ot A
4y =xf -k B =5 -8 f 3.5,3.21
A _ A A A __
Sp1 Dxf =i —ff Spr1 Ay = o~ f 3.8,3.26

The Jacobian approximate 3.16 should be updated according to the fundamental equation of the
quasi-Newton methods (“quasi-Newton condition” or “secant condition”)

Spr1 Ox) = forg = f5 (3.26)

forallp =0,1,2,.... However, the condition 3.26 doesn’t uniquely specify the update S, 1, so the
iterative procedure is not well-defined and further constraints are needed. Different methods offer
their own specific solution, but new quasi-Newton approximate x,,, 1 will never allow full-rank update
of the Jacobian approximate S, 1 (Equation 3.26 is an underdetermined system of m linear equations
with m- n unknowns). A large family of methods are available with different additional conditions or
assumptions. Martinez [21] has been made a thorough survey on the family of practical quasi-Newton
methods.

The partial derivatives of the Jacobian matrix may be replaced by suitable difference quotients
(discretized Newton iteration, see [12,25])

Axk

{Af] _ fj(x+Axkdk) —fi(x) {Afj(x)]

Ax Axy - (3-27)

(k=1,...,n),(j=1,...,m) with n additional function value evaluations, where d" is the k' Cartesian
unit vector. However, it is difficult to choose the stepsize Ax. If any Ax; is too large, then Expression
3.27 can be a bad approximation to the Jacobian so the iteration converges much more slowly, if it
converges at all. On the other hand, if any Ax; is too small, then Af;(x) =~ 0, and cancellations can
occur which reduces the accuracy of the difference quotients 3.27 (see [35]). Another modification
is the inexact-Newton approach, when the nonlinear equation is solved by an iterative linear solver
(see [6,10,22]). Wolfe [42] and Popper [29] suggested column update of matrix 3.17.

One of the most widely used Broyden-formula [7] makes a rank-one update for the Jacobian

approximate as
Af— 8, Axh T
Spr1 =Sy +Q, =5, + """ [Axﬂ (3.28)

T

where Q, is a rank-one matrix and by using the Sherman-Morrison formula, the inverse Jacobian
approximate update is given as

+ _ ¢t
Sy =5y +

+ AfA
Ax;?—sp Af, [A
p

' st .
[Axﬂ T 5t Af;‘ ] S, (3.29)
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Broyden’s secant condition 3.26 can be re-written as
A A
Sp Dxy +Q, Axy = [ —fo (3.30)
and with the secant Equation 3.24 we have
QpAgﬁzﬁgl (3.31)

As Q) is a rank-one matrix, then this equation has infinitely large number of solutions (the left nullspace
of matrix Qp is an n — 1 dimensional vector space [36]) and the Ortega-Rheinboldt [25] condition will
not be satisfied (the column vectors of matrix S, should be linearly independent and have to be “in
general position” through the whole iteration process) and it may result an ill-conditioned Broyden
update S, 1.

4. T-Secant Method

A numerical procedure has been developed for solving an overdetermined system of nonlinear
equations 1.5. It can be considered both as a discretized Newton’s method or as a quasi-Newton
method with full-rank update of the Jacobian approximates. The suggested full-rank update procedure
(“T-Secant” method [2]) provides an unconventional and simple strategy to improve the performance
of quasi-Newton iterations. It is based on the classic secant linearization, that was completed with
a new independent approximate xﬁ 1 The secant equation was modified by a suitably chosen non-
uniform scaling transformation and a new independent approximate xﬁ .1 was determined from the
modified secant equation. The solution to the secant equation presented in [2] was based on the Wolfe-
Popper procedure [29,42] so that the secant equation was splitted into two equations by introducing an
auxiliary variable. The simplified algorithm, presented in the paper, directly solves the secant equation
by using the pseudo-inverse of the transformed Jacobian approximate.

4.1. Single-Variable Case

The suggested procedure uses the information on the improvement of the classic secant procedure
and gives a new approximate xﬁ 1 in the vicinity of the classic secant approximate x;‘ ', 1 as follows.
Given two initial approximates x;,“ and xg with function values f,f and f,f and the new approximate x;; 1
with function value pr+1 is known from the solution of the classic secant Equation 3.7. An independent

new approximate

B
Xpi1 = x?ﬂ +Axp11 (41)
is planned to be determined in the vicinity of the classic secant approximate x;? ', 1- Let the ratio
g =2
_rt 40
P = A (42)
f

(f]j‘ #* 0) of the function value improvement and the ratio

B _
P xp+1 x;Jqul o Aprrl 43
P LA A A (4.3)
Xpi1 — % Axp

(Axﬁ # 0) of the desired iteration stepsize change be defined. The single variable secant equation 3.7
is then modified as

Stp Oxf} = —f;! (4.4)
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where
f
Stp= r Sp (4.5)
p
Then the new approximate xg 1 can be expressed from Equation 4.4
XA —x)
ptl 7P — _fA
PYB A Sp Axﬁ = _fp (4.6)
p+1 p+1
After re-arrangement
A 2
B _ P
by =l = 7S (25 4.7)
p
and with the secant Equation 3.7
P N A S 48
xp+1_p+1_fr? P( P) _p+1+r’ p (4.8)
the desired new iteration stepsize
Dxpp1 =t Axfh 4.9)

can be given. The suggested procedure can also be applied to the Newton’s method (T-Newton
method). Then the “slope” S, corresponds to the derivative f* of function f (x).
The geometrical representation of the suggested method can be derived as follows ([2]). Let the

new approximate x?

1 be the zero of a function z(x) :

zp(xpq) =0 4.10)

Then by replacing xg 1 with x in Equation 4.8 gives the function

s (849)’

zp(x) = — +f =0 (4.11)
X=X
with zero at
¥ = x§+1 (4.12)

Equation 4.11 is a hyperbolic function with vertical and horizontal asymptotes x]‘; 7 and f,f‘, and its

B
root xp +1

;‘H (see Figure 2). This virtue of the suggested procedure ensures an automatic mechanism for having

will be in the vicinity of x;? ', 1 in “appropriate distance” that is regulated by the function value

the actual approximates x;,q and xg in general positions through the whole iteration process providing
stable and efficient numerical performance. The suggested method’s performance is demonstrated
with the results of numerical tests on test functions in Section 6.
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Figure 2. Suggested full-rank update method (T-secant)

4.2. Multi-Variable Case

: : A _ |,A B _ |+B * ;
Let two independent approximates x, = {xk,p} and x, = {xk,p} to the zero x* of the nonlinear

vector-valued function f(x) be given in the p'" iteration (k = 1,...,n). Let the series of n approximates
xP . be constructed by individually increment the elements x?p of the approximate xﬁ by an increment

—x (4.13)

Dxyy = x,lf .

p

as
X, =)+ Axgy df (4.14)

where d* is the k" Cartesian unit vector. It follows from this special construction of the approximates
xE,p , that xllj,i,p — xf’p =0 fori # kand x,ﬁi’p — xép = Axy for i = k and matrix 3.18 will be a diagonal

matrix :
Nxgp o 0
AX, = [Axk,p} = [xf,p — xﬂ = : : = diag(Axk,p> (4.15)
0 . Ax}’l,p
Let the ratios A
. _(fips
T, = diag (t}fp) = dzag(”fA (4.16)
P

( ]-/;J # 0) of the function value improvements (j = 1,...,m) and the ratios

X1~ Xipet AXipi1
T = diag (1, ) = diag | ~Z=——"57 ) = ding | 5 4.17)
Yipr1 ~ Xip Xip

(Axf‘p # 0) of the desired iteration stepsize changes (i = 1,...,n) be defined similarly like in the
single variable case. Let the secant equation 3.24 be modified as

Stp Dxp = —f7 (4.18)

where

-1 Dfij 1Y _ [t O

_ 7oF X 1 F i P : _ 1P )P

Sty =T} s,,(Tp) - dzag(tj,p) [ A ]dzag(tx> - lt?‘ A (4.19)
7 iLp ip 7
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(i=1,...,n),(G=1,...,m),(k=1,...,n) or in explicit form :
fi I[}PJrI 0 0 Df1ap Df1np Ax?,p 0
ffp Axl,p U Axn,p AX]/;H,]
Sp=1 0 . 0 SR 0o .0 (4.20)
A Af 1,m,p Afn,m,p AxA
m,p+1 e e 1,
0 0 fr[S,: Axl,p Ax"r.” 0 0 Axn,pil
and 1
+ _ X gt (TF
st, =TS} (Tp> 4.21)
is the pseudoinverse of S,,. Then Equation 4.18 can be re-written as
A
Axy = —S7, f7 (4.22)
Then the i element xfp 41 of the new approximate xg 41 in the p'" iteration will be
2
B (Axﬁ’)
Xipi1 = Xjpp1 + DXipiq = xfpﬂ T m AN (4.23)
y (st lr
S\,
where tﬁ,j #0,(j=1,...,m)and (i=1,...,n). Let the ratios
m
+ A
E60t) g
],[Z,p = p” vy = p il A (4.24)
£i8) £
=1\ P = AN

be introduced . By using Equation 3.23, the new iteration stepsize can be expressed from Equation 4.23
as

2
byl HCH !
AXi,;a+1 =Xip+1 ~Xipr1 T T LA = Hip A ip (4.25)
P
(s )

j=1

Table 2 summarizes the basic equations of the above detailed multi-variable update method. The

suggested procedure can also be applied to the Newton’s method (T-Newton method). Then matrix S,
tF

P
(j=1,...,m) in Equation 4.24, defined as 4.16 has a key role in the suggested iteration process and the

corresponds to the Jacobian matrix J,, of function f(x). The function value improvement parameter

absolute value of the denominator W;” has to be low bounded with a pre-given value T},;, to avoid

division by zero. When the values Lf]“;’ tend to zero with increasing iteration counter p, then

Y

:uz',p — Thuin (4.26)

Figure 3 shows the effect of iteration parameter T,,;, on the iteration process (N = 1000). It is clear
that too high value of T),;, has negative effect on the iteration efficiency. It can be seen on the example
that a value 0.001 causes the iteration process failure, and there is almost no effect with lower values
0.0001 £ T,
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Table 2. Basic equations of classic and suggested multi-variable update methods

Classic secant method Suggested update method Equations
1 xp, = x4+ Dy df 4.14
2 OX, = [Ax,) AX,, = diag(Lxy) 3.18,4.15
B A B A
3 AR =lfiy, —f,,} AFy = [fk,,, - fp] 3.17
4 = diag (tZX ) dzag(Ax’P“) 4.17
A
F __ g: F — As jp+1
5 T, = dzag(tjlp) = diag %) 4.16
6 S,=AF,AX,! St = TE S, (TX) " = | Bhir | 316 410
A Tp = Sp 2P\ s T
A A
7 S ﬁxg = _pr Sty Axy = fp 3.24,4.18
— _gt +
8 ALxy=-S7f, Nxp = —s fp 2 3.23,4.22
_ + B ()
9 Xy =~ v (S ijp w) Xpit = Xp1 A 322,423
=1 ):( + ”’)
S\ b oF
" =1 i
B B ng( f;)
10 X7, =% Hip = 424
Y + P
j=1< ijp tF >
11 Axl-,pﬂ 1P+1 x{‘ Axl p+1 = = K; 2 ;4 4.25
Tmin - effect
FUNCTION EVALUATIONS
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Figure 3. Effect of the iteration parameter T,,;, on the iteration process (N = 1000)

The suggested procedure may also be repeated without using the classic secant approximates and
without updating the previously known Jacobian approximate S, as

(2( iy ,p+h>)2

_ .B _ J
DXipiivh = Xipi14h— Xfp+1+h = - ) (4.27)
Z ( JP+ )
j=1 ijp t]p+h
where
f 'A+1+h
F P
t]-,p th = T (4.28)

jp+h
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(h =1,...) until the new approximates
xfp+1+h = x;?p+1+h + OXjpi14n (4.29)
(i=1,...,,n) are sufficiently improved. A numerical example is shown in Table 3 with test function
f(x)=x%-2x—5 (4.30)

for demonstration purpose. The results indicate linear convergence with convergence rate a« = 1. «
is the computed convergence rate, Ny is the number of function value evaluations and L is the mean
convergence rate, suggested by Broyden [7] in Table 3.

Table 3. T-Secant iteration with constant Jacobian approximate S, (Equation 4.27)

xA el

p+h p+1+h‘

T
Ax;}_,_h o

B f
¥ tp+h Axpt1tn p+h

p+h

g |

0 1.700 2.000 0.421 -0.085 0.036 2.6-1072 2 123
1 2121 2156 -0.036 -0.359  -0.013 22-1072 4 087
2 208 2072 0.013 -0.342 00044 76-1073  1.08 6 076
3 2098 2102 -0.0044 -0.348 -0.0015 2.7-107% 0.97 8 070
4 2093 2092 0.0015  -0.346 0.00053 9.2-10*  1.01 10 0.67
5 20949 2.0955 -0.00053 -0.347 -0.00018 32-107* 0997 12 065
6 20944 20942 0.00018 -0.346 0.000063 1.1-107%* 1.001 14 0.63
7 20946 2.0947 -0.000063 -0.346 0.000022 3.8-10"° 0.9997 16 0.62

5. Algorithm

Let ¢* be the error bound for termination criterion and if x* is known then

e‘;‘ = xﬁ —x* (5.1)
is the error vector of approximate x;,“ in the p iteration with elements e{‘p (i=1,...,n). Let the error
norm

n 2
: (<)
e |, = \ip
&y = = 5.2
p n n (52)

be defined, where ||.||, is Euclidean norm and let the iteration be terminated when
gy < € (5.3)

holds. Choose T,,;,, as lower bound for ‘ t}': p’(] =1...,m) and let f,; be a lower bound for

A
IZ

Calculate the corresponding function values f;‘ and assure that f,,;;, < ‘ fj‘%‘ (j=1,...,m). Iteration

(j=1,...,m). Let p =0 and let the approximate x;,“ and the difference vector Ax, be given.

constants fy,;, and Ty, are necessary to avoid division by zero and to avoid computed values be near
the numerical precision.

* Step 1: Generate a set of n additional approximates xf, . (Equation 4.14) and evaluate function

Valuesff,p (k=1,...,n). Assure that f,;;, < ‘f,fjp‘ Gj=1,...,m).

*  Step 2 (Classic secant update method) : Construct the Jacobian approximate matrix S, determine

its pseudo-inverse S; [31], calculate x4

41 from Equation 3.21 and ¢, from Equation 5.2.

* Step3:Ifey < ¢* then terminate iteration, else continue with Step 4.
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*  Step 4 (suggested update method) : Calculate f? 1 (assure that f;, < ’ ]‘137 ), Tf,from Equation

4.16 and y; from Equation 4.24 . Let T,,;, < ‘ th, p‘ and determine xg 1 from Equation 4.25.
e  Step 5: Continue iteration from Step 1 withp =p + 1, x]’;‘ 1 and xg oy

If pax is the number of necessary iterations for satisfying the termination criterion ¢, < ¢* and n is
the number of unknowns to be determined, then the suggested update method needs #n + I function
evaluations in each iterations and altogether

Nf = Pmux(n + 1) (54)

function evaluations to reach the desired termination criterion. py;, is depending on many circum-
stances such as the nature of the function f(x), termination criteria (¢* or others), the distance of the
initial approximate x4 from the solution x* and from the iteration constants Smin and Ty,

6. Numerical Tests Results
6.1. Single Variable Test Function

A numerical example is given with a single-variable test function
f(x) = cos(x) —x (6.1)

with root x* = 0.73908513... The results of the classic secant iteration process are shown on Table 4 and
Figure 4. Iterations were made with initial approximates xj = —2.0 and x5 = 2.0 (p = 0) providing
f4' = 1.584. The first secant approximate x{' = —0.416... is found as the zero of the first secant line
yo(x) providing f# = 1.331... (p =1). The next iteration (p = 2) will continue with approximate
x4 = 0.442.....and with f! = 0.462.....

The results of the suggested iteration process are shown on Table 5 and Figure 5. Iterations
were made with the same initial approximates as in case of the classic secant iteration and the first
secant approximate x{' = —0.416... is found. The first T-secant approximate x¥ = 0.915... is given as
the zero of the first hyperbola function zo(x) (Figure 5, left). Iteration then goes on with approximates
xf = —0.416... and x¥ = 0.915... providing f{! = 1.331... (p = 1), and new approximates x4 = 0.667...
and x5 = 0.764... as the zeros of the second secant and hyperbola functions y; (x) and z; (x) receptively
(Figure 5, left). The next iteration (p = 2) will then continue with approximates x‘24 = 0.667...... and
xB=0.764... and with f3! = 0.119... and gives x§ = 0.7387...... and x5= 0.7391... (Figure 5, right).

Table 4. Classic secant iterations with test function 6.1 (see Figure 4)

p 0 1 2 3 4 5 6

x;‘ —2.000 2.000 —0.416 0.442 0.898 0.7279 0.7387
Ax, 4000 2416 0.858 0.456 —0.170 0.011 3.6-1074
4 1584 —-2416 1.331 0.462 —-0.275 0.019 6.1-107%

xy, —0416 0442 0898 0728 07387 0.739086 0.739085
ey, —1155 —0297 0159 —0.011 -0.0004 9.11077 73.10°"
o’ 0113 155  0.459 4.249 1.292

Aa 0 1331 0462 —0275 0019 61107* 15107° 1.2:1071
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Figure 4. Classic secant iterations with test function 6.1 (see Table 4). (Left : x‘f = —0.416... is the root of yo(x),
then x5 = 0.442. ... is the root of y (x). Middle : x{ = 0.898... is the root of y(x) and x§' = 0.728.... s the root of
y3(x) Right: x{ = 0.7387... is the root of y4(x) and x{ = 0.739086... is the root of y5(x))

6 4 2 0 2 a 6 0,739085132  0,739085133  0,739085134

\ \ 6 2,E-09
\ \ ——f(x)=cosx-x
2,E-
4 \ < x3A-x3B /E09

1,E-09

2
\Q\ 0 5,E-10
0,E+00
-2
(x)=cosx-x
-5,E-10

< xOA-XOB -
< x1AX1E \
< x2A-X2B . -1,E-09
Figure 5. T-Secant iterations with test function 6.1 (see Table 5) (Left : x‘f = —0.416... is the root of yy(x),

xB =0.915... is the root of zy(x), then x4 = 0.667 ... is the root of y (x), x5 = 0.764... is the root of z; (x). Right :
x{ = 0.7387...1s the root of y»(x), x§ = 0.7391... is the root of z5(x))

Table 5. T-Secant iterations with test function 6.1 (see Figure 5)

p 0 1 2 3 4

xf —2000 —0416  0.6668 0.7387 0.7390851328
Ax, 4000  1.331 0.0968 411074 3.9-10°10
fit 1584 1331 0.1190 6.7-1074 6.5-1010
x5, —0.416  0.667 0.7387  0.7390851328  0.7390851332
en,y —1155 —0.072 —40-107* 3810710

TS 3.210 1.874 2.668

Aa 1331 0119 6710* 651077

;}; 0.840  0.089 0.0057 9.6:10~7

Xpi1 0.915 0.764 0.7391 0.7390851332

6.2. Solution of an Inverse Problem

An example is given for an imaginary modeling problem. Modeling of systems on the basis of
observed or specified system responses plays a key role in scientific research. A central problem of
modeling is to fit a structured mathematical model to available data so that the values of the unknown
model parameters are determined providing that the simulated data is as near to the available data as
possible. A system response can generally be represented by a "curve" in a two (or three) dimensional
space and can be simulated by a computer program. Parameter identification corresponds to minimize
the distance between observed and simulated system responses. Parameter identification problems can
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generally be formulated as non-linear least squares problems so that some unknown model parameters
are determined providing minimal deviation between observed and simulated system responses.
Solving non-linear least squares problems is often a difficult task especially if the number of unknowns
is high.

A rational system under investigation produces measurable response to a known measurable
external effect. A mathematical model with n unknown parameters (py, ..., p,) simulates the behavior
of the system providing response to the same external effect as acted on the system during observation.
Let, the observed and the simulated system responses be represented by two dimensional curves and
sampled in k discrete points with coordinates x; and y; (i = 1,...k). The coordinates of a synthetic
observed response were generated as

x(z) = (a+0b) cos(z+ff) —¢ cos(a—;;b z+ﬁ> + X9 (6.2)

) = (a-+0) sinlz +) —c sin( 2 ) 430 (63)

(an epicycloid) with parameters x) = 10,y = 8,a =4,b=2,c=35and ff = land with0 <z = 2 7.
The parameters
p:{xo Yo a b c} (6.4)

were were considered to be unknown, and the system response was simulated with initial approximate
poz[xo yoabc}:{s 11 35 25 3} 6.5)

Distance between observed and simulated system responses was defined for arbitrary two-dimensional
curves. This definition can be extended to n dimensions making wide range of parameter identification
problems possible to formulate. The value of the defined distance is dimensionless and it expresses
the ratio of area between system response graphs in normalized coordinate system to the area of a
rectangle with unit area.

The distance between the observed and the simulated system responses was quantified by area
D(p) between the graphs of system responses in a normalized coordinate system. Partial area r;(p) was
defined as the area of a quadrangle among the (j — l)th and j* division points on the system response
graphs (j = 1,...,m) as shown on Figure 6. These division points were selected equidistantly along
system response graphs.

AAAAAAAAAAA

1.0 — E System responses
£ i ° 10 ><(\k\/—w: Parameters
£ S Observed
i A Simulated 8 X0
(y) N p + Yo
b —k— a
r,r’"—‘_k_‘_—‘_‘
0.0 % —¥—
\ \ k— e
0.0 1.0 0 |
0 40
X
(x) S
Figure 6. Definition of the distance between system responses (left) and variation of parameters through iterations

(right)

Thus, parameter identification problems can be formulated as solving a system of nonlinear
equations
r(p) =0 (6.6)
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where p — r(p), p € R%, r: R° — R™ and r is residual vector with components ri(Gj=1,...,m). The
unknown parameters p of an epicycloid 6.2 and 6.3 were determined according to the suggested update
algorithm. The variation of parameters p through iterations and the observed and the simulated system
responses for the initial approximate are shown on Figure ?? and 6. The observed and simulated
system response pairs are shown on Figure 7 7, 13, 19, 25, 31 and 43 simulations (S).

The results of numerical tests with different initial approximates showed that the optimal solutions
were not reached in all cases. The convergence was especially sensitive for the initial values of
parameters a, b and c. Several local optimal solutions were detected as shown on Figure 8.

CHCD
COCHCS

Figure 7. Observed and simulated system response pairs after “S” function value evaluations

Figure 8. Local optimal solutions

7. Efficiency

The efficiency of an algorithm for the solution of nonlinear equations is thoroughly discussed by
Traub [38] as follows. Let fi be the order of the iteration sequence such that for the approximate errors
e; = x; — x*, there exists a nonzero constant C (asymptotic error constant) for which

@ —-C (7.1)
eit”
A natural measure of the information used by an algorithm is the “informational usage” d, which
is defined as the number of new pieces of information (values of the function and its derivatives)
required per iteration (called “horner” by Ostrowski [26]). Then the efficiency of the algorithm within
one iteration can be measured by the “informational efficiency”

EFF = fi (7.2)
d
An alternative definition of efficiency is
“EFF = fid (7.3)

called “efficiency index” by Ostrowski [26]. Another measure of efficiency, called “computational
efficiency” takes into account the “cost” of calculating different derivatives. The concept of informa-
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tional efficiency (EFF) and efficiency index (*EFF) doesn’t take into account the cost of evaluating f
and its derivatives, nor does they take into account the total number of pieces of information needed
to achieve a certain accuracy in the root of the function. If f is composed of elementary functions, then
the derivatives are also composed of elementary functions, thus the cost of evaluating the derivatives
is merely the cost of combining the elementary functions.

Broyden [7] suggested the mean convergence rate

A
L:iln R(x())

Ny R (x;;‘max )

as a measure of efficiency of an algorithm for solving a particular problem, where Ny is the total number

(7.4)

of function evaluations, x‘é‘ is the initial approximate, x?m is the last approximate to the solution x*
when the termination criteria is satisfied after pj,y iterations. R(x) is the Euclidean norm of f(x).

Zang’s two-step method [43] is similar to King-Werner method [18,41] with convergence rate
2414 ...[32]. Chen’s [9] and Wang’s [39] three-step methods show asymptotic convergence order
2.732.... Chen’s [9] method require two function and one derivative evaluations by using a second-order
polynomial, proposed in [39] and shows 1.174 . .. Ostrowski’s [26] efficiency index. Wang’s [39] method
require three function and two derivative evaluations shows 1.101 ... Ostrowski-index. Zhang [43]
published a finite difference based secant method with 2.618 . .. asymptotic convergence order. Later
Ren [32] showed that Zhang's [43] method has only 2.414. .. convergence order due to some mistakes
in the derivation. Table 6 compares the efficiencies of classic (Rows 1-2 : Secant, Newton) and
improved algorithms (Rows 3, 5 : T-Secant, T-Newton with the suggested full-rank update and from
references [9,39]), the T-Secant method with constant Jacobian approximate S, (row 4 : TS-const. Sy,
see data in Table 3), Chen’s [9] and Wang’s [39] methods.

Very limited data are available to compare the performance of the suggested update method
(T-Secant) with other classic methods, especially for large number of unknowns. Efficiency results
were given by Broyden [7] for the Rosenbrock function for N = 2. The calculated convergence rates
for the two Broyden method variants [7], for the Powell’s method [30], for the adaptive coordinate
descent method [19] and for the Nelder-Mead simplex method [20] were compared with the calculated
values for the T-secant method in Table 7 [2]. Rows 1-5 are data from referenced papers, rows 6-8 are
T-secant results with the referenced initial approximates and rows 9-15 are calculated data for N > 2. If
the value of R(x) = 0 (for pax) is zero, then the mean convergence rates (L and Ly) are not countable
(zero in the denominator). A substitute value 10~2° was used when R(x) = 0 (for pmayx) inrows 6,7, 10
and 13.

Table 6. Efficiencies of classic and improved algorithms

Method d B EFF [38] *EFF [26] Lyax (7]

1 Secant 1 1.618... 1.618... 1.618... 4.0
2 Newton 2 2.0 1.0 1414... 3.0
3 T-Secant 2 2.618... 1.309... 1.618... 4.5
4 TS-const. S5, 2 1.0 0.5 1.0 0.6
5 T-Newton 3 3.0 1.0 1.442... 3.0
6 Chen [9] 3 1.618... 0.539... 1.173... —
7 Wang [39] 5 1.618... 0.323... 1.101... —
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Table 7. Calculated values of the mean convergence rates

N Method R(x}) R(¥h.) pme Nf L Ly
1 2 Broyden 1. [7] 492  47E10 - 59 0391 0.78
2 2 Broyden 2. [7] 492 26E10 - 39 0607 1.22
3 2 Powell [30] 492 70E10 - 151  0.150 0.30
4 2 ACD [19] 130.1  1.0E~10 - 325 0.086 0.17
5 2 Nelder-Mead [20] 2.00 14E"10 - 185 0.127 0.25
6 2 T-secant [7][30] 492 10E % 3 9 6573 13.15
7 2 T-secant [19] 130.1 1.0E™® 3 9 6937 13.87
8 2 T-secant [20] 200 67ED 2 6 5556 11.11
9 3 7272 14E 14 5 20 1.809 543
10 3 3247 10E® 4 16 3.815 11.45
1 5 9353 13E 14 8 48 0.760 3.80
12 5 T-secant 719 59E M 4 24 1351 6.76
13 10 2026 10E® 14 154 0408 4.08
14 200 9278 90E D 10 2010 0.042 8.44
15 1000 2124 36EB 6 6006 0.006 5.66

Results show that the mean convergence rate L (Equation 7.4) for N = 2 is much higher for the
T-secant method (~ 5.5 — 6.9) than for the other listed methods ( ~ 0.1 — 0.6). However it is obvious
that the mean convergence rate values decrease rapidly with increasing N values (more unknowns
need more function evaluations). A modified convergence rate

A
Ly=NsL= N 1p RG0)

Nr R (x]’,f‘mx>

is suggested to use as an “N” independent measure of efficiency (see Table 7). The values of L and Ly

(7.5)

are at least 10 times larger for the T-secant method than for the referenced classic methods for N = 2
(see Table 7).

The efficiency measures (L and Ly) are also depending on the initial conditions (distance of the
initial approximate from the optimal solution, termination criterion). Results from large number of
numerical tests indicate an average Ly ~ 7.4 with standard deviation around 3.7 for the T-secant
method even for large N values.

8. Conclusions

A numerical procedure has been developed for solving an overdetermined system of nonlinear
equations 1.5. It can be considered both as a discretized Newton’s method or as a quasi-Newton
method with full-rank update of the Jacobian approximates. Quasi-Newton methods are widely used
for solving systems of nonlinear equations when the function derivatives (Jacobian) are not known or
difficult to determine. The derivatives (Jacobian) are approximated by divided differences 3.16, and
the system of nonlinear equations 1.5 is solved by repeatedly solving systems of linear equations 3.24.
The new approximate xﬁ fl

are updated according to the secant condition 3.26. However, the secant condition doesn’t uniquely

; is determined from the classic secant equation and the divided differences

specify the Jacobian approximate, so the update procedure is not well-defined and further constraints
are needed. Different methods offer specific update solutions.

The suggested numerical procedure (“T-Secant” method [2]) provides an unconventional and
simple strategy to improve the performance of quasi-Newton iterations by full-rank update of the
Jacobian approximates. It is based on the classic secant linearization and allows full-rank update
of the Jacobian approximates. The classic secant iteration was completed with a new independent

d0i:10.20944/preprints202412.2511.v1
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; B
approximate Xy 1

made by a suitably chosen non-uniform scaling transformation. Scaling was made by the difference

that was determined from a modified secant equation 4.18. Modification was

quotients of the classic secant function value improvements 4.16 and the difference quotients of the
desired new iteration stepsizes and the classic secant stepsizes 4.17. A new independent approximate
xﬁ 1 was determined from the modified secant equation 4.18. The solution to the secant equation
presented in [2] was based on the Wolfe-Popper procedure [29,42] so that the secant equation was
splitted into two equations by introducing an auxiliary variable. The simplified algorithm, presented
in the paper, directly solves the secant equation by using the pseudo-inverse 4.21 of the transformed
Jacobian approximate 4.19.

It has been shown that the new T-secant approximate xg .

cant approximate x;j‘ -, 1 if the classic secant iterates converge to the root of the nonlinear function [2]. The

; will be in the vicinity of the classic se-

Jacobian approximate was then full-rank updated by constructing new divided differences (Jacobian
approximates) from the classic secant and from the T-secant approximates.

It was shown that the iterative procedure possesses super-quadratic asymptotic convergence
property with convergence rate « = ¢ + 1 = ¢? ~ 2.618 for simple root in single variable case ([2]),
where ’ is the golden section ratio. The suggested procedure can also be applied to the Newton’s
method (matrix S, corresponds to the Jacobian matrix J p). Numerical test results indicate that the
quadratic convergence (¢ = 2) of the Newton’s method increases to cubic (x = 3).

The efficiency has been studied in multi-variable case and compared with other classic rank-one
update and line-search methods on the basis of available data. Results show that its efficiency is
considerably better than the efficiency of other classic low-rank update methods. The suggested
method’s performance was demonstrated by the results of numerical tests with widely used single-
and multi-variable benchmark test functions. A Rosenbrock test function was used with up to 1000
variables [2]. The method has also been successfully applied for the solution of different “real life”
inverse problems [3-5] on physically nonlinear dynamic systems. Further studies can be made on
convergence properties in case of multiple roots and on the efficiency characteristics in cases of more
benchmark test functions. The suggested procedure may be used for other applications especially with
large number of unknowns and when low number of function evaluations is crucial.
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to this article.
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