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Abstract: Let m and n be the fixed positive integers. Suppose A is a von Neuman algebra with
no central summands of type I; and L, be a Lie type higher derivation i.e., an additive (linear)
map Ly, : A - Asuch that Ly (pn(61,82,,64)) = Lpysyseityem Prn(Ly, (61), L, (S2), -+, Ly, (S4))
forall 641, &y,-, &, € A. In the present paper, we study Lie type higher derivations on von Neuman
algebras and prove that every additive Lie type higher derivation on A has a standard form at zero
product as well as at projection product. Further, we discuss some more related results.
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1. Introduction

Let R be a commutative ring with unity, .A be an algebra over R and Z(.A) be the center of
A. Recall that an R-linear map L : A - A is called a derivation on A if for all §,% ¢ A, L(6%) =
L(6)T+GL(%). An R-linear map L : A — Ais called a Lie derivation (resp. Lie triple derivation )
on Aif forall &, T, W € A, L([6,T]) = [L(6&),T] +[6&,L(T)](resp.L([[&,F], W]) = [[L(6),T], W] +
([6,L(D)], W] +[[&,%],L(W)]) , where [&, %] = 6T - TG is the usual Lie product. Let N be the set
of non-negative integers and D = {d; };cn be a family of additive mappings d;, : A - A such that
do = id 4, the identity map on A. Then D is called :

(i) a higher derivation on A, if for every m e N, d;,,(6%) = ¥ d,(6)ds(T) forall 5, e A.
(ii) a Lie higher derivation on A if for every m e N, dp,, ([ &, irﬁ_:m > [d(6),ds(%)] forall G, € A.

r+s=

(iii) a triple higher derivation on A if for every m e N, d,, ([[S, %], W]’Y = Y [[4:(6),
r+s+k=m
ds(%)],dr(W)] for all §,%, W € A.

In [1], Abdullaev initiated the study of Lie n-derivations. Define the sequence of polynomials:
pl(G) = G and pn(Gl,Gz,"',Gn) = [Pn—l(GerZr"'1671—1)/611] forall n € Z and n > 2. Here
pn(61,6,+,6,) is known as the (n - 1)-th commutator. An additive (linear) map L, : A - A
is called a Lie n-higher derivation if

Lm(Pn(61/62/”'/6n)) = Z Pn(Lll(61)/le(GZ)/”'rLln(Gn))

I+l +-+ly=m

for all 61,5y, -+, &, € A. In particular, by giving different values to n, we obtain Lie higher derivation,
Lie triple higher derivation and Lie n-higher derivations. These derivations collectedly are referred as
Lie type higher derivations.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Since last few decades, examining the various properties of derivations defined through the most

well known rule given by Leibniz under the influence of various algebraic structures is a vast topic of
study among the algebraists. In [5], Bresar characterized an additive Lie derivation as the sum of a
derivation and an additive map on a prime ring R with ch(R) # 2. In [10], Johnson worked on Lie
derivation on C*-algebras and proved that every continous linear Lie derivation from a C*-algebra
A into a Banach A-bimodule M can be written as 7 + & (i.e., every continous linear Lie derivation
from a C*-algebra A into a Banach .4-bimodule M is standard), where 7 : A - M is a derivation and
h: A — Z(M) vanishing at each commutators. In [15], Mathieu and Villena proved that on C*-algebra,
every linear Lie derivation is standard. Qi and Hou [20], worked on nest algebras and proved that
additive Lie derivations of nest algebras on Banach spaces is standard.
During the recent question of finding the condition under which a linear map becomes a Lie derivation
or simply a derivation influenced observations of so many researchers (see [4], [12],[2],[9],[18],[19]
and references therein). The purpose of the above studies in the most of cases, was to obtain the
restrictions under which Lie derivations or derivations can be completely determined by the action on
some subsets of the algebras. There are several articles on the study of local actions of Lie derivations
of operator algebras. In [[14]], Lu and Jing proved that for a Banach space X' of dimension greater
than two and a linear map L : B(X) — B(X) such that L([S,%]) = [L(S),%] +[6,L(%)] for all
6,% e B(X) with 6T = 0 (resp. &% = P, where Q is a fixed nontrivial idempotent), then there exist
an operator 7 € B(X) and a linear map ¢ : B(X) — CI vanishing at all the commutators [&, %] with
ST =0(resp. 5T = P) such that L(&) = TS +¢(S) forall & € B(X). In[8], Ji and Qi proved thatif 7 is
a triangular algebra over a commutative ring R then under certain restrictionson 7,if L: 7 — 7 is an
R-linear map satisfying L([S,T]) = [L(S),V]+[6,L(V)] forall §,T ¢ T with 6% = 0( resp. 5T = Q,
where 9 is the standard idempotent of 7 ), then L = d + ¢, where d : 7 — 7T is a derivation and
¢:T — Z(T) is an R-linear map vanishing at all the commutators [S, T] with&T = 0( resp. 6T = Q).
Qi and Hou [19] characterized Lie derivation on von Neumann algebra A without central summands
of type I;. In [21], Qi and ]i proved the same result for 8T = Q, where £ is a core-free projection. In
[18], Qi characterized Lie derivation on 7-subspace lattice algebras and proved the same result due to
Lu and Jing [14] on J-subspace lattice algebra AlgL, where L is a J-subspace lattice on a Banach space
X over the real or complex field with dimension greater than 2. Liu [13] studied the characterization
of Lie triple derivation on von Neumann algebra with no central abelian projections. For further
references (see [7],[23],[24], and references therein). Recently, M. Ashraf and A. Jabeen[3] characterized
the Lie type derivations on von Neumann Algebra with no central summands of type I;, where they
showed that every Lie type derivation on von Neumann algebra has standard form at zero product as
well as at projection product.

The objective of this paper is to investigate Lie type higher derivations on von Neumann algebras
with no central summands of type I; and prove that on a von Neumann algebra every Lie type higher
derivation has standard form at zero product as well as at projection product. Precisely, we prove that

every additive map Ly, : A — A satisfying Ly (pn(61,S2,-,6n)) = X1 +ly+-+1=m pn(L,1 (&1),
L, (&2), L1, (S3), -, Ly, (Gn)) forall &1,6,, -, 6, € Awith 6165, = 0is of the form L, (&) = ¢,,(S) +

Cm(S) for all S € A, where ¢, : A - Ais an additive higher derivation and {;; : A - Z(.A) an additive
higher map whose range is in Z(.A). Further, we discuss some more related results.

2. Main Results

In this section, we discuss the characterization of Lie type higher derivation on von Neumann
algebras having no central summands of type I; at zero product. In proving our main results, we use
the following known lemmas:

Lemma 1. ([16], Lemma 5). For projections P,Q € Awith P = Q # 0, if T € A commutes with PXQ and QXP
forall X € A, then T commutes with PXP and QXQ for all X € A.
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Lemma 2. ([6], Lemma 5). Let A be a von Neumann algebra with no central summands of type I, if Z € Z(A)
is such that ZA ¢ Z(A), then Z = 0.

Lemma 3. ([16], Lemma 14). Let A be a von Neumann algebra and assume that P € A is a core free projection
in A. Then PAPnZ(A) =0.

Lemma 4. ([3], Lemma 2.5). Let G;; € Aj;,i=1,2. If &11%1p = T12611 forall T1p € Aqp, then &1+ Gy €
Z(A).

Lemma 5. ([16], Lemma 4). If A is a von Neumann algebra with no central summands of type I, then each
non zero central projection of A is the central carrier of a core-free projection of A.

The first main result of this paper is the following theorem.

Theorem 1. Let A be a von Neumann algebra with no central summands of type 1 and an additive map
Ly : A — Asatisfying Li(pn(S1,62,+,6n)) = L1 +ly++1,=m Pn(Ll1 (61),

le(Gz), Ll3(63), -, Ly, (6n))for all 61,6,,---,6, € Awith 616, = 0. Then there exists an additive higher
derivation ¢y, : A - A and an additive higher map {, : A — Z(A) which annihilates every (n—1)th
commutator p, (&1, Sy, -+, &) with 16, = 0, such that Ly () = ¢ (S) + {m(S) forall G e A.

For projections Q,,Q, € A, let Qo = QpLu(Qp)Q — Q;Ln(Qp)Qp = 0 and let us define a map
Ty + A - A as an inner higher derivation 71, (&) = [S,9g] for all & € A. Clearly L, = L:n -y isalie
n-higher derivation. Since

Lu(9p) = Lun(Qp) = [Qp, QpLin ()9 - QL (2)Q,]

One easily gets 9, L, (Qp)Q; = Qq L, (2p)Qp = 0. Accordingly, it suffices to consider only those Lie
n-higher derivations, which satisfy QpLu ()24 = QqLm(Qp)Qp = 0.
We give proof of Theorem 2.1 in series of lemmas. We begin with the following lemmas:

Lemma 6. Ly (Qp), Lu(Qy) € Z(%).

Proof. To prove this lemma, we use the principle of mathematical induction on m, for m =1, the result
is true by [3]. Assume that the result holds for all k < m. We will show that it also holds for k = m. Since
6129 = Q60,9 =0 for all &1, € Ajp, we have
Lm(pn(Glzlﬂp/Qp/ /Qp))
= Pn(Lm(GlZ)er/ QPIIQP) + p}’l(Glzr Lm(Qp)er/ /QP)
+ pn(612r Qpr Lm(gp)r IQP) +eeet Pn(612/ Dpr Qpr Y Lm(Qp))

Y pa(Ly(812), Ly (), Ly (9)), -+ L, (2,))-

Li+lp+-+ly=m
0<ly Iy, ly<m=1

Which implies

Li((-1)""1&12) = (-1)" ' Qp L (S12) Qg + Qg Lin (612)Qp
+(-1)"2(n-1)[G12, Lu(Qp)]- 1)
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Premultiplying by 9, to the above equation, we get
(_1)n_lQme(612) = (_1)n_1Qme(612)Qq + (_1)n_2(” - 1)(612Lm (Qp) - Qme (Qp)Glz)

and by postmultiplying Q, to the same equation, we get G15L,(Qp)Q; = QpLn(Qp)S12. Then by
using lemma 4, we have L, (Qp) € Z(A).
Knowing the fact that 9,9, = 0, one can write

0= Lm(Pn(QqIprpr"'IQp))
= pu(Lin(99), 2, Qp, -+ Qp ) + (g, Lin(Qp), Qp, -, Q)
+ Pn(quQzﬂ/ Lm(Dp)/'“er) ot Pn(quQperr“'r Lm(ﬂp))
Y pa(Ln (), Ly (9p), Ly (92p), L, ()

ly+lp+-+ly=m
0<ly Iy, ly<m—1

= Pn(lnn(ﬁlq)/ﬁlpzﬁlp/‘”/ﬁlp)
= (1) QL () Qq + QL (Q4) Q)
Which implies Q, L, (Q4)Q4 = QqLin(Q4)Qp = 0. Now using p,,(Qy, S12,Qp, -, Qp) = 0 and applying

the similar calculations as above, we obtain that L,(Q,) € Z(A). Therefore L,,(Qp), Ln(LQq) € Z(A)
and hence, the lemma holds forallm e N. [

Lemma 7. Ly (A;j) € Ajj, (1<i#j<2).

Proof. We will show that L;,(Ajp) € Ajp. The other case i.e, L;;(Ap1) S Ay can be shown similarly.
For m =1, it is true by [3]. Now suppose that it holds for all k < m — 1. We will show that it also holds
for k = m. Using Lemma 6 and equation (2.1), we have

Lu(G12) = QpLm(G12)Q4 + (—1)"‘1Dqu(612)Qp. From this equation one can easily obtain
QpLin(S12)Qp = QyLin(612)Q; = 0 and if n is even, then 2Q,L,,(S12)Qp = 0. But when 7 is odd,
then for all G5, T1y € Ajp, as G121, = 0, one can easily see that

0= Lm(Pn(glz,Tu,le, -Qp, —Qp))
= Pn(Lm(Gu)/TlZ/ WlZ/ _Qp/ v _Qp) + Pn(612; Lm (‘I]Z)/ WlZ/ _Qp, v _Qp)
+ Pn(e‘ulflzl Lin(Wr2),-Qp, —Qp) +eet Pn(612,312,W12, -Qp, -, Lm(—Qp))

b pa(Ly(S12), Ly (T12), Ly, Waa), Ly (-2, L, (-9))

Lh+lp+-+l=m
0<ly,lp oo lpsm—1

= Pn(Lm(Glz),Tu,le, -Qp, -, —Qp) + Pn(6121 Lin(%12), Wiz, —Qp, -+ _Qp)-
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Which can be written as 0 = [[Lm(Glz), 1], Wu] + [[612, L (%12)], Wu]. From this equation, we get
[Lim(S12), T12] + [S12, Lin(T12)] € Z(A). Now put z = [Lin(S12), T12]
+[612, Lin(T12)]. Then

[Ln(612), T12] = Z = [S12, Lin(T12)]
=Z- pn(612r —Qp,,~Qp, Lm(le))
-7+ Lm(pn(Glz, -9y, -, —Qp,ilz)) - pn(Lm(Glz), -9, —53,,,512)
=Z- Pn(Lm(Gu), —Qp, -, —prilz)
=2 [QLm(612)Qp, T12].

This implies that [Q,L,(S12)Qp, T12] € Z(A) and therefore Q4L (S12)Qp%1 = 0. Since Q; = I, we
have QL (612)Qp = 0. Therefore, Ly, (A12) € A12. Hence for all m € N, Ly (A1) € A O

Lemma 8. There exists maps {y; on Ay, such that Ly, (S;;) — (i, (6;i)1 € Ajj forany ;€ A,i=1,2.

Proof. Using Lemma 6 and knowing the fact that 112, = 0. We have

0= Lm(Pn(GllrQqIQq/”'rQq))
= pu(Ln(&11), 0, Qg+, Q) + Pa(S11, L (Qy), Qg+, )
+ (&1, g, Lin(Qg), - Q) + -+ pu(S11, 95,9y, Ln(2y))
Y (L (S1), Ly (Q4), Liy Q)+ L, (2y))

I+l e+l =m
Oéll,lz,---,ln <m-1

= pu(Ln(S11), 2, Qg+, 2y )
= Ln(611)Qy + (-1)" QL (S11)
= QpLn(&11)Qg + (-1)" 'y Lin(611) Q)

From which, we get Qp Ly, (611)Qq = Q4L (S11)Qp = 0. To complete the proof of lemma, we need to
show that Q4L,,(&11)Qy = 0. For this take any &, € Aj; and Tq; € Ajp, we have

0= Lun(pn(S11, 822, Wha, 0, Qg+, 2))
= pu(Ln(S11), 822, Wi, 0, Qg+, 05 ) + pu( &1, Ln(S22), Waz, 05, Q5,2
+ Pn(611/6221 Lm(le),Qq,Qq,'",Qq) +eet Pn(GlerZZ/ Wi2,Qq,, Lm(ﬂq))
Y (L (S11), Ly (82), Ly (S12), Liy (), Lis (9g), -+ Ly, ()

Lh+lp+-+l=m
0<ly,lp, oo lpsm=1

= pn (Lm(Gll)r 6221 W12/ qu Qq/ i Dq) + Pn(ellr Lm(622)r WlZ/ Dq, QQI Yy Qq)

= [[Lm(Gn),Gzz]/fu] + [[611,Lm(622)],312]-
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Which implies that [ Ly (S11), 82| + [S11, Lu(S22) ] € Z(A). By pre and post-multiplying 9, we get
[Q4Ln(S11)Qq, S22 ] € Z(A)LQy. This implies [ QgL (S11)Qy, S22 = 0. Which means there exists some
Z € Z(A), such that Q4L (611)Qy = ZQ, and therefore

Lm(&11) = Qme(Gll)Qp + Qqu(611 )Qq ()

Since, Z € Z(A), we have 2,79, = 9,79, = 0. From the above equations Z — 7z = (QpZQp +
QL (611)Qq) - (QPZ/QP +Qqu(6,11 )9,). Then by Lemma 3, 2,49, n Z(A) = {0} and thus Z = 7z
One can also define a map {;;; on Ajq by (i, (611) = Z € Z(A). Then by comparing it with equation
(2.3), we get Ly (611) = Cmy (611) = QpLim(611)Qp - QpZQp € Ay for all &1 € Ajq. With the similar
steps there exists a map (;, on Ay, such that {,(622) = Z € Z(A) and L, (S22) — {m, (S22) € A for
all 622 € Azz. O

Now define two maps ¢y, : A > Aby ¢ (S) = Liy(6) - {m(S) and {1 A - Z(A) by {n(S) =
Ty (Qp©Qp) + Tm, (Q761y) for all & € A. Then one can easily observe that ¢ (Q;) = 0, ¢m(A;j) <
Aij; 1,j=1,2 and ¢pn(&;;) = L (&;;); for all & € Ayj; i,j=1,2(i # f).

Lemma 9. ¢y, is an additive map.

Proof. As ¢ = Ly — (i and (= (my + (m,, we need to show that J,, and ;,, are additive. For this
take any &1, %11 € Aj1, we have

Cm (G11) = Qplm (611)Qp + Qqu(Gll)Qq/

Cmy (F11) = Qplmy (T11)Qp + QgL (T11)Qy

and
Cmy (611 +F11) = Qplmy (G171 + F11)Qp + QyLin (S11 + T11)Qy.

By combining all the above three expressions, one can easily find that (p, (S11) + {m, (T11) -
Cm (611 + %11) = Qplmy (611)Qp + Qplm; (T11)Qp = Qplm; (S11 + T11)Qp- Since Qplm, (611)Qp +
QpCmy (F11)Qp = Qplmy (S11 + T11)Qp € Z(A) and Qplm, (611)Qp + Qplmy (F11)Qp — Qplmy (S11 +
T11)Qp € 9,49, we know that Z(A) nQ,A9, = {0}, by Lemma 3. We have Q,m, (611)Qp +
ngml (311 )Qp - ngml (611 + fu)ﬂp =0. Hence, gml (611 + ‘3:11) = éml (611) + gml (sll)- This implies
(m, is additive. Similarly, we can show that {,, is additive. Therefore, ¢, is an additive map. [

Lemma 10. Forany &;; € A;;, Tjj € Ajj, 6 € Ajjand Tjj e Ajj; i,j=1,2,(i # j). We have
(@) Pm(SiiTij) = grpom s (i) P (Tij),
(0) P (SijTjj) = Lgstmm s (Sij) P (Tj)).-

Proof. We will give the proof of (1) and second can be proved similarly. Lets us prove the lemma with
the help of mathematical induction on m. For m = 1 it is true by [3]. Suppose it is true for all k <m - 1.
We will show that it also holds for k = m. Since for i # j, T;;&;; = 0. We have
Pm(GiiTij) = Ln(&;:%i))
= Lm(Pn(Giirsij/ P]rP]// P]))
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= pu(Ln (&), Sij, Py Py oo P5) + P Sy L (Si7), Py, Py, )
+ Pn(Gii/Eij; Lm(P])/ P'/"'/ P]) +oeeet pn(eii/‘:ijrpj/"'/ Lm(P]))

b2 pa(Ly(8i), Ly (Ti), Ly (P, Ly, (P)
Iy +lp+e+ly=m
0<ly Iy, ly<m—1

= Pn(Lm(Gii),Tij, P, P, -, Pj) + Pn(Gii/ Lu(%ij), Pj, P, P]’)
+ Y L(&i)Li(%y)

s+t=m
O<s,t<m—1

Pm (i) Tij + Sjipm (Tij) + ; Ps (i) (Tij)
O<s,ts=nr1n—l

Y s(Si) i (Tij).

S+t=m

Similarly, one can prove ¢m(&;jTjj) = Xgyom ¢s(Sij)Pe(T5). O
Lemma 11. For any &;;, Tj; € Aji. We have ¢, (64i%ii) = Ygrimm $s(Sii) P (Ti); i=1,2.
Proof. Forany G;;, T;; € Aj; and T;j € A;j, and using Lemma 10, we have

¢m (6 TiiTij)
= GiTiipm (Tip) + om (SuTi)Tii+ Y ¢ (SuTii)ds(Tij)

r+s=m
O<r,s<m-1

= &;iTiipm(Tij) + o (G Ti)Tij+ D, ( > ¢p(6ii)¢q(fﬁ))¢s(fﬁ)
r+s=m p+q=r
O<rs<m=1"0<p,q<r

= &;iTiipm(Tij) + o (63 %ii)Tij+ (Gii¢r(3ii)+4>r(6ii)3ﬁ

+ +Z_r <Pp(6ii)¢q(5ii))¢s(3ij)
0<F;J,qqs_r—1

= GiTiipm (Tij) + Pm(SiTi) T+ 2. Giipr(Tii)ps(Tiy)
0<rrj—sss_n7:1—l

+ ) P(Ga)Tugs(Ti)+ Y Pp(Si)Pa(Tin)pr (Tip). 4)
r+s=m r+s=m
O<r,s<m-1 p+q=s
O<r,s<sm-1
O<p,g<r-1
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On the otherhand, we have
P (SiTiTi) = Giipm(TiTyp) + o (Si)TuTij+ Y r(Sii) s (TisTig)
O<};Tss$_n7;1—l
= Giipm(TiiTij) + P (Gii) TirTij + D ¢r(6ii)( > ¢p(‘3ii)4’q(fi]‘))
r+s=m p+q=s
O<r,s<sm-1 0<p,q<s
= Giim(TiiTij) + Pm(Git) TuTyj+ ), 4’r(6ii)(3ii¢s(3ij) +¢s (i) T
0<rrj—sss_rz1—1
DY 4’p(fii)4’q(fij))
p+q=s
0<p,g<s-1
= Giipm (TiiTij) + Pm(Sii) TiiTij + Z ¢r(Sii)Tiips (Tij)
O<rr+,—ss$_7:’z1—1
+ 2 e(Gi)s(T)Ti+ Y Pr(Si)pp(Tii)pg(Tiy)
r+s=m r+s=m
O<r,s<m-1 p+g=s
O<r,s<m-1
0<p,q<s-1
= Giipm (Tii)Tij + &1 Tiicpm (Tij) + Z_: Giir (Tii ) ps (Tij)
0<rrfss§_nrf—1
+ o (S;i)Tii Ty + Z Pr(Sii)Tiips (Tij)
0<rrJ,rsSs_nr1n—l
+ ) ¢(Gi)s (TS Y Pr(Si)pp(Tii) g (Tip)- ®)
r+s=m r+s=m
O<r,s<m-1 p+q=s
O<r,s<m-1
0<p,q<s—-1

From equations (2.4) and (2.5), we obtain ¢m (&;;T;;)Tij = &;ipm(Tii)Tij + Pm (6;i) TiiTij

+ Zo ressm O (Si)ps (‘Zii)Tij. Since P; = I, this follows from the fact {APi(h) the ’H} is dense in H.
<r,s<m-—

Hence ¢, (6;iTii) = Ygriom Ps(Gii)pr (Ti) for all 65, Fj; € R; i = 1,2. This completes the proof of the

lemma. [

Lemma 12. For any 61']' € .Al] and Tji € A]l We have gbm(Gl]T]Z) =Y item gbs(Gij)gbt(‘Iﬁ);
i,j=1,2,(i+j).
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Proof. To prove our lemma, we use the principle of mathematical induction. For m = 1 it is true by [3].
Suppose it holds for all k < m. We show that it also holds for k = m.
Since, for any &1p € Aqp, 6129y = 0and L, (2,) € Z(T), so we have

Lm(Pn(GlerwQP"“fQPITﬂ))

= Pn(Lm(612)er/Qp/'“; Qp,le) + Pn(612/ Lm(Qp)/Qp/“va/Tm)

+ Pn(Gulﬂp, L (Qp), Qp, "',Qp,‘le) +oe Pn(612/QPIQp/ --',Qp,Lm(Tm))
Y pa(L(812), Ly(Qp), -+ Ly, (), Ly, (Ta1) )

Lh+lp+-+l=m
0<lq, Iy, lpsm—1

_ pn(Lm(Slz)/DP’DP” Dp,‘zzl) + p?’l(612/DPI Dpp.-,gp/ Lm(‘:gzl))
+ Y [Ls(®12), Le(T)]

S+t=m
O<s,t<m—1

= pn((Pm(GlZ), Dp,Qp, s D,,,Szl) + Pn(Glz, DP'D;H "'/pr qu(‘IZl))
+ Z [(PS(GlZ)r(Pt(Tm)].

s+t=m
O<s,t<m—1

This implies that Ly, (612%21 — T21612) = ¢ (612)F21 — T219m(S12) + S129m(T21)
~Pm(T21)G12 + Zo set=m [¢s(S12), ¢ (Tn) |-
<s,t<m—

But, we know that for all & € A, ¢,(S) = Liy(S) - {u(S). Therefore, one can easily arrive at

Pm(612%21 — T1612) + {m(G12%21 — T21612)
= P (612) %21 — To1Pm(S12) + G120m(T21) = P (T21)G12+ Y, Ps(S12) i (T21)

s+t=m
O<s,t<m-1

- Y i(T21)Ps(612).

s+t=m
O<s,t<m—-1

Premultiplying the above equation by &1, and usind Lemma 9, we get

G120m(%21612) = {m(612%21 — T21612) 612 = G120m(F21)G12 + 612%21Pm (S12)
+612 Y. ¢i(Tn)ps(S12) (6)

s+t=m
O<s,t<m—1

and post multiplying the same equation by &1, we get

P (S12%21)612 + {m(G12%21 — T21612)612 = P (612)T21 612 + G12¢m (T21)S12
+ Y ¢s(612)¢(Ta1) G2 7)

s+t=m
O<s,t<m—1

By comparing equations (2.6) and (2.7), we get

S120m(T21612) = Cm(G12%F21 — T21612) 612 — G12T21Pm (S12)
= P (612%21)612 + (i (612%21 — $21612) 612 — P (612) 21612
- Y Ps(S12)(T21) G2 8)

s+t=m
0<s,t<m-1
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Then, the application of Lemma 10, we get

S120m(T21612) + P (G12)T21612 = P (G12%21612)
= P (612%21)612 + G12¢0m (T21612).

Now, we prove that {,(S12%5; — 1612) = 0. For any &1p € Ajpp, let 15 = V|Syy| be its polar
decomposition. This implies that I (612%91 — T21612)|612] = 0 and thus |613|0m (G12%21 - T21612)* =
0. Which follows that

S120m(612%21 - T21612) = [612/m(S12%T21 - T21612)™ = 0. )

On the other hand we similarly can show that
T010m(612%21 - T21612) = 0. (10)

Then by multiplying {,(612%21 — $21612)™ to equation (2.6) and using equations (2.9) and (2.10), we
get

P (612%21 - T201612)0m (612%21 - T21612) " + L (612%21 = 221612) 0 (S12%01 = £01612) " = 0. (11)

Now, by using Lemma 8 and equations (2.10) and (2.11), one can find that

P (612%21)0m(612%21 - TnS12)*
= P (©12T21Qp0m (612%21 - T21612) " Qp ) = 612%01Pm (Qplim (S12T21 - T21612)*Qp)
= =811 Pm(Qp(612%21 - T01612)*Qp)

and

P (T21612)0m(612%21 - TnG12)*
= P (T12621940m (S12%21 - T1612) “Qy ) = To1G12¢0m (G (S12%21 - T21612)* Q)
= —T51612¢m (Qq(612%21 - T21612)* Q).
Thus equation (2.13), implies that {;n(S12%21 — T21612) * T (S12%21 = T21612) T (S12%01 - T21612)* =

0 and hence ¢, (612%21 — T21612) = 0. Therefore from equations (2.6) and (2.7) and using Lemma
11, we get ¢ (612%21) = Pm(S12)T21 + S12¢Pm(T21) + Z set=m ¢s(61z)¢t(‘521) ie, Pm(612%21) =
S

> oH=m $s(612)9:(%21) and ¢ (T21612) = X oH=m <P5(T21)<Pt(612) for all &1 € Ajp, Ty1 € Apy. This

proves that the lemma is also true for k = m. Hence the lemma is true forallm e N. [

We have all the pieces to carry the proof of our first main result of this paper.


https://doi.org/10.20944/preprints202310.0973.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 October 2023 doi:10.20944/preprints202310.0973.v1

11 of 21

Proof of Theorem 1. In view of Lemmas 10 - 12, one can easily, see that ¢, is an additive higher
derivation and it can observe that {,,(&;) € Z(A) for j=1,2 and {4 (6;;) = 0 for j # i. We now show

that {n(pu(G1, 62, &3, -, G,,)) =0 forall &; e A; 1<i<n,

gm(}?n(61, &2, 63, Gn))

= Ln(pn(61,62,65,+,6) ) - i (pn(61,62, 5, -, G1))
= Pn(Lm(Gl)/ &,,63,, Gn) +eeet Pn(Glr 6,63, Lm(Gn))
Y pa(L4(81, Ly(S2), iy (83), 4, Ly, (1))

I +lp+-+ly=m
0<Iy, Iy, ly<m—1

- pn(¢M(61)/62/ 63/"'/ 61’1) - p?’l(Glr 62/ 63/"'/4)?”(671))
=Y pa(04,(61,04,(82), 91, (85), 1, (S)

I +lp+-+ly=m
0<Iy, Iy, ly<m—1

= Pn(¢m(61), 62/ 63/"'/ 671) +eert pfl(61r62/ 63,"',47771(671))
Y pa(00(81,04,(82),¢1,(85), 1, (G1))

L+l ++l=m
OSll,lz,---,ln <m-1

= Pa(Pn(1), 82,83, G) == Pu(&1, 62, 3, (&)
- Y pal(0n(81,04,(82), ¢1,(85), - 1, (G1))

ll +12+'~~+ln:m
0511/12/'"/171 <m-1

=0.

We can now conclude from the above observations if L, : A - A is an additive Lie n-higher derivation,
there exists an additive higher derivation ¢, of A and a map ; : A - Z(A) that vanishes at
pn(Gl,Gz, S3, -, (‘Sn) with 616, =0 for all 61, 5;,63, -+, 6, € A, such that Ly, = ¢y + (. O

Note that every additive derivation d : A — B(7{) is an inner derivation [22]. Nowicki [17] proved
that if every additive(linear) derivation of A is inner, then every additive (linear) higher derivation of
A is inner [25]. Hence, by Theorem 2.1, the following corollary is immediate.

Corollary 1. Let A be a von Neuman algebra with no central summands of type I and a linear map Ly, : A - A
satisfying
Ln(pn(S1,62,-+,6y)) = > (L (81), Ly (S2),-+, Ly, (64))
L+lp+-+ly=m
forall &; € A;1<i<n, with &Gy =0. Then there exists an operator T € A and a linear map (p, :
A — Z(A) which annihilates every (n —1)th commutator p, (&1, Sy, -, &,) with 616, = 0 such that
Lin(6)=6T -TG+u(6) forall & e A.

Corollary 2. Let A be a von Neuman algebra with no central summands of type Iy and a linear map L, : A - A
satisfying
Lm(Pn(GLGZ/”'z@n)) = z Pn(Lll(gl)rng(GZ)r'“l Lln(Gn))
Lh+lp+-+l=m
forall &; € A;1<i<n. Then Ly, is an additive lie higher derivation if and only if there exists an additive higher
derivation ¢y, : A - A and an additive map (,, : A - Z(A) which annihilates every (n — 1)th commutator
(61,61, -, 61) such that L, (S) = ¢ (S) + {m(S) forall & € A.
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In the next segment, we study the characterization of Lie derivations on general von Neuman
algebras having no central summands of type I; by action at projection product. Now, we state and
prove second main result of this paper.

Theorem 2. Let A be a von Neumann algebra with no central summands of type Iy and an additive higher map
Ly : A — A satisfying

Lin(pn(61,62,,6n)) = T sh+tlp=m Pn(pn(Lll(Gl)rle(GZ)/L13(63)r"‘/ Lln(Gn))) for all
B1,6,,, 6, € Awith 816, = P, where P is a core-free projection with the central carrier 1. Then there exists
an additive higher derivation ¢y, : A — A and an additive higher map (p, - A — Z(A) that annihilates every
(n = 1)th commutator p,(S1, Sy, -+, Sy) with §16; = P, such that Ly (6) = ¢ (S) + {m(S) forall & € A.

Let Qo = QpLmn(Qp)Qq — QyLmn(Qp)Qp and let us define a map 7y, : A - A as an inner higher
derivation 71, (&) = [S,Qg] for all & € A. Clearly L, = le - 7y, is also a Lie n-higher derivation. Since

Ly(9p) = Lun(Qp) = [Qp, QpLin ()9 - QL (2) Q]

One easily gets 9, L, (Qp)Q; = Qq L, (92p)Qp = 0. Accordingly, it suffices to consider only those Lie
n-higher derivations Ly, : A - A which satisfy QL (Qp)Qq = QpLu(Qp)Qp = 0.

Lemma 13. Ly (Qp), Ln(2y) € Z(A).

Proof. For k =1, itis true by [3]. Suppose that it holds for all k < m — 1. We show it also holds for k = m.
Since (S12 + Qp)Qp = Qp for all &1; € Ayy. Therefore, we can write

Lm(pn(612 +Qp),Qp,Qp,"', Dp)
= pu(Ln(S12+9p), Qp, 0, Qp ) + pu(S12+ Qp, L), Qp, -, Q)
+pu(S12+ 9, Qp, L (Qp),+, Qp ) + o+ pu(S12+ Qp, QL (2)) )

Y pa(Ly (G124 9p), Ly (), Ly (9p), -+ Ly, ()

I+l +ly=m
0<Iq,lp,++ ly<m=1

= (_1)n_IQme(612)Qq + Dqu(Glz)Qp
+(-1)"2(n-1)[S12, Ln(2p)]-

From which we get

Lm((_l)n_1612) = (_1)n_leLm(612)Qq + Qqu(GlZ)DIzJ
+ (1" (n-1)[S12, Lm(Qp))- (12)

Now by premultiplying 9, and postmultiplying 9, to above equation, one finds that

QpLin(Qp)S12 = G12Lm(Qp)Qy.
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Since QpLm(Qp)Qy = QaLm(Qp)Qp = 0, by using above equation and lemma 4, we get L, (Qp) € Z(A).
Now by using (Qg +Qp)Q)p = Qy, it follows that

0= Lm(pn(ﬂq +Dp,ﬂp/Qp,”',Qp))
- p”(Lm(Qq “317)'5310/’3?/“"’3?’) * p”(gq +1p, Lm(Dp)/an“'fQP)
et pn(Q 4 2, Qp Qe L))+ Y pa(Ly (9 + Q)

L+l +-+ly=m
0<ly,lp, oo lpsm=1

Ly (92p), Ly (9p), -+ L, (2p))-

Which giVeS 0= (—1)nilanm (Qq)gq + Qqu (Qq)Qp It follows that Qme (Qq)gq = Qqu (Qq)gp =
0. On the otherhand by using p,(Qp + G12,Q + Qp - G12,Qyp,+,Qp) = 0 and making the similar
calculations as above, one obtains that L,;(Q,) € Z(A). Hence Ly (Qp), Lu(Qg) € Z(A) for all m €
N. O

Lemma 14. Lm(Ai]') c Aij/ 1<i+ ] <2.

Proof. We prove the lemma with the help of principle of mathematical induction. For m = 1, it is
true by [3]. Suppose that the lemma holds for all k < m — 1. We will prove that it is also true for
k = m. First consider the case for i = 1 and j = 2, the other case i = 2 and j = 1 will be proved in the
similar way. By using equation (2.12) and L;(Qp) € Z(A), we have Ly, (&12) = QpLn(S12)Q, +
(-1)" 19, L1 (S12)Qp. By pre and post-multiplying Q, and Q, to the above equatioin, we get
QpLin(SG12)Qp = 0 and QgLu(S12)Q, = 0 respectively. Hence QpLyu(612)Qp = QLn(S12)Q, = 0.
Since (Qp + 612)Qp = Qp, we can write

0= Lm(pn(ﬂp + Glz,gp,np,m,gp,su))
= pu(Ln(Qp + 612), 9, Qp, -+, Qp, Tiz ) + P Qp + S12, Lin(Qp), Qp, - Qyp, T2 )
et (9 + 612, 9, Qv L (), T1z) + pu(Qp + Trz Qp, Qpy o+ Qp, L (T2) )
Y pa(Ly(812), Ly (), Ly (), L, (2p), L, (T12))

I +lp+-+ly=m
0<lIy Iy, ly<m—1

= Pn(Lm (QP + 612)/ Qpl Dpr Y Qpl ‘:12) + Pn (Dp + ‘1121 Dpr Qpr Y Qp/ Ly (‘112))
+ > Ls(S12)Li(Z12).

S+t=m
O<s,t<m-1

This follows that
0= QyLn(612)T12 - T12Lm(S12)Qp + (-1)" ' Lyn(T12)G12 - (-1)" ' S1pLn(Tr2).-

Then by multiplying 9, on both sides to the above equation, one obtains ;L (&12)%12 = 0 and by
multiplying T, from right hand side and using Q4L (&12)%12 = 0, we find that T15 L, (S12)%12 = 0.
Then by linearizing, we get T1pL; (S12)T12 + T12Lin (S12) %12 = 0 for all Tqp, %15 € Aqp. Now it can be
easily observed that

QL (612)T12Lim(S12) [flsz(Glz)le]Lm(612)Qp

+ Dqu(Glz)leLm(Glz)[ﬂsz(612)le]Lm(612)Qp =0.
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Which implies
QpLin(612)%12Lim (612) TioLin (G12)F12Lim (S12)2)p = 0.

As A is semi prime, one can easily see that 9Q;L;,(&12)T12Ln(S12)Qp = 0 and therefore
QyLn(612)Qp = 0. Hence Ly, (A12) € Aqz, which shows that the lemma also holds for k = m. Therefore,
L (Aq2) € Agp holds for all m e N. Similarly, we can easily prove that L, (A1) € Ay, O

Lemma 15. There exists maps {m; on Aj; such that Ly, (S;;) — 0, (6j;) € Aj; and
Lm(Gi,’) c A+ Ajj,for any G;; € Ajj;i=1,2 andi+ ]

Proof. We will prove the lemma with the help of principle of mathematical induction. For m =1,
it is true by [3]. Suppose that the lemma holds for all k < m - 1. We will show that it also holds
for k = m . Here, we give the proof for the case i = 1 and the proof for the case i = 2 follows the
similar steps. Suppose G171 € Aj; is invertible, this implies that there exists 61’11 € Aj1, such that
&1 61_11 = (‘51_11611 = . Therefore, we can write
0=Ly (pn(Ghl/ G111, Qp/ Qp/ y Qp))
= pu(Ln(&11), €12, 9,9, ) + pu(S11, Lun(S11), 2, Qp, -+, Q)
+ pn(Gl_lll 611/ Lm(DP)r Qp/ S Qp) tet Pn (Gillr 611/ Dpr Dpr Y Lm (DP))

+ > pn(Lll(Ghl)/le(Gn), Li,(Qp), L1, (Qp), - Ly, (Qp))-

I+l +-+ly=m
Oﬁll,lz,-“,ln <m-1

Also since, (677 +0,)&11 = Q, and using Lemma 13, we have

0= Lun(pu (&1 + 95, S11, 2,2, 2y))
= pu(Ln(S1] +9y), 61,9, Qp) + pu(S1] + Qg Ln(S11), 2,2y, Q)
+pu(ST] + 9y, 11, Ln(Qp), Qo+, Qp )+ + p (7] + 95, 611,22, Ln()))
Y pa(Ly (ST +99), Ly (611), Ly (), Liy (), Ly, ()

L+l +-+ly=m
0511 ,lz,m,ln <m-1

= Pn(Lm(gl_ll) + Lm(Dq)/ Gllerr"'/ Dp) + Pn(Ghl +Qq/ Lm(gll)erer;“'/Qp)
+an(61_]1 +qu611/Qp/Dpr"'1Lm(DP)lr"'/Qp)
1=3

+ > Pn(Lll (671) + L1, (9), L1, (611), L1, (Qp), Ly, (2p), -+ Ly, (Qp))-

Lh+lp+-+l=m
OSll,lz,-",ln <m-1

On comparing above two equations, we have
It can easily observe from the above equation that QL (611)Qp = QpLu(611)Q4 = 0, from which
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we get L, (&;;) € Aji + Ajj. As (61‘11 +%2)611 = Qp and (61_11)611 = Qp. Then for any T, € A, and
Wiy € Ajp, it can be easily seen that
0= Lm(pn(Gﬂlr 611/ WlZ/Qq/ /Qq))
= Pn(Lm(Gfll)/ 611/ WlZI Qq/ ty Dq) + Pn(ghlz Lm(Gll )/ WlZI Qq/ Tty Dq)
+ pn(Gl_lll 611/ Lm(W12)rQq/ Yy Qq) +eeet Pn(61_11r 611/ W12/ qu Yy Lm(Qq))

b Y (L (ST, Liy(S11), Ly Wha), Liy (), L, (Qg) ). (13)

I+l +-+ly=m
0<ly Iy, ly<m=1

and

0= Lm(Pn(G{ll +%2,611, W12/Dq/"'/gq))
= Pn(Lm(Gﬁl +Tzz),611,W12,Qq,"',Qq) + Pn(Gfll + T, Lm(@‘u),le,Qq,'“,Qq)
+ Pn(gﬁl +%22, 611, LuWi2),Qq, -+ Qq) et Pn(Gﬁl +%02, 611, W2, Qq, -+ Lm(Dq))

+ Z Pn(Lll (6{11 +‘322)/ le(611)/ Ll3(W12)/ Ll4(Qq)/"'/ Lln(Qq))

I+l +-+ly=m
0<l, by, e lp<m=1

= Pn(Lm(Ghl) + Ly (S22)/ 611/ WlZ/ Qq/ Tty Qq) + pn(Ghl + T22/ Lm(Gll)/ W12/ Qq/ Yy Dq)
+ Pn(Gill + TZZ/ 611/ Lm(WlZ)/ Qq/ Yy Qq) toeeet Pn(gi‘ll + TZZ/ 611/ W12/ Dq/ y Lm (Qq))

Y pa(Ln (81 + Ly (S22), Ly (S11), L, Wha), Ly, (), -+ Ly, () ) (14)

Lh+lp+-+l=m
0<ly,lp, e lpsm—=1

Comparing equations (2.13) and (2.14), we obtain

0= Pn(Lm (T22), 611, Wh2, Dq/ s Qq) + Pn (122/ Ln(&11), Wiz, Qq/ Yy Qq)
= Pn—l([Lm(Tzz),611],W12,Qq,~~,53q) + Pn—1([322/ Lm(Gll)]rWu/Qq/’”/Qq)

= [[Lm(‘l"zz),Sn],le] + [[Tzzr Lm(611)]rW12].

Which leads to [Lm(Tzz), 611] + [522, Lm(Gll)] € Z(A). Then multiplying the above equation both
sides by 9, one arrives at [Tzz,Qqu(Gn)Qq] € Z(A)Q, and therefore [‘Zzz,Qqu(Gn )Qq] =0. This
implies that there exists some Z € Z(A) such that Q,L,(611)Q; = Z9. If &1; is not invertible in
Aj1, then one can find a sufficiently large number say r in a way such that rQ, — &1 is invertible in
Aj1. Following the preceeding case Qp Ly (rQp — 611)Qq + QL (rQp — 611)Qp = 0 and QgL (rQp -
611)Qq = ZDq. As Ly (Qp) € Z(A), we have Qme(Gll)Qq + Qqu(Gll)Qp =0and Qqu(611)Qq €
Z(A)Q,. Without loss of generality, we denote Q4L (&11)Q, = ZQy. Therefore for any &1 € Ajq, we
have

Lm(&11) = Qme(Gll)Qp + Qqu(Gll )Qq

We define a map say {, on Aj1 by (i, (611) = Z and then by combining it with the above equation,
we get Ly (S11) = {my (611) = QpLm(611)Qp — Qplim, (611)Qp € Ayq for any &1 € Ajq. Hence, the
lemma is true for k = m. Therefore, the lemma is true for all m € N. For the case when i = 2, we take
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(Qp +%T2)Qp = Qp to get QL (T0)Qp + (—1)”_1Qme(Szz)Qq = 0 and then following the similar
steps as that for i = 1, we find that
Lin(%22) = Cmy (T22) = QgL (T22)Qq — Qqlmy (T22)Q4 € Az

for any Ty, € Ay, and completes the proof of the lemma. O

We now define maps ¢, : A - Aand {y : A - Z(A) by ¢S = LS - (S and {6
Tmy (2p6Qp) + {m, (2369y) for all & € A. One can easily observe that ¢, (P;) =0, ¢ (Ajj) € Ajj, 1, ]
1,2 and ¢m(6z]) = Lm(Gi]') forall Gijje Al‘]‘, 1<i#j<2

Lemma 16. ¢y, is an additive map.
Proof. The proof is similar to that of Lemma 9. [

Lemma 17. For any G;; € Aj;, S, Tij € Ai]- and Tjje€ Aj]-, i,j=1,2,(i# ), we have,
@) om(GiiTij) = ¥ set=m Ps(Sii)Pr(Tij),
0<s,t<m
) ¢m(6%))) = Zo?sft:g"fn $s(S4j) ¢t (Tjj)-
Proof. (a) We prove it with the help of principle of mathematical induction. For m = 1, it is true by
[3]. Suppose that it holds for all k < m — 1. We will prove that it is also true for k = m. We take the case

fori=1and j=2.1f &1 € Ay is invertible, then for any Wy, € Ajp, we have (6{111/\/12 + 61_11)611 = Q).
Therefore, we have

PnOV12) = L (pa (811 Wh2 + &1, 11,9, Q5+, 2y
= Pn(Lm(GIfWu +611),611,Qp, Qg Qq) + pn(Gl_lqu + 671, Ln(S11)
,Qp,Qq,...,Qq) + pn(GI%Wu + 61_11,611, Lm(gp)rqurQq) RPN

+pn(61_11W12+61_11/611/Qp,Qq//Lm(Qq)) + - Z ; p”(Lll(Gl_llwl,ZJrGl_ll)/
+h ety =
Oﬁlll,éi",zlﬁmrfl

Ly, (&11), Ly, (Qp), L, (Q),+ L1, () )
= Pn(Lm(Gl_llwlZ) +L(611), 61,9, 9y, ~~~,Qq) + Pn(GﬁlVVu +671, Lu(611),9p
rQq/ "'rQq) +oeeet Pn(Gl_%le + 61_11r 611/53151 qu T Lm (Qq))

+ Z Pn(Lll(Gl_lqu) + Ll](Gl_]l)/ le(ell)l Ll3(QP)/ Ll4(Qq)// Lln (Qq))/

I+l +e+ly=m
0<ly Iy, ly<m—1

and
0= pu(Ln(S11), S11,9p, Q-+ Qg ) + pu(S11, L (S11), Qp, Qg+, 2y )
+pu(S11, 611, Ln(Qp), Qg+, Q)+ + pu( ST, 611,92, Qg+ Ln(2))
Y pa(Ly (ST, Ly (811), Liy (), Liy (Qg), -+ L, ()

Iy +lp+---+ly=m
0<ly,lp oo lpsm=1
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Since, L (Qp), Lu(Q,) € Z(A) and ¢, is additive. From the above two equations we obtain

om(Wr2)
= Pn(Lm(61_11W12)r 611/ Dp/ qu Yy Qq) + pn(GIll)/\th Lm(Gll)r Qp/ Qq/ ty Qq)

fY pa(Ln (ST W), Ly (S1), Ly (9p), Ly (9g),+ Ly, (2))

I+l +-+ly=m
0<ly,lp, -+ ly<m—1

= pu( P (S Wi2), 811, 9y, Qg+, 0y ) + P (ST Waz, o (G11), 9,y )
+ Y GG (ST Wi2)

s+t=m
O<s,t<m—-1
= o (S11)ST W2 + G11m(STTWI) + Y 1(S11)ds(S1i Wia).
s+t=m
O<s,t<m—-1

By replacing Wi, with &11%1, in the above equation, we get

P (G11%12)

Pn(611)T12+G1pm(Tr) + Y, ¢s(T12)Pr(S11)

s+t=m
O<s,t<m—-1

Yo 0(S11)¢s(T12).

S+t=m

0<s,t<m
Now, if &1 is not invertible in A1, we can find a sufficiently large number say r such that rQ, - &1;
is invertible in Ay;. Then gbm((rﬂp - 611)‘312) = (rQp — 611)Pm(F12) + P (rQp — G11)F12. Since Q) is
invertible in A1, therefore from the above equation we get

Pn(G11%12) = Y ¢(S11)¢s(T2)-

S+t=m
0<s,t<m—-1
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Fori=2andj=1,sinse (Qp+ &~ 62%1)(Qp +T21) = Qp. We have

—pm(Za1) = Lm(pn(Qp + 62— 620%01, Qp + T21,Qp, Qp, "'/Qp))
= Pn(Lm(Qp + Gy — 622321),Qp + ‘5:21/53;0/ " Qp)
+Pn (Qp + 62~ 62%01, Lin(Qp +T21), Qp, Qp, "‘er)
4+ 4

Pn (Dp + 622 - G20%01, Qp + F21,Qp, Qp, -+ Lm(Qp))

Y pa(Ly (Qp+ 62 - 62%01), Ly (Qp + T21), Liy (), Ly, (Qp),

11 +lz+~~-+ln=m
OSll,lz,---,ln <m-1

-, L1, (9))
= Pn(Lm(Qp +62 - 62%1),Qp +T21,Qp, "'/Dp)
+Pn (Qp + 62~ 622%1, Lin(Qp +T21), Qp, Qp, "‘/Qp)

+ Pn(Ls(Qp +62 - 62%1), Li(Qp +T21), Qp, Qp, ~~~,Dp)
O<s;,—tts=nn11—l

- Pn(me(Qp +Gop — 622521),53;; +T21'QPF"/D;})
+ Pn (Qp + 62 - 620%01, P (Qp +%21), Qp, Qyp, "'/Qp)
+ Z pi’l(‘PS(QP+622_622(321)/4)1‘(1]]?+521),QPIQPI.../QP)‘

s+t=m
O<s,t<m-1

Since ¢y, is additive. Therefore from above equation we get

~¢m(T21) = pu (¢m(53p) +Pm(622) = P (622%21), Qp + T21, Qp, "',Qp)
+Pn (Qp + G20~ G201, Pm (Qp) + P (T21),Qp, Qp, "'/Qp)
X pa(05(2)) + 05(82) - 95(622T:), 9r(Q)) + 9r(T21), Qp, Qp, Q)

s+t=m

O<s,t<m-1
=~ (62%01) + P (622)To1 + G20Pm(Ta1) — P (T21) + D ¢s(S2)Pr(Ta).
0<séjrtts=nr;1—1
Which follows that

Pn(62%01) = Pn(62)To1 + Cnpm(Ta1) + Y, ¢s(S2)pi(Ta1)

s+t=m
O<s,t<m—-1

ie, pu(62%) = Zos<+tt=<m $s(G22)¢(Ta1) for all Gap € Azp and Tpg € Ay;.
<s,t<m
(b) Fori=1,j=2by considering (Qp + &12)(Qp - T2 + 612%22) = Qp and using the same
approach as above, one can easily obtain ¢, (612%22) = ¥ s+t=m ¢s(S12)$:(T22) for all Sq, € Agp and
0<s,t<m

oo € Ay and for the case when i = 2, j = 1, by considering &11(W»; 61_11 + 6{11) =, we can easily
prove that ¢m(621§11) = Zos:tt:<m 475((‘521)471}(311) for all 651 € Ay and %11 € A;;. O
<s,t<m

Lemma 18. For any &;; , T;; € A;;, we have, ¢ (6 Tii) = ¢ (Sii)Tii + Sipm (i), i =1,2.

Proof. The proof of this lemma is same as that of Lemma 11. O
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Lemma 19. Forany &;; € A, Tj; € Aj;, we have, cpm(Giiji) = om (i) Tji + Sijpm(Tji);
1<i#j<2.

Proof. We prove the lemma with the help of principle of mathematical induction. For m =1, it is true
by [3]. Suppose that the lemma holds for all k < m — 1. We will prove that it is true for k = m. Take any
Gpp € ~A12/ since (612 + Qp)ﬂp = Qp. Then

Lin(pn(S12 + Qp, Qp, 0,0, %21

= Pn(Lm(Glz +9p), Qp, Qp, Dp,‘fm) + Pn(612 +9p, Ln(Qp), Qp, "',prle)
et Pn(Glz +9,,Qp,, Lm(Dp),‘Im) + pn(Gu +9Qp,Qp, -, Qp, Lm(Tzl))
Y (L G+ 9p), Ly (9), Liy (), L, (), Ly, (T21)

I+l +e+ly=m
0<ly Iy, e ly<m—=1

= pn(Lm(612 + Qp)/ Qp,Qp, -, Qp, ‘321) + Pn(612 +Qp, Qp, Qp, Qp, Lm (‘321))

+ > Ls(S12+9Qp)Li(T1)

S+t=m
O<s,t<m-1

= Pn((Pm(GlZ + Qp)/ Dpr Qp/ Yy Dpr {3:21) + Pn(612 + Qp/ Dpl Dpr Yy Dpl Pm ((5:21))
+ ) 9s(S12+9p)¢r(T)

S+t=m
O<s,t<m-1

= Pn(‘Pm(GlZ)/Dperr"'/ Qpr(zﬂ) + Pn(612/ Qp/Dp/"’/Qp/(l’m(‘ZZl))
+ 2 Ps(G)r(T).

S+t=m
O<s,t<m—-1
From this we get, L, (612%21 — 21612) = ¢m(S12)%21 + G120m(%21) — P (T21)G12 — T219m (S12) +
Zo sit=m ¢s(612)$(T21). Since ¢ (&) = Lin(6) — T, (Qp62p) — Cm, (Q61,) for all & € A. We have
<S,t<m—

Pm(612%21 = T21612) + {m(G12%21 — T21612)
= P (612)T21 + G120m(T21) — P (%21) G12 — T21Pm (S12)
+ > s(S12)Pr ().

s+t=m
O<s,t<m—1
Using Lemma 12 and applying the similar steps to obtain {,;(612%21 — $21612) = 0. Then from the
above relation, we get

P (612%21) = P (S12)To1 + S12pm (T1) + Y, Ps(S12)¢i(T21)

s+t=m
O<s,t<m—-1

= Y ¢s(S12)¢(Ta1)

s+t=m
0<s,t<m
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and

P (T21612) = P (T21)S12+ D1 (S12) + Y, Ps(T21)Pt(S12)

s+t=m
O<s,t<m-1

> ()i (S12)

s+t=m
0<s,t<m

for all §15 € A1y, Tr1 € Aqp. This shows that the lemma is utrue forallm e N. O
Proof of Theorem 2. is similar as that of Theorem 1. [

As a direct consequence of Theorem 2, we have the corollary :

Corollary 3. Let A be a von Neuman algebra with no central summands of type iy and a linear map Ly, : A -~ A
satisfying
Lm(Pn(GLGZI'”;Gn)) = Z Pn(Lll(gl)rle(GZ)r'”/ Lln(en))
Lh+lp+-+l=m
forall &; € A;1<i<n, with &6, = Qy, where Qy is a core free projection with thje central carrier I. Then
there exists an operator T € A and a linear map {y, : A - Z(A) which annihilates every (n — 1)th commutator
Pn(61, 82, 6p) with &6, = Qp such that Ly (&) = 8T = TG +;u(S) forall & € A.
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