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Abstract

We extend Dirichlet’s prime number theorem on arithmetic progressions to the weighted counting
function 775(x; g, a) for (a,q) = 1 with the weight p~¥ for prime p with w > 0. We also prove that
when 0 < w < 1/2, the difference 71, (x; g, a) — 7ty (x; g, b) changes its sign infinitely many times as x
grows for any coprime a, b (a # b) with p under the assumption that Dirichlet L-functions have no
real nontrivial zeros.. This result gives a justification of the theory of Aoki-Koyama that Chebyshev’s
bias is formulated by the asymptotic behavior of 7t (x; q, a) — 7 (x; g, b) ats = 1/2.
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1. Introduction
We define the weighted counting function of primes in arithmetic progressions as

1
Tw(x; g, a) = ) —

p<x:prime p
p=a (mod q)

(w>0)

for g € Z. This is a generalization of the classical counting function 7t(x; g, a) = mo(x; g, a). In 1837
Dirichlet proved that
n(x; q,a) ~ 1t(x; g, b) (x — o0)

for any a, b which are coprime with g, where f(x) ~ g(x) (x — o0) means that f(x)/g(x) — 1 as
X — 0.

On the other hand, in 1853 Chebyshev found the phenomenon that there tend to be more primes
p satisfying p = 3 (mod 4) than those with p =1 (mod 4). In fact, the inequality

nt(x; 4,3) > m(x; 4, 1) (1.1)

holds for any x less than 26861, which is the first prime number violating the inequality (1.1). However,
the both sides draw equal at the next prime 26863, and 7(x; 4, 3) gets ahead again until 616841. It
is computed that more than 97% of x < 10'! satisfy the inequality (1.1). This phenomenon is called
Chebyshev’s bias, and is one of major unsolved mysteries in number theory.

Later, Littlewood [1] proved that the difference 7r(x; 4, 3) — 7r(x; 4, 1) changes its sign infinitely
many times. In 2023, Aoki and Koyama [2] suggested that Littlewood’s phenomenon no longer holds
if we put the weight p~1/2. They actually obtained the asymptotic under the assumption of the Deep
Riemann Hypothesis that

i (x; 4, 3) — n%(x; 4,1) ~ %loglogx (x = o0). (1.2)

1
2
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The Deep Riemann Hypothesis (DRH) is a conjecture asserting the convergence of the Euler product of
the corresponding L-function on the critical line. More generally they defined Chebyshev bias towards
p =b (mod q) (or against p = a (mod g)) as the asymptotic

n%(x; q,b) — n%(x; g, a) ~ Cloglogx (x — o)
with a constant C > 0 depending on 4. Under DRH, it is also proved for any w > 1/2 that
w(x; q, b) — (x5 9, 9) = O(1)  (x — o0). (1.3)

This was one of the reasons why Aoki-Koyama chose w = 1/2 for formulating the bias. But the
behavior of the left hand side for 0 < w < 1/2 was unknown.

In this paper, we will solve this problem by generalizing Littlewood’s theorem to 0 < w < 1/2. In
what follows we use the standard notation

Lity) = [ at

2 logt
and ¢(q) = #(Z/qZ)*. Our first main theorem is as follows.

Theorem 1.1 (Weighted prime number theorem). Let a € Z be coprime with g € Z. For 0 < w < 1, it
holds that

1
Tw(x; g, a) ~ Li(x!—% X — 00).
w(x; q, @) 200 () )
We write f(x) = Q(g(x)) (x — c0) if the following holds: There exists a constant C > 0 such that
for any xg > 0, there exist x1, x, > xq such that f(x1) > Cg(x1) and f(x2) < —Cg(x2).

It is known by Stark ([3] Theorem 2) that for any coprime a, b (a # b) with g

1

2

nt(x; q,a) —m(x; q,b) = Q( i

logx> (x — o0) (1.4)
under the assumption that the Dirichlet L-function L(s, x) has no zeros in the interval 0 < s < 1 for
any Dirichlet character y modulo 4. Actually Stark obtained the estimate (1.4) for more general cases
¢o(q)7(x; g, a) — ¢(q')7t(x; q', b), but for our purpose the case ¢ = ¢’ is sufficient.

Our second main theorem is a generalization of it.

Theorem 1.2. Suppose that L(s, x) has no zeros in the interval 0 < s < 1 for any Dirichlet character
modulo g. For 0 < w < 1/2 and any coprime 4, b (a # b) with g, it holds that

X3
tw(x; g, a) — 1w (x; g, b) = Q Togx (x = o).

In particular, 71, (x; g, a) — 7 (x; g, b) (0 < w < 1/2) changes its sign infinitely many times.

Theorem 1.2 together with the estimate (1.3) justifies the choice of w = 1/2 for the formulation of
Chebyshev’s bias.

2. Weighted Prime Number Theorem

The following lemma was proved in the previous paper [4].

X
Lemma 2.1. Assume f(x) and g(x) are positive valued function on x > 0. If xh_r)n / f(t)dt = co and
©J0
g(t) = o(1), it holds that

/Oxf(t)g(t) dt = o(/oxf(t) dt) (x — o).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1841.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 July 2025

30f7

For g,a € Z with (a,9) = 1and 0 < w < 1, we denote

lo
pulg 0= Y BE
p=a (mod q) p
pr<x

where the sum is taken over pairs (p, m) with m a positive integer and p a prime satisfying p = a
(mod g) and p™ < x.

Lemma 2.2.
1—w

¢(q)(1 —w)
Proof. Putting ¢(x; q, a) = yo(x; g, a), we have by partial summation that

Puw(x; g, a) ~ (x — o0)

X; 4,4 x t, ,a
Yuw(x; g, a) = ¥lx; q,2) xZ ) +w A —lﬂtwil ) dt.

From the classical prime number theorem ¢ (x; g, a) = x/¢(q) + o(x) (x — o), we compute

Yu(x; q,a) = ﬁ(xl—w_,_o(ka) +w/2xtlwdt+/2xo(tlw) dt).

Here the last integral is estimated by Lemma 2.1 as

/2x0<tlw> dt:o</2xtlwdt).

Thus we have

PYu(x; q,a) = %(xl_w+o<x1—W) +w/2xtlwdt+o</2xtlwdt)>

¢
_ 1 xl—w 1-w
_¢(q)1—w+o(x )
O
For 0 < w < 1we put
lo
Ou(x; q,0) = ), %,p,
p=a (mod q) p
p<x

where the sum is taken over primes p satisfying p =a (mod g) and p < x.

Lemma 2.3. It holds that

1
Yo(x; g, a) — (1@% < 0u(x; 4, 8) < Po(x; g, a).

Proof. From the definitions the right iequality is immediate. The left one is deduced as follows.

1 1
Yu(x; g, a) — 04(x; g, a) < logx ) e <logx Y| e
p=a (mod q) 2<n</x
V£

VX gt x%_wlogx
< _— < —.
= Ing/l 20 = 12w
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Proof of Theorem 1.1. From Lemmas 2.2 and 2.3 we have
1—w
Ow(x; g,a) ~ x;q,a) ~ ———— (x — 00). (2.1)
Now we will establish the relation between 6, (x; g, a) and 7y (x; g, a). Clearly it holds that
log x
Ouw(x; g, a) < Z %} = (logx)mw(x; g, a).
p=a (mod q)
p<Vx
Hence b )
X; q,a
% < 7w (x; 4, a).
On the other hand, for0 < ¢ < 1wehave 1 < x17¢ < x and
lo log x1—¢
0w (x; g, a) > 2 ng > 2 g—w
p=a (mod q) p p=a (mod q) p
xl7e<p<x xlme<p<x
1
=log x17¢ Z —
p=a (mod q) P
xl—SSPSx
= (log x' ) (7w (x; 9, @) — 7o (x' 7% q, a)).
Therefore
, 1 Ouw(x g 0a) 1-¢.
mw(x; q, a) < T log x + (x5 g, a). (2.2)
Since the last term is estimated as
_ 1 1 ol
nw(xl e q, a) = Z — < Z e — O((xl w)l ),
p=a (mod q) P n<xl-e
pr1,S
We conclude that
ew(X; q, 11) 1 ew(X; q, 11) 1—e\1—w
— < . < . . .
) < (s g, 0) < g - PR oty ) @3)
Now combining with (2.1) we reach
0w(x; q, @) ! Li(x'™*)

Ttw(x; g, a) ~

logx (I —w)logx ~  ¢(q)
O

3. Refinements

In this section we prove Threom 1.2. The following lemma plays the role for reducing the genral
weight w to the case of w = 0.

Lemma 3.1.
s+

S

/ mw(e"; g, a)e” " du = w/ m(e"; g, a)e T dy,
0 0
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Proof. Denote by p, the n-th smallest element in the set of primes p such that p = a (mod g). Putting
x = e, we compute

/ w(e'; q, a)edu = / Tw(X; g, a)x_s_ldx
0 1

_ Z /pn+l Z p_wx_s_ldx
" p=a (mod q)

pP<pn

& e
=)y, L rte

n=1p=a (mod q)

P<pn
1 o
=X X - YT e
n=1p=a (mod q) n=2p=a (mod q)
pP<pn P<Pn 1
1 [e9)
= (e e
n=2
1 & —s—w
- g ng:lpn

Hence for w = 0 we have

By substituting s 4 w in the variable s, we obtain

Am n(e; g, a)e—u(s-i-w)du _

Zp—s w

s+w
=T o a)e "“du.
O
We will apply the theory of Tauberian theorems, which was developed by Ingham in the following
theorem.

Theorem 3.2. ([5] Theorem 1) Let
F(s) :/ A(u)e *"du,
0

where A(u) is real valued and absolutely integrable on every interval 0 < u < U, and the integral is
absolutely convergent in some half plane o > oy > 0.
Let A*(u) be a real trigonometrical polynomial

N .
Y wd ™ (v €R, Yn = yp, an =T ),
N

and let
N

F*(s) = /Ooo Af(u)e Mdu =)

n=—nN° "

(o >0).

Suppose that F(s) — F*(s) is regular in the region ¢ > 0, —T < t < T for some T > 0.
Then, it holds that
liminf A(u) < lim AT (u) < limsup A(u),

Uu—oo U—00 U—>00
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where

Az = ¥ (1LY

[vu|<T

:uc0+2Re< Y ( - "?I)lxnemu)

0<yn<T

This theorem was reformulated by Stark for the purpose of refining the estimate of 7r(x; g, a) —
n(x; q, b) as follows:

Theorem 3.3. ([3] p.314) Puts = o + it € C. Let

— :/ A(u)e " du,
0

where A(u) is real valued and absolutely integrable on every interval 0 < u < U, and the integral is
absolutely convergent for o > 1. For any real sequence v, (n € Z) with y_, = 7, and coefficients
ay € Cwitha_,, =, set

al 1
F(s)= Y a log<s ~5 i’yn>.
n=—N

Suppose that for some T > 0, F'(s) — F{(s) is continuous in the region ¢ > 1/2, =T < t < T and
analytic in the interior of this region. Then for any u,

A .
limsup u uSI;) 2 _ ] a”‘ <1 — |,)/;Il’)el')’nbl()‘
u—oo € lal<T 2 T 70 T

Theorem 3.3 follows from Theorem 3.2 applied to the derivative with respect to s of

F(s) o 1 Y oy 1, _
S :/1 <A(u)—|—u Y. 5 elativ )”>e du.

n=—N 2 + i'Yn

N

1 . . L.
= Z T j"l log (s —5~ 1%) + (an entire function in s) 3.1)
n=—N 2 Tn

The estimate (1.4) is an immediate consequence of Theorem 3.3 and the fact that the function

/Ooo(n(e“,' g, a) —rt(e"; g, b))e *du

is analytic in Re(s) > 1/2 ([3] Lemmas 1 and 2).

Proof of Theorem 1.2. From Lemma 3.1 and the above discussion, the function
[e0]
/ (rtw(e”; q, a) — yw(e”; g, b))e *du
0
is analytic in Re(s) > 3 —w. For 0 < w < %, we replace (3.1) with the following function:

F, N 1
w(s) = 2 ; a"_ log <s +w— = — i’yn> + (an entire function in s)
stw N3 +im 2

/OO(A () + % o e(%‘u’*i%)”)e—sudu
- 1 w u 1 7

n=nN 12 tiTn
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where Ay (1) = my(e; q, a) — typ(e*; g, b). Then for any ug,

u—oo  elz—wu =T 2 iTn T

Consequently it holds that

which is the desired result. O
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